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On regular surfaces of general type with p,=3
and non-birational bicanonical map

By

Ciro CiLiBERTO and Margarida Mendes LOPES

Abstract

In this paper we classify all regular surfaces of general type with p,=3 and
non-birational bicanonical map which do not have a pencil of curves of genus 2.

Introduction

The bicanonical map of a smooth curve of genus g>2 fails to be birational if
and only if g=2. This phenomenon has an echo in dimension 2, namely if a
smooth surface S of general type has a pencil of curves of genus 2, ie. it has a
rational map to a curve whose general fibre F is a smooth irreducible curve of
genus 2, then the line bundle Og(K)® Oy is special on F, and therefore the bicanonical
map ¢ of S cannot be birational.

We shall refer to the above exception to the birationality of the bicanonical
map ¢ as to the standard case. A non-standard case will be the one of a surface
of general type S for which ¢ is not birational, but there is no pencil of curves of
genus 2. Bombieri (see [B], thm. 5) proved that if K>> 10 and p,> 6, then all surfaces
for which ¢ is not birational present the standard case. He also gave an example
(see [B], pg. 194), already found by Du Val (see [DV]), of a minimal surface with
K*=9, p,=6 exhibiting the non-standard case. Later on I. Reider proved in [R]
that the hypothesis K?>10 alone ensures that one has a standard case if ¢ is not
birational. From these results it follows that there is only a finite number of
families of minimal surfaces of general type presenting the non-standard case for
the non birationality of the bicanonical map.

In the case of regular surfaces, i.e. those surfaces S for which g:=h!(S,05)=0,
the problem of classifying the non-standard cases with p,>2 has been considered
by Du Val in the quoted paper [DV]. He implicitely makes a few rather restrictive
assumptions, under which however he is able to come to a detailed classification
(see theorem (1.2) below).

Later on Xiao Gang studied the same problem in the paper [X1]. He mainly
took the point of view of the projective study of the image of the bicanonical

Communicated by Prof. K. Ueno, February 22, 1999



80 Ciro Ciliberto and Margarida Mendes Lopes

map. He thus found a list of numerical possibilities for the invariants of the cases
which might occur, determined some properties of the surfaces in question and gave
some examples.

In recent years the non-standard cases with p,>4 have been classified in full
detail in the paper [CFM], whose results essentially confirm the classification
proposed by Du Val.  In particular, all the non-standard cases with p, >4 are regular.

The irregular surfaces with p,=3 presenting the non-standard case have been
studied in the paper [CCM]. It turns out that if S is a minimal irregular surface
with p, =3 presenting the non-standard case for the non-birationality of the bicanonical
map then S is isomorphic to the symmetric product of a smooth irreducible curve
of genus 3, thus p,=¢=3 and K*>=6.

More information on the problem and on the results quoted above are contained
in the expository paper [C].

The purpose of this article is to finish the classification of the non-standard cases
with p,=3, by dealing with the case of regular surfaces. We thus complete here
the full classification of surfaces with p, >3 and with non birational bicanonical map.

Briefly, what we prove here is that, for minimal surfaces with p,=3 and ¢=0,
in addition to the non-standard cases obtained by specialization from the families
described in [CFM] and besides the well-known case of double planes branched
along octic curves, there is only one more family of non-standard cases, having
K?=8. All these cases are either the surfaces in Du Val's classification or
specializations of those surfaces.

The present paper is organized as follows. In section 1 we describe in some
detail the surfaces appearing in Du Val’s classification theorem (1.2) and state our
classification theorem (1.6), whose proof occupies the rest of the paper. Section 2
and 3, which are rather technical, are devoted to establishing various properties of
the canonical curves of minimal regular surfaces of general type with non birational
bicanonical map, and canonical system not composed with a pencil. In section 4
we prove that, in fact, the canonical system of a regular surface with p,=3 presenting
the non-standard case is not composed with a pencil, so that the results from section
2 and 3 can be safely applied. Finally, in sections 5 and 6 we show that all surfaces
with p,=3 and ¢ =0 presenting the non-standard case belong to the families of Du
Val's examples described in section 1.

Various technical results, that are used repeatedly throughout the paper and
can be of independent interest, are proved in an appendix which we put, for the
reader’s convenience, in section 7 at the end of the paper.
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0. Notation and conventions

We will denote by S a projective algebraic surface over the complex field. Usually
S will be smooth, minimal, of general type.

We will say that S presents the non-standard case for non birationality of the
bicanonical map, or simply that S presents the non-standard case, if S is a surface
of general type with non birational bicanonical map and containing no pencil of
curves of genus 2.

We denote by K, or simply by K if there is no possibility of confusion, a
canonical divisor on S. We denote, as usual, by p, the geometric genus of S and
by q:=q(S)=h'(S,05) the irregularity of S.

By a curve on S we mean an effective, non zero divisor on S. We denote by
pC) the arithmetic genus of a curve C. Also C-D will denote the intersection
number of the divisors C, D on S, and C? the self-intersection of the divisor C. We
denote by = the linear equivalence for divisors on S and by ~the numerical
equivalence. |D| will be the complete linear system of the effective divisors D'=D,
and ¢, :S—P(H(S,O4(D)¥)=|D|" the natural rational map defined by |D|.

The bicanonical map ¢,y will be usually simply denoted by ¢. If the bicanonical
map is of degree 2 onto its image, there is an involution ::S—S, such that for a
general point xeS, one has ¢(x)=¢@(x)). We will refer to 1 as to the bicanonical
involution of S.

If Cis a curve on S and m is an integer, one says that C is m-connected if,
for every decomposition C=A4 + B with 4 and B curves, one has 4-B>m. Notice
that this definition makes sense even if m is non-positive.

If x is a point of S, D is a divisor as above and n is a positive integer, we
will denote by |D—np| the linear subsystem of |D| formed by all divisors in |D|
having at p a point of multiplicity at least n.

In general, if V is a complete variety and ¥ is a line bundle on V, one can
consider the complete linear system |#| determined by #. If Vis a curve and &
has degree d and dim|.%#|=r, one says, as usual, that |.#| is a gj on V. An irreducible
curve C of arithmetic genus p,(C)>2 is called hyperelliptic if it possesses a g3, which
is then uniquely determined by the fact that the canonical series of C is composed
with it.

We will say that a singularity of a curve lying on a smooth surface is of type
[n,n], or briefly a [n,n]-point, if it is a n-tuple point which has another n-tuple
point infinitely near to it. More generally we will speak of [n,..,n]-points for an
n-tuple point which has another n-tuple point infinitely near to it and so on, all
the consecutive points lying on a given linear branch.

Finally, the symbol ~ denotes in general an isomorphism between objects
under consideration.

1. Surfaces with non birational bicanonical map

In this paragraph we will describe the surfaces with non birational bicanonical map,
not possessing a pencil of curves of genus 2, which appear in our classification
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theorem (1.6).

Du Val is probably the first author who dealt, in [DV], in a systematic way
with the problem under consideration. He supposes that the bicanonical map is not
birational for the surface S on which he implicitely makes the following assumptions:
(a) the surface S is regular, ie. g=0;

(b) the general canonical curve Ce|K] is smooth and irreducible.

(1.1) Remark. (i) Notice that if (a) and (b) above occur, then C is hyperelliptic.
Conversely if the general canonical curve of a surface S is (smooth and) hyperelliptic,
then clearly the bicanonical map cannot be birational, and, if g =0, its degree must be 2.

(ii) There is a typical situation in which the bicanonical map is not birational.
Consider a double cover n:S— X, with S, X smooth, irreducible, complete surfaces,
with branch curve B on X. Then we have:

105> Ox@0x(—?), Os(Kg)~n"(Ox(Kx+ <))
where 04(2&)~0,(B). Hence:
TO5(2Ks)~ Ox(AKx + ) D Ox(2Kx +¢)
Therefore |2Kg| factors through p if A°(X,042Kyx+¢)=0. We will see various
examples of this situation later on.

Du Val’s result from [DV] is as follows:

(1.2) Theorem. Let S be a smooth minimal surface of general type. Assume that
P,=3, q=0, the general canonical curve Cel|K] is smooth and irreducible and the
bicanonical map os S is not birational. Then either we are in the standard case, i.e.
S has a pencil of curves of genus 2, or S is one of the surfaces, so-called Du Val’s
examples, described below in the list of examples (1.4). Their invariants are shown in
the following table:

Py K?
6 8* 9%
1 v ]
5 7 8
Lo (1.3)
4 6 7 g
v L /1
3 5 6 6 7 8% 2%

For each pair of invariants (p,, K?) in the above table, the corresponding Du
Val’s examples fill up an irreducible family of double covers of which we will describe
the general member in (1.4) below. The explanation for the arrows in the table
(1.3) is the following:
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| means that one imposes a [3,3]-point (i.e. a triple point with an infinitely near
triple point, namely with three coincident tangent lines) to the branch curve of the
double cover. As it is well known, this operation drops the geometric genus and
K? both by 1;
v means that one imposes a 4-tuple point to the branch curve of the double cover,
which drops the geometric genus by 1 and K? by 2.
This also explains why we put the asterisks in the above table: the surfaces marked
by them are the ones we really need to describe, since the others are obtained
by imposing the aforementioned singularities to the branch curve. We will call
the surfaces of these families Du Vals ancestors, because they generate all the other
examples.

Now we come to the description of the Du Val’s ancestors:

(1.4) Examples. All the examples S we are going to introduce now are double covers
and present the non-standard case. Indeed by their description it is easy to rule
out the presence of a genus 2 pencil (compare[C], pg. 63, where “line” has to be
replaced by “conic”). Furthermore, by taking into account the double cover
representation, it is easy to see that, for all the examples, one has g=0. We leave
all this to the reader and refer to [CFM] for the details. For further information
about these examples see also [C].

(i) p,=6, K2=8.

This is the double cover of the plane n: S—P?, branched along a smooth curve
B of degree 10. One has:

Os(K)~1"(Op2(2)), 1,05~ Op2@ Opa —5)
and therefore
T,05(2K) ~ Opa( — 1)@ Op2(4)
Hence we are in the situation described in remark (1.1, ii).
(i) p,=6, K*=9.
This example can also be found in [B], pg. 193. Consider the diagram:
p
S - S
/il l g
@
F, - 0,
Here F, is the Hirzebruch surface P(Op @ Op:(—2)). We denote by C, the (-2)-section

of F,, by F the ruling and by H= C,+2F the divisor class which maps F, to P?
as a quadric cone Q,. Furthermore:

(a) f:S'—F, is the double cover branched along a smooth curve B=Cy+ B’ where B’
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is a general member in |7H|;

(b) p:§'—S is the contraction to a point x of the exceptional curve E of S’ which
lies above C, in the cover f:S' —>F,;

(c) f induces the double cover g:S—Q, of the quadric cone Q,, which is branced
at the vertex » and along a general septic surface section of Q,,.

One has:

Os(K)~f(Op,(2Co + 3F)), f,05 ~ O, ® O (—4Co ~ TF)

and therefore:

1.05(2K)~ Og,(4Co + 6 F)D Oy, (— F)

i.e. we are in the situation described in remark (1.1, ii), hence the bicanonical map
of §' factors through f. Notice that the pull-back to S of the lines of the ruling of
Q, vary in a linear pencil [D| of hyperelliptic curves of genus 3, with the base point
x, such that 3D is linearly equivalent to Ks. The point x is a Weierstrass point
of the g; on C and therefore |2K| cuts out on C the triple of the g} which is still
composed with the g3 itself. Therefore the presence of the pencil |C] is responsible
for the non birationality of the bicanonical map of S (compare proposition (4.4) below).

(iii) p,=4, K*=8.
This surface S is extensively described in [CFM], to which we defer the reader

for further information about it. The surface S is defined by the following commutative
diagram:

S - S

fl lg
Y o5  Q~P!xP!cPp?

where:

(a) m: Y—Q is the double cover of a smooth quadric Q =P? branched along a curve
B of type (10,10) with four ordinary 6-tuple points, of the form B=#, +n,+n,+n5+ B,
where 7n,, n, are two distinct lines of one ruling of Q, n}, n, are two distinct lines
of the other ruling, and B’ is a curve of type (8,8) with 4 ordinary quadruple points
at the points x;;=n,nn), i, j=1, 2, and smooth elsewhere;

(b) Y has four singular points y;; over the points x;; i, j=1, 2. The surface §' is
the minimal resolution of the singularities of Y, but it is not a minimal surface. It
has four exceptional divisors corresponding to the lines 1, 15, 1}, n3 of Q. By
blowing them down to four points p,, p,, p}, p5, one has the surface S.

Let Z be the cycle of degree 12 defined by the intersection of the square of
the ideals of the points x;;, i, j=1, 2 in Q. Standard properties of double covers
yield that the image of |[Ks| on Q via mof is the linear system | £, ,(3)|=n, + 71,4711+
73 +10g(1). This means that |Ks| has dimension 3 and four base points at the points
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D1, P2 P> Do Furthermore the rational map g=mofop™! is the canonical map of

S. Hence the general canonical curve of S is hyperelliptic, and therefore the
bicanonical map is not birational (see remark (1.1, i)).

A few remarks are in order. First, there is a degeneration of the surface S which
has not been mentioned by Du Val. It is obtained by letting, say, n, and #, come
together, in which case the canonical system of S acquires a fixed part (see [CFM]
for details).

