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Estimating Siegel modular forms of genus 2
using Jacobi forms

By

Hiroki Aoki

Abstract

We give a  new elementary proof of Igusa's theorem on the structure of Siegel
modular forms of genus 2. The key point of the proof is the estimation of the
dimension of Jacobi forms appearing in  the  Fourier-Jacobi development of
Siegel modular forms. This proves not only Igusa's theorem, but also gives the
canonical lifting from Jacobi forms to Siegel modular forms of genus 2.

1. Ig u sa 's  theorem

On the Siegel upper-half plane of genus gEN

H ,:  = {Z = I ZEM,(C)1Im(Z)>0),

the symplectic group

S p g (R ) : = f i v i _j A  B
E  SL 4 (R)D

tAD—tCB E9, I
`AC = t CA, 13D=DB1

 

acts by

 

119D Z  M < Z >  : = (A Z  B )(C Z EH,.

For kEZ, a function F  is a Siegel modular form of genus g  and weight k , if F
satisfies the following conditions :
(S i) F :  115—> C is holomorphic.

B\
(S2) F (Z )= d e t (C Z  D r k F(M <Z>) for any M = ( D  S P  9( 4

(S3) F  has the Fourier expansion

F (Z )= E a(T)exp(r.i-1 1 ( 1 7 ) )
T=  T  O ,e v e ,,  i n t g r l

where a means the trace of the matrix.
We remark that the condition (S3) is induced by the conditions (Si) and (S2) if g
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Let G(k,Sp g (Z )) be the C-vector space of all Siegel modular forms of genus g
and weight k .  The following properties about G(k , S p g (Z )) are well-known.
( S 4 )  G(0,Sp 4 (Z ))=C  and G(k,Sp 4 (Z ))={ 0}  if k< 0.
About more details of Siegel modular forms, for instance, see Freitag [3].

Put M k : = G(k ,S pI(Z )) and M *  =ekmk be the induced graded r in g . It is
well-known that

1\4*=C[e4,e6],

where e k  is the Eisenstein series of weight k  for k 4, 6 .  These two generators are
algebraically independent.

Pat M k :  = G (k ,S P2 (Z ))  and M :  = 0 1 kMk be the induced graded ring. Igusa
[4,5] determined the structure of M .

Theorem 1 (Igusa). The structure of  M *  is

M *=C[E4,E6,6 , 10412]@A3.5C[E4,E6,602,76, [2],

where E k i s  the Eisenstein Series of weight k  f or k =4,6 and A k is the unique cusp
form s of  w eight k  f o r k = 10, 12, 35.

Now, we give another and more elementary proof of this theorem . For an
element of M k , we consider the Fourier expansion with respect to the last variable.
This gives an injection from M k  to the spaces of Jacobi forms. We can give the upper
bound of the dimension of this image by a similar method in the book of Eichler-
Zagier[1]. Surprisingly, this upper bound coincides with the exact dimension of M k.

This proves not only Igusa's theorem, but also gives the canonical lifting from Jacobi
forms to Siegel modular forms of genus 2.

2. Estimation

For kE Z and mEN 0 : = {0, 1, 2, •••}, a function 9  is a Jacobi form of weight k  and
index m, if q. satisfies the following conditions :
(J1) 9 :  f l i  X C —> C is holomorphic.

—mcz2a r +  b z 
(J2) q)(r,z )=(cr - f-  d) -  k e ( cr+d cor+d c)  for any ( a  b )E S L 2 (Z), d

where e(*): =exp(27r-1-1*).
(J3) 9(r,z )= q"' 4 -

2 "  9 ( r,z  x - r+ y )  for any x, yE Z , where q: =  e(-r), :  = -- e(z).
(J4) 9  has the Fourier expansion

o r ,z )= E  a(n ,l)q 'e .

Let Jon be the C-vector space of all Jacobi forms of weight k  and index m.
In the book of Eichler-Zagier [1], they prove the following theorem.

Theorem 2 (Eichler-Zagier [1] Theorem 3.1 and 3.4). W e have the following
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relations between Jacobi forms and  elliptic modular forms.
(A) For each vE N 0 and  k E N , there exists a polynomial P k, that induces the map
D ,:

9 (7 -,z )= E a (n ,l)q n eE J k

F- +D v T ( r ) :  , --- - e.(inm)a(n,/)q"EM k + ,

(B) The maps D , induce injections

1
11,10D21: J1c,m

—
' 117=0

1
\
4

k-1-2v

For rE N 0 ,  we put

:  =  (p (r ,z )=  E a (n ,l)qn eE J k ,„Ja(n,1)=0 if n<r}
n,1

and

M(/» = f f  ( r ) = a (n )q "E M k la (n )= 0  if n<r}.

W e rem ark k ,m =  
40:m j ( k 2 , m ) and M k = M PD M V ) D M P D ... .  The following

lemma is easily induced from Theorem 2.

Lemma 3. W e have the following estimation,

dim J(
k',)„,

E
1

-0 dim Nek'?4_2r

dim M V+2,-- I
o

' (k  even)

(k  odd, m>2).

