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1. Introduction

The one-dimensional motion of a perfect gas is governed by the compress-
ible Euler equation

5, 0
2y —(pu) =0,
' 0 d ., B
5 (Pu) + 5 (pu” + P) =0,

where unknowns are the density p and the velocity u, while the pressure P is
supposed to be a given function of p. We study the Cauchy problem to the
equation under the initial condition

(1.2) pli=o = po(w), ult=0 = ug(z).
The equation is a prototype of the conservation law
(1.3) Ue+ f(U)e =0,

in which

2 T
— (o) = (. ou)T — (.= ,
U=(pm) = (ppu)’,  F(U) ( g +P)

A bounded measurable function U (¢, z) is a weak solution if

/Ooo/(U@t +f(U)(IJz)d:vdtJr/q;(o,x)UO(x)dx -0
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558 Tetu Makino

for any test function ® € C§°([0,0) X R).

Many excellent mathematicians gave existence theorems of global weak
solutions to this problem. First we refer T. Nishida, 1968 [5]. He showed the
existence of global solutions under the assumption that P = Ap and

T.V.1log pg < C, T.Vauy < C.

The approximate solutions are constructed by the Glimm’s scheme and Nishida
gave a priori estimates of the growth of the total variations of the approximate
solutions by a delicate analysis. On the other hand if we assume P = Ap?,~ >
1, we are interested weak solutions which contains the vacuum. In this case we
use the Lax-Friedrichs or Godunov’s scheme to construct approximate solutions.
A priori L*-estimate of the approximate solutions can be obtained compara-
tively easily. A subsequence therefore converges in the weak star topology. But
it is not easy to show that the approximate solutions contain a subsequence
which converges almost everywhere. This task was done by the compensated
compactness method developed by R. J. DiPerna 1983 [2], [3]. A complete
discussion was presented by G.-Q. Chen et al. 1985-86 [1]. If we follow their
discussions, we find that the Darboux formula

1= [ (w52 olds
to the Euler-Poisson-Darboux equation

2
8n+ N <877 877)0

owdz  w—z \Ow 0Oz

ow 0z

plays a crucial role. The aim of this article is to extend the discussion to the
case in which P is proportional to p? asymptotically.

Thus in this article we assume

(A) P = P(p) is a sufficiently smooth function of p > 0, and

0<P, 0<P =dP/dp, 0 < P" =d*P/dp?

for p > 0, and
P=Ap"(1+ Pi(ep”™h))
as p — 0. Here A and ~ are positive constants,
2
= 1 _
TSN T

N being a positive integer, € is a positive parameter and P;(X) is a convergent
power series of the form >, <, ¢ X*.
Our main conclusion is

Theorem 1.  Suppose (A) and
0<po(z) <C,  |uo(z)] < C.

Then there is a positive number € = €1(C) such that if € < €1 then (1.1), (1.2)
has a global weak solution.
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The method of the proof depends upon a generalized Darboux formula
to the generalized Euler-Poisson-Darboux equation. The way of discussion is
similar to that of C.-H. Hsu, S. S. Lin and T. Makino [4].

As a corollary we have

Theorem 2.  There is a positive number « such that if
0 < po(z) <a®O7D, ug(2)] < e,

and if € < 1, then (1.1), (1.2) admits a global weak solution.

2. Riemann problem
The Riemann problem is the problem to special initial data of the form

Uop(z) =Up if z <0,
=Upg if x>0,

where Uy, and Ug are constants. In order to solve Riemann problems we intro-
duce the Riemann invariants

w=u-+Yy, zZ=u—1Y,

where

p\/ﬁ
v
o P

dp.
Then (1.1) is diagonalized as
we + )\gwx = O, 2t + )\1233 = 0,

where

M=u—VP, J=u+VP.

The possible states U = Ug connected to Uy, on the right by a rarefaction wave
are
Ry : w=wr, z>zr,

and
Ry : w > wr, z=zp.

The Rankine-Hugoniot jump condition
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Along this curve we have shocks

S1:pr < PR, So : pr < pL.-

The Riemann problem can be solved uniquely by using these rarefaction waves,
shocks and the vacuum state. Moreover if we look at a region of the form

Yp={(w,z): =B <z<w< B},
we have the following

Proposition 2.1.  If the initial data U, Ug belong to ¥ g, then the so-
lution of the Riemann problem is confined to Xg.

On the other hand we have

Proposition 2.2.  The region X is convex in the (p, m)-plane.

