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Geometric structure for OpST ,

By

Yang QIxIANG

Abstract

With a symbol in OpST,; or its kernel-distribution, one has a great difficulty
to study the continuity or other properties, here one use the wavelets bases which
come from the Beylkin-Coifman-Rokhlin (B-C-R) algorithm to study such
operators. Each operator in OpST ; corresponds to its wavelet coefficients; with
this idea, one characterizes OpST,; with a discrete space, and characterizes OpS?
with a kernel-distribution space. As an application, theorem 1 of chapter 9 in
tome II of [8] is a corollary of two theorems of this paper.

1. Introduction and continuous representations

There was a long period, when one studied an operator, one used only derivation
and integration. Since 1950, the study of the operators split into two groups. One
side, Kohn, Nireberg and Hormander consider pseudo-differential operators with
symbols systematically; another side, the Calderon-Zygmund (C-Z) school and
wavelets group afterwards show a lot of interest for C-Z operators.

In differential equations, one has a good knowledge of an operator a(x, D)
which is defined by its symbol o(x, £):

0Y) alx, D)f(x)=(27)"fe"o(x, E)f(E)dE.
In this paper, one considers that: a(x, D)eOpST 1, that is to say:
@ 105080 (x, Ol < Cmap | E" 19111, Vo, BeN™.

According to the theory of L. Schwartz, a linear operator, which is continuous
from S(R") to S'(R"), corresponds to a kernel-distribution K(x,y) given by:

©) Tf(x) = [K(x, y)f(y)dy.

In harmonic analysis, one considers generally the following C-Z operators.
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Definition 1. For 0<y<1, TeF, if

)] T:L*-L? is continuous,
C
) |K(x, y)| < ,
x—yI"
—-x'| 1
(6) |K(x, y)— K(x', p)| + | K(y, x) — K(y, x')| < I(jiyl”l” Vix—x'|< Elx =yl

In particular, TeE, if TeF, and T1=T*1=0.

In fifties, Calderon found the following formal relation between the symbol and
the kernel-distribution of an operator:

™ K(x,y)=(2m)~"fe"*"a(x, )de.
® o(x, &)= [K(x, y)e'? ™ M%dy.

K(x,y) and o(x, &) are two continuous representations for an operator. If one
applies only (7) or (8), one has a great difficulty to establish an internal relation
between the symbol and the kernel-distribution. In this paper, one applies a discrete
representation to characterize OpST,, in wavelet coefficients and characterize OpS{ ;
in kernel-distributions spaces.

2. History of the discrete representation

After appearing of wavelets, one knows that some wavelet bases are
unconditionals bases for most of functions spaces. Therefore, one hopes that the
representation of a usual operator under such bases can reflect internal properties
of operator. In fact, one has applied such a method, and has constructed a useful
algebra of the C-Z operators where T1=T*1=0, cf [5], [6] and [7]; Meyer has
established a very good relation between a sub-algebra of this algebra and a particular
group of operators in OpS} ; cf [8]. One calls this method a standard representation
of the operator, but one can not analyse a C-Z operator where T1#0 or
T*1 #0. Afterwards, one has found, with the B-C-R algorithm, a characterization
of all the C-Z operators, cf [1], [4] and [10], one calls this algorithm a non-standard
representation for the operators.

One denotes first ¢(x), the father of Meyer wavelets, (x), the mother of Meyer
wavelet; one denotes then ®O(x)=¢(x), ®V(x)=y(x). Vee{0,1}", VjeZ, VkeZ",

¥xeR", VEeR", one denotes (D§f;‘(x)=2"71 [T @ 2ix;—k)), OO (E)= [ D“(&). One
i=1 i=1

denotes I'={¢,¢,j, k,l):e,¢'€{0,1}" and |e|+|¢'| #£0,je Z,k,le Z"}. Then one has that:
{OUX)DE ()} e.erjkner IS an orthonormal basis in L2(R"x R"), cf [8]. As for an
operator T, which is continous from Schwartz space S(R") to S'(R"), one denotes:
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) afie) = (TOF )(x), DY)

One calls {af)} .. jupner the representation of T under the basis {®Y)(x)

@)(1)} c.er.jkner OF the non-standard representation of 7. This representation comes
from the B-C-R algorithm, cf [1].