Secondly, one proves that Tors (S):=Tors (H(S, Z))~Z,. One way of seing
this is to realize S as a double cover of the plane g:S—P? by composing the
canonical map g with the stereographic projection of the quadric to the plane from
one of the points x;. The branch curve G is then of the form G=a,+a,+G',
where a; and a, are distinct lines, and G’ is a curve of degree 12. The singularities
of G’ are as follows: G has a 4-tuple point at y=a,na,, and two [4,4]-points a€a;,
different from each other and from y, where the infinitely near 4-tuple point to «;
lies on the line a;, i=1, 2. The aforementioned degeneration of S for which the
canonical system has a fixed part corresponds to the possibility one of the points
o; becomes infinitely near to y along a;.

This description will remind the reader of the double plane representation of
a general Enriques surface (see [E] or, for a modern reference, [CD]), and
therefore will suggest to him the assertion about the torsion. Indeed, from this
double plane representation, one sees that there is on S a base point free pencil
|D| of curves of genus 3, i.e. the pull-back on S via g of the pencil of lines through
y, which has two double fibres, which are the pull-back to S of the lines a;, i=1,
2. The difference of the two double fibres is a torsion element of order 2 in
Pic(S). The torsion group of the surface cannot be bigger than Z, (compare
proposition (1.5) below).

We notice that the derived case p,=3, K*=6 in table (1.3) has been studied
in detail by Bartalesi and Catanese [BC].

(iv) p,=3, K*=8.

This surface S is described by the following commutative diagram:
p

S - S
fl l g
®
Y - P?
where :

(a) m: Y- P? is a double cover with branch curve B=)¢_, L;+ B, where L, i=1,---,6
are the six sides of a complete quadrangle with A4,,---, 4, vertices of multiplicity 3
and As, A4, A, vertices of multiplicity 2, and where B’ is a general curve in the
linear system of plane curves of degree 14 having S-uple points at each of the points
A,,---,A, and 4-uple points at each of the points A;, A, A, and no other
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singularity. Such a curve is easily seen to exist by Bertini’s theorem;

(b) f:8'>Y is a minimal resolution of the singularities of Y, which are the points
a; over the points A4, i=1,---,7. The surface S’ is not minimal: it has six exceptional
divisors corresponding to the lines L, i=1,---,6. By blowing them down to six
points [, i=1,---,6, one has the surface S.

One sees that the image of |Kg| on P? via mof is the linear system
o1 L;+|0p(1). Hence |Kg| has dimension 2 and six base points at the points /,,
i=1,---,6. The rational map g=mnofop~' is therefore the canonical map for
S. Again the general canonical curve of S is hyperelliptic, and therefore the
bicanonical map is not birational.
Although the present example may seem very different from the previous one,
they are in fact similar. This can be seen in the follwing way. Make a quadratic
transformation o: P>—P? based at 4,, 45, A,. Then one has a cartesian square:

Y’—soY
b bs
lePZ

where f': Y'—P? is a new double cover and s: Y'— Y is a birational map. The branch
curve G of f:Y'—-P? is the proper transform of B via o, hence it is of the form
G=a,+a,+a;+G', where a,, a,, a; are three distinct lines passing through a point
y, and G’ is a curve of degree 13 whose only singularities are: a 5-uple point at y
and three [4,4]-points o;€a; distinct from y, where the infinitely near 4-ple point to
o; lies on the line a;, i=1, 2, 3.

Now we see the similarity with the example (iii), and we can also see that there
is a pencil |D| of curves on S with D?=0, with arithmetic genus 3 and with 3
double curves. This shows that there is an embedding Z2g Tors (S) and we will
prove in proposition (1.5) below that actually Tors (S)~Z3.

We want to make a final remark concerning these surfaces which also shows
their similarity with the ones in the previous example. By letting, in the late double
plane representation, the points a; i=1, 2, 3, become collinear along a line L, the
canonical system acquires a fixed component, i.e. the pull-back on S of the line L,
which is an elliptic curve with self-intersection -1. A similar situation takes place if
one of the points a; becomes infinitely near to y along a;. This degeneration, again,
has not been mentioned by Du Val.

(v) p,=3, K*=2.
This is the double cover m:S—P? branched along a smooth curve B of degree

8. The analysis is similar to the one of the example (i) above.

Before stating our classification theorem, which extends Du Val’s one (1.2), we
owe to the reader a proposition announced in the course of the discussion of examples
(1.4, iii, iv):
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(1.5) Proposition. (i) Let S be a minimal surface with p,=3, ¢=0, K*<8. If
Z,csTors (S) then Tors (S)~Z,.

(ii) Let S be a minimal surface with p,=3, g=0, K*=8 and with no pencil of curves
of genus 2. If Z2<sTors (S) then Tors (S)~Z3.

Proof. Suppose we are in case (). Then we have an irreducible étale double
cover f:8'—S. Since K2 <2yx(0s), S’ is regular (see [B], lemma 14, pg. 212). So
we may apply [X2], corollary 4, pg. 141, which says that if KZ <% (x(0s)—2) and
S’ is regular, then S’ is algebraically simply connected. This ends the proof.

As for (ii), we proceed in a similar way. The subgroup Z2 of Tor s(S) determines
an étale quadruple cover f:S'—S. In this case we have K2 =2y(0s) <% (x(O5)—2).
Now S’ is regular. Otherwise, by [H], S" would possess a pencil of curves of genus
2, and the same would happen for S, a contradiction. Then we can conclude as in (i).

We finish this section by stating our classification theorem, which we will prove
in the following paragraphs.

(1.6) Theorem. Let S be a smooth minimal surface of general type. Assume p,>3,
q=0, and the bicanonical map of S not birational. Then either we are in the standard
case or S is obtained as in table (1.3) as a specialization of a Du Val ancestor.

(1.7) Remarks. (i) We want to stress that the difference between this statement and
Du Val’s one (1.2) lies in the basic fact that we do not make any assumption at all
on the canonical system. This makes our work technically much more complicated
than Du Val’s.

(ii) The cases p,>4, g=0 in the statement of theorem (1.6) have been worked out
in [CFM]. Therefore in what follows we will only deal with the case p,=3, ¢=0.

(iii) There are no surfaces with p,>4, ¢>0, non-birational bicanonical map and no
pencil of curves of genus 2. This has been proved in [CFM]. The case p,=3, ¢>0
has been worked out in [CCM]. Thus the present paper concludes the classification
of surfaces with p,>3, non-birational bicanonical map and no pencil of curves of
genus 2.

2. Non birational bicanonical map: general properties of canonical divisors

Let S be a minimal regular surface of general type and let |K|=|M|+ F where |M)|
is the moving part of |K] and F the fixed part. If Im ¢y is a surface then, by
Bertini’s theorem, the general curve in |M] is irreducible. If p,=2 and ¢=0, the
general curve M in |M| is also irreducible: otherwise M would be composed of
k>2 curves of a rational pencil, and therefore p,=h"%(S, Os(M)=k+1>3, a
contradiction.

(2.1) Proposition. Let S be a minimal surface of general type with p,>2, g=0. As
above we let |K|=|M|+F. Assume that the general curve M in |M| is irreducible,
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and that the bicanonical map of S is not birational. Let S:=P,—2. Then:

(i) the general curve M in |M| is hyperelliptic;

(i) if F#O0, then there is a decomposition F=F,+ --- +F,, where F,,--- F, are
1-connected curves such that Op(F)~y (where |y| is the g5 on M), Or(F,)~0y, and
such that either F;<F, or F,nF,=0, for i, ke{l,---,n}, k<i;

(iii) the linear system |M| cuts out on M a complete special linear series of dimension
s which is |Oy(M)| = y®°| + D, |y®"|, the movable part of the series, is composed with |y,
and D, the fixed divisor of the series, has degree d=M?*—2s=M*—(2p,—4)=
PM)—2s—n—1 and it is such that 0,(2D)=y%¢

(iv) if, in addition, Im g is a surface (i.e p,>3) then deg¢g=2.

Proof. Since ¢,y separates different curves in |K| and |K+ M|<|2K], @, is
not birational on M. Since ¢=0, the restriction map H(S, Os(K+ M))—H(M, w,,)
is surjective and therefore M is hyperelliptic. This proves assertion (i).

If F#0, we can apply theorem (7.1) to two smooth points x, y of K =M+ F
such that x, ye M and ¢,x(x)=,x(y), and we obtain (ii).

The first assertion of (iii) follows from ¢=0. In particular |0,(M)| =|y®*|+ D,
where D is some fixed divisor of degree d=M?—2s=M?>—(2p,—4).

If F=0, i.e. M=K, we have 0,/(2K)=w,, =y®", with n=K?, hence 0,,(2D)=y%",
with d=K?—2s5=p,(M)—1—2s, concluding the proof of (iii) in this case.

Let F#0. By part (ii) and by the adjunction formula, one has:

P 00y O M@ O F)
~*@Ou2D)BOW(F)® -+ ®Up(F) =7 *"® 0,(2D)

whence (iii) easily follows.
Assertion (iv) is obvious.

(2.2) Proposition. Under the same assumptions, the general curve M in |M| is
smooth. Furthermore D=p,+ --- +p, where p,,---,p, are distinct Weierstrass points
of M.

Proof. If M is not smooth then there exist multiple base points for the linear
system |M|. Let then p be a multiple base point of |M| and let a be its multiplicity
on the general curve M in |M|. Let 0:5—S be the blow-up of S at p, E the
exceptional divisor and M the strict transform of M. Since |Ks+ M + E| is contained
in |o*(K+ M)|=|Ks+ M +(x—1)E|, |K5+ M + E| cuts the complete canonical system
on M+E and g, is not birational, we can apply theorem (7.1) to wg ., Since
for the general curve M in |M| the curve M+ E has exactly two components and
M-E=a, theorem (7.1) implies that a=2 and that O4(E) is a g} on M. Denote
this g3 by 7. From g=0 and h°(S, Ox(M + E))=h°(S, Os(M))=p,, one has h°(M +E,
Oji+ M + E))=h°(M, 03(M))=p,—1. Since M is hyperelliptic we have O (M)
~y®P:~ DR F, with & an invertible sheaf on M such that A°(M, O z(#))=1. Now
the exact sequence:
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0—Ox(E)—> Oz . (M + E) > Oy(M + E)~0

gives rise to an isomorphism:

HOM+ E, Oy 01 + ) > HO(M, 0 (M + E)
since:
H(E, O{E))= H'(E, O(E))=0.
But this is a contradiction, because:
Of(M + E)~Og(M)®Oi(E)~n® P~ VQF,

thus r cannot be an isomorphism. Therefore |M| has no multiple base points and
so by Bertini’s theorem the general element of the linear system |M] is smooth. The
remainder of the assertion follows by (2.1, iii).

(2.3) Proposition. Let S be as above. Assume that p,>3 and let F; be a fixed part
of |K] as in (2.1, ii). Then :

@) h°(S, Os(M - F))=p,—2;

(ii) Im @g(F;) is a line;

(iii) any curve C in |M —F} is such that 3=>h%(C,0c)>2.

Proof. Since F; is 1-connected and S is regular, one has h'(S, 04— F}))=0.
Considering the long exact sequence obtained from

0-05(—F)»O0y(M — F)- Op(M — F)-0

=s=p,—2, hence (i).
Part (i) is an immediate consequence of (i).
To prove part (iii) consider the long exact sequence

0—HO(S, Os(— (M — F))— H(S, Os(F))» H(M, O\(F))~
—H'(S, Os(—(M = F))~ H'(S, Os(F))~> H'(M, Op(F))— -

Since 0,,(F) is the g} on M and by the theorem of Riemann-Roch h'(S, O4(F))=1,
we obtain 1<h!(S, Ox(—(M—F))<2.

Let C be any curve in |[M—F). From ¢g=0, we have h'(S, Oy(—(M — F)))=
h°%(C,0.)—1, proving (iii).

3. Further properties of canonical divisors

Let S be a minimal surface, with p,=3 and ¢=0, and non birational bicanonical
map. We will keep notation and assumptions on S from §2. In particular, we
still assume that the canonical system is not composed with a pencil. In the present
paragraph we collect some technical lemmas concerning this case.



90 Ciro Ciliberto and Margarida Mendes Lopes

(3.1) Lemma. Let S be as above and let p:=p, be a base point of |M|. Then:

(i) the linear system |M —3p|=|M—2p| is not empty. More precisely there is one
single curve M,e|M —3p| and p is exactly of multiplicity three for M,

(i) any other base point of |M| is a non-singular point of M, and any curve Me|M|
not containing any component of M, intersects M, only at the base points p=p,,---,p,
with intersection multiplicities m; =3, m,=---=m,=1,

(iii) if 0:8'>S is the blow-up of S at p, then the strict transform M' of M, on S’ is
such that h°(M', 0,,)=3.

Proof. Remark first that, since p is a base point of |M|, and h°(S, Og(M))=3,
the linear system |M —2p| is not empty. By (2.2) one has |M—2p|=|M—3p|.
Furthermore (2.2) and p,=3 imply that there is a unique curve M, in |M—3p|.

Let M be any curve in |[M| which does not contain any component of M,. Let
m;, i=1,--- d, be the intersection multiplicity of M, at the base point p; of |[M|. By
(2.1, iii), we have M2 =m;+--+my>3+my+--+my>34+(d—1)=M?* Hence
m,=3 and m,=---=m,=1, finishing the proof of (i) and proving (ii).

As for (iii), let E be the exceptional divisor of the blow-up at p. We set
M"=0%M,)—2E, whereas M'=0*(M_,)—3E. Since p is not a base point of w,
for the general curve M in |M| and q=0, then p is not a base point of |[K+ M|. By
a theorem of Francia (see [F] or theorem (1.1) of [M]) we have h°(M", 0,,.)=1.