Proof. Let us consider the above hedge m = m(p) which corresponds to
w = B,—B < z < B. We have to show d?m/dp? < 0. Along the hedge we

have
P §24
u=DB— / dp,
o P

du VP

from which

dp — p

Therefore

P
dp

Differentiate once more, we have
d’>m v P’ pr”

= - <0. O
dp? p o 2/P

From Proposition 2.2 we have

Proposition 2.3. IfU(s) € g for s € [a,b], then the average

1 b
b—a/a U(s)ds

Let us look at the shock wave which connects the left state Uy, to the right
state Ur with the shock speed o. The right state Ur and the shock speed o
are parametrized by p = pgr. Then we have

belongs to Y.
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Proposition 2.4.  Along Si(pr, < p), we have do/dp < 0, and along
Sa(p < pr), we have do/dp > 0.

Proof. We can assume uy, = 0 and u = upg is given by

[m] _ pu
I
Therefore
do _ P~ Pl
dp 2[plpr/[p][P]
Since P > 0, we know [P] < P'[p]. Thus we see [p|do/dp < 0. O

3. Entropies

A pair of functions n and q of the state U is called an entropy-entropy flux
if it satisfies the equation

(31) DUq = DUn.DUf.
Using the Riemann invariants, we can write (3.1) as
quw = AT, 4z = A17)z.

By eliminating ¢, we get the second order equation for #:

0%n 1 pP" on On
3.2 1-— — ——1]=0
(8:2) owoz + 4/ P’ ( 2P’> (8w 0z
As e = 0, this equation is reduced to be the Euler-Poisson-Darboux equation
N
3.3 wz w — Nz) = 0.
(3.3) Moz + ——— (1o = 112)

Therefore we call (3.2) a generalized Euler-Poisson-Darboux equation.
The kinetic energy

L1
= 5pu’ + ®(p),
pP/ P P
‘I>(p)=p/ —dp—P=p/ —dp,
o P o P
and its flux
* 1 2 pP/
¢ = gpu" +@ulp) Ju,  Pilp)=p de=<1>(p)+P
0

satisfy the generalized Euler-Poisson-Darboux equation. This entropy-entropy
flux will be called standard. The important fact is
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Proposition 3.1.  The Hessian D#n* is positive definite, i.e., for any
fixed B there is a positive constant k such that

(&|Dgn*.€) = kl¢)?
for any U € S and & = (&o,&1) with [£]* = (£0)? + (61)2.

Proof. By direct computations, we see

w? P
77* = T
op D D
n*m )
g p
. 1
Nmm = -
p
Hence
(€‘D277*§) = nppg(% + 277pm§0§1 + nmmf%
1
= ;((u2 + P& — 2uéoly + £7)
S 2P
T p(A+C+J(A-C)2+4B?)
where
A=u>+ P, B = —u, C=1. 0

4. Construction of approximate solutions

Let us construct approximate solutions using the Godunov scheme. The
construction is similar if we use the Lax-Friedrichs scheme.

Suppose that the initial data Up(x) is confined to an invariant region X p.
Put A = sup{|\;(U)||l7 = 1,2,U € Ep}. Fixing Ay > Ag, we take mesh
lengths Az, At such that Az = A1 At. We denote A = Ax.

Let us construct the approxomate solution U% (t,z). First we put

U§ (x) = Uo(x)X[=1/a,1/]-
We define '
2(+0,2) T v
U (4+0,2) = — r)dx
2A Jyn 0

for 2JA < = < (25 + 2)A. Solving the Riemann problem on each interval
[2(5 — 1)A,2(j + 1)A], we define U2 (¢, z) for 0 < t < At. Since the Courant-
Friedrichs-Lewy condition is satisfied, the wave from the center 2jA does not
intersect. If U2 (¢, ) for 0 <t < nAt has been defined, then we define

1 (27+2)A

U2 (nAt,z) = TN U2 (nAt — 0, z)dz
j
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for 2jA < x < (2j + 2)A. Solving the Riemann problem, we define U> (¢, z)
for nAt <t < (n+ 1)At.

By Propositions 2.1 and 2.3, it is inductively guaranteed that U remains
in Xp, say,

Proposition 4.1.  The approzimate solution U (t,x) satisfies U (t, x)
€ X, therefore,
0<pi(tz) <O, |uB(x) < C.