There exist the following relations among the non-standard representation, the
kernel-distribution and the symbol:

(19) K(x,) = L1 O U0570).
(11) o(x, &)= Za“ EDOQ2Ix — kYD 2~ iE)e ik =270,

Remark 1. If one considers symbolic operators in (2) with |«|+|B| finite, one use
often Daubechies wavelets; in this paper, one considers only the case where ||+ |g]
is infinite, one has to use Meyer’s wavelets to give a characterization in wavelets.

3. Main results
The first, one introduces a definition:

Definition 2. (i) One calls that TeOpB™, if T satisfies the following condition:

12 at<— YN>O0, V(e ¢, j,k, )el.
(12) I],kll |k II)” (e, €4,k D

(ii) One calls that Te OpA™, if Te OpB™, and T satisfies the following condition:

(13) l“a“,f’,’—O VaeN", jeZ keZ" ec{0, 1} {0}.
Js

There exists a simple one-to-one relation between OpST,; and OpA™

Theorem 1. If n+m>0, then one has TeOpST <>TeOpA™.

If n4+m>0, and TeOpST ,, (9) can be defined.

If TeOpA™, since T has a clear and simple structure, all of its properties can
be studied easily, such as its continuity. One proves this theorem in the sections
5 and 6.

Then one introduces another theorem.

For all the cube Q,Vg>0,Vf(x)e C4{(Q), one denotes:

1 la|
(14) IA11x2 =1Q12(1 1l o +1Q1™ 1111l a)-
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Definition 3. T is called an operator which has a weak continuity if there
exists an integer g such that:

(15) KTf,eXI< C,lflIn2lglne V cube Q,Vf(x)e CY(Q) and g(x)e C{(Q).

Definitiond. (i) Te C, if T satisfies the condition (15) and the following condition:

C
(16) 10305 K(x, )| < —— 2, Vo, Be N".
o — y|* 1=l * 181

(i) TeB,, if TeC, and T satisfies the following condition:
17) Tx*=0,YaeN".
(iii) Ted,, if TeB, and T*eB,,.

Then one can characterize the kernel-distribution space B,, with a space OpA°, (which
is defined in Definition 2). In fact, one has:

Theorem 2. TeOpA°<TeB,.

One proves this theorem in section 4, here one introduces a corollary for
Theorem 1 and Theorem 2 :

Corollary 1. TeA, <TeOpS], and T*€O0pSy ;.

Meyer has given an elegant and sophistic proof in [8] for this famous theorem,
but here, it is an immediate deducation of the Theorem 1 and the Theorem 2.

4. The proof of Theorem 2

In this section, first one gives two propositions of Meyer’s wavelets, then one
proves a lemma, finally one proves Theorem 2.
If £#0, let i, be the smallest index i, such that ¢#0 and x,=(x;, -, x_;4+;,¥1,

Xig N y2
Xp4ip Xy, let ®@EM(x)= f f j OO(x,)dy,---dyy, one introduces the first
= a0 — 00 - o0

two proposition for the Meyer wavelets.

Proposition 1. (i) If £¢#0, then [x*®“(x)dx =0, YoaeN".
(i) If €=0, then [x*®(x)dx=0, YaeN", and o #O0.

One can find the proof of this Proposition in [8].
In [3], L. Daubechies has constructed the following wavelets: VN >0, there exists

a wavelet ®©(x) such that ®(x)e C§([ — My, My]"), and ) ®P(x—k)=1. But one
k

can not use Daubechies wavelets to obtain a characterization for OpST, in
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wavelets. Fortunately one can divide each Meyer’s wavelet into a series of functions
similar to Daubechies wavelets.

Proposition 2.  For every integer N, there exists a sequence of numbers {a®™}, ;.
and a sequence of functions ®*N2(x)e CY([ — My, My]") such that

(18) Px)= Y atVeN A (x—2z),

zeZ"

where a®™ satisfies the following condition:

C
(19) jalM <
1+

And if €#0, one has also:
+ oo
(20 f x* N (x)dx =0, Yae N* and 0<|a| <N.

