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A remark on smooth solutions of the weakly
compressible periodic Navier-Stokes equations

By

Isabelle GALLAGHER

Abstract

We investigate the limit of the periodic compressible Navier-Stokes equations,
when the Mach number goes to zero, and the density goes to a constant. We
prove long time existence results for smooth solutions of the weakly compress-
ible Navier-Stokes equations, for small Mach numbers, under a smallness
condition on the initial velocity field, which depends only on the viscosity
(that smallness condition is imposed only on the compressible part of the
velocity in the bidimensional case). We also prove the convergence of the
solutions of the compressible equations to the incompressible equations, once
the fast waves, which satisfy a fully parabolic equation, have been removed.

1. Introduction

The aim of this article is to study the asymptotic behaviour of smooth solutions
of the periodic, weakly compressible Navier-Stokes equations. A large amount of
literature exists on the subject (see [13] for an extensive bibliography), and consider-
able progress has been made recently, concerning the existence and convergence of
weak solutions with various boundary conditions ([3], [4], [14]) as well as concern-
ing the existence of smooth solutions with critical regularity in the whole space and
in the periodic case ([2]). Here, we are interested in the convergence of smooth
solutions, as well as in long time existence results, in the limit when the Mach
number goes to zero, and the density goes to a constant.

So let us consider a compressible, viscous fluid, evolving in a periodic box T¢,
where d =2 stands for the space dimension. The viscosity of the fluid is v>0, its
Mach number is noted & >0, and the state of the fluid at a time >0 and at a point
xET? is given by its velocity field, noted v¢=(v*"',--+,v>?)(z,x) and its density p*=
pe(t.x). The equations satisfied by v* and p° are the following (see for instance

[13]):
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at(p‘:v‘)-i-div(pfv‘@v‘)—vAv‘-I-%Vp(p‘):p‘f in R*XT,
9,pf+div(pv)=0 in R¥XTY

(V|€l=09 p|£t=0):(v(€)’ p(e))’

where f=(f", 7, f°) represents exterior forces, fixed and independent of & to avoid
unnecessary complications. The fluid is supposed to be isentropic, which means
p(pS)=p*’, where y is chosen such that y>1. It is well known that this system can
be put in a symmetric form, by defining the sound speed

A M

v 9, P(p),
and writing the system in terms of v¢ and c*. In this article, the fluid will be also
supposed to be weakly compressible, which means that the density is close to a

constant, put to 1 here to simplify: p*=1+¢ep*. That can also be written as ¢*=
12

cot eé®, where co=%y_—l. After a few computations, we come up with the following

system :

2.V + v Vv + y& Ve —pAv + ;7cov—f~= —v(l— cl{oi)Avf +f,

(NS*) 3,85+ v Ve + yedivre + ;cod‘;’” =0,

(Vfi=0, €fi=0)=(v0,C0),

where we have written f;7=—y—;—l, and ce,(,:%. To simplify, we have supposed that

the initial data (v,,é,) does not depend on ¢.

We are interested here in the asymptotic behaviour of the solutions of (NS*). Let
us notice that (NS¢) is a system of evolution equations, penalized by a skew-
symmetric operator L, defined as

L(v,0)Z 7 (Ve divy).

Problems around skew-symmaztric penalizations have been studied by a number of
authors, (among which J.-L. Joly, G. Métivier, and J. Rauch in [9], S. Schochet in
[17], E. Grenier in [7]). However, unlike the cases studied by those authors (and also
unlike [5], [6]), the system considered here is neither fully hyperbolic, nor fully
parabolic. We shall see in the course of the study that this fact leads to additional
difficulties compared to the cases referred to here. Let us recall that in the case of
fully hyperbolic or fully parabolic systems, long time existence results can be proved
by the means of a semi-group method (see [17], [5], [6]) : we introduce the semi-
group generated by L, £ (f)=e~ ", and the “filtered” solution associated with ye<
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(v*,¢%), defined by U‘dgL<—é) V¢, In the fully hyperbolic or parabolic case, that

new function converges to a function U (see [7]), and it is proved in [17] for the
hyperbolic case, in [6] for the parabolic case, that the convergence holds, for & >0
small enough, on a lifetime [0, 7] for all T<T¢, where T is the life span of the
“limit system” satisfied by U. In other words, not only does the penalization not
destroy the life span of V¢ compared to the non penalized equation (that is due to
the skew-symmetry of L), but it expands it up to the life span of U, for £ >0 small
enough. It is this kind of result we are seeking here. We shall prove the following
theorem, where we have noted, as in the whole of this text, H® for the usual
homogeneous Sobolev space of order s on T: it is defined by the norm |u|,.=
llkls@a(k)| - where @(k) is the (discrete) Fourier transform of u, and kEZ? are the
Fourier variables.