Moreover we shall prove

Proposition 4.2.  For any test function ® it holds that

//@WA+%ﬂwwmm+/¢m@mﬂ@m:omﬂﬂ
In order to prove Proposition 4.2, we prepare

Proposition 4.3.  For any shock wave from Uy to Ur with the shock
speed o and for any conver entropy n, we have

alnl —[q >0,

where [n] = 1n(Ur) = n(UL), 4] = ¢(Ur) — ¢(UL)-

Proof. The right state of shocks can be parametrized by p = pr. Putting

Q(p) = aln] — [g],

we shall see dQ/dp > 0 along S; : [p] > 0 and dQ/dp < 0 along S5 : [p] <
0. Using the equation (3.1) and the differentiation of the Rankine-Hugoniot
condition, we have

dQ _ do

i d—p([n] — Dyn(U).[U])

d 1
_ ‘ﬁ/ O(U — Up|DEy(U, + 0(U — Uy).(U — Uy))de.
0

We supposed D%,n > 0. By Proposition 2.4, we know do/dp < 0 on S; and
do/dp >0 on Ss. O

Proof of Proposition 4.2. We fix T to consider U~ on 0 < t < T. First
we shall show

(2j42)A
(4.1) }:/ U(nAL— 0,2) — U(nAt +0, (2j + 1)A)da < C.

jn 25A
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Let us consider the standard entropy n*. Then we have
0= /n*(U(T, x))dx — /n*(U(O,x))dx + L+,

(2j+2)A
L= 2/2 (" (U(nAt —0,2)) —n*(U(nAt+ 0, (25 + 1)A)))dz,

jn JA
T
S= [ o] - la )

0 shocks

We write Uy = U(nAt 40, (2j + 1)A), Uy = U(nAt — 0, z). Since
1 (2j+2)A
UO = E oA UldI,

we see

(2j4+2)A 1
I Z/ / (1= 0)(Us — Uo| D2y (Uo + (U — Uy))-(Us — Up))dbdax
jm 25A 0
>0

On the other hand we have ¥ > 0 from Proposition 4.3. Thus L < C, ¥ < C.
But from Proposition 3.1, we have D#n* > k. Therefore

k (2§4+2)A
02L2§Z/ Uy — Up|?dz.

jn 2jA

Thus we get (4.1).
Now let us consider a test function ®. Put

J = //(q)tUA + @wf(UA))dxdt + /CI)(O,x)U()Adx,
Since U2 is a weak solution on each time strip nAt < t < (n + 1)At, we have

=3 / B(nAL, 2)(U(nAt — 0,2) — UnAt + 0, 2))de

=J; + Ja,
(2j+2)A
h=> / D(nAt, (2) + D)A) (U (nAt - 0,2) — U(nAt + 0, z))dx,
T 200
(2j+2)A
J2 = Z/ (®(t,z) — ®(nAt, (25 + 1)A))(U(nAt — 0, )
- 2jA

jn
—U(nAt+0,z))dz.
Since

(2j+2)A
UnAt+0,z) = IA / U(nAt —0,z)dz
2jA
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for 2jA <z < (2j + 2)A, we see J; = 0. It follows from (4.1) that

1/2
(2j+2)A /
o] < CAY2|0]|c Z/ U(nAL — 0,2) — UnAt + 0, 2)|2dz
2
< C'AVE
Here we have used T/At = O(1/A). O

Summing up, we have the following theorem.
Theorem 3.  The approzimate solution U™ (t,x) satisfies
0< p2(t,x) <C, [u?(t,z)] < C

and

//(cthA + B, FUA))dadt + / (0, 2)U2 () = O(AL/2)
for any test function ®.

We expect that U tends to a weak solution everywhere. For the case
€ = 0 this was done by DiPerna [2], [3] and G. Q. Chen et al. [1]. In their proof
the Darboux formula

1= [ (=90 — =) o(s)ds

which gives solutions of the Euler-Poisson-Darboux equation (3.3), ¢ being
arbitrary, plays an important role. Section 5 will be devoted to find such an
integral formula for the generalized Euler-Poisson-Darboux equation (3.2).

Remark. We note that

)\2—/\1=VPI>O7
1 P
8/\1:—<1+p )>0,

0z 2 2P’

8)\2 1 pP”
221

ow 2 ( o) 0

for p > 0.
This says that the system is strictly hyperbolic and genuinely nonlinear on
p > 0. Therefore the Glimm’s theory can be applied if

[|[Uo(x) — U*|| + T.V.Uy

is sufficiently small, where U* is a constant state such that p* > 0. But the
vacuum may not be covered by this application of the general theorem.
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5. Generalized Darboux formula

In this section we seek an integration formula for solutions of the general-
ized Euler-Poisson-Darboux equation (3.2). Using

14 P/
y= / dp,
o P
as an independent variable, we can write (3.2) as
1 pP”
Using the assumption (A), we can write
1 pP"\ 2N )
(5.2) \/—P_’ (1 Topr ) T m +a(y,e), a = eyley~Jo,
where [X]o denotes a convergent power series.
Let us introduce the sequence of variables g = n,m1,... ,nqy =V by

877J = yn;

Jy AN
and

y
1 (u,y) = Inja(u,y) = /0 Ynj1(u,Y)dY.
The sequence of integro-differential operators L; is defined by

Jj—1

2(N —J)
Lin; = njuu — Njyy + (y +a | njy +jan; + Z ¢kl ",
k=1
where
. aa a
a=22,.°
y
k
ak =
(y dy)
-1
Cj1 = 2 )
Cj+1,k = Cjk—1 T Cjk (2<k<y).
¢jj =0

Clearly a,ay are of the form e[ey?]y and are smooth functions of 0 < y < oo.
By the definition we have formally

10
Eﬁ_y(Ljnj) =Ljt1nj+1-
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Now we consider the equation LV = 0. The Cauchy problem
N-1
Q) Vyy = Vau = aVy + NaV + > crapI*V,
k=1
V=0, V,=2"TINlp(u) at  y=0

is to be considered, where ¢ = cyk.