Proof. (i) If €=0, owing to that ®®(x)eS(R"), it is evident for the above
proposition.
(ii) If €0, one proves first ®*M(x)eS(R"). In fact, one has:

© (I)(l)(é,t) _ﬁ ie([)(“)(é ) l—N[ &)(“)(fi)eix{df-

© .c i=1 i=1+i,

'+
M) = C, f

Then one has: Va, BeN",
x*obpeN ’(x)

(D(“(ﬁzc e a1 21y (e0) N a1 2B ix¢
=CeNap gi N B, l:[ a:(fi'q) AE)) l_[ a{:(éid) A& e >dE.

i=1+ie

DU(E. —1+i,
According to the property of Meyer’s wavelets (cf [8]), 6""c< (é")>, I1

D i=1
-~ N -~
0%l E)) and [ O3(EFDEI(E)) belong to S(R™). Hence x*04®“M(x)e L, that
i=1+ie

is to say: ®“M(x)eS(R"). Therefore, there exists a sequence a*™ which satisfies the

condition (19) and ®©N(x)e CZN([— My, My]"), such that OM(x)=Y &V
zeZ"

PN x—z). Let ®CNI(x)=a¥®=N?)(x), then one has that a®V and ©©N?(x)
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satisfy all the conditions in Proposition 2.

Then one proves a lemma.

Lemma 1. TeOpB°«TeC,.

Proof. (i) First, one proves that: TeOpB° implies that T satisfies the condition
(15). For all the cube Q, there exists an integer j, such that 2 "o <|Q| <2~ "Uo~ D),

Vg>n, f(x)e CYQ), g(x)e CY(Q), one has:

IKTA(x), g(x))| = Izaﬁ‘f,’ (DF(x), gX)<DF ). S

<| ¥, afif) {BEU), g()X<DF ). f))|

ji<jo

+ Z affie) DFUx), g(x)><OF ). S

;
Z afie) (D), gD (), f))]

=11+12+13.

As for I, one has:

, nj
I,<C Y 1af5 Il KDEUX), g(x)> 22 £ 1] | Q)

Ji<jo

[<OFUx), ()| i
<C, J(ZJO‘;:ZZ;—(W 2 I/ l1QI

<C, Y 2"’<ZZI<P“"(2’X k)1, lg)> 111112

J<Jo

<C, Y 2Vlgl QIS0

Jj<jo
1 1
<CJOPIfNI012lgl
<C,IfIneligllxe.

As for I,, one has:
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B T 1afi] <O, 80 ICONSOD)
ik

One use the integration by parts for x, one gets:

L< Y a5 1279 (OH(x), 07, g(x)) KD (), ()
iz jo
e+ 0

<C Y, lafii)27 7 DI <@G0(x), 0L g 1S 1 | Ol

JjzJjo
£#0

<C Y lafiE27 /4™ (oD 2ix — k)|, 101 g1 1l | Q)

2D 27x — k), 107, g(x)]>
<G Yy My

jZjoe#0 ] (1+lk—1)"*e

I/ 1wlQl

<G, Y ¥ 2797 3 glIQNf 1Ll
Jj2Jjo

£#0

1 1. a
< GO IS 1l OF* gl o
<C,IfInclglne .

As for I,, making the same calculation as I,, one gets:

L<ClfInelglve -

So one has (15).

(i) Then one proves (16). Va, PeN", one estimates 1, ,=|030%K(x,y)l. Let
Na,.,,=2(n+1)+|a|-.i-|ﬁ|, Vx,yeR", x#y, there exists an integer j, such that
2 lo<|x—y| <27, Hence, one has:

< T 2 ) | (20N 2 — K| (B0 X2y — )|
r

24n+al +18)) 1 1
WS (e — 1)Y= (14 ]20x —k V=p (1 4+ [20y —1[N=
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-y +3

j<jo jzjo
=11+12.
As for I,, one has:

1 1

1,<C, 2i(n+a| +|B]) i
S ¥ T+ Bk & (2=

SCM Z 2J(n+]a] +18)

ji<jo

Cos
T x—y|rtlal+iel

As for I,, one applies the following inequality:

1 C
< = )
A+ k=01 +12x— k)1 + 2y —1) — [2x—27y|

then one has:

I,<C,, Z 24+ 1al +|BD| iy, — DJyy| ~Nup+n+ 1
izjo

1 1

X% )3

e (L+20x =k T+ 12y -1y

< Ca,ﬂ Z 2j(n+|a| +|p|+2n+1 “N“"”Ix—er“:’*"“
izjo

Cop
Sk —yp e

(iii) Finally, one proves TeC,, implies TeOpB°. In fact, one has:

afiil = ”K(x, YO )OF(x)dxdy

- f J 27IKQR i+ k), 27y + k +1— k)OS (p)OD(x)dxdy
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= J:[K %,y + 1= ()0 (x)dxdy.

Each K;,(x,y) defines an operator T;,, and T, satisfies the estimations in (15) and
(16). For N>N'+3n+1, using Proposmon 2 one has:

afiil)= Z Z a(;'N)a(;I”N)J J K; (%, y + 1= k)@ Ny — 2) @M x — z)dxdy.

If k—1I| <64 one has:
1

(8,87 < C
)<L T g O

If k—I| >64 and ¢#0, one has:

x @€ N2y — 2y N2 (x — z)dxdy

JJKj.k(xa y+i-k)

x @€ N2y — 2) N2 (x — z)dxdy

(X3 (& N)|| (¢ .N)
afedl < a*Mlla®

z |k—1+z-2z'|<16

+2
z |k—1l+z-2z'|>16

aMlae ™

=11 +Iz.
As for I, using (15), one gets:

II<Cy Y gl
z |k=l+z—2'|<16
1 1
<C
Nz:’ |k-z+zz—:z'|516(1 +z)¥ (L +12)
Cr

S
(L+k—=mY
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Xig YN y2
As for I,, denoting ®N-N-9)(x)= J I j ®©N3(x)dy,---dyy and using the

integration by parts, one gets:

Li< Y

z |k—=l+z—2'|>16

a(ze.N) a(ztg’.N)

J‘j‘azt Kj,k(x,y + 1_ k)

x (I)(a',N,Z')(y _ z’)q)("N’N'z)(x — Z)dxdy

Using (16), one gets:

1 1 (N — ) [ NN )
L|<C dxd
=Gy X (1+|z|)"(1+|z'|)"” 4
1 1

z k—l+2-2|>16 x—y+k—I"*N

1
<C
Ng |k—:+zz—:z'|> 16 A+1Z)DV (A +12)Y |z—2 +k—1"*F

1 1 1
<Cy-———
Ma +|k—ll)N§ |k—l+22—:z’|>l6 (I+z)* A+ )*!

1
<Cy—— .
YA+ k=Y

If k—1|>64 and ¢=0, since that ¢ #0, by the same calculation as the case where
|k —1{|>64 and ¢#0, one gets the same calculation.

Finally, one turns back to the proof of Theorem 2.
In fact, VaeN", one has:

~
Tx*= |3 a5 )X )y dy
r

o

= |2 g )OOy — 1+ Iydy
r

»
= ;2 - '“'aﬁfk’i'x’d’}fi(X);Cﬂl“ T2y o) (y)dy

LY

According to the properties of the Meyer wavelets, one has:
(i) If £ #0, then [y?®“(y)dy=0,YfeN".
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(i) If «#0, then [y*®(y)dy=0.
(i) If «=0, then [y*®O(y)dy=1.
That is to say that one has formally the following equality:

; n ,
Tx*= Z 2~ el + 2)1aa§c;;‘e’l)q>}?‘( x).
I'n{e’'=0)

Since that TeC,, the above equality is true in the sense of distribution. Hence
one has that:

Tx*=0,VaeN"<>)" a2 =0,YoeN".
]
This completes the proof of Theorem 2.

5. From symbol to non-standard representation

According to the definition of the symbol and the non-standard representation,
one has:

a8) = [fo(x, EHOO(2ix — k)D(2~IE)e’™ =27 Medxd¢
= [[®OxX)o (2~ (x + k), &)= +E DD E)dxdE.
According to the estimation of (2), one has:
i) < [f1DO)|20E" D &)\ dxd.