Since p is a Weierstrass point of the general curve in |M|, we have
|K+M —p|=|K+M—2p|. By theorem (1.3) of [M], this implies that h°(M’, 0}.)=
ho(M", 0yy)+ 2, proving (iii).

(3.2) Lemma. Let S be as above and let F; be a fixed component of |K| as in (2.1,
ii). Let C be the unique curve in |M —F| (see (2.3, i)). Then:

(i) h%C,00)=3;

(i) C is 0-connected,

(iii) either F>*= —1 or F}= —2 (and thus K'F;=1 or K-F;=0 respectively),

(@iv) all base points of |M| lie on C and are non-singular points of C and therefore
the rational map determined by |M| contracts every component of C.

Proof. Suppose first that M*=2, ie. the linear system |M| has no base
points. Notice that h%(S, O5(2M)) =6 because |0,/(2M)|=|y®?. Since M-F,=2, then
M-C=M-(M—F)=0 and thus O/(M)~0,.

Consider now the restriction sequence obtained from

0-0O5(M + F) = O05(2M) - Oc—0.

Since h°(S, Og(M + F)))=3 and h°(S, O5(2M))=6, we get h°(C,0c)=3. Therefore
h°(C,0-)=3 by proposition (2.3, iii). So we proved part (i) of the assertion for
M?=2.

Let now M?>2, i.e. |M| has d base points p,, --- p,, which also lie on the curve
particular curve C+ F;e|M|. Since by (2.1, ii) |0(F;)| is the ¢} on a general curve
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of |M|, and by (3.1), a base point of |M| has either multiplicity 1 or 3 on a curve
of |M|, all the points p,,---p, lie on C, and they are non-singular points of C. This
proves (iv).

Let n:S—S be the blow-up of S at p,,---,p,. Let M be the strict transform
of the general curve in |[M|, and let C be the strict transform of C. We can then
apply the same reasoning as in the case M2=2 to |M| and C thus obtaining
h°(C,05=3. Since the points p,,---,p; are non-singular points of C, we have
h°(C, 08 =h°(C, O), concluding the proof of part (i).

It is sufficient to prove assertion (ii) for C. Suppose that C decomposes as
C=G+H, with GH=a<0. By 1-connectedness of M =G+ H+n*(F) (see lemma
2.6 of [M]), we have G-n*(F})>1—a, H-n*¥F)>1—a and hence n*(F)- C>2—20>4.
Now remark that —2 <F?, since F;K=F;; M+ F?=2+F? and K is nef, and remark
also that 2= M-F; implies that F;:C=2—F?. Therefore, from n*(F)-C=2—2a>4,
we obtain n¥(F):= -2, a=—1, C-a¥F)=4, Hn*F)>2 and G-n*F)>2 and
therefore H-n*(F)=G-n*(F)=2. This yields G:(M—G)=H-(M—H)=1 and thus
G?>=H?= —1, since every component of C is contracted by ¢,. Also for this
reason and since G-H=G?’=H?*=—1, (74) implies that H=G and G is
l-connected. So one has that the curve M—G=G+nr*F,) is such that
h(S,04(M —G))=2, because G is contracted by ¢,;. But this is a contradiction
since |Kg| is not composed with a pencil and n*(Kg)>M +n*(F)=2(G+n*F))=
2(M —G). This proves (ii).

To prove (iii), it suffices to notice that, since C is O-connected and 4°(C,0)=3,
C breaks in three curves (see (7.3)) which all meet F, positively because M is
1-connected. Therefore F;C>3. We have seen above that F?> —2 and F,;C=
2—F? and therefore we have (iii).

(3.3) Notation. In what follows, we will keep the notation used in the proof of
(3.2), i.e m:S—S will be the blow-up of S at the d base points p,,--,p, of [M|. We
will denote by M the strict transform of the general curve in |[M|, whilst we will
denote by T the strict transform of a curve I' under 7.

We keep the notation of proposition (3.1) and we prove now the:

(3.4) Lemma. Let p be a base point of |M|, let M, be the unique curve in [M —3p|
and let M' be the strict transform on S', the blow-up of S at p, of M,. Then, if the
curve M' is O-connected, the curve M, decomposes as:
() M,=A,+A,+A,, where A,, A,, A; are 1-connected curves such that:
(i) Ay Ay=A, A=A, A3=1;
(i) peA,nA,nA; and p is a non-singular point of A;
(iii) h°(S, O(M — A))=2, i.e. the rational map determined by |M| contracts each A,
i=1, 2, 3 to one point.

If M’ is not O-connected, then M, decomposes as:

(Ily M,=2G+ D, where D, G are 1-connected curves such that:
(i) p is a non-singular point of D and G,
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(i) G2=0, G-D=1;
(i) Og(G)#Og;

(iv) h%(S, Of(M — D))=h"(S,O05(M —G))=2, ie. the rational map determined by |M|
contracts each of D and G to a point.

Furthermore case (II) happens if and only if the curve M, has a decomposition
M,=B,+B, with B,"B,=1, peB,nB,. In particular if |K| has no fixed part the
decomposition of M, is of type (), since in that case M, is 2-connected.

Proof. By proposition (3.1), from which we keep the notation, the curve M’ is
such that h°(M’, 0,,)=3 and therefore it is not 1-connected. Since M p is 1-connected,
if M=A"+B" with A’>0, B'>0 and A“B'<0, then there exist curves 4, B such
that M,=A+B, A'=0*A—E, B=¢*B—2E and either 4-B=1 and 4"B'=-1,
or A-B=2 and A'-B' =0, (cf. [B], pg. 183).

Assume that M’ is not O-connected. We will prove we are in case (II). Let
M,=A+B with A-B=1 and peAnB. Since p is a triple point of M, and 4-B=1,
A and B must have common components. Thus we can write A=G +D, B=G+F
where G is a curve and D and F are effective divisors without common
components. Now 1=4-B=G>+G-D+G-F+D-F and 1<G(M—G)=G*+G-D
+G'F imply that D-F=0 and G*+G-D+G F=1. Therefore DAnF=0. Since p is
a triple point of M, then peG, p is a simple point of G and, say, peD, p¢F. In
particular D#0. Since peG, we have 1<M-G=2G>+G - D+G F=G*+(G*+G-D
+G-F)=G*+1 implying G>*>0. Now G*+G-D+G-F=1 and G?>0 imply
G-D+G-F<1. Since A=G+D and B=G+F are 1-connected (by lemma (A.4) of
[CFM]) and D#0, we must have F=0 and G>=0, D-G=1.

Notice that, again by lemma (A.4) of [CFM], both G and D are 1-connected.
Hence we have a decomposition as in (II) satisfying properties (i), (ii).

As for property (iii) we recall that g=h!(S,05)=0, and so we have the exact
sequence:

0— H°(S, O5)— H°(S, 04(G)) - H%(G, 04(G))—0

If 04(G)~0g, then we would have h°(S, Os(G))=2, hence |M| would be composite
with the pencil |GJ, a contradiction.

Now we turn to property (iv). Since p is a non-singular point of D and G, then
D and G, as well as D and G, are 1-connected (see (3.3) for notation). From
M-D=M-G=0, which is an immediate consequence of (3.1, i), we have immediately
(iv).

Assume now that M’ is O-connected. So we can apply proposition (7.3) to M’
obtaining a decomposition M'=A)+A4,+ A5, with A;+A4;=0, for 1<i<j<3.

Using the same trick from [B], pg. 183, we mentioned before, we see that there
are curves A4; on S such that A;j=0%A4)—E, i=1,2,3. Then M,=A,+A4,+ A4, is
a decomposition of type (I) and satisfying properties (i), (ii). Now for property (iii),
it is enough, as usual, to show that 4; is a 1-connected curve for i=1, 2, 3. Suppose
otherwise. Then 4;=C+ D, where C>0, D>0and C-D<0. Since 4;:(4;+A4)=2,
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if j, k#i, and, by l-connectedness of M, C:(D+A4;+A)=>1, D(C+A4;+A4)=1, we
must have C-D=0 and C-(4;+A4,)=D-(4;4+4,)=1. Now p is a non-singular point
of A4; and so, say, peC, p¢D. If we let C’ be the strict transform of C by o, we
have C'"(M'—C)=(6*C)—E) (XM —-C)—-2E)=C:(M—-(C)—2=—1, contrary to
the assumption that M’ is O-connected. This proves that the curves 4,, i=1, 2, 3, are
1-connected and (iii) also follows.

Finally, the last assertion is now immediate.

(3.5) Lemma. Suppose that F; is a fixed component of |K| as in proposition (2.1, ii),
with F?=—1 and let C be the unique curve in |M—F). Then C decomposes as
C=A,+A,+A; where A, A,, A5 are 1-connected curves such that.

() Ay Ay=AyA3=Ay 43=0;

(ii) 4y Fi=Ay F;=A3 F;=1;

(iii) A2<0 and M-A, <1, for k=1, 2, 3, and if, in addition, A, <C—A,, then
M-A4,=0;

(iv) H°(S,O4(M — A,))=2, i.e. the rational map determined by |M| contracts each A,,
k=1, 2, 3 to one point.

Proof. Since M-F;=2, then C-F;=3. Now, by lemma (3.2), C is 0-connected
and h°(C,0c)=3, and so we can apply proposition (7.3) to obtain a decomposition
C=A;+A,+A; where A,, A,, A, satisfy (i).

Since every curve in |M| is 1-connected (by lemma (2.6) of [M]), we have
Ay (M—A)=A,F;>1,fork=1,2,3. From F;(4,+ A,+ A3)=3, we have assertion
(ii). The fact that the curves 4, are 1-connected comes from lemma (A.4) of [CFM],
since the curves in |M| are 1-connected and A4,-(M—A,)=1, for k=1, 2, 3.

Now we turn to assertion (iii). Notice that M-A,, for k=1, 2, 3, is equal to
the number of base points of |M| lying on 4, which are all non-singular points for
C and therefore also non-singular for each curve 4,, k=1, 2, 3 see (3.2, iv)). Thus
the second part of (iii) follows right away.

As for the first part of (iii), we notice that A,(M—A,)=A, F,;=1 and
M-(M—A)>M-F,=2, hence (M—A4,)*>1. If, for some ke{1, 2, 3}, A?>0, then, by
the index theorem we have A2 =1, M ~2A4, and M? =4 (cf. lemma (2.6) of [M]). This
cannot occur. Indeed, since M2 =4, there is some base point p for [M|. By applying
lemma (3.4), we would have a decomposition M,=Z,+Z,+Z; with M-Z;>0,
i=1,2,3,and 4=M?>=M-Z,+M-Z,+ M-Z,. This implies that one of the numbers
M-Z; is odd, and therefore M cannot be numerically divisible by 2. Therefore, for
k=1, 2, 3, A?<0 and so M-A,=A+1<1.

Assertion (iv) follows by (3.2,iv) and 1-connectedness of the curves A4,.

(3.6) Lemma. Suppose that F; is a fixed component of |K| as in proposition (2.1, ii),
with F>=—2 and let C be the unique curve in (M —F,. Then C decomposes as
C=A,+A,+A; where A,, A,, A5 are curves such that:

(i) Ay A=A, A3=A,"4;=0;
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(i) Ay F;=A,F;=1 and Ay F;=2, for {j, k, I}={1, 2, 3};

(i) if Ay F;=1, then M-A;<1 and if A,<C—A, then M-4,=0,

(iv) %S, Os(M — A,))=2, ie. the rational map determined by |M| contracts each A,
k=1, 2, 3 to one point.

Proof. Since Cis 0-connected, we can apply again (7.3) to obtain a decomposition
of C as the sum of three curves C=A4,+A4,+A; where
(a) h%(A4,,0,,)=1, for ie{l, 2};
(b) O4,(A2+A3)~0y, and 0, (A3)~0,,;
(c) A Ay=A,A3=A,-A;=0.

The same arguments as above and C-F;=4 imply that 4;F,=A4, F;=1 and
Ay F;=2, for {jk,I}={1, 2, 3} and therefor, by lemma (A.4) of [CFM], 4; and
A, are 1-connected. Therefore we have h%(4,0,)=1, for i=1, 2, 3, unless, possibly
Ay F;=2. In this case we have 4,-(M—A,)=A,"(M—A,;)=1, thus 43=4%=—1
(see (3.3) for notation). Hence, by lemma (7.4) we conclude that either, 4, <4, or
A,nA,=0. In the later case we have O 4,(A42)=0,,, but this is also true in the
former case. This is a trivial consequence of 04 (A, +A43)~0,, and 0 ,,(43)~0,,,.
Thus by the last part of (7.3), the image of the restriction map r: HY(C, 0c)—»H%(A3,0 )
is 1-dimensional. By taking into account (3.2, iv), one sees that this implies that
the image of the restriction map r': H(S, O5(M))—H®(A5, 0 . (M), which is not the
zero map, has dimension at most 1, hence it has exactly dimension 1. Thus we
proved assertions (i), (ii) and (iv).

The proof of assertion (iii) is identical to the proof of assertion (iii) of lemma (3.5).

(3.7) Lemma. If A is a curve such that M- A=A?+1 and the image of the restriction
map r: H(S, Og(M))— H°(A, O (M)) is 1-dimensional then:

(i) 0SM-A<1 (and thus —1<A*<0);

(ii) if M-A=1, there is an unique base point p of M lying on A and the curve M,
has a decomposition of type (II) as in lemma (3.4), with M,=2A4+ H;

(ili) A is 1-connected and for every fixed component F; of |K| as in (2.1, ii), one has
0< A-F;<1; furthermore if A-F;=1, then A< C where C is the unique curve in |M — F}.