Proposition 5.1.  If ¢ € C(R), then the problem (Q) admits a unique
solution V in C*([0,00) x R).

Proof. Let us denote by H(u,y; V) the right hand side of the equation of
(Q). Then the problem (Q) is transformed to the integral equation

u+ uty—Y
V(u,y)=2NN!/ §)dé + 5 // H(X,Y;V)dXdyY.

u—y —y+Y

We can solve this integral equation by the iteration

u+y
Vo) = 2N [ oo,
u—y
u+y uty—Y
Vitl(u,y) = 2NN!/ £)dé + = / / H(X,Y;V™)dXdY.
u—y u—y+Y
Then it is easy to get the estimates
Cn+1yn+1
n+1 _ n < .
V) V)l < S
Thus V™ tends to a limit V' uniformly, which solves (Q). O

Now we put
ny =V, IN—k = INN_kt1.

Since ny_j and its derivatives of order < 2 all vanish on y = 0 for k > 1, we see
that L;n; = 0 and particularly n = ng satisfies the generalized Euler-Poisson-
Darboux equation (5.1).

Proposition 5.2.  There is a CNT2-function G(v,y) of |v] < y,0 < y
such that the solution V of (Q) satisfies

u+y

(5.3) V) = [ 66~ upol)ds
u—y

Moreover

G = 2NN+ O(ey?),
97102 G = Oe) for 1<p;+ps <N+2.
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Proof. We consider the approximate solution V" (u,y) which appeared in
the proof of Proposition 5.1. We write

N-—1
H=(aV), +bV + Y crarI'V,
k=1
where 5
a
=Na— —.
a ay

It is easy to see inductively that there is a kernel G™ (v, y) such that
u+y
Vi) = [ G- w ol
u—y
In fact G° = 2V N! and
1 N—-1
Gt =2NNI 4+ 3 <T1G" + ThG"™ + Z Tng”> )
k=1
y
T1G(v,y) = / aY)G(v+y—Y,Y)dY
(v+y)/2

Y

+/ a(Y)G(v -y +Y,Y)dY,
(y—v)/2

TyG(v,y) = / /D WGl = 2 )azaY,

v’y

where
Dw,y)={(Z,Y): Z-Y <v<Z+Y,—-y+Y <Z<y-Y}

for |v| <Y, by which 0 <Y < y on D(v,y),
14G) = [[ a1 - 2.y)izay.
D(v,y)

where

y
(5.4) JG(v,y) = YG(v,Y)dY.

|v]
It is easy to see G™ converges uniformly to a limit G’ which satisfies (5.3). We
can differentiate G"*! (N 4 2)-times by supposing that G* € CV*2, and it is
easy to see that the derivatives converge uniformly, so G € CV*2. Since the
limit G satisfies the integral equation

N—-1
1
) =o2VNI+ 2 (T, T § T
(55) G +2< G+ 2G+k:1 3kG>,
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it is easy to observe the stated estimates by keeping in mind that a = O(ey), ax

= O(e) and their derivatives are of O(e). O
By putting
Kn_p=JKN 41 = JFG,
we have
u+y
o= [ Kol - o).
u—y
So, if we put
K =JVG,
then

u+y
ww) = [ K(E - o€

is the solution of the generalized Euler-Poisson-Darboux equation. By induc-

tion we see
2N NI 9

JkG(U, y) = ZTk;!(y

— ") (1 + O(ey?)).
Thus we get

Proposition 5.3.  There is a kernal K(v,y) which is of class CN*2 in
|v] <y,0 <y such that

u+y
:5) w) = [ (- o€

gives a solution of the generalized Fuler-Poisson-Darbouz equation for any
smooth ¢. Moreover

(5.7) K(v,y) = (> = o)V (1 + O(ey?)).

In order to apply this formula (5.6), which will be called the generalized
Darboux formula, we need more detailed estimates.

