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1. Introduction

Let P(x, D ) be a  differential operator of order i n  defined in an open set Q  in
Rn w ith  principal symbol p ( x , )  which can be factorized as

p ( x , )  = q/(x, gi(x, = -
1-1

where ql (x, ) a re  rea l va lued  pseudodifferential symbol o f  o rd e r  1 a n d  x =
(x1 x ')  =  (x i x2, • • • , xn), —  —  • •  .t7 ) •  W e  a ssu m e  t h a t  the
characteristics o f qj  intersects normally and non-involutively each other, that is

{q„ qi } 0  on q, = qj  = 0  for i j

where { q„ qi }  denotes the Poisson bracket of q , and qj .
According to Iwasaki [2], we define the signature of a  triplet (q,.qj ,qk ) at

z
°
 where qi(z°) _  c z o) _  q k (z o) _  O. Let us say that three real numbers a , b, c

have the same sign if they are simultaneously positive or simultaneously negative.
We say sgn(q„ qj ,qk)(z

°
)  = ±  i f  {g o  qj  }(? ), q j, q k yz0) , q k .  y z O ‘) have the same

sign and  sgn(q„ qi,qk)(z
°
) = —  otherwise.

When m  = 3, in [2], Iwasaki proved that in order that the Cauchy problem of
P(x, D) is well posed the lower order terms must verify additional conditions at z

°

more than  Ivrii-Petkov condition if sgn(q], q2, q3)(z
°
) + .  O n the  other hand,

in  [3] w e proved  that if the propagation cone a t every  triple characteristic is
transversal to  the doubly characteristic se t and  the  lower order terms verify the
Ivrii-Petkov condition then the Cauchy problem is well posed.

Here we recall that the localization pz o of p  is the first non-trivial term in the
Taylor expansion of p  a t z

°
 w hich is a  hyperbolic polynomial on T . : 0( P Q )  with

respect to  e  =  E  T z 0(T*Q) (see [1]) where H f  denotes the Hamilton vector
fie ld  o f  f  E C '(T * S 2 ) . The propagation c o n e  a t  z

°
 i s  th e  dua l cone  of the

hyperbolic cone F(p z o, 0) (for the definition, see [1]) with respect to  the canonical
symplectic structure on 77,0 ( T*S2) induced by the 2-form ck A dx.
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In  this note we show that, when m = 3 the condition sgn(q i , q2 , q3)(z0)  = —
is  equivalent to  that the propagation cone  a t z

°
 i s  transversal t o  th e  doubly

characteristic set (Corollary 2.4). Let m  > 3. A t  z
°
 where 91 (z0) = 0 , 1 < j  < m

w e  c a n  in d u c e  a n  o rd e r  r e la t io n  o n  th e  s e t  { q i,  ,  gm} p ro v id e d  th a t
sgn(q„ qj , yk)(z °) = —  fo r  every triplet (q, qi, qk). U sing this order relation we
give another formulation of the condition that the propagation cone at z

°
 intersects

transversally to the doubly characteristic set (Theorem 2.3).

2. Result

Let q , ( x , )  be classical pseudodifferential symbols of order 1 defined near z °

where qi (?) -= 0  and assume that the differentials dqj  a r e  linearly independent at
z
°
. W e  a ls o  assume that {q p , q,}(z °) 0  for every pair p , v , p  v. Let

n i

(2.1) p ( x , )  = 1 1 q i (x, )
i=l

and assume that p ( x , )  is (microlocally) hyperbolic with respect to  O .  Thus we
may suppose that q , ( x , )  are real-valued and dq1 (0) > 0  a t z0. Then it is clear
that

F(p ,0 ,0 )= { X  e Tzo(T*52) I dqi (X ) > 0 , Vi l.

Denoting by C(p z o, 0 )  the propagation cone at z
°
 we easily see that

C ( p 0 0 ) = { X  E T z o(T*S2) x = E (z °), ai  > 0} .

T o  sim p lify  notations w e  w rite  T z o a n d  C z o f o r  F(p z o, 0 )  a n d  C(132 0, 0)
respectively. L e t  Su = {(x, qi (x, =  qi (x, =  0 }  f o r  i j  a n d  define the
m ap mu;

n
,/  • T 0(T*S2) D X (dq,(X ),dq l (X )) e R 2 . 7

W e have

Co fl Tz oSi i =  {0}

is  a proper cone in  R2 . Moreover this is equivalent to

E z o

Then we have

Lemma 2.1.