Proof. For (i) notice first that since |[M| has no fixed components,
M-A>0. Now, since A4 is contracted by @,,, |M — A| is a linear system of dimension
1. Therefore M-(M—A)>2, hence (M—A)?>=M-(M—A)—A(M—A)=M-(M— A)
—1>1

Now, by the index theorem, we have that either A%<0, hence M-4<1 or
A*=1, A~M — A yielding M ~24 and M*=4. This last possibility cannot occur;
this can be proved with an argument we already made in the proof of part (iii) of
(3.5). Therefore we have M-A4<1, proving (i).

Since A is contracted by ¢,, M-A is exactly the number of base points of M
which lie on A4 and so, if M-A=1, there is an unique base point p of |M| lying on
A. Then, since h°(S, O(M — A))=2, there exists a curve D in |M —A| such that
peD, and thus D+ A€M —2p|. By lemma (3.1, i), D+A=M, and so A<M,
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Since p is a non-singular point of A4, and 4-(M —A)=1, by lemma (3.4) the curve
M, has a type (II) decomposition, proving (ii).

As for (iii), remark first that 42= —1 (for notation see (3.3)). Hence by lemma
(74), the curve 4 is 1-connected and therefore so is A. Furthermore 4-M=0.
Suppose that A-F;>2. Then, since M=C+n*F) with C as in (3.2), we get
a:=A-C< —2 and therefore ((—24)>=C?—40—4>C?+4. Now, since the inter-
section form on curves contracted by ¢,; is negative definite, we get C< —4. On
the other hand, since C-M =0, we have —C?=CnX(F), and thus —C*=C-F,<4
(see (2.1, ii) and (3.2, iii)). Therefore (C—2A4)*=0 and thus, by (7.4), C=24. Thus C
is not O-connected, and therefore also C is not 0O-connected, contradicting (3.2,
ii). Therefore A-F;<1.

Suppose now that f:=A4-F,< —1. Notice that A-n*(F)=A-F;=B. Then n*(F)
and 4 have common components. Write then =D+ F and n*(F)=D+ G, where
F and G have no common components. From A-A=0#M-n*F), we have
G#0. Then F?—2F-G+G*=(A—n*F))?>=—1-=2B4n*F)*>1+n*(F)? and the-
refore F2+G*>nXF)*+1+2F-G>F*+1.

If F?=—1, we obtain F24+G*>0 and if F?=—2, we obtain F24+G*>> —1,

with equality holding if f= —1. Since any curve contained either in 4 or in ©*(F)
has negative self-intersection, the former case is impossible. We claim that also
the latter case cannot occur. In fact, if F24+G?>> —1, we must have F>+G*=—1,

and therefore G?*=—1 and F=0, thus A<n*F). This is impossible. In fact
A*=—1 and A-nF)<—1 imply that n*(F;) is not l-connected. On the other
hand F; is 1-connected by (2.1, ii), hence also n*(F;) is 1-connected, which proves our
claim. In conclusion, we have proved that 0<A-F;<1.

In order to prove the last part of (iii), it suffices to remark that if 4-F;=1, then
A-(M—n*F))=—1. If F?=—1, then by lemma (3.5) we have C=A4,+A4,+ A4,,
where C is the curve in |[M —F,. Notice that C>=M?—5, hence C*= —3 because
we blow-up the d= M? —2 base points of |M|. Since Zf <-—1,forj=1, 2, 3, because
the curves A; are contracted by |M|, we have A7=—1, for j=1, 2, 3. Applying
(7.4) we have that 4=A; for one of the curves 4; and so A<M —F, If F}=-2,
M—nXF)=A4,+A,+A,, where A}=A¢=—1, and A7=-2, for {j, k, [}={1, 2,
3}. Notice that the proof of (3.6) implies that 4, F;=2, whereas A; F;=A, F;=1. If
A+#A4;and A# A4,, one has, by (7.4), - 4;=A-4,=0. Therefore 4-4,=—1, implying
again by (7.4), that either 4<A4, or A, <A. But in this last case one has
A=A,+B. Then —1=A4-A,=A?+A;B=—2+ A B, hence 4,-B=1, which yields
B?>=—1. Furthermore we have M-B=0 and B-nXF)=A-n*%F)—A n*F)=
1—2= —1, which is impossible by the first part of assertion (iii).

(3.8) Lemma. Suppose M has a type (II) decomposition at two distinct base points
P, q of IM|, say M,=2A4,+H, and M,;=24,+H,. Then:

(i) A;nA,=0
(i) Hy=H,
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(i) A, %A, but 24,=24,.

Proof. Since M-A=M-A,=1 and ped,, gqeA,, one has A,%A4, and
A,%A,. Then (i) follows from A?=A4%=—1 and lemma (7.4).

Notice now that, by (3.1) and (3.4), all base points of |M| lie on H; and are
non singular points of H,, for i=1, 2. So, since M-H, =2+ H?, we have A?= -2,
i=1,2. Since A;-A,=0, we have also:

2+H§=M'H1=(2A2+H2)'H1=2A2'H1+H1'H2=
=2A2'(2A1+H1)+H1'Hz=2A1'M+H1'H2=2+H1'H2

Therefore one has H,-H,=H?, thus also H,-H,=—2. Then, by (7.4), we have
H,=H, implying H, =H,, i.e. (ii).

Part (ii) yields 24, =24,. Since by (3.4) we have 04, # 0,, and by (i) we know
that 4,n4,=0, we see that 4, # A4,, thus proving (iii).

4. Exclusion of |K] composed with a pencil

In this section we are going to prove the following theorem, which will enable us
to apply the properties of §2 and §3 to the canonical system of the surfaces we want
to describe.

(4.1) Theorem. Let S be a minimal surface of general type with p,=3, q=0, non
birational bicanonical map, presenting the non-standard case. Then |K] is not composed
with a pencil.

From [R] and [CCM], we know that if K*>9, p,<5 and the bicanonical map is
not birational, then S presents the standard case. Therefore we may assume
K?<8. The proof of this theorem consists of several steps. First we need the
following numerical data:

(4.2) Lemma. Let S be a minimal surface of general type with p,=3 and K*><8,

and assume that |K| is composed with a pencil P of curves of gunus g=>3. Then:

(a) 2 is a rational pencil and thus K=2C+ Z where Ce P and Z is an effective divisor.

(b) The only numerical possibilities are:

(P,) K*=8, C*=0, K-C=4, K-Z=0 and Z*= 8.

(P,) K*=8, C,=2, K-C=4, Z=0 and P has two simple (either proper or infinitely

near) base points.

(Py) C*=1, K-C=3, C-Z=1, Z*=0 or Z*=—1 or Z*= —2 (giving respectively

K?=8, K*=7 and K*=6) and the pencil P has one simple base point o.
Furthermore in case (P;) the curve Z is 2-connected.

Proof. Since |K] is composite with a pencil Z,K~aC+ Z, where C is a curve
in # and Z is the fixed part of |[K]. We have p,=3<a+1, hence a>2. Notice
that one has a=2 if and only if 2 is a rational pencil and K=2C+Z. Since OK)
is nef, one has
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©) K-aC=a>C*+aC-Z<K*<8.

Suppose first that C>=0. Then, from the assumption g=p,(C)>3, one has
C-Z>4 and thus, by (f) the only possibility is case (P,).

Suppose now that C>>0. Then the pencil 2 having base points, is rational
and therefore a=2. Hence, by (f), necessarily C2<2. If C?>=2, then C-Z=0,
implying, by 2-connectedness of K, that Z=0 and one has possibility (P,). Let
C?=1. Since K*C+C*=2C*>+C-Z+1=0 (mod. 2) we must have C-Z=1 (mod.
2) and thus Z#0 and (}) yields C-Z=1. Since K-Z>0, we have the possibilities
in (P3).

For the last assertion, suppose that, in case (P;), one has Z=A4+ B, with 4,
B curves such that 4-B<1. Then, by 2-connectedness of the curves in |K], we have
A-2C>1, B-2C>1 and so A-C>1, B-C>1, contradicting C-Z=1.

(4.3) Lemma. With the same assumptions and notation of (4.2), suppose that the
bicanonical map is not birational. Then the general curve C in P is hyperelliptic.
Furthermore, letting n be the line bundle on C such that |n| is the g5 on C, one has:

Case (P,). Z=2Z,, where Z}= —2 and OJZ,)~n.

Case (P,): O(C)~n and q>0.

Case (P;): O(C)~00)~OAZ) and O(20)~n. Furthermore in this case o is a
simple point of Z, there exists C'e? such that Z<C' and every fibre of P is
2-connected, with the possible exception of C’

Proof. Let x, y be two general points such that ¢(x)=¢(y). Then x, y are on
the same fibre C of 2 and therefore we can apply theorem (7.1) to the curve
D=2C+Z, obtaining a decomposition D=D, +D,, where D, D, are curves such
that D,-D,=2 and D,<D,. In case (P,), since C<D;nD, we must have
K-D,=K D,=4 and, by the index theorem, D, ~D,. Therefore D, =D, and thus
Z=27,, as stated.

To prove the remainder of the statement we look at the linear system |K4 C+ 4],
where A:=C+Z, in case (P,), A:=C in case (P,) and A:=C+Z in case
(P;). Consider the exact sequence

004K+ A)-»Og(K+ C+ A)—> w(A)—0.

In all three cases A-(K—A)=2, implying, by 2-connectedness of the canonical
divisors and lemma (A.4) of [CFM], that the curve A is 1-connected. Then, since
A*>0, one has h'(S,Os(K+ A))=0 and so |[K+C+ A| cuts out a complete linear
series of degree 2g on C. Since |[K+ C+ A|<|2K]|, ¢px1c+ 4 is not birational. There-
fore C is hyperelliptic and O(K+ C+ A)~n®9, where |n|=g3 on C. We also have
O(A)~n.

Now we consider the three cases separately.

In case (P,), in order to conclude, it suffices to remark that O (C)~0O,.

In case (P,) the assertion about the irregularity of S follows immediately by
considering the long exact sequence obtained from

0- 05— 04C)-0(C)—0
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and using O (C)~n.

In case (P;), since K+ C=3C+Z, O(K+ C)~n®? and O(C+ Z)~n we obtain
02C)~0(C+Z)~n. Therefore the base point o of |C| is a Weierstrass point of
C and Z intersects a general curve of 2 at 0. Since Z is 2-connected and o is a
simple point of Z, Z is contained in some curve C' of 2.

Notice that every curve in 2 is 1-connected because & has a base point (cf.
lemma (2.6) of [M]). Suppose that C” in & decomposes as C'=A4,+ A4,, with 4,
A, curves such that 4,-4,=1. Since C is nef and C>=1 we will have, say, C-4, =1
and C-A,=0 and thus o lies on 4,. But, by 2-connectedness of the canonical
divisors, we must have A, (K—A,)=A4,(4;+C+Z)>2 and thus 4,-Z>1, implying
A,-Z<0. Since 0eA4;NnZ, necessarily 4, and Z have common components and thus
Cc'=C.

Now we can give the:

Proof of (4.1) By (4.3), possibility (P,) can only occur if g>0. To prove the
theorem we have to show that also possibilities (P,) and (P5) do not occur. First
let us suppose that (P,) happens.

In this case by upper semi-continuity we have A°(C, 0(20))>2, for every curve
Cin 2. Recall that every curve Ce2 different from C’ is 2-connected. Then for
every C#C’ in 2, we have h°(C,0.(20))=2 and O.(20) is generated by its global
sections (see [CFM], propositions (A.5) and (A.6)). Now we want to show that
this also happens for C'.

Notice that, since C’ is 1-connected, then the restriction map H°(C’, O¢.(20))—
H%Z,0,20)) is injective by lemma (A.1) of [CFM]. Since |2C] induces on C’ a
section vanishing only at o, then |0-.(20))| has no fixed components on C’. Since
Z is 2-connected, by lemma (A.5) and (A.6) of [CFM] one has necessarily
h%(C’, 0c(20))=2 and O¢(20) generated by its global sections unless possibly if Z is
irreducible and rational, i.e. unless K2=6 and Z is an irreducible (—2)-curve.

We are going to see that also in this case h%(C’,0.(20))=2 and 0..(20) is
generated by its global sections. Suppose then that K2=6. Let C'=Z+ B and notice
that Z-B=3. One has 3C=K+B. Consider the linear system |K+ C|. Since
|K+ Cl=|Z +3(], the base points of |[K+ C| can only lie on Z. Since S is regular,
|K+ C| cuts the complete canonical series |w¢| on every curve C in 2 and therefore
o cannot be a base point of |[K+C|. On the other hand, since (K+C)*=13 and
the map determined by |K+ C| is not birational, then |[K+ C| has at least a base
point peZ, without however having Z as a fixed component, because oeZ. Since
(K+ C)-Z=1, then |K+ C] has a unique simple base point peZ.

Consider the exact sequence

r

0—H(S, 05(3C) > H(S, Os(K+ C)) > H(Z, 04K+ C)).

As we saw above, Im r is 1-dimensional. Since, by the Riemann-Roch theorem,
ho(S, 0K+ C))=6, then h%(S,043C))=S5, implying, by Riemann-Roch, that h'
(S, 04K+ B)=h'(S,05(3C))=1. Since g=0, we have then h°(B, 0p)=2.
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Consider the long exact sequence obtained from
00420 — B)—0.(20))— 05—0.