Since that n+m>0, one has: a$)<C,2'". Furthermore, for aeN", one has:
(k—Iyaf)
= [[(x +k — 1= XPOIX)a(2 ™ i(x + k), 2E)e!* ~*~ DD E)dxd¢

= Cuf[x1®O(x)a(2 ~i(x + k), 2/8)% '+~ D) ¢)dxdt
4

ay+a=a

— Z C:x.azzilazI“‘xalq)(s)(x)(agzo)(z—I(x+k)’ 21‘{)

a+aztaz=a
X kDYDY E)dxdE.
For ¢ #0, one applies (2), one gets:
I(k —1yalie))

< Y coeeialfflxmo(x)]| 298 =2 03N &) dxdE

agtaxtaz=a

<C,2™™
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Xig Ys
For ¢ =0, one has that ¢=(g,,-,¢,)#0. Let (D“"‘")(x)=-[ j j X%
®9(x,)dy,---dy,, then one has:

(k—Irafi)=

Z C:'ls,alosl 2J(laz| -sz)j Iq)(s,an,s)(x)(a;z‘t 02‘ 0)(2 _j(x +k), 21‘{)

aytaztaz=a
sy +s2=s

x &2 el T k=D QOO E)dxdl.

According to (2), one has:

\(k —Drafid

< Z C::;az.s: 2.i(|az|-sz)mq)(z.an.s)(x)nziﬂm-Iaz|+sz|€|s1
aytaztaz=a ’
sy +s2=8

x (03D E)ldxdE

< Y Camepmfloee(x)|Em i @pdeNE)dxde

ay taztaz=a
sy ts2=s

<C,2

Then one proves (13). In fact, one has:
> Fafid
1
=Y F[®Ox —k)e*ia(2~Ix, 2E)DO(E)e ~Rdxd¢
]

=Y C,[[®9(x —k)e*a(2Ix, 2EDO(E)e “dxd.
1

One applies the integration by parts for £, one gets:

4,0
2 Pl
1
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= Y Cyroa 2l f[xm @@ (x — k)e™4(030)(2 ~ix, 2¢)

1
aytaztaz=a

x 02O (¢)e ™ Mdxde

= )  Cumdelffxn@@(x —k)e*40%25)2 " Ix, 2¢)

aytaztaz=a

x 0PDOYE)Y e~ Hdxde.
1

Since that :) e~ =§(¢), one has: ja?(i)‘o’(é)Ze'“‘dé=O, Vo,eN", a3 #0. Hence one
] 1

gets:

Y, e il {[xn@(x — k)i (020)2 x, 2EDOES(E)dxde.

aytaz=a

Xig Vs y2
Let seZ,s>|m—|a|| and (fo'“")(x)=j j J x;®“x, —k)dy,---dy,. Using

the integration by parts for x, one gets:
2 Faid
]

= Z Caust “.Iq)iﬁ,ahs)(x)le e'*¢2J(laz2| —s2)
ay taz=a
s1t+s2=s

x (85, 0%0)(2 ™ Ix, 21E)DO(E)S(&)dxd.
One applies (2), one gets: [£5:1271%21759(93, 0%0)(27x, 7€) <|€I™**~ 12l Hence one has:
[6?,} eix{zi(laz!-sz)(aiiza?a')(2—jx, 21'5)&)(0)(5)5@)(15 =0. Hence one has got: Z pag,f;‘?}:().
]
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6. From non-standard representation to symbol