Proposition 5.4. We have
(5.8) G, Gy = O(ey).
At (v,y) = ((28s — 1)y, y), s being a parameter, we have

(5.9) K =22V (s — )Ny + O(ey?NF2),
(5.10) (25 — 1)K, + K, = 22V TN (s — s2)Ny2N =1 4 O(ey?N Y,
(5.11) (25 = 1)((2s = DK, + Ky)y + (25 = DK, + Ky,
— 22N+1N(2N _ 1)(8 _ SQ)NyQN—Q + O(eyQN)
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Proof. Tt is easy to get (5.8) by differentiating the terms of the integral
equation (5.5). (5.9) is nothing but (5.7). In order to prove (5.10), it is sufficient
to see

(2s — K, + K, = yJV'G(v,y) — (25 — D)vG (v, |v])JV 11
+ (25 - 1)JNG,.
Let us show (5.11). If N =1, then
((2s = 1)Ky + Ky)y = G +yGy + (25 — 1)yG,
=2+ 0(ey?),
((2s = 1)K, + Ky)» = yG, — (25 — 1)G (v, |v])
— (25 = 1)(vGy + |v|Gy) — (25 — 1)vGy + (25 — 1) J Gy
= —2(25 — 1) + O(ey?),
therefore
(2s — 1)((2s — 1)K, + K)o + (25 — 1)K, + K,)), = 8(s — %) + O(ey?).
Suppose N > 2. Then
(2s - 1)K, + K,), = JV'G+y* IV G
— (25 — DwG(v, |v))yJN 21 4 (25 — D)yJV 1@,
— 9IN-I (5 N1y 2N -2
+ 22N72N(N o 1)(5 o 52)N72y2N72 + O(EyZN),
(25 = VK, + K,), = —yvJV2G(v, |v]) + yJV1G,
— (25 = D)G(v, [v)) IV 71 + (25 — 1) (vG, + |v|G,) TV 11

25 — 1)N(N — 1)(s — s*)NV 722N =2
_ 22N— (28 _ ].)N(S _ SQ)N—lyQN—Z
+22N72(25 — 1)3N(N — 1)(s — s*)V 22V 20 (ey®N).

Thus we get (5.11). O

6. Estimates of the Hessian of entropies

Let us consider the entropy 7 given by the generalized Darboux formula
uty
n(u,y) =/ K(§ = u, y)p(§)ds,
u—y

where ¢ is a fixed C?-function. In this section we seek estimates of the deriva-
tives of 1 with respect to p, m = pu. We introduce the auxiliary variables

R:y2N+1, M:Uy2N+1.
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Proposition 6.1.  We have

1
(6.1) ;—]\Z = 22N+l /o (s — s2)NDo(u + (25 — 1)y)ds + O(ey?),

1
(6.2) g_n = 22N+ / (s — s*)Np(u+ (25 — 1)y)ds
R 0
| 92N+1 /1(5 — )V (—u+ Ey Dé¢ds + O(ey?)
. 2N +1 ’
0%n !
(6.3) Rk 92N+l —2N—1 / (s = s )ND?p(u + (25 — 1)y)ds
0

+ O(ey 2N T,

9?1 2N+1, —2N—1 ! 2\N 2s —1 2
groM 2 Y /0(5_5) (_“+2N+1y>D¢dS

+ O(ey 2N T,

1
Z 0 22N+1y—2N—1/ (5 _ 52)N
0

25 —1 \° 4 o 2 ) o
2T (s — D
X (( u+2N+1y> + (2N+1)2(S s )y) ods

+ O(Gy_2N+1).

(6.4)

Proof. We write
1
n=2y [ K(2s— Dy.p)ou+ (25 - Dy)ds
0
1 1 1 1 M 1
= 2R2N+1 / K((2s — 1)R2N+1, R2N+1 )¢ <R + (25 — 1)R2N+1) ds.
0
Differentiating n with respect to M, we get

1
In :2327?51/ K((2s — 1)y,y)Dé(u + (25 — 1)y)ds.
0

oM

Using Proposition 5.4 (5.9), we see (6.1). Differentiating 7 with respect to R,
we have

on
R (1) +(2)+3),
2 —2N 1
1) = R2N+1/ K¢ds,
( ) 2N +1 0
2 —2N+1 1
2) = R™2NFI / 2s — 1)K, + K,)¢ds,
(2) SN T 1 ; (( ) v)

oy (1 25 -1
(3) = 2R2v+1 K|-u+ v 1Y Deds.
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Using (5.9), we see

R 2\N 2
(1):m/0(s—s) @ds + O(ey”).
Using (5.10), we see
92N+2 )y gl
(2) = N1, (s — s%)Ngds + O(ey?).

Using (5.9), we see

! 25— 1
(3) = 22N+1/ (s — )N (—u + ﬁy) Dgds + O(ey?).
0

Summing up, we get (6.2). We have

2 1
88]\;2 — QRN /O K D%¢ds.