(k  odd, m IE )

  

T he elem ent Aer) : =q117=1(1
— q n ) 2 4 E r s 4

I )  

induces th e  re la tio n  d im  M(
k' )=dim

Mk-112. Hence dim M(
k' )=dim Mk-12,

We define P „,: M k D F ,prnEJk,„, by the Fourier-Jacobi development

mk D F ( r  z
) 
= m(r, z)prn,

\ z  co m x1

where p :  = e ( c ) ) .  Under this development, the translations with respect to

D2-1: Jk,,,,, - - 4 1L Mk+2,-1

I f  k  is odd, J k,o = {0 } and J k l ={0}.

(k  even)

(k  odd, m
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la 0 b 0 \ /1 0 0 y  \
0 1 0 0 1 x 1 y *

(  a b )

E SLAZ)
E Sp2(Z) (\c d

c 0 d 0 ' 0 0 1 —x x, yEZ
\ 0 0 0 1 \ 0 0 0 1 I

give the translation formulas (J2) and (J3) of Jacobi forms. The modular invariance
by the translation with respect to

\ 0 0 0 1
\  0  0  1  0  /

gives the condition F( r  z  )= ( - 1 ) k F ( z
6 )  z ) These elements generate Sp2(Z).

z  co
We put

M (
kr) :  = { F ( r  

co) =E(pm(r,r)p meMk19.(r,z) = 0  if m<r}.

We remark Mk = M r D M V
)D M (k2)D  •  .  Then we have the exact sequence

0 —> ') k,r•

The condition F( r  z ) = ( _ o k F ( c o  z)
gives an information of the image of P.

z z

In terms of the Fourier expansion M kD F ( Z ) = E a (n ,l,m )q "e pm  , the conditionz  co

F
( - r  z  ) = ( _  F (6,) z )

means a(n,l,m )=(-1) k a(m,l,n).
z  cc) z

Now we assume that k is even. The condition a(n,l,m)= a(m,l,n) implies that
the image of P, is included in .V,)

r .  Hence we have the exact sequence

0 _ ,  m r 40.

and the estimation

dim M » — d i m  Mi' + ') <dim

Because

dim J (
k'',,.) .<- Edim M k + 2 v -1 2 r ,

v=0

we have J (
1[,,)={0} for sufficiently large r, and hence M V = M r ) .----- •••={0}. Then we

have
CO

/o 1  0 \
1 0  0  0 ESp 2(Z)

dim M k  Edim
r=0
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co r

< E  E  dim M k + 2 v -1 2 ,
r=0 v=0

The Poincare series of the  right-hand side, namely,

E E (dim Mk-E2v-12r)t k ,
k=0 r=0 v=0

equals
co r# 1 2 r - 2 1 ,

= 1 E E
r=0 v=0 t

4
) (1  —  t 6)  —  t 4) (1 t 6 )0 —  t i° ) (1 t i2 ).

(1)

Assume the existence of the generators Ea, E 61 A105  A l2 and  their algebraic indepen-
dence for a  while. Then (1) shows that the graded ring of even weight is generated
by these generators. We have also the short exact sequence

0 — > /1/ I= > O.

Now we assume that k is odd. The condition a(n,l,m)= — a(m,l,n), especially
a(m,/,m)=0 implies that the im age of  P ,  is included in,J (;,,.+ I ) . Hence we have the
exact sequence

0 + I) m y c ) j ( k r  1).

Similarly to the even case, we have

CO

dim M k  E d im I)
r=0

r —

<E E dim M k±2v-12r-13.
r=2 v=1

The Poincare series of the  right-hand side is
CO

t 3 5  

(1 - t 4)(1 -t 6)
=

( l - e ) ( 1 - t 6) 0 - 0 ( l - t 12)•

This shows that any modular form of odd weight is the product of 605 and a modular
form of even weight, if we admit the existence of 605 due to Ig u sa . We have also the
short exact sequence

0 M(;-+- J r O.

We have thus given a new proof of Igusa's theorem, assuming the existence of the
generators E 4 , E 6 , A i0 ,  A, 2 , A35 and the algebraic independence of the even generators.
We now briefly discuss their existence and algebraic independence. Using theta
series, the  even generators were constructed in  Igusa  [4 ] and  Freitag [2], while 6,35

was constructed in Igusa [5]. The explicit relation Ai s E C [E 4 , E 6, A105  A l21  was given
by Igusa  [6 ]. We remark that the existence of Ea, E6, A ]o, 6, 12 also follows from the
following proposition (cf. Eichler-Zagier [1] Theorem 6.2), which uses Jacobi forms
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and is a consequence of Saito-Kurokawa lifting.

Proposition 4. For any (p(z ,z )=E  a(n ,l)q"e  E J k ,  there exists F E M k such
that P i (F ) = q  an d  that P o (F)=const.X a(0,0)X e k .

Finally, we prove the algebraic independence of E 4 , E 6 ,  j ( )  and 6. 12 .  These genera-
tors have the forms

E •4 (

r  
z  )=- e 4 ( 7-) + 240e4(z, 'OP+ ' • 'Z  Co

E 6

(

r
Z  ) =  e6(2-.) -504e6,1(z,r)P+•••z  co

A  ( s .