Theorem 1. There exists”a constant ¢>0 such that the following holds. Let
(v0,&o) be an element of H*(T?), with s>%+ 3, and suppose that the exterior force

f is an element of the space C°(R*, H*X(T%)N L R*, H*"(T%). Suppose also
that

[voll y2-<cv and ||Pf||L2(R~‘H,‘I’-1)£cV,

where P denotes the Leray projector onto divergence free vector fields. Then for all

T >0 and for ¢ small enough, we have

Vez(a,0)+x(%>Um+o(1) in C°[0,T], H™?, (1.1)

where @ satisfies the incompressible Navier-Stokes equation, and U= (Uose, X os)
satisfies a parabolic system :

oi+a-Va—vAa=—Vp+Pf
(NSo) {8, Uset Qi+ Unes Unid) =5 (V divVite, Agos) =0,

A=0=Pvo, Usscr=0=((1—P)vo,&).

The operator Q is a quadratic form, of the following type (see (2.13) for a precise
definition) : Q(a,b)=—:ll—(Aa-Vb+Ab°Va), where Aa=(A’a)<j<a+; is a set of

smooth symmetric matrices for all a.
In the case d=2, the result holds under the only assumption that ||(1—P)vo|. < cv.

Remarks. Let us note that the “limit system” (NSp) is fully parabolic: some of
the viscosity, at the limit, is transferred from the compressible part of the velocity,
Uose, to the sound speed, x... This form is specific to the periodic case: in the case
of the whole space, the solutions of (NS*) converge to the incompressible Navier-
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Stokes system (see [3]), and that is due to the fact that the fast waves can disappear
to infinity in the case of the whole space, due to Strichartz-like estimates. The same
phenomenon occurs in the case of the Euler equation : S. Ukai proved in [18] that
the solutions of the weakly compressible Euler equations converge to the incompress-
ible Euler equations, whereas in the periodic case, it is proved in [5] that there is an
additional, coupled equation in the limit system.

Moreover, that theorem shows that the life span of (NS°®) is arbitrarily large, for
& small enough, under a smallness condition on the velocity at time ¢t=0. In the
bidimensional case, no smallness condition is required for the incompressible part of
the initial data, Pv,. In [8], T. Hagstrom and J. Lorenz prove a very similar result,
in the bidimensional case ; their result is actually more precise in the sense that the
life span is exactly +o for & small enough. However the method followed is
completely different to the one used here, since in [8], everything is based on the
exponential decay to zero of smooth solutions of the bidimensional, periodic,
incompressible Navier-Stokes equations — and of all their derivatives — when ¢t —
co. Hence, as noted in [8], if one adds an exterior force, or if one considers higher
dimensions as it done in our theorem, it is not clear that the proof in [8] still holds.

2. Proof of the theorem

2.1. Notation and preliminary computations. In this section, we are going to
transform somewhat the equation (/VS¢), in order to apply more easily the methods
of [5] and [6]. It is known that for smooth enough initial data, one can solve (NS¢)
locally in time (see [11] for instance). In the following sections, s>d/2+3 will be
a fixed real number, and we shall place ourselves on a time interval [0,T] such that

” VE”LOO([O,T], He)= Coo, 2.1

where co=| V|- is a fixed constant. Let us notice that under assumption (2.1), we
have, for e<cocx'

11— TNy < Cewe,

where C is a “universal” constant, depending only on y. In the following, we shall
note by the same letter C all such universal constants depending only on the
dimension, on y or on other such parameters (and in particular independent of ).