Since 0,(20— B) has degree —1 on Z, we see that h%C’,0.(20))=2. Suppose that
0c(20) is not generated by its global sections. Then, since |2C| induces on C’ a
section vanishing only at o , the point o is a common zero of the global sections
of 0-(20) and so h%(C’, Oc(0))=2. But this would imply that o is a base point of
|wc |, and we are going to see that this is a contradiction. In fact |[K+ C] cuts the
complete canonical system on every curve C in £, included C’. Since, as we saw
before, o is not a base point of |[K+ C], then o cannot be a base point for |wc|.

In conclusion, we have seen that for every C in 2 one has h%(C,0.(20))=2
and 0-(20) is generated by its global sections. Hence we can now imitate an argument
from [CFM], proposition (1.7).

Let 0:5— S be the blow-up of S at o and let E be the exceptional divisor. We
denote by p:S—P?! the morphism determined by the strict transform on § of the
pencil 2. Since h°(C, 0-(20))=2 for every curve Ce2?, the sheaf p*(O5(2E)) is locally
free of rank 2. Moreover we have h°(P!,p(O5(2E)))=1, hence p,(O52E))~ Op. @ Op:
(—e), where e is a positive integer. As usual, we set F,=Proj(0p®0p:(—¢)), we
denote by F a fibre of the structure map F,—P?, and by C, the section of F,—»P!
such that C3= —e.

Since for every curve CeZ the sheaf (0(20) is generated by global sections,
the natural map p'p.(O5(2E))— Ox(2E) is surjective and defines a morphism n:S§—F,
over P! which is generically finite of degree 2 and such that n*(C,)=2E. Then C,
is a component of the branch locus of n and e= —C3= —2E*=2.

Now

d*3C)—E=nXCy+3F)
and this is a contradiction since

HO(F, Op(Co+3F) =6
whereas

h(S, Oa*(30)— E)) <6

In fact h°%(S, Os(K+ C))=6, K+ C—Z=3C and Z, as we saw, is not a fixed part of
the linear system |K+ C|. In conclusion, we have proved that possibility (P5) cannot
occur.

Next we consider possibility (P,). Since ¢=0, we have h%(C+Z,,0¢, ;(C+Z,))
=1. Moreover, by the adjunction formula, Oc, ;(C+Z,)®*~wc,,,. Then we can
apply lemma (7.2) to C+Z, and conclude that, for the general curve C in 2,
CnZ,={P,Q}, where P, Q are distinct points of C such that O(P+ Q)~n, where
In| is the g} on C.

Since K=2(C+Z,), every divisor on S has even self-intersection. Thus the
curves of & are either 2-connected or are multiple curves.

Suppose that every curve in £ is 2-connected. Then Z, induces on every such
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a curve a base point-free g; (cf. the discussion of case (P;)). Using a similar argument
as above, we realize S as a double cover p:S—F,, which sends Z, generically 2 to
1 to the section C, of F, with self-intersection —1. But this, as above, leads to
a contradiction. In fact O5(K+ C) would then be the pull back of Of (2C,+3F),
but 4°(S, Og(K+ C))=6 whilst h°(F, O (2C,+3F)=9.

Thus we may assume there is at least a curve C of 2 which is not 2-connected,
hence C=2F, where F is a 2-connected genus 2 divisor. Notice that the existence
of this double curve and the 2-connectedness of the canonical divisorson S easily
imply that Z, is irreducible. Since S is regular, the restriction map H(S, Oy(K + F))—
H°(F,wy) is surjective and therefore h%(S,04(K+F)=5. On the other hand
OgK+F—C)=04C+F+2Z,) and thus k%S, 04K+ F—C))=2, implying that for
any curve C in 2 the restriction map H(S, 04K+ F))—H°(C,w¢) is surjective.
Since (K+F)-Z;=1 and for C general in 2 the rational map determined
by |K+ F] identifies the two distinct points in which Z; intersects C, the restriction
map H°(S,0y(K+ F)->H%Z,,0;(K+F) is not surjective. Therefore |K+ F will
have a base point p on Z;. Since F is 2-connected, p does not lie on F (see [CFM],
proposition (A.7)). This implies that there is a curve C"e2, different from C, such
that |wc.| is not generated by its global sections. Thus there exists another double
fibre F'. But then u:=04F—F') is a non-zero 2-torsion element in Pic(S). By the
Riemann-Roch theorem we have:

2h%(S, 05(C+Z)®@u=3+h'(S,04(C+Z,)®p)
Hence hO(S, O0(C+Z,)®u)>2. Consider the exact sequence
O""@s(F‘*‘ F’)_’ms(C"’Zz)@“—)(gzl—)O,

Since h°(S, Os(F+ F'))=1, the restriction map H(S, Oy(C+ Z,)®n)—H(Z,,0;,) is not
the zero map. This implies that also the restriction map H(S, O(K))—»H%Z,,0,,) is
not the zero map, which is a contradiction to |K] having Z, as a fixed component.
Therefore also case (P,) is ruled out.

We finish this paragraph with a proposition which will be useful later on in
order to recognize specializations of the Du Val ancestor with p,=6, K*=9 which
we met in example (1.4, ii). Its proof uses some ideas from [CFM], which are also
essentially contained in the proof of theorem (4.1) above.

(4.4) Proposition. Let S be a surface with p,>3, q=0, whose bicanonical map is
not birational. Suppose there is on S an irreducible curve C such that C*=1, K-C=3
and |C| is a pencil. Then S is a specialization of the Du Val ancestor with p,=6,
K?=9 (example (1.4, ii)). If S presents the non-standard cases the specialization in
question is as indicated in table (1.3).

Proof. To prove the proposition it suffices to show that:

(i) every smooth curve in the pencil |C| is hyperelliptic and the base point p is a
Weierstrass point of the g} on it;



Regular surfaces of general type with p,=3 101

(ii) A°(S, O5(2C))=4 and the linear system |2C] is base point free.

Having (i) and (ii), we can apply the same reasoning as in lemma (2.6) of
[CFM] to obtain the description of S as a double cover of F,, which shows that
it is a specialization of the Du Val ancestor with p,=6, K,=9.

As for the type of singularities of the branch locus that can occur, let m be
the maximum multiplicity of a singularity of the branch locus. Since p,>3 we
have m<7. If m=6, 7 one has p,=3, and it is easy to see that the minimal surface
corresponding to the double cover has K*=2 and no pencil |C| as in the statement
of the present proposition: we leave the details to the reader who is advised to
project down to P? from the point of multiplicity m, thus realizing the surface in
question as a double plane with a branch curve of degree 8 (see proposition (5.1)
below). Therefore we may assume m<5. Actually the case m=35 is a specialization
in moduli of the case m=4 (cf. remark (2.7) of [CFM]). Finally one notices that,
if the branch curve has more than one 4-uple (or 5-uple) point, the surface S contains
a genus 2 pencil, i.e. the one which is the pull-back on S of the pencil of plane
sections through such two singular points of the branch curve.

Finally we have to prove (i) and (ii) above By Riemann-Roch we have:

2+h(S, 0K —C)=p,+h'(S, Os(K— C)).

Since p,>3, we have ho(S,0(K—C))>0, i.e. there is a curve C'=K—C. Notice
that, since (K— C)-C=2 then every curve C'e|K— (] is 1-connected by lemma (A.4)
of [CFM]. At this point, with the same reasoning as in lemma (2.5) of [CFM],
one proves (i).

Consider then the restriction map r: H(S, Og(K))—» H%(C, O/K)). Notice that,
by adjunction, O(K)~0Odp)®n, where |y is the gl on C. From the above
propositions (for p,=3) and from proposition (1.7) of [CFM] (for p,>4) we know
that the canonical system of S is not composed with the pencil |C|. Therefore the
rank of r is 2, hence h%S,05(K—C))=p,—2 and (i) again can be proved as in
lemma (2.5) of [CFM].

(4.5) Remark. Suppose S is a minimal surface of general type with K2>4 and C
is a curve on it such that h%(S,04(C))>2 and K-C<3. By the index theorem, one
has that the movable part of |C]| is either a pencil of curves of genus 2 or a pencil
of curves of genus 3 with a base point, like in the statement of proposition (4.4).

5. The case p,=3, g=0 and the canonical system without fixed components

Let S be a minimal surface, with p,=3 and ¢=0, and non birational bicanonical
map. We will keep the notation as in the previous paragraphs. We will also assume
that |K] is not composite with a pencil, which, as we saw in §4, will always be the
case if S does not contain a pencil of curves of genus 2. We will suppose here
that |K] has no fixed component, i.e., with the above notation, M=K. Let p,,---,p,
be the base points of |K], which are smooth, transversal base points. Furthermore
one has d=K?—2 (see proposition (2.2)).
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Let n: 85— S be the blow-up of S at p,,---,p,, and let E,, ---, E, be the exceptional
divisors of the blow-up. The base point free linear system |M|=|n¥M)—E, —--- —E,|
determines a double plane, i.e. a morphism y := ¢,;: S—P?, which is generically finite
of degree two. We will call such a double plane the canonical double plane of S.

In the present paragraph we will describe the double planes arising in this way,
by describing their branch curves B in P2, Notice that the curves B are reduced,
and we will in fact describe their isolated singularities.

We start with the following proposition whose immediate proof we omit:

(5.1) Proposition. Let S be as above. Then |K] is base point free (i.e. d=0), if and
only if K*=2.  In this case the corresponding canonical double plane has a branch
curve B which has degree 8 and has at most irrelevant singularities.

Thus, from now on we will assume that |K] is not base point free, i.e. d>1
and therefore K*>3. In the following lemma we collect some basic information
about the branch curve of the canonical double plane of S:

(5.2) Lemma. Let S be as above and let B be the branch curve of the corresponding
canonical double plane. Then:

(i) B has degree 2d+8;

(ii) the exceptional curves E,---,E; are mapped by ¢ to d distinct lines L,,---,L, in
P2, which are contained in B,

(iii) the essential singular points of B all lie on L,v --- UL, and on each line L; there
are at most three singular points of B;

(iv) every intersection point of two of the lines L,, ---, L, is a relevant singular point of B.

Proof. Assertion (i) follows by Hurwitz’s formula and by adjunction.

Assertion (ii) is a consequence of proposition (2.2).

Let zeB be an essential singular point. Then there is some irreducible curve
I on S contracted by ¢ to z. Then M-T=0. If I"E;=0 for all i=1,---,d, then
n isomorphically maps I" to a rational curve on S with self-intersection -2. This
situation would only produce non essential singularities of B at z. So we may
assume that there is a ie{1,---,d} such that I'" E;>0, which implies that zeL,, This
proves the first assertion in (iii). The remainder of (iii) follows from lemma (3.1, iii).

Let z=L;,nL; with 1<i<j<d. Since L; [resp. L;] is the image via ¢ of E;
[resp. Ej], and since £;nE;=0, there must be a curve 4 on S contracted by ¢ to
z, not containing E; and E; but meeting both E; and E; The image of such a
curve on S via © has positive intersection with K. Therefore the resulting singularity
of B at z cannot be irrelevant.

Now we want to explain which kind of singularities of B may occur along
one of the lines L;, i=1,---,d. Let L be such a line. It is the image of an exceptional
divisor E on §, which in turn corresponds to a base point p of |K] on S.

Let us go back to lemma (3.4) and let us summarize the information it gives
us in the present situation. First we notice we are in case (I) of that lemma. Let
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MpelM'l the curve on S corresponding to M,. Since M, contains 2E, the image
via Y of M, is just the line L. Therefore the strict transform A on S of a curve
A:=A; of the decomposition of type (I) is contracted by ¢ to a point
zeL. Accordingly A is contracted by the map ¢, (see lemma (3.4, 1, iii)), therefore
if M is the general curve in |M|, the points MnA are exactly the base points of
[M| on A. Lemma (3.1) yields that every such a base point is smooth for 4, and
M and A intersect transversally there. Hence the number of base points of |M]|
on A is just M- A, ie. K-A.
We have the following lemma:

(5.3) Lemma. In the above situation, the point z belongs to A*+2 lines among
L,,---, L, Furthermore it has multiplicity 2A*+6 for B. Finally if L,,---,L, pass
through the same point z, then S has a pencil of curves of genus two.

Proof. Onehas M-A=K-A=A*+2. Hence |M| has A+ 2 distinct base points
on A, proving the first assertion. Notice now that 42=—2. The arithmetic genus
of A is g=A*+2. Since the base points we blow-up are smooth points of A4, this
is also the arithmetic genus of 4. Hence the second assertion easily follows.

As for the last assertion, the curve A4 contracted by ¢, to z is such that
A?=d—2, hence z is a point of multiplicity 2d+2 for B. Therefore the pull-back to
S of the pencil of lines through z is a pencil of cuurves of genus two.

According to lemma (5.2), we can write B=L,+---+L;+B. The next
proposition gives us information about the configuration of lines L,+:--+L,
occurring in B.

(5.4) Proposition. Let L,,---,L, be a set of d, d>3, distinct lines in P? such that
each line meets the union of the other lines in at most three distinct points. Then
either all lines pass through the same point, or d < 6 and one has the following possibilities:

(C3):d=3 and the three lines form a triangle;

(C,4):d=4 and the four lines are the edges of a quadrilateral,

(C,p):d=4 and three of the lines meet in one point which does not belong to the
Sfourth line;

(Cs):d=5 and four of the lines are the edges of a quadrilateral and the fifth line
joins two opposite vertices,

(Cg):d=06 and the six lines are the sides of a complete quadrangle.