Using (5.9), we get (6.3). Next we have

0%n
4N —aN-1 1
() = —g B /0 K Déds,
2 —4aN 1
6) = 5y /0 (25 — DK, + K,) Déds,

1
_un— 25 —1
(6) = 2R hEsn / K (—u + ﬁy) D2¢ds.
0

In a similar manner to On/90R, we get (6.4). Finally differentiating 9n/0R with
respect to R, we have

00w+ e+ Lo,
T = (1) + () + ),
(1) = (21\;1]}:1)251’ o 01K¢d8’
®) = G [ (25— DK, 1 K, )ods,
(9) =3 N2+ RN /O 'Kk <u + 22;111 y) Dgds,

57(2) = (10) + (11) + (12),
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_2(=2N+1) . [!
(10) = WR N+ /0 ((28 — 1)Kv + Ky)(bds,
2 —4N+1 1
(11) = N 112 1)2R T /O ((2s —1)((2s — 1)K, + K,y
+((2s - 1)K, + Ky)y)dds,
(12) = -2 Rair /1((231)K + &) (—ut 2710 Dods
- 2N+ 1 o v Yy 2N—|— ly )
7]
—3) =01 14 1 1
A(3) = (13) + (14) + (15) + (16)
—4AN _anv-a [1 2s —1
( pe—— /1((23 DK, 4Ky (—ut+ 271y Dods
2N+l 0 v 2N +17 :
1
_ano 25— 1
1 2
_oRNA g 2871 2
(16) = 2R~ + /0 K( u+2N+1y> D=¢ds.
Using (5.12) to estimate (11), we can see (6.5). O

Let us recall the standard entropy n*, which is generated by

where

2N+1

A= (@2N +1)"2N@2N - DI((2N +1)/(2N +3)A) = /2NTINL

We note that D?¢*(u) = A’. We are going to show the Hessian D#7 is domi-
nated by D7 n*.

Proposition 6.2.  On each compact suset of {p > 0} we have
|(€1DEn-6)| < Cgl D" £),

provided that € is sufficiently small.

Proof. By the assumption we have

R =ap(1+ [ep™1]y),

B _ ot [epir]
dp - p 1,
d’R —2N+1

= cp B [epria],

dp?
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where a = ((2N + 3)(2N + 1)A)(2N+1)/2) Using these, we see

oR 9 oR
6—p—a+0(ey), am—O7
oM oM
6—p = O(eyz)u, % =a+ O(6y2),
PR _ —2N+1 ’R
0 Oley ) omdp 0
>R *M —2N+1
Iz 0, 7 O(ey )u,
PM —2N+1 *M
apom ~ O b T
Therefore by the chain rule we get
2 2
gjp;? _ GQ% + O(ey 2N,
& s %1 —2N+1
opom ~ “amant OV )
02 02 _
s = gaf +O@ ™,

Here we have used 9n/90R,dn/OM = O(1). Hence it follows from Proposition
6.1 that

(£1D°n-€) = 1pp&3 + 20pmEo&t + Nmm&?
22N+1g2 1 2\ N 2 2N+1
:W/o (s = s*)NZ[E]D*¢ds + O(ey >N 1),
Z[€] = Zoo&] + 2Z01&0é1 + Z11 &3,

2
2s —1 4
Zog = (—U + ) + ﬁ(s - 52)y2,

ON + 17 9N +1
2s —1
Zor = —u+ —
o=utoN ¥
Z11 = 1.
Since A
ZooZi1 — 72 = ————— (s — s%)?
00411 01 (2N—|—1)2(S S)y7
we see

Z[€] > w(s — s*)y?l€),

Kk being a positive constant uniformly taken for |u| < C,0 <y < C. If [D?¢| <
C4, then

2 22N +1g2 _2\N —2N+1
|(€|D 775)‘ <Ci y2N+1 (S s ) Zds + O(ey )
0
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Since D?¢* = A’, we have

|(€]D*n.6)| < (§|D277* €) + O(ey™ M.
Since
(€[D?n".€&) > &'y 2N e,
we get the required estimate. O

Remark. All estimates are obtained by assuming that ¢ is C?, and the
smalness of € of Proposition 6.2 does not depend on 7.
As for the first derivatives the following is now clear.

Proposition 6.3.  On each compact subset of {p > 0} we have
In

<C
Op| ~

dn
<
am‘ c.

7. Compactness of 7, + g,

Let us consider an entropy 71 generated by ¢ through the generalized Dar-
boux formula and its flux ¢. In this section we will prove

Proposition 7.1.  Let U® be the approzimate solutions constructed in
Section 4. Then n(UA);+q(U?), lies in a compact subset of H;,} (), Q being
a bounded open subset of {t > 0}.