So finally we have, since s—2>g,

(1= @Ay lu—< Cewellv|lu- (2.2)

Since H® is embedded in H’~', that immediately implies that if ¢ is small enough so
that Ccwe £%, then the operator defined by

as(D)E —va+u(1—c’D)A (2.3)

satisfies for all v*
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(@5(D)v*|v) s =2 v e (2.4)
where we have noted (¢|*)y for the scalar product in H*~% We can re-write
equation (NS°¢) as

o Vetaq(ve, VE)+(a§(D)v5,O)+Lg/E:(f,O), (2.5)

where g( V¢, V¢) represents all the bilinear terms in (NS*¢). Let us note that g can be
written generically as g(a,b)=1/2(Aa*Vb+ Ab-Va), where A4 is a linear operator,
such that Au=(Aju).std+,, and for all j, A’u is a smooth, symmetric matrix.

Notation. Throughout the text, for any vector ¥ =(v,¢&) where v has d compo-
nents and ¢ is a scalar, we will note, recalling that P is the L*-orthogonal projector
onto divergence free vector fields,

v=~Pv, V,=V—(9,0), (2.6)

Vie{l,~.d}, Vi=v and V'=¢.

We shall call V,, an oscillating vector field.

2.2. The filtered equation. Let us recall that we have defined £ (¢#)=e™ " and
UE:of<_%> Ve, It is straightforward to see that U‘=(V‘,O)+$€<—%> V.. Then
according to (2.5), U* satisfies the following equation :

{ a,U5+@‘(U‘,Uf)+ﬂ§(D)U‘=£<—%>f,
Uf=o= Vo,

where
@f(Uf,Uf)=x<—§>q(£<§>uix<§)us>, (2.7)
and where

430U =—viaa0)— vt —£)(a(2(£)vs) o a(£(E)vi) o)

+ ux<—§>((1 — CL{J)(AJ?(%) U‘)I,-'-, (1— CL{J)(AJC(—SI—) U€>d,0>,

where we have defined

def Co

o evte(£(E)us )™ ey
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Notation. We shall call #%'(D) the following operator :

DV —v(ar0)— vt (— L) a(2(£)vee) . a(2(£) v ) 0). 29)
and the operator A5*(D)(U*,V) shall be
sADYUS V)

“ye(—E)a-cinaz(£)v) .~ a-ciofaz(E)v)o) @0

In other words, we have written A5(D)Us=HA5"(D)U*+A5*(D)U,U®). Let us
note that the inequality (2.4) implies the following proposition.

Proposition 2.1. Under assumption (2.1), the operator #5'(D)(*)+ A5*(D)
(U, *) is positive (but not definite) : we have for instance

(<)),

Now let us prove that U< converges to U in C°[0,7], H°™?), when ¢ is small
enough, where U satisfies the following equation :

{ 2. U+Q(U,U)+AAD)U=(Pf0),
U|z:0: Vo,

where Q(U,U) and A,(D)U are the limits in D’ respectively of Q<(U*,U*) and
A5(D)U*®, and where #,(D)U is second order elliptic.

The coming section consists in the computation of the limit system, and in
particular in the proof that #,(D)U is second order elliptic. In the last section
below (Section 2.4), we combine those results to prove that the limiting system is
globally well posed for suitable initial data, and that enables us to prove the theorem
stated in the introduction, using methods of [5].

(A3 (DYV + A5 (DYU V) V)pes2 C sup,

2.11)

s-1

(2.12)

2.3. Computation of the limit system (NS,).

Proposition 2.2. The limit of Q*(U*,U*) in D’ is Q(U,U) where there exists
p such that

PQ(U,U)=a-Va+Vp, and (1—P)Q(U,U)=Q i+ U, U,).

Moreover, the limit of (95(—%)]*,0) in D" is (Pf.0).

Proof. The limit of the quadratic term was obtained in [7], and the limit of the
filtered forcing term was obtained, by the same method, in [6]. We shall not recall
the arguments leading to those results here, as the techniques used are strictly
identical to the ones we shall be using in the proof of the following proposition, to
obtain the elliptic term (D). Let us simply recall that
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QUU,N=F" 2 ((AU)" (n—k)-kU"(k).e‘(m)e(n). (2.13)

We have noted (w“(k))i<.<s+1 for the eigenvalues of F L(k), where F is the
(discrete) Fourier transform, and the associate eigenvectors are (e‘(k))i<a<a+i-
Finally we have written wi?=w(k)+w’(n—k)—w‘(n), and U%k)=F U(k)
~e‘(k)e(k).