Denotes o, ,(x, &)=Y a5 )d?(2ix —k)D(2 g iIx=27ME Let ys prove that
gk,

each o, ,(x, ) satisfies the condition (2). In fact, one has:
azagas,e'(x’ é)
=0 Z z 9~ JlB2l an a(jej‘s,’l)q)(s)(zix _ k)(agzj)(e’)(z -ig)
gk, By +p2=p
x (x _2-jl)ﬁne—i(x—2'fl)€
— 2 2J(laz| = B2[) C;’xﬁ,’az.ﬂx aﬁ-‘,if,}’ (6§Zq)(‘))(2jx—k)f“3

ikl Brt+p2=p
aytaztaz=a

x (522(1")(8'))(2 i) (x— 2l Mg it =27

— Z Z 2J(al=18D C:’x‘.’az.ﬂn a&f;f,',’(Z"x—k+k— l)ﬂl —ay
Jk B1+pa=4
aytaztaz=a

—i(2Ix— k)2~ 3¢ =ik = )2~ & Arady @V Vi —igyas( B2 e N —J
e (03N x — k)27 7E)(0:2 )27 7€)

— Z Z 2J(I¢|‘|ﬁ|) C:,lﬂ,aZvﬂl»ﬂ:i agﬁ'fl)(x_[)ﬂse—i(k—lﬂ"§(2ix_k)ﬂ4

Jikl Br+p2=p
aytaztaz=a
B3t+pa=p1—auy

(030) (2Ix —K)e "R QIR 2 )

Denotes N, g=|m|+|x|+|B|+n. One considers two cases: (i) & #0, (ii) ¢ =0. For -
¢ #0, one has:

|a‘;agac,£'(x’ é)l

< Z Z 2dtm+al = |B]) Cop I(27x — k)P+ (8220@)(2Ix — k)|
Jok |az| +|a3] +|B2| +|pa| S 4Nu p
x |2 gy (gD 20

SZ Z 2dtm+|al = |8l) C,p PELE (agzd‘)(c')xz—jén.
J las|+|B2|<4Nap
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Since that & #0, tAhen for each £#0, there exists maximum a finite number of
integer j such that (0820*")(27/¢)#0. One applies then |(27/¢)*(020))(277¢) < C, 4,

one gets then: |020%0, .(x, &) < C, 5léI"* 1"l For & =0, denoting Fig(&)=Y (k—I*
1
af)e™'*~P¢ then one has:

83040, 0(x, &)

=z z 24lal = 18D aniaz,m,ﬁs Fj’fz(2_jé)(2jx—k)ﬁ‘
ik Bi+B2=8 ' '
aytaxtaz=a
B3tBa=p1—ay

(3‘;2(1)(‘))(2")6 —k)e™ i(2/x—k)2- f{(z - jf)“’(@g’&)("))ﬁ _jf).
Let us prove first a property of Fj(&).

Lemma 2. VaeN", |a| <N, z,|FiH(E)| < Cp o g2 EN=2.

Proof. In fact, one has that:
FEHE) = (=) Yk — I afidle 170,
]

Since |2 < C,p 0.52"(1 + |k — 1)~ °=#, then for all aeN", o’'e N" and |«| + || S4N, g,

one has:

(21) 105 F5#(8)| < Cpp, 2™

Furthermore, one has : Y Fa$%=0, YaeN", |a|<N,; Then one has: Y (k—I*
] ]

afd =0, VaeN", || <N,z Hence, one has:

(22) 03 Fi(Ols=0=0.

Using (21) and (22), one gets the conclusion.

One returns to the proof of Theorem 1. Using the above lemma, one has:

|030%0.,o(x, &)l
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<Y Y 2 G, | FR DI — k@) 2x k)
jk Bi+B2=p

ay+axtaz=a
B3+ Ba=p1—ay

x |27 IEy (DO 2 g
<y Y 2m+ 1= 18)| C, 5 [[(2x — k)P4 (02 D@Y2Ix —K)|
Jik Jaz| +las| +[B2] +|B4| <4Na g

x [(27g)V8|(2 (@D N2 IE).

There exists a constant C>0 such that ®©(&)=0, for |/>C. Then one has:

[1]
[21
[3]
[4]
[5]
Lel
[7]

[8]
[91

|6%0%0.,0(x, &)

< Cm,a,ﬂ Z 2jtm+|a| = Iﬁl)|2—j€|N¢,ﬁ
jzlog2|¢|-C

SCm,a,ﬂ z Zj(m+Ial—'m_N“-ﬁ)lglN“:ﬂ
j=zloga|¢|-C

<C,, p|é|m+lal —18l
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