Lilo z  )=0+.7)10,1(z,p)P+ - •z  co
= 0+ (0-42r 2A(2-)z2 + •••)p+ • - (cusp form)

12

( 7 -

\ Z  

z  ) = 0 +  12,,(z,v)p + • •

=0 +(1 2 P(7 - )+* z 2+•••)p+••• (cusp form),

where ek,, is the unique Jacobi form of weight k= 4 , 6  and index 1, and 99k ,1 is  the
unique Jacobi cusp form of weight k =1 0 , 12 and index 1. Now we show their
algebraic independence. Suppose

ai nE'6:116Ael'2=0 (2)
4b,-1-6c,-1-10dcf- 12e,=k

and a i * 0  for any i. Let s :  =min{d i + e}  and t : = m in td i ld 1 + e 1 = s1 . Then the
contribution to the coefficient of p s Z2 t in  (2) only comes from e s— t and d i =t .
Hence we have

a , ( — 471.2,60 t (12A)s - t = O.
4b,-1-6c,±10t-1-12(s - 0 = k

That is - 4 b
7

-1-66+10H-12(s — ) = k a i = O. From the algebraic independence of e 4 and e65, t 

we have a,=0  when e1 =s — t, d ,-=t. This is a contradiction. Hence E4, E6, Aio, Ai 2
are algebraically independent.

3. Lifting

Let q,33,2 = P 2 ( 6 , 35) E 4 35),2. We note here that 6,35 1V1V5) is  a base of M 3 5 ,  which is a
one-demensional C-vector space, and that any automorphic form of odd weight with
respect to Sp 2 (Z) can be divided by A 3 5 .  As seen in the previous section, we have the
following commutative diagram
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(odd weight) 0 — — >

x 3 5

(even weight) O —  M r ' ) — >

itx(r-I-2) T(r-I-3) 0
, vik+35 Ok+35,r+2

XP
35

ï  x 3 5 , 2

m(kr)  0

We shall give the splitting map of these exact sequences. From the previous section,
we have the dimension formula

dim MV+2,' ,=0

for any even weight k, hence the generating function is
CO 0 0  CO

E E dim .J(
kr,;.tk s '=  E E E dim M- - k -1- 2v- I2rt k S r

kE2Z r=0 k=0 r=0 v=0

co r # 12r-2v s ,r

= E E
r=0 v=0 (1 —  t 4) (1 —  t 6)

1
(1 _  1.4 )(1 t 6)(1 tIO s ) ( 1 t I2 s ) •

Therefore we have the expression
CO

Je( v*,)„ :  =  C) (i)J (4,.) = C[e4,e6,(1910,1,q)12,11
ke2Z r=0

We remark that this graded ring structure also can be induced from the theory of
weak Jacobi forms, given by Eichler-Zagier [1] Theorem 9 .3 . The correspondences

E k for k=4 , 6 and pk , H A k  for k=10, 12 induce the ring homomorphism  L :
J (ev*e;, '  M .  F o r  even weight k,define L k,. j (kr,.)M ( k ' ' )  be a restriction of L .  This
L k ,  satisfies P r 0 L k,. =  id and splits the exact sequence. For any odd weight k, define

L k,. : J%c".+1) —+ Aitcr )  b y  L. k,,(9)): —A35 . Lk-35
'

r-2 ( ). W e note  here that (1) E
 9 3 5 ,2 (P35,2

J k r - P ,r - 2  for a n y  E‘n, r
+ I )  in  view of the above commutative diagram. Also this L k ,.

satisfies Pr 0  L k ,. =  id  and splits the exact sequence. W e have proved the following
theorem.

Theorem 5. W e hav e the following result
( A )  L et k  be an  even integer.

(a) The sequence 0 — *  M r ) — > J(k',) — > 0  is exact.

(b) :  =  e ô x k o ,= c [e 4 ,e 6 ,T io ,1 1 9 1 2 ,1 ] .
ke2Z r=0

(c) Define the ring homornorphism L :M .  by  e E k f or k 4, 6 and
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99k,1 1—' k f or k = 10, 12, and 1, : S k r,)
rM (

k' ) be a restriction of  L . T hen
Lk,, splits (a), that is, P,0 L k,= id.

(B )  L et k  be an  odd integei.

(a) The sequence 0 — > M r )
 - - 11/1(

1,') >J(
k',,,± 1 )0  is exact.

(b) Def ine L k ,: j M(kr) by  L k ,( ): =  A 3 5 . Lk-35 r - 2 ( (19

9935,2

splits (a ) , that is, P r O L id.

T hen Lk ,

R em ark . Theorem  5(A ) is proved only by using the  theory o f  Jacobi forms,
and  we d o  n o t use the theory of theta series, which was used in  the  proof of Igusa
and the one of F re itag . But in the proof of (B), we use the existence of 6 ,3 5 ,  that was
given by Igusa w ith the use of theta  series. T he  problem  to construct L 3 5 ,2  directly
not using A 3 5 ,  is s t ill  open.
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