Proposition 2.3. Under assumption (2.1), the limit in O’ of A5(D)U* defined
in equations (2.9), (2.10) is A,(D)U, where A ,(D) is elliptic. More precisely, A ,(D)
applied to incompressible fields is defined by

‘}dZ(D)(lZ’O)z - UA(aﬁo)’
whereas applied to oscillating fields as defined in (2.6), we have

ﬂZ(D)( U oses X()Sf): _%(Vdivuosﬁ Ax osr')'

Proof. By the same computation as in (2.2), we have for all s'<s, by the rules
of product in Sobolev spaces,

e~ etplseft)or) - a-cinfoe(E)e) o) <cav

hence we have, under assumption (2.1),
lin(‘)l ASHD)UE,U)=0. (2.14)

To find the limit of #5'(D)U*, in the same way as in [5], [6] and [7], we are going
to use the non stationary phase theorem. As J£(?) is unitary, one need only find the
limit of #$'(D)U. Moreover, we are only interested here in the “compressible part”
Ui, of U, since the “incompressible part” of U only appears in the form —yAd,
which does not depend on . So we are looking for the limit in D’ of #5'(D) U,.
Let us compute the eigenvalues and the eigenvectors of # L(n) ; in order to simplify
the computations, we are going to work in the case d =3, the general case is treated
exactly in the same way. We have

0 0 0 ik,

o o o i
FLOO=7 6 o o ikj ’

ik, ik, ik, O

which yields the eigenvalues 0 (of order 2) and % i|k| v. The eigenvectors associated
with the eigenvalue 0 are of course incompressible. Since we are only interested in
“compressible-type” vectors here, we shall only compute the last two eigenvectors,
respectively associated with i|k|j7 and —i|k|;7 and called respectively e*(k) and
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e (k). We get
k, k,
| k, a1 k>
CO=NA\ k| 2 COTRE g,
|k| =kl

Now for any “compressible-type” vector B, let us write F B(k)=(b',b*b’b"), and

F L) B(k)= Ikllﬁ e~ M7 (kb + Kbyt kst | K bae™ (k)

!
|klv2

+ eitlkli(klbl+k2b2+k3b3_|k|b4)e_(k)'
It follows that

F(ALD)B)+, (AL(DBY0) k)= e "7 (k b1+ kabst kaby+1k|ba) (ki ka,ks,0)

+7ye”|k|;(k|b|+k2b2+k3b3_|k|b4)(k|,k2,k3»0)'

Finally we find the following expression, where U= (Uoe, X o) : for all j in {1,2,3},

745 (D) Ulthr =2 ((1+e0s2 52 )0, h)+5in 52 |t 7. 00 !,

and F.45'(0) Ut =2((1=co2 B L)) —sinZ L2 |tk a0,

So the non stationary phase theorem yields

llI'I(‘)l .ﬂd;(D)(lj,O): —vAu and lin(;lﬂ;(D)(uo.m Xo:c): —%(Vdivuasc’ AXosc)~
(2.15)
Finally (2.14) and (2.15) give Proposition 2.3.

2.4. Proof of the theorem. In the previous section, we have computed the limit
system (NS,). We shall now check that it is globally well posed, under the assump-
tions of Theorem 1, and we shall prove (1.1).

2.4.1. Global wellposendness of (NS,).

Proposition 2.4. Let s>g+3 be a fixed real number. Then there exists a
constant ¢>0 such that if V,€H'(T?) and Pf<C°R*H  ¥T%)NLYR",
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H*™Y(TY), with

wiao<cv, and |Pf

[ V0||H%-'(T‘)+ 2| LRe, BT S CVy (2.16)
then there exists a unique solution U to (NS,), and
UECUR*, H(T)NLAR", H*'(T).

In the case when d=2, then it is enough to suppose that |voslli:a+ ol 2oy < cv.