Proof. Let ® be a test function and we consider
= [+ qw)e,)asa
=N+L+3%,

N = —/n(UA(+O,x)<I>(O,x)dx,

1=y / (U2 (1 iR R (A, 2)

/ (o 1) ®dt.

shock

Since U is bounded, we see

IN| < Cl[®|e-
Let us look at L. We see
L =11+ Lo,
. (27 +2)As AN\jt=nAt—0
=S emanei+0a) [ @A LSA
Jn Jar

@+Ba AN1t=nAt—0
Ly = Z/Q_A (@(nAt, z) — B(nAt, (2] + 1)A)[n(U)Z;at ol
g 2



576 Tetu Makino

We note
MUAZrA0 = Dun(UA (At +0,))[U4]
1
+ / (1 —0)([UR]| D% (U (nAt + 0) + 0[UA]).[UA])db
0

and

(2j+2)A
/ [UA)dz =0
2jA

by the scheme. Therefore

L] < Cllalle Y / / (1 - 0)|F(6, ) dodr,
where
F(0,n) = (UA)| D2 (U (nAt +0) + 0[U2]).[U]).

By Proposition 6.2 we know |F'(6,n)] < CF(6,n*). But in the proof of Propo-
sition 4.2 we know

Z// (1—60)F(0,n%)dodz < C.

Thus we know
|L1| < Cl|®]|c.

In the proof of Proposition 4.2 we know

(254+2)A
Z/ U2 Pdz < C.
i J2in

Therefore

|Ls| <2a|\q>|\ca2/ (Az)*|[n(U)]|dx
<2071 @] ¢ Z/((A)”? +(8)* 2 |[p(U)][?)da

< Cd]|es (A)7F + (A)*F Y / [U2)Pda
< C'(A)°2|®]| o,

where we use the boundedness of Dyn and n = O(1/(A)). Next we look at X.
Along the shock we have

o)) - [a(U)]
PR s [l
- /,, (_Z_p /0 0(U = UL|Din(Us +6(U = UL))(U — UL))d‘)) d

L
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This implies
But we know

shock
in the proof of Proposition 4.2. Therefore
12| < Cll2]le-

Summing up, we know the compactness. O

8. Useful entropies

Let us consider an entropy 7 generated by ¢, that is,

u+y
wu) = [ K(E - u)s(e)de,

The corresponding entropy flux ¢ is given by integrating the equations

v\ o on_, o
ow  ow’ 0z oz

We can solve these equations as

q= )\277—/ %ndw
2 w

Y OA
= )\177+/ 3—;77612

Thus we get the formula

u+y
a(u,y) = / L(u,y, €)b(E)d,

-y

where
L(U,y7§) = )‘l(u?y)K(g - u,y) + Ll(f - U,y)
= )\Q(U,y)K(f - u7y) + L2(§ - uvy)7
y
L =2 p)K@-y+ YY)y,
(—v+y)/2
y
Lo(v,y) = *2/ p(Y)K(v+y—Y,Y)dY,
(vt+y)/2
) P 0%
Y =%, = w

1 ple
_§<1+ 2P
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_ N+1
T 2N +1

+ O(ey?).

We are going to construct various useful entropies.

I) Let us put
1 wr N+1_k
M) = [ K€ ugk e,
u—y

u+y
i (u,y) =/ K(&—u,y)kN e Fag,

—y
where k is a positive integer.

Proposition 8.1.  We have

(8.1) me = 2V Ny (1 + 0(e))e* T (1 + 0(1/k)),
n = 2NNy (1 + O(e))e F (1 + O(1/k))

uniformly on each compact subset of {y > 0}, and

(8.2) G = ni (A2 + O(1/K)),
g = 1 (M + O(1/k)),
1

(8:3) kg — meai = (27NN (2 vt O(e)) e (y +O(1/k))?

uniformly on each compact subset of {y > 0}.

Proof. Since K = (y?> —v2)N (1 + O(¢)), we see
= (14 0(e)) 22Ny N ek £ (ky),

where
1
f(T') _ TNJrle*T/ (S _ S2)N62rsds
0

e [ (o (1-9)" e

e " f(r)=2"WFINI L O(1/r).

It is easy to see

This implies (7.1). We note
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uniformly on {y > 0}. Let us consider the flux. We have

N+1 Y
Ly =2 7+oe>/ Y2 (wty—Y))Ndy
v= =25 o) [1 o ?)

(g7 +00) 4 0 -0,

1 1 1 uty N N+1
Qk_)‘2nk:_(m+0(€)>/u (y—u+8& (y+u—9§)

)
x kN HLekede.