Proof. Assume that not every line passes through the same point. Let & be
the maximum number such that 4 lines L, ---, L, with A<d meet at a point g. Then
L,, k>h, does not pass through ¢, hence L,~(L,u ---UL,) consists of h distinct
points and therefore h<3.

Suppose first that #=3. Then L, meets L,, L,, L,, in three other distinct
points ¢,, ¢,, g; and thus, if there is a fifth line L, it necessarily meets L, in one
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of these three points. On the other hand L meets L, L,, L, in three distinct
points sy, 55, 53, respectively one of which coincides with a point g¢;, say g3 =s5. Then,
if there is a sixth line L, it meets L, in, say, g, and therefore meets L, in s, and
Ly in another point r3. So the six lines are the sides of the quadrangle determined
by ¢, gy, 55, 5. If d>7 then L, would necessarily have to pass through the non
collinear points gq,, s, and r; a contradiction.

Suppose now that h=2. If the number of lines d is 3 we have case (C;), whilst,
if d>4, clearly the only possibility is case (C,,).

We are finally in a position to describe also the behaviour of the part B'of the
branch curve B of our canonical double planes. This is done in the follwing
theorem, which is, in practice, a new, more precise version of Du Val’s statement (1.2):

(5.5) Theorem. Let S be a minimal surface, with p,=3, q=0, and non birational
bicanonical map, which presents the non-standard case. Suppose |K| has no fixed
components, but only d>0 base points. Then one has 5<K?><8 and accordingly
3<d<6 and one has the following possibilities:

K?=5,d=3: Li+L,+L, is a triangle, B' has degree 11, has 4-uple points at the
vertices of the triangle, three 3-ple points one on each line L, and B has no other
relevant singularities;,
K*=6, d=4 (case (A)): L+ L,+ L3+ L, form a quadrilateral, B' has degree 12 and
has six 4-uple points at the vertices of the quadrilateral, and B has no other relevant
singularities;
K*>=6, d=4 (case (B)): L+ L,+ L pass through a point z whereas L, does not; B'
has degree 12 and has a 5-uple point at z and 4-uple points at the intersections L,nL,,
i=1, 2, 3, and three more 3-ple points along the lines L, i=1, 2, 3, and B has no
other relevant singularities,
K*=17,d=5: L+ L,+ Ly+ L, form a quadrilateral, and L5 joins two opposite vertices
zy, z,, of it; B' has degree 13, has 5-uple points at z,, z,, has 4-uple points at the
remaining vertices of the quadrilateral and a 3-ple point on Ls, and B has no other
relevant singularities,
K*=8,d=6:L,+L,+ L3+ L,+ Ls+ L form a complete quadrangle; B’ has degree 14,
has S-uple points at the four triple vertices of the complete quadrangle, has three
4-uple points at the double vertices of the complete quadrangle, and B has no other
relevant singularities.

The surfaces one thus finds are exactly the Du Val examples with p,=3 appearing
in table (1.3).

Proof. The line configurations and the multiplicities of B’ are dictated by (5.3)
and (5.4). The fact that there are no further relevant singularities easily follows
with a direct double plane computation since p,=3, g=0.

The last assertion is clear for the case K2=8 by taking into account example

(1.4, iv). Consider now the case K>=7. Let us make a quadratic transformation
of the plane based at z,, z, and at one of the remaining vertices of the quadrilateral,
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for instance at z=L,nL,. This transformation contracts L, and L, to distinct
points a,, a,, and Ls to a point . Furthermore L, and L, are mapped to different
lines a,, a, passing through «, and «,. We let y=a,na,. The curve B’ is in turn
mapped to a curve G’ of degree 12 with two [4,4]-points at a;ea; where the
infinitely near 4-uple point to o; lies on the line a;, i=1, 2, another 4-uple point at
y, and a point [3.3] at a. The original double plane is therefore birationally
equivalent to the new double plane with branch curve given by G=a,+a,+G". By
comparing this description with the double plane description of the Du Val ancestor
with p,=4, =0, K*=8, given in example (1.4, iii), we conclude that our surface is
a specialization of the aforementioned Du Val ancestor as shown in table (1.3).

A similar analysis works for the case K>=6, case (A). We leave the details
to the reader.

Again a similar argument would easily work also for the case K*>=5, showing
that it is a specialization of the Du Val ancestor with p,=6, K*=8 as shown in
table (1.3). However case (B) with K?=6 is more difficult to analyse in this way. So
we present another argument which works for both cases K>*=5 and K*=6, case
(B). The observation here is that in both cases the surface possesses a pencil |C] of
curves of genus 3 with a base point. Such a pencil is provided by the pull-back on
the surface of the pencil of lines through the point L,nL,. Then, applying proposition
(4.4), we see that both surfaces are specializations of the Du Val ancestor with
p,=6, K*=9.

(5.6) Remark. As a consequence of our analysis, we have the following fact: if S
is a minimal surface, with p,=3, =0 and non birational bicanonical map, such that
|K] has no fixed components and is not composite with a pencil, then either K*<8 and
we have one of the cases listed in theorem (5.5) or S has a pencil of curves of genus two.

6. The case p,=3, =0 and the canonical system with fixed components

In order to finish our classification theorem, we study in this section the minimal
regular surfaces S with non-birational bicanonical map, presenting the non-standard
case, whose canonical system has fixed components. The result we will prove here
is the follwoing theorem:

(6.1) Theorem. Suppose S is a minimal surface with p,=3, q=0, non-birational
bicanonical map, presenting the non-standard case, and having canonical system with

fixed components. Then S is a specialization of a Du Val ancestor as indicated in
table (1.3).

This result will follow as a consequence of propositions (6.5) and (6.6) below.
At the end we will explain how the specialization of the Du Val ancestors takes
place in order to produce fixed components of the canonical system (see remark
(6.6) below).

By §4, we know that |K] is not composed with a pencil, and therfore we can
use the properties of the canonical divisors studied in §§2 and 3. Also, as we
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already remarked, from [R] and [CCM], we know that if K*>9, p,<5 and the
bicanonical map is not birational, then S presents the standard case. Thus we may
assume K?><8. Since in proposition (4.4) we described the minimal surfaces with
non birational bicanonical map, containing a pencil |C| such that C,=1, K-C=3,
to keep the proofs shorter we will assume also that S does not contain such a
pencil. We start by showing the following proposition which makes more precise
in our case the result of proposition (2.1):

(6.2) Proposition. Suppose S is a minimal surface with p,=3, q=0, K><8,
non-birational bicanonical map, presenting the non-standard case, and having canonical
system with fixed components. Assume furthermore that S has no pencil |C| with
C?=1and K-C=3. Then |K|=|M|+F, with |M| the movable part which is irreducible
and has d>0 simple base points, and F is a 1-connected fixed curve such that M-F=?2
and either F*= —1 or F*= -2

Proof. Let us first notice that if K=M+F,+---+F,, then K2=M?+2n+K-
F,+--+K-F,. By hypothesis K*?<8, and therefore n<3, with equality occuring
only if K-F,=K-F,=K-Fy;=0 and M*=2.

Suppose there is a fixed component F, with F;= —1. Since K-F, is then odd,
we cannot have n=3. Now we will see that also n=2 cannot occur. Assume in
fact that n=2. Consider a decomposition M—F,=A4,+A,+ A;, as in lemma
(3.5. One has M-A,=A?+1, hence K-A;+A}=M-A;+F,-A;+F, A;+ A} =24}
+2+ A F,, for i=1, 2, 3. Therefore A;'F, must be even for all i=1, 2, 3. Since
F,'F,=0 and F,"M=2, there is ie{1,2,3} such that 4;;F,=2. This contradicts
lemma (3.7, iii).

Therefore if n>2 all the fixed components F; have self-intersection —2.

Suppose that n=2 and let M —F, =A, + A, + A, be a decomposition as in lemma
(3.6). Then we have A F,=1, A;F,=1 and A, F =2, for {ijk}={1,2,3}.
Furthermore, one has A, M=A;+ A, F,, for h=1, 2, 3. Notice also that
K*=K-M=K-A,+K-A,+K-A5. By lemma (3.6, iv), we have h%(S,O(M — A,))=2,
for h=1, 2, 3. Consider the pencil |C| corresponding to A°(S,0g(M —A4,)). Then
K-C<K-A;+K-A; The same argument used above in the case of a fixed F with
F?=—1, shows that A,;F,=A;F,=0, A,'F,, and therefore K-A,=A?+2, K-4;=
A2+2. By lemma (3.7), we have 0<M-4,=A}+1<1, hence —1<A4?<0, and
similarly —1<A4?<0. Accordingly 1<K-4;<2 and 1<K-4;<2. Since we are
excluding the existence of pencils |C] with K-C<3, we must have K-4,=2, K-4;=2
and 4?7 =A,? =0. Bylemma (3.7) and lemma (3.2, iii), there are two distinct base points
p.q of |M| which lie in A; and A; respectively and the curves M, and M, have type
(I1) decomposition M,=2A4;+H, M,=2A4;+ H where |24;|=|24}| is a base point
free genus 3 pencil.

Consider now the two divisors G=A4;+A4;+ F, and G'=A4,+F,+F,. One has
G?=2, G'*=A2+4, G-G'=2. By the index theorem we must have G'*<2, ie.
A2< —2. On the other hand, we have 0<M-A4,=A}+2. Hence we have 47 = —2,
M- A, =0, which yields M>=4, K*=8 and G~G’. This implies that 4,4+ A4;~ A+ F,.
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On the other hand since clearly A;~ A4; we have O5(24,)~ Os(A,+ F,). Since |0),(24;)|
and |O,(A,+F,)| are the same g3 on a general curve of |M|, and therefore
0, (24,— A, —F,) is trivial on a general curve of |M| we have, by proposition (1.6)
of [CFM], O0424,)~0xA,+F,). So |K] is the sum of the two pencils |4, + F; + F,|
and |4;+ A4;+ Fy|, a contradiction. Therefore the case n=2 does not occur.

Finally we turn to the case n=3, in which, as we saw already, one has M?=2,
ie. |M| is base point free. Consider again the decomposition of the curve
M—F,=A,+A,+A;, where A;F,=1, A;Fy=1and A, F, =2, for {i,j,k}={1,2,3}.
In this case, since |M| has no base points, we have M-A4,=0, for h=1, 2, 3, hence
A} =A}=—1, A}=-2.

Since K«(M — A4, )=K-A;+ K- A; we must either have K- 4;> 1 or K-4;> 1, because
otherwise, the pencil corresponding to [Og(M — 4,)| would be a genus 2 pencil. Sup-
pose K-A;>1. Since K-A;=1+F,A;+F;y A, F;rA;+F; A; is positive and even,
and so, by lemma (3.7, iii), we must have A;-F,=A4; F;=1, yielding K-A4;=3.

Consider the pencil |04(M — A4,)| and le |V] be its movable part. We have then
M=V+ A where V] is a pencil without fixed components, 4,<A4 and 4-V>1, by
lemma (2.6) of [M]. Since M2=2 and M is nef and not composed with a pencil
we have that M- V=2, M-4=0 and therefore either:

(i) V?=0, A>=—-2 and V-4=2;
or
(i) V*=1, A>=—1and V-A=1.

Remark that |0,(V)| is the g} on the general curve Me|M| and similarly |O,(M)|
is a gl on the general curve Ve|V].

Consider case (i). Since 8>K*=K-M=K-V+K-A, K-A>K"A4;=3 and we are
assuming that |V] is not a genus 2 pencil, we must have K-4=4 and K-V=4.
Thus:

F'A+Fy A+FyA=K-A—M-A=K-A=4
Fy-V+Fy V4+Fy V=K-V—M-V=2 (%)

In particular we have 0<V-F,<2 and 0<A-F,<2, I=1, 2, 3. First we see that
the case V-F,=A-F,=1 cannot occur. Suppose in fact that V-F,=A4-F;=1. Then
we claim that there is a curve in the pencil 4 +|¥] containing F;, but F, is not contained
in A. Suppose in fact that there is no such a curve in A+|V| and let I' be the
unique curve in |[M—F)|. Then |M| is spanned by the pencil 4+|V] and by
I'+F. Since A-F,=1, then |M| certainly has some base points on F, a
contradiction. However 4 cannot contain F, because, as we recalled already,
ho(S, Ogy(M — F)))=1 by proposition (2.3, i). This proves the claim.

Since V-F,=1, there is an irreducible component A of F,, which is a smooth,
rational curve, such that V-A=1, whereas for any other irreducible component A’
of F,, one has V'A'=0. Let us prove that 4=2A+ A’, where A’ is effective.

First of all we prove that 4 contains A. Otherwise, in fact, there would be
no curve in A +|V] containing A hence containing F,, contrary to what we saw
before. Now we prove that, in fact, 4 contains 2A. Let V be the general curve
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in |V] and let p be its intersection point with A.  Since, of course, the bicanonical
involution fixes ¥ and F,, it fixes p, which is therefore a Weierstrass point of the
g3 on V. On the other hand, since |0,(M)| is the g5 on V, then |0(4)| is also the
g3 Hence 4 has multiplicity of intersection 2 with V at p, therefore p lies on
A—A. Since, as V moves in |V], the point p describes the whole of A, we have
the assertion.

With the same argument one proves that a curve in |2K] containing A contains
A with multiplicity at least 2, i.e. A is a fixed component of |2K—A|.