Proof. The proof of this proposition follows from classical results concerning
parabolic equations (see for instance [1] for the case of the incompressible Navier-
Stokes equations) : it is well known that if the initial data is in H*(T?), and if Pf
ECR*, HA(TY))NL*R*Y, H*™'(T?), then one can solve (NS) locally in time,
and we have a unique solution

UeC[0,T,), H (T))NLY[0,T,], H*'(T9), forsome T,>0. (2.17)
Moreover, assumption (2.16) implies that (NS,) has a unique solution U such that
UESCOR*, HT™'(T%) N LR, H¥(T),

hence (NS,) has a unique solution
ueC'(0,Ty), HY(TY))NLYR™, Hf(Td)), for some To,>0,
and Lemma 3.1.1 of [1] implies that

U C'(R*, H(TY)NLYR*, H°*(T?), for all aS% (2.18)

One can note that no forcing term is considered in [1], but with the assumptions
made on Pf, it can be added to the proofs in [1] with no difficulty. It is then easy
to infer, by similar arguments, that

UEC'RY, H(TY))NLAR*Y, H(TY). (2.19)

The arguments leading to (2.19) are standard; we re-formulate them here for the
convenience of the reader.

We start by choosing %< a’£%+ 1, for which we have, by an energy estimate in
H(TY),

1 d
77" U(t)||2m'm*)+—c2y—|| U(t)

C
iI""‘(T")ST" U()

h{"'(’r"),
which yields that for all ¢'<d/2+1 and for all =0,
C
” U(t)||%l"(T‘)+%/‘8" U(r)lliw-m)dré " Uo“%{‘"m)"“u—" U"‘;.‘(R’, H(T). (2.20)

But (2.18) implies that UELYR*, H°(T?) for all ¢'<d/2+1/2, hence (2.20)
implies that
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UECYR®, HA(T)NLARY, HT(T), forall o<3L.

Then UELYR*, H7(T) for all ¢'<d/2+1, so again by (2.20), we have

UECYR*Y, H(T))NLA(RY, H*(T?), for all O‘S%‘l‘l.

Finally, for all o">%+l, an energy estimate yields

1 d
5 2 10Oy +F U@

C
e LA 0] e

|U (1)

e
H77Y(T%s

hence for all ¢'>d/2+1 and all 1=0,

10 Olfecrs +- LU @l

U

= " Uo"%i"'(r")_'”%”UHZ “(R*, H77U(T?) 2L*(R*, H(T%),
and one concludes by recurrence.

So we have the result for 4 >2. In the bidimensional case, one uses moreover the
fact that the bidimensional incompressible Navier-Stokes equations are globally well
posed, with no smallness assumption on the initial data, nor on the forcing term, as
soon as the initial data is in L*(T?) (see [1]). So there is no smallness condition on
the incompressible part of the initial data ¥, nor on Pf, in that case.

The proposition is proved.

2.4.2. End of the proof. The function WL U—U satisfies the equation
W QW W H2U)+ AL (D)W +AH(D) U, W*)

= (D)= A5 (DN U+(Q = @)UY +(2( —£ ) — Pr0)— 42(D)U" D),

(2.21)
with the initial data W=,=0.

Remark. It is not totally clear at this stage why the elliptic operator ,(D)
alone does not appear on the left-hand side of this equation, as it would imply that
W satisfies a parabolic equation, with additional forcing terms on the right. In the
last remark, at the very end of the paper, we explain why the choice above is made,
by showing that the additional forcing terms that would appear cannot be controlled
properly, contrary to the ones that appear in (2.21).

In the right-hand side of equation (2.21), we find two different types of terms: on
the one hand we have the function #$*(D)(U*,U), defined in (2.10), which can be
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estimated by

”Jdg'z(D)( Uea (J)"HS'ZS CV& " Ufm'”H"”" Uos(

He, (2.22)

in the same way as for (2.2). On the other hand, we have three terms,
(AAD)—=AS(D)U, (Q—Q*)U,U) and <x<—§>f—1)f,o>.

Those terms are going to be treated using a method followed in [5] and [6]. Let us
recall that we have defined, in [5], the following notion.

Definition 2.1 (Oscillating functions). Let T>0, p=1 and o'>% be fixed.