(2.2)

if  and only  if  mu
 Co

with some c h  c j  e R.

P ro o f  W e assume th a t  Co n Tz o s i ; =  { 0 } . W e  examine that n u (C ,o) is a
proper cone in  R2 . Otherwise  m ( C o )  w ould contain a  l in e .  Thus there exist
0  f  X k  =  E k = 1. 2 such that X1 + X 2 =  0. This implies that

Y = (cci /, + a2„,)11,111 e  TzoSu.
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Since E (a + cx 2 p ) > 0  a n d  hence Y f  0  this contradicts th e  assumption.
Conversely assume that n i j (C )  is a  proper cone in R 2 . Let X  =  cx„Hq , (z°) e
Cz o n Tz os i,. From dq i (X ) = dq i (X )= 0  it follows that

E al ,n,j (H q p ) = O.

Since n,j (H q ,)  f
 0  we have ai , =  0  and hence X  = O. T h a t  is  Co f l T oS , = {0 }.

We next assume that Z  = e Jo w ith som e c„ cj E  R  so that

dq,,(Z) = c, dq,(Hq ,) + C1 dqj (H q p ) > 0, Vp.

This shows that 7r,i (C2 o) is  a  proper cone in  R2 . Conversely we assume that
n1(Co) is  a  proper cone. Then we can choose c„ ci  such that

<(c„ cj ), 7r,i (H q „)> = (c, dq, + ci dqi )(N ,)  > 0, V p .

This proves —H,.,q ,+ ,,,(z
°
) E r z o. Hence the assertion.

Let us set tip , = {q p, q,}(z
°
)  and we express the condition (2.2) in  terms of

a111, • Note that Z  = a ŒpHq , + afi y H q , + a y ,„H o  e  T z oSco y  where

S o*  =  1(x,)1 qc,(x, )  = qp (x ,)  = q y (x, ) = 01.

If aco, afi y ,  ay ,  have the same sign then it follows that Z  e  Cz o which contradicts
to Cz o fl T z oSœ f i =  {O}. Thus if (2.2) holds for every pair i, j (i

 f
 j )  then one has

sgn(q,„ qfl, qy ) ( ?)  = — for every triplet ( , f i ,  y )  (cf. Lemma 4.1  in  [41).
We say that qc, » '711 if ao,fl > 0 or a =  fi. Assuming that sgn(q„, qfl, qy )(z

°
)  = —

for every triplet (cx,fl, y), the relation »  becomes an order relation which is easily
verified.

Lemma 2.2. A ssume that sgn(q„, qfl,qy )(z
°
) = —  for every triplet (a. y ) . Let

q, » qj . Then n,j (Cz o) is a proper cone if  and only  if

a vi a i d>
vja 1y

f o r every q v , q„, w ith q v «  q j  «  q i « q .

P ro o f  Recall that nu (H q ,) = (a o , akj). Note that (a„/, aki )  lies in the first,
the third and the second quadrant if qi «  q„, q , «  q j  and qj  « q„- « q, respectively.
Let

. ap j a 110 1m in  —  = —
q„,q,«q„ a,d a p o i

Then it is easy to see that the condition

<(a 0 1 , —a1401 ),(a 01 ,a 01 )> = am j a v , — ap o j av i  < 0

for every y with qv «  qj  is necessary and sufficient for n 1 (C )  to be a proper cone.
This proves the assertion.
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Theorem 2.3. L et m  > 3. Then the following two conditions are equivalent.
(i) n Tz osy = fol f or ev ery  i, j (i
(ii) sgn(q„ gi , qk)(z

°
) = —  f o r  ev ery  trip le t (i, j , k) and for ev ery  quadruplet

y, (5) w ith qc, « qfl « q y  « q6 we have

qy } ( ? ) { q 6 ,  qy }(z°)
fq,, .01(z°) > {q6, q (z°) •

P ro o f  It is clear from Lemma 2.2.

Corollary 2.4. L et m  3. Then the following two conditions are equivalent.
(i) Cz o fl Tz oS u = {O} f o r every i, ( i  . .1).
(ii) sgn(qi , g2, g3)(z

°
) =
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