Now, by taking into account (), we see that if V-F,=1, there is another curve
F, such that V-F,=1, with h#/l. Since A is the only irreducible component of 4
meeting the curves in |V], we see that A is contained in both F, and F,. Suppose
that 1</<h<3. Then, by (2.1, ii), we see that F,<F, and O (F)~0p,.

Let k#h, I. We notice that O (F,)~0p,. The assertion trivially holds if
F.nF,=0. Otherwise, since F, cannot contain A, by (2.1, ii) we see that F,<F,
and the assertion follows. Similarly one proves that Op (F)~0p,.

Now we consider the exact sequence:

0> H(S, Os(K+ M + F))—~ H°(S, 052K — F))» H(F}, Or,).

Since |2K—F)| is contained in |2K—A|, but F, contains A as a simple component,
because V-F,=1, we see that A has to be a fixed component for |2K—F|. Therefore
the last map to the right in the above sequence is the zero map, because A< F,. Hence
h'(S,Os(K+ M+ F))>0, ie. h°(M+F,,0y,r)>1. But this is clearly contradicted
by the exact sequence:

00O p( —Fk)—’@M+Fk—’@M+Fk®(9Fk—’O

since Op 45, ®0p, ~0p,. Infact M+ F,=K—(F+F,) and O, (K)~0p, (F,+ F,)~0p,.

In conclusion, we have proved that we may assume that V-F,=2, V-F,=V-F,=0,
ie. A-F;=0, A-F,=A-F,=2, {lh,k}={1,2,3}. Remark now that one has
(V+F)=(A+F,+F)=(V+F)(A+F,+F)=2. Hence by the index theorem we
have V4 F,~A+F,+F, Since O\ (V+F)~0y(A+F,+F), as before proposition
(1.6) of [CFM] implies that Oy(V + F))~04A+ F,+F,). Therefore we would have
K=V+A+F+F,+F,~2(V+F), hence |K|] would be composite with the pencil |V],
a contradiction.

Consider now case (ii). As above, we see that in this case K-¥'<5 and
K-A>3. But, by assumption, we must have K-¥>3, which yields K-V=35 and
K-A=3. Then:

FyA+Fy A+FyA=F,-V+F, V+Fy V=3, (%)

Since 0=M-4A=A%+1 and A is l-connected, by lemma (3.7, iii) we have
0<A-F,<1,1=1, 2, 3, and so by (x*) we must have A-F,=A-F,=A-F;=1.

Consider now the restriction map r: H°(S, 05(2K))—H°(V,0(2K)). We have
Kerr~H%S,0K+ A+F,+F,+F;)). Notice that for any irreducible component
0 of F,I=1, 2, 3, one has K-0=0 and V-0>0, hence 0:(K+A+F,+F,+F3)=0
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(QK—WM<0. Since F,"(K+A+F,+F,+F3)=—1and F, is 1-connected, by corollary
(A.3) of [CFM] we see that O (K+A4+F,+F,+F;) has no global sections, hence
|K+A+F,+Fy,+F3|=|K+A+F,+F;|+F;. By(2.1,ii), Op,(F,)~0f, and therefore,
by the above argument, for any irreducible component 8 of F,, we have K-0=F,-0=0,
hence 0-(K+A+F,+F;)=0-2K—V—F,+F,;)<0, implying as above that |[K+4
+F,+F,+F;|=|K+A+F;|+F,+F, Finally in the same way we see that
K+ A+F,+F,+F3|=|K+A|+ F3+F, +F,, thus h°%S,0(K+A+F,+F,+Fy)=h°
(S,04(K+ A))=5, since A4 is 1-connected (by lemma (A.4) of [CFM]) of arithmetic
genus 2. Then |2K] cuts on a general curve of |V], which is a smooth curve of
genus 4, a complete g$,. This contradicts the fact that the bicanonical map is not
birational.
Therefore also case (ii) does not occur and we proved the proposition.

Next we prove the following:
(6.3) Lemma. Under the same assumptions as in (6.2), either M*=4 or M*=S5.

Proof. Suppose that F?=—1, ie. K-F=1. By lemma (3.5 we have
M—F=A,+A,+A,, where A F=1, A;A,=A,A3=A45;-A,=0, hence M-A;=
A%+1, i=1, 2, 3, and therefore K-A;=M-A;+F-A;=A}+2, i=1, 2, 3.

By lemma (3.5, iv) we know that A%(S,Os(M —A;))=2, i=1, 2, 3. Let |Cj be
the corresponding pencil. As usual, we may assume K-C;>4, i=1, 2, 3. This
immediately implies 47+ 47> —1 for j#k, j#i and k#i. So we see that at most
one of the curves A, I=1, 2, 3, has nagative self-intersection. This implies that
M*=M-F+M-A;+M-A,+M-A3=2+3+ A%+ A%+ A3>4, since, by lemma (3.7),
Al>—1for I=1, 2, 3.

Suppose now that F2= —2, hence K-F=0. We apply lemma (3.6) and we have
M—F=A,+A,+ A, where A;F=1, AyF=1 and A4,-F=2, for {i, j, k}={1, 2,
3}. Notice that we have M-4,=A}+1 and M-A;=A}+1, and so K-A;= A} +2
and K-A;=A?+2. By lemma (3.7, i) one has 0>47> —1 and 0> 4} > —1.

By lemma (3.6, iv), h%(S, Os(M — 4,))=2. If we consider the corresponding pencil
|Cl, we may assume K-C>4. This implies 47+ A47>0 and therefore A7=A7=0
yielding M2 >4,

On the other hand 8>K?>K-M=M?+F-M=M?+2, proving that M*<6.
Now we will see that the case M2=6 cannot occur.

Suppose that M2=6. From the assumption K?<8 and K*=K-M+K-F=
M? 42+ K-F, we necessarily have K2=8, and K- F=0, implying that F2= —2. Then
we have M—F=A,+ A, +A;, where A;F=1, AyF=1 and A4, F=2, for {i, j, k}=
{1, 2, 3}. So 6=M?>=M-F+M-A +M-A,+M-A;=2+4+A}+ A5+ A3, and
therefore A2+ A2+ A43=0. As above, because we are assuming that S does not
contain a pencil |C'| with K-C’'<3, we have 47?=47?=0, hence also 4;=0. Thus
(A;+A;+ P =(Ay+ F)*=(4;+ A;+ F):(A+ F)=2. By the index theorem we have
then A;+A;+ F~A,+F and therefore 4;+A4;~A,. Now lemmas (3.7) and (3.8)
imply that [24,/=|24)| is a genus 3 pencil without fixed components or base points
and 4,~C. Since C-A4,=0, every component of A, is contained in a fibre of the
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pencil |[C.  From h%S, Og(4,))=1, A2=0, K- 4, =4 and A,~ C, we see that the only
possibility is A,=D,+D,, where 2D,=2D,=C and D,#D, (see [BPV], pg.
90). Notice that D, and D, are different from 4; and 4, otherwise we would have
a contradiction to lemma (3.2, iv). On the other hand being Dy, D,, 4;, A; pairwise
distince contradicts both lemma (3.2, i ) and proposition (1.5, ii). Therefore the
case M?=6 is excluded.

In the next two propositions we will freely use some elementary facts about
resolutions of double planes singularities and actions of Cremona transformations
to double planes and their branch curves, which the reader will certaianly be able
to easily work out on his own. Howeover, for specific and complete references on
this subject, we refer to [Fe] and [Ca].

(6.4) Proposition. Under the same assumptions as in (6.2), suppose that M*=4. Then
K*=6, 7 and S is a specialization of the Du Val ancestor with K*=8, p,=4.

Proof. Suppose that M?>=4. Then from K*=K-M+K-F=M?+2+K-F, we
have the cases: (a) K>=7 if F?=—1, K-F=1, (b) K?=6 if F?= -2, K-F=0.

Suppose we are in case (a). Then the analysis made in the previous proof
implies that M —F=A, +A,+ A,, where A?=A}=0, A7=—1, for {i, j, k}={1, 2,
3}. Also we have M-A,=A?+1, h=1, 2, 3. Hence, by lemma (3.2, iv), the two
base points p, g, of [M| lic one on A4, the other on 4, By lemmas (3.7) and (3.8)
the curves M,, M, as in lemma (3.4), are such that M,=24,+H, M,=24;+ H,
and |24;/=|24,| is a pencil of genus 3 without base points or fixed components.

Suppose we are in case (b). As in the proof of (6.3), we have that
M—F=A,+A,+A4,, where A;F=A;F=1 and A, F=2 for {i,j,k}={1,2,3}, and
A}=A}=0, A7=-2, and also M-4,=M-A;=1, M-4,=0. Again by lemma (3.2,
iv), the two base points p, g, of |[M| lie one on A, the other on 4; and we reach
the same conclusion as before, ie. the curves M,, M, are such that M,=24,+H,
M,=2A4;4+H, and [24;/=|24}| is a pencil of genus 3 without base points or fixed
components.

Now we consider, in either one of the above cases, the canonical double plane
Y:S-P? of S, or, equivalently, the rational map ¢,,:S—P? (see §2). The branch
curve G has, in both cases, degree 14: in fact (K+ M) M =10, i.e. the general curve
M in |M| has genus 6. The curve G contains two distinct lines a, and a,
corresponding to the base points p and g of |M| which are blown up on S (this can
be seen as in lemma (5.2, ii)). The curves A; and A;, which are 1-connected, are
contracted to points «;€a, and a,ea,. Furthermore H, which is also 1-connected
is contracted to the point y=a,na,.

Let G=a,+a,+G. Since H>=0, K-H=2, and the two base points which are
blown up in passing from S to S are on H, the point y has to be a point of
mutiplicity at least 6 for G, hence of multiplicity at least 4 for G'. This can be
seen, by the way, also in a different manner: in fact the pencil of lines through y
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pulls back on S to the base point free pencil of genus 3 curves [24;|=|24,. Then
the assertion follows by the Hurwitz’s formula, which actually shows that the
multiplicity in question is either 6 or 7.

Since A7 =A?=0, since the genus of both 4; and 4; is two, and M,=24,+H,
M_,=2A;+H, and the two base points which are blown up are one on 4, the other
on A; we see that o, and a, are at least [5,5]-points for G with tangent lines given,
of course, by a, and a, respectively, i.e. they are [4,4]-points for G’ with tangent
lines given by a, and a,. Since a, and a, cannot be contained in G’, we see that
the indicated multiplicities for o, o, and y are the effective ones. Now a standard
double plane analysis show that G has to have another essential singularity x which
can either be a 4-uple point, yielding K*=6, or a [3,3]-point, yielding K*=7 (or
specializations of these: e.g. a 5-uple point instead of a 4-uple point is admitted,
etc). Of course then x must be the image of 4, and therefore x must be on the
same line r with «, and a,. Such a line r is in fact the image of F. Since F is
not contained in any curve of the pencil |24,/=|24/, then r does not pass through
y and therefore a,, a, are both distinct from y. Of course also x is distinct from
oy, G, On r.

In order to finish our proof, it suffices to recall the double plane description of
the Du Val ancestor with p,=4, K*=8 given in example (1.4, iii).

(6.5) Proposition. Under the same assumptions as in (6.2), suppose that M*>=5. Then
either K>=17 and S is a specialization of the Du Val ancestor with K*=8, p,=4, or
K?=8 and S is a (particular) Du Val ancestor with K*=8, p,=3.

Proof. Suppose that M?=35, and so |M| has three base points p, ¢, r. Then
from K2=K-M+K-F=M?+2+K-F, we have the two cases: (a) K?=7 if F2=—2,
K-F=0, (b) K*=8 if F?=—1, K-F=1.

Suppose we are in case (a). Then, as usual, we have that M —F=A4,+A,+ 4;,
where A F=A;F=1, A,F=2for {i, j, k}={1,2,3}, and A7=A;=0. Since M*>=5
we deduce that A2=—1. By lemma (3.2, iv), two of the base points of |M|, say
P, g, lie one on A, the other on A;. Then, as before, the curves M, M, are such
that M,=24,+ H, M,=2A;+ H, and |24,|]=|24}] is a pencil |C| of genus 3 without
base points or fixed components.

Since 4;- A, =0, we see that A, is contained in curves of |[C|. Then the intersection
form is negative semidefinite on the space spanned by the irreducible components
of A,. If it is negative definite, then lemma (7.4) implies that A, is 1-connected
and therefore it is contained in a unique curve of |C|. Otherwise there is a curve
Z contained in A, such that Z2=0 (cf. [BPV], pg 90). Then, of course, 2Z¢|C|. By
using lemma (3.2, iv) as we already did in the previous proof, we see that Z should
be different from A; and A4;, hence the pencil |24,| would have three double curves,
and therefore Z2% < Tors(S), which, by proposition (1.5), contradicts K*=7. In
conclusion we see that there is a 1-connected curve C of the pencil |24;| such that
C=A,+D. Since A?=—1, one has A,-D=1 yielding that 4, and D are
1-connected. Moreover D?*= —1, K-D=1.
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Notice that M,=24;+ H and, since A; contains only the base point p of |M|,
one has reH. Furthermore r is a simple point of H by lemma (3.1, ii). Since
M—F=A4,+A4,+A4;, A; only contains the base point p and 4; only ¢, by lemma
(3.2, iv) we see that re 4, and again it is a simple point of 4,. Hence r is in A,NH,
and therefore it is a singular point of 4,+ D+ H, implying that M,=A,+D+H
(see lemma (3.1, i)). Since r is only a double point of 4, 4+ H, it must lic on D and
it is a smooth point of D by lemma (3.1, i). Notice that M-D=1 and actually the
general curve in |[M| meets D only at the base point r. Hence D, as well as A4,
A;, A, and H is contracted by the rational map ¢,,.