We write k,=(k,k,), where k,€Z*, and will call [k,|=max <;<,|ki|. Then a
function RG.(t) will be said to be (p,o)-oscillating if there exist functions 3, ro,
Sfu fq sSuch that it can be written as R5.(1)=2,e(. nR5us(?), where

Rep()=F ' 30 e B R0 KVE (1K) fo( 1.k,

ki€EKG
with K(",:{—k_;EZ"‘ﬂf]k,:n and ﬁq(n,E)ER*}, and where r, and f; satisfy
i=1

F(ai)isicyq @20, such that |ro(nk,)|<C+]k )1+ ]|k )™
Vi€ll,..ql. F7'(fi(t,*)) is an element of C°[0,T]), H°**)

and o, >—0 such that F~'(3.fi(t,*)) is an element of C°[0,T], H%).

In view of that definition, we have the following proposition, which has an obvious
proof, using also Proposition 2.4.

Proposition 2.5. Under the assumptions of Theorem 1, (A,(D)— A5 (D))U
is a (1, s—2)-oscillating function, (Q —Q*)(U,U) is a (2, s— )-oscillating function,

and finally the function (Jf(—é)f—Pf, 0) is a (1, s—2)-oscillating function.

It follows that the function W* satisfies the following equation :
QW HQ(WEWH2U)+ A (D)W ASHDNUWH=R(f,U)+F(U),

where R5.(f,U), is a (2, s—2)-oscillating function according to Proposition 2.5,
with

R =@ = QWU U)+(£(—£)f —Bf 0)+A: D)= 45 (DY,

and where F¢(U) is estimated as follows, according to (2.22):
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”FE( U) H“2£ Cec°°" Uosc

H*.

The following lemma, similar to Lemma 2.1 of [5], will enable us to conclude.

Lemma 2.1. Let T>0 and o‘>%+l be two real numbers, let b be a family

of functions, uniformly bounded in the space C°([0,T], H**'(T?)), and let a§ be
a function going to zero with ¢ in H°(T9). Let Q° be as in (2.7), and let A3(D)
be a second order, positive operator in the sense of (2.11). Finally let R5. be a
(p,o)-oscillating function, with p=1, and F° be a function going to zero with & in
C°[0,T], H°(T). Then the function a‘, solution of

9,a‘+Q(as,b’)+ A5(D)a*=R:, +F¢ in T°,
(2.23)

afi=0= as,
is an o(1) in the space C°([0,T], H°(T?)).
We shall postpone the proof of that lemma for a while, and finish the proof of the

theorem.
Under assumption (2.2), Lemma 2.1 with ¢=s—2, implies immediately that

VT>0, limWw:=0 in C°%0,T], H'73(T%).

e—0
That implies in particular that for all 7>0, and for & small enough,

veelo,T], [vils-<2lU

CR*, H®"%). (224)

So choosing the constant ce larger than 4| U | ¢, u+=, that implies that

IVl oy s <o = Vel

Coo
corl mHS" for & small enough,

which means finally that W is defined for all times T, for & small enough.
Hence the theorem is proved.

Proof of Lemma 2.1. We shall only give a sketch of the proof, as it is very
similar to the proof of Lemma 2.1 in [5]. The only difference is the presence of a
bilinear form and of a second order, positive operator on the left-hand side of
equation (2.23). We start be re-writing equation (2.23) in the following way :

2.a°+Q(a*,b)+ A5(D)a*= Rien+ Ry +F,
where, writing 1y for the characteristic function of X, and with the notation of

Definition 2.1, we have defined

& g & —_— - &
ose, N 2 g.0sc, N 2 p)y 1(1(|'|.|76;|SN}‘7R11,0M( * ))a

q€(1...p} g<{l,.
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and R5Y £ RL—Riw.
Then, still as in [5], we can define the function
Yv=a‘+eRon,
where R:,.y is defined by Reov= > R, and

9€(1,..p)
~ def ie” S .
FRoen(n) = Z _‘2 ———=—ro(n, ko) f§(t,k))..fi(t.k,).
Inllkd<n Keks Bq(n, ky)

It is obvious that if we prove that for N large enough, uniformly in ¢, and for & small
enough, ¥y is arbitrarily small in c°(lo,T], H°(T?), then the lemma will be
proved. But the function 4 satisfies the following equation :

2.0+ Q (Y, i+ b +2eRsn)+ A5(D) Yy

=R+ F 4 e Q(Roun.2b*+ Ry n)+ eA5(D) Ry

The following proposition will enable us to conclude, by energy estimates on yrj.

Proposition 2.6. Under the assumptions of Lemma 2.1, the function %
satisfies
{ vt Q (Yt b +2eRN e, Yiv) T+ AS(D) Y= eRNoct R+ F¥,
w;\/|l=0: 1/,?\'.%

where 5,0 goes to zero with ¢ in H°, Ry is bounded uniformly in &, in C°([0,T],
H°), by a constant depending on N, and R:Y goes to zero in C°([0,T], H°) when
N goes to infinity, uniformly in e.

Proof. We shall not give all the details of the proof here, as it is identical to
Proposition 3.1 of [5]: it is based on the fact that the function Iifm,,v is a low
frequency term, hence as smooth as one needs (if one pays by enough powers of N),
and that on the contrary R:Y is a high frequency term, hence small if N is large
enough, uniformly in e. So we can write

5"Aé(D)ﬁgsc,N"L”([O,T]. H")+€||@ E(R.f)sc4Na 2b¢ +8E§:6,N)||L”({0,T], H")S ecqs(e, N),

as well as
"R;y"L”([O.T], 1= Co(N),

where
}lim ¢,(N)=0 and c,(e,N) is uniformly bounded in N and in &.

The proposition follows.
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Then a classical energy estimate in H° yields, since a‘>%+ 1, and since A45(D) is
positive,

1 d
77"1/&(!)

Lellbos (O ot Cllgrs(2)le

we< Clyi(o)

+ Clys(Olluell (eRNose+ RS+ FY(0)] 1

We have used the fact (see [15] or [16]) that for all vector fields @ and b, we have the
following estimate :

H°

VesL (@ @bt Clblwolaliw

Vb "L"(R")

+ C”b"H‘(R")(

\% a|| L=(RY) + " a"H“‘(R‘)),

d .
and  Vr>=- (Q(b.b)[b)ur < Cllblk sV bl e,
Now since the initial data can be chosen arbitrarily small, provided N is large
enough and & is small enough, we can suppose to start with, that it is such that there

exists a time T* satisfying

0< T*<sup{t<€[0,T]||y&(2)

we<1+B(T)},

where B(T) is an upper bound (uniform in &) for ||| (.7, = Then by a variant
of Gronwall’s lemma we get, for all t<T*:

(&Rt R+ F)(7)

laOlne< C(Iialluet§, wedz )exp(T(1+B(T))). (225)

We then just have to choose N large enough and & small enough so that

(eR¥uc+ Ri+ F)(0)| e <UTET D exp(— T (14 B(TY)),

lholle+S,

to obtain

V<1, Jpa(oll<FEED,

That means that T* can be chosen equal to T, and (2.25) implies that
a‘—0 in C°[0,T], H).
The lemma follows.
Remarks. The fact that in the statement of the theorem, nothing is said about

the smallness of &, is simply due to the fact that one just has to take & small enough
to have ||éol4-<cv, since & is defined by cfi—o=co~+ 0.
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Furthermore, as remarked after equation (2.21) one can wonder at the choice
made, to put the positive operator #5(D) on the left-hand side of (2.21), instead of
the elliptic part s#,(D) alone. But it is easy to see that in the latter case, on the
right-hand side of the equation satisfied by W*¢ would appear the term (#435"'(D)
—sA,(D))U*. That term is not oscillating in the sense of Definition 2.1, unless in
that definition, the functions f; are replaced by e-dependent functions f§, where V
i€[1,..,q), F'(fi(t.*)) is compact in C°([0,T], H°**). But to ensure that compact-
ness, we must allow for the loss of >0 derivatives when passing from U* to W*.
However in the previous proof, it is crucial that no loss of derivatives occurs between
the assumption (2.1) and the result (2.24). In other words, such a method with #,(D)
on the left-hand side of (2.21) does not enable us to conclude.
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