As in the previous proof, we consider the canonical double plane : S—P? and
we proceed as above to describe the branch curve B of the double plane and its
singular points. Since K-M =7, the degree of B is 16. In the present case B
contains three distinct lines /,, /, and /, corresponding to the base points p, g, r of
|M|. We will call B' the residual curve of B with respect to /,, [, and /,, whose
degree is 13.

The lines /,, /, and /, pass through the same point y which comes from the
contraction of the curve H. Furthermore the contractions of the curves 4;, 4 » Ak
D give rise to singular points ;€l,, £;el,, {€l, del,. Notice that F is also mapped
to a line f which contains &, £;, £, and that the pencil of lines through y corresponds
to the genus 3 pencil |C] on S. Since F is not contained in any curve of |C], then
Jfdoes not pass through y and we see that ¢, {;, §, are points of [, [, /, distinct from y.

As for the singularities presented by B and B’ at the aforementioned points,
arguments which are similar to the ones used in the proof of proposition (6.4) show that:
(a) x is a point of multiplicity 8 for B, hence it is a point of multiplicity 5 for B’;
(b) ¢&; is a [5,5]-point with tangent line /, and £; is a [5,5]-point with tangent line
l,, hence they are [4,4]-points for B, with the aforementioned tangent lines;

(c) &, is a point of multiplicity 6 for B, hence of multiplicity 5 for B
(d) 6 is a point of multiplicity 4 for B, hence it is a point of multiplicity 3 for B'.

Now, in order to see that such a surface is a specialization of the Du Val
ancestor with K>=8, p,=4 as stated, we perform the quadratic transformation
based at the points y, £;, &. This gives rise to a new double plane n: S —P? which
is birational to the original one, i.e. there is a birational transformation 6:5-S
such that woy=0on. Let G be its branch curve. It is no more that an exercise
to verify that:

(i) G has degree 14, and more precisely G=a,+a,+ G where a,, a, are distinct
lines and G’ is a residual curve of degree 12. Actually G’ is the proper transform
via w of B/, whereas a, corresponds to /, and a, corresponds to the fundamental point
¢ of w;

(ii) the intersection point y of a, and a,, which comes from the contraction via @
of the line £, has multiplicity 6 for G and 4 for G'. However the image via w of
the point &, becomes infinitely near to y along a;. Hence G has a [4,4,4]-point
at y with tangent line a;
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(iii) there is a further [3,3]-point for both B and B’ at the point z corresponding
to & along the line a; through y corresponding to the fundamental point &, of w.
Now the assertion follows just by comparing with the example (1.4, iii). The
process of performing the quadratic transformation w shows that a direct, and
alternative, way of obtaining the double plane n:.S'—P? from S is the following. One
considers the 2-dimensional linear system |I'|=[]2M —A,—A4;—H|=|M—A,+ 4.
Then the rational map ¢p:S—P? gives rise to the double plane in question.

Finally, we suppose that K2=8. As usual, we have M —F=A,+ A, + A5, where
1=M-A;=A?+1=A;F,for ie{l, 2, 3}, implying A7 =0, K-4,=2, for ie{1, 2, 3}. By
lemma (3.7) the three base points p, g, r of |[M| will lie in A, A; A, respectively,
and the curves M,, M, M, as in lemma (3.4), are such that M ,=24;+ H, M,=2A4;+ H,
M,=2A4,+H and |24 =|24;)=|24,] is a pencil of genus 3 without base points or
fixed components.

Consider then the canonical double plane of S. The branch curve B has degree
16. The curve B contains three lines b,, b, and b; corresponding to the base points
P, g, and r of |[M|. The curves 4, A; and A4,, which are 1-connected, are contracted
to points B,€b,, p,eb,, fiebs. The points B,, B,, f; have to be aligned since
M—F=A,+A,+A;. Furthermore there is a point 6 coming from the contraction
of H, which is also 1-connected. From the above analysis it follows that
0=b,nb,nb,. Furthermore the line containing f,, B,, f; does not pass through
0 for the usual reasons.

Let B=B +b,+b,+b;. The curve B’ has degree 13 and it is easy to see, with
the usual arguments, that its only relevant singularities are a 5-tuple point at § and
three [4,4]-points at f,, f,, f;, having tangent lines b,, b,, bs, respectively.

This, in view of the example (1.4, iv), proves the assertion for K?=38.

(6.6) Remark. The analysis we performed in the proofs of the above propositions
(6.4) and (6.5) shows that the minimal regular surfaces with p,=3, with canonical
system having a fixed part, with no pencil of curves of genus 2 and non birational
bicanonical map, are, all specializations in moduli of the same surfaces with canonical
system without fixed part. Moreover our analysis also shows exactly in which way
the specialization takes place. In conclusion the possible cases are as follows:

(i) K*=6 and the surface is a specialization of the Du Val ancestor with Py=4
K*=8 described in example (1.4, iii), from which we keep the notation. The case
in question corresponds to the fact that the branch curve G of the double plane
described in (1.4, iii) acquires a 4-tuple point x as indicated in general in table
(1.3). The fixed component for |K] arises when x is collinear with the [5,5]-points
oy, o, of G and the image of the fixed part of K] is the line containing the three
points x, a,, a5;

(i) K*=7 and again the surface is a specialization of the Du Val ancestor with
p,=4, K*=8 described in example (1.4, iii). As indicated in table (1.3), the branch
curve G of the double plane described in (1.4, iii) acquires here a [3,3]-point
x. However there are two possible specializations which enable |K] to acquire a
fixed part:
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(éiy) as in case (i), x is collinear with the [5,5]-points «,, a, of G and the image of
the fixed part of |K] is the line containing the three points x, a,, a,;
(ii;) one of the two points ay, a,, say a,, becomes infinitely near to y along the
line a,, and the fixed part of |K] is contracted to y.

The two cases above are actually different, inasmuch as in the former one the
movable part |M| of |K| has M?=4, whereas in the later one has M?=5;
(iii) K2=8 and the surface is a particular member of the family of Du Val ancestors
with p,=3, K*=8 described in example (1.4, iv), from which we keep the
notation. The particularity consists in the fact that the three [5,5]-points «;, i=1,
2, 3, of the branch curve B are collinear along a line which is the image of the
fixed part of |K];
(iv) the surface contains a pencil of curves of genus 3 with a base point, and it is
therefore a specialization of the Du Val ancestor with p,=6, K*=9 described in
the example (1.4, ii), from which we keep the notation. A fixed part of [K] can
be produced when more than one essential singularity of the branch curve B’ on
the cone Q,, acquired as described in table (1.3), happens to lie on one and the
same line of the cone.

7. Appendix

In this appendix we prove various results that have been used throughout the paper.

(7.1) Theorem. [) Let D be a 2-connected curve on a surface S and let x, y be
two distinct multiple points of D. Then x and y are not separated by |\K+ D| if and
only if D decomposes as a sum of two curves A, B satisfying:
(i) 4-B=2;
(ii) x, y are non-singular points of A and O 4(x+y)~0 4B).

Furthermore if x, y are not separated by |K+ D|, the decomposition appearing
above is such that AnB={x,y} or A<B.
II) Let D be a 2-connected curve with p,(D)>2 on a surface S and let x, y be two
smooth points of D (possibly x=y). Then, if x, y are not separated by |wp| one of
the following occurs:
(a) either D is an irreducible hyperelliptic curve and |Op(x +y)| is the unique gl on D
(b) or D is reducible, x, y belong to the same component I" of D, which is an
hyperelliptic curve, and D decomposes as a sum I+ F, +---+F, satisfying:
(i) Fy,---,F, are curves such that TF,=2, for every ie{l,---,n};
(i) O(F)=~0Or(x+y), for every ie{l,---,n};
(iii) |Op(x+y)| is a g3 on T;
(iv) F;F;=0, for i#}];
(V) Op(F)> 0y, for all k<i;
(vi) F; is 1-connected for every ie{l,---,n};
(vil) if k<i, either F,nF,=0 or F;<F,;

(¢) or x#y, and xeTl', yeA where T, A<D are non-singular rational irreducible
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curves. Furthermore either D=T+A, or D=T+A+F,+ .-+ F, where Fy,---,F, are
curves satisfying (iv) and (v) of (b) and such that T-F,=A-F;=1, for every i€{l,---,n}.

Proof. Part I) of this theorem is theorem 3.2 of [M], whilst part II) except
assertions (vi) and (vii) is theorem 4.2 of [M]. Assertion (vi) is a trivial consequence
of the other assertions. In fact assertions (ii) and (iv) imply that F;-(D—F)=2, for
every ie{l,---,n}. Using lemma (A.4) of [CFM] amd 2-connectedness of D one
has then assertion (vi). For assertion (vii) assume that F;nF,#@. Then we can
write F;=Ay+A,, F,=A,+A,, where A, is a curve and A,, A, are effective divisors
without common components. Suppose that A;#0. Since by assertion (v),
Op(F)~0p, Ay(Ag+A,)=0. Now A, and A, have no common components and
therefore necessarily A,-A,<0. This contradicts the 1-connectedness of F; we just
proved, showing that A, =0.

(7.2) Lemma. Let D:=C+Z be a curve with C an irreducible hyperelliptic curve, Z
a(—2)-cycle such that C-Z =2 and O (Z)~n where |4| is the unique g on C. Then:

(i) there exists a line bundle ¥ on D such that |.¥| is a g} on D and such that #®" ~ wy;,
(i) let M be an invertible sheaf on D such that M®P ~ L®?, M®P £ L% and M~

Pec. If there exists meN with M®"~F®" then CnZ=P+Q, where P, Q are
distinct points of Z such that O(P+ Q)~n.

Proof. Remark first that it is possible to glue the trivial sheaf on Z and 5
on C in such a way that for the resulting sheaf % one has |Z|=g}. Let
2p(D)—2=2n. Notice also that D is 1-connected. Since L®"~w,, and h°(D, L")
>n+ 1, using Serre’s duality, the Riemann-Roch theorem and lemma (A.1) of [CFM],
one gets (i).

For (ii) remark that the hypothesis on .# imply that £®"®.# ™ is a torsion
element of ker(Pic®(D)—Pic%C)). Therefore this kernel must be C* and so we have
the assertion.

(7.3) Proposition. Let D be a O-connected divisor such that h°(D,0p)=3. Then D
decomposes as D=D,+ D, + D,, where D, D,, D, are curves such that:

(i) i°(D;, Op)=1, for ie{1,2};
(i) Op (D3 +D3)~0p, and O (D3)~0p,;
(iii) Dl'D2=D2'D3=D1'D3=O.
Furthermore, if Op (D,)~0p,, the image of the restriction map r: H*(D, 0p)— H°
(D3, Op,) is 1-dimensional.

Proof. Proposition (2.4) of [M] states that a O-connected curve D on a
non-singular surface such that A°(D,0p,)=n>2 decomposes as D=D,+---+D,,
where D,,---, D, are curves such that:

(a) KD, Op)=1, for ie{l,---,n—1};

() Op(D;yy+---+D,)~0p, for all ie{l,---,n—1};
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Assertions (i) and (ii) of the lemma are just assertions (a) and (b) above. For
assertion (iii) notice that from O-connectedness of D, we have D, (D, +D;)>0 and
Dy (Dy+D,)20. From D,;(D,+D;)=0 and D, D;=0 we have then D, D,=
D,-D;=0.

For the last assertion, let us notice that, since @) (D,)~0,, , we have the exact
sequence 00y, -0y, , p,—0p,—0, whence h°(D, +D,, Op, , p)=2. Moreover, since
Op,~0p(—D3), Op,~0p(—D3), also Op ,p,~0Op ,p,(—D;). Since Ker rx~
H%D,+D,,0p, . p,(—D;)), we have immediately the last assertion.

(7.4) Lemma. Let C, D be curves on a surface S such that the intersection form of
S restricted to the subspace generated by the irreducible components of C and D is
negative definite. Then:

(i) if C*=D*=C-D, then C=D;

(i) if C*=D*=—1, C and D are 1-connected. Furthermore if C#D, then C-D=0
and either CnD=0 or C<D or DLC,

(iii) if C*= —1,D*= —2 then —1<C-D<1andif C-D= —1 then either D< C or C<D.

Proof. For (i), notice first that, since the intersection form of S restricted to the
subspace generated by the irreducible components of C and D is negative definite,
C?<0 and D*<0. Hence C-D<0 and so C and D have common components.
Write then C=A+ B, D=A + E where B and E are effective divisors without common
components and 4 is a curve. Then, since B-E>0, the relation 0=(C—D)’=
B?—2BE+E? implies that B>+ E?>0, which yields B>=E>=0, hence B=E=0,
proving (i).

The first part of (ii) is clear since any decompositon of C=A4+ B with 4-B<0
would have 42>0 or B2>0. For the second notice that, since the intersection
form is negative definite, we get (C+ D)*<0 and (C— D)*><0 and therefore, if C#D,
one has C-D=0. Suppose now that C-D=0 and C and D have common
components. Then we can write C=A+B, D=A+E where B and E have no
common components. Suppose both B and E are non-zero. Then we get
B>—2B-E*=(C—D)*=C?+D?*= -2 yielding B>=E*= —1 and B-E=0. This leads
to a contradiction, because 0>(D+ B) = —2+42D-B=—2+2A4-B>0, since C is
1-connected, and therefore B-4>0. Hence either B or E is zero, thus either D<C
or C<D.

The proof of (iii) is very similar and we omit it.
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