But
u+y
OS/ (y—u+EN(y+u— NNk ge
u—y
u+y
— DY [P (6w N
u—-y
u+y
SNEY [ a9 - Ve
u—y
L[y NN L. N+1_kE
SO [0 - - W) R
u—y
Thus
ar — Xemp, = O(1/k)n;..
Since
1
_ — [ -
Ay — A = VP! (2N+1 -I—O(e)) n
we get (7.3). O

IT) Let ¢ be a function in C§°(—1,1) such that ¢ > 0,%(x) = (—z) and
[ =1. We put

O (w) =V (u) = i (n(u — a)),
() = =Dty (u),

u+y

m(u,y) = K (& —u, )5 (£)dE,
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X=1 for lu—al <y
1

= — f — =

5 or |lu—al =1y

=0 for lu—al >y

Of course 3,2, ¢, ¢} tends to n,n*, ¢%, ¢* everywhere as n — oc.

Proposition 8.2.  We have

(8.4) Ina| < Cy*", @3] < Cy*N (Jul +y),
Il < Cy*N7 o gn] < CyPN TN (Jul + ),
1
85 3 4 _ 4 3 — 1 O 2_ _ 2 2N.
(8.5) n°q" —n'q 2NJrl( +0(€)(y” — (u—a)?)

Proof. The estimate (7.4) can be easily seen. Let us consider
7’q* —n'¢’ = (KL, — LK,)(a - u,y).
Suppose v = a —u < 0. We have

1 Yy
(KL, — LK,) = K/ pK,(v—y+Y,Y)dY
2 (—v+y)/2
Yy
K, pK(v—y+Y,Y)dY.
(—vty)/2
Since
K, = —vG(v, |v)JN 11+ JVG,,
we have
Yy
Ly, = / 1Ky (v =y + Y, Y)dY
(—vty)/2
N+1 v
— —|—O(e)) 2N/ (—v+y—Y)
x (Y2 = (—v+y-Y))N1qy
Yy
+O(e)/ (V2 = (—v+y—V))Nay
(—v+y)/2
N(N +1)
- (Q(QN N 0(6))
1
-~ N+1 N__ Y i _(ON -1
X (—v+y) o +y) N(NH)(y ( )v)
+0(e)(v+y)(y? —vH)N
Thus
K y WK, dY = (; +O(e)> (y2 _v2)2N—1
(—v+y)/2 2(2N +1)

x (v+y)(y — (2N 4+ 1)v) + O(e) (v + ) (y* — v*)*N
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On the other hand we have

Yy
K, pKdy = — (
(—vty)/2

2NN+ 1 + O(E)) v(v+ y)(y2 _ v2)2N_1

+0(e) (v +y)(y* —v*)*N.

Hence

1

1
5K Ly~ LK,) = (2(2N7+1) +

Here we have used

0<—v(y+v) <y? =07
0< (y+v)(y— (2N +1)v) < (2N + 1)(y% — v?),

provided that —y < v < 0. When v > 0, we can discuss in a similar manner by
using Ls. d

IIT) Let ® be a function in C§°(—1,1) such that [ ® = 0 and the support
supp ®@ is [-1 + «, 1 + a], where « is a small positive number. We put

U (u) = n®(n(u — a)),

u+y

77;51 (U, y) = _ K(g —u, y)DN-‘rlwn (§)d§7
iy

qﬂ%y%j/ L(u, . €) D™+ 1ap (€)d;
iy

-4 (:f5)

() = n®(n(u - a)),
uty R

u—y
u+y
) = [ Ly DY,
u—y
Bl =n’q) — n)d°,
By =n'q) —ndq*,
By, =05 — 1ndy-

Let us divide the domain ¥ = {—-B <u —y < u+y < B} into the following 5
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Proposition 8.3. We have

582
parts.
5o !
n
s { !
n
S=Y-—
(8.6)
on X, and
(8.7)
on SO @] Sl us.
(8.8)
where

Ay

| A2

IN

| As]

On Sg, we have
B,

Gy

|Ca|

|Cs]

|Bi|<C/n, |Bi<C

|B,| < C/n
Moreover, on Sp,, we have

Bn = nyzNAl + yNAQ + ASa

2
(N +1)(2V N2 n(uty—a)
~ N 7 b
ovt1 Tl /_ . :

n(u+y— a)
“\I,
¢
n

o +|0(n (u+y—a))>,

<

=ny*NCy +yN Oy + Cs,

- (% " o(e)) ( / 1() q>>2 |
<c (‘ [

C
<=
n

+[®(n(u—y - a))l) ;
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Proof. For the simplicity, we write 7, = T]fl,_qn =5, =12, 4n = ¢5.
It is easy to see inductively that, for G; = J’G = Kn_;, we have
G =JOG
for j > p+1 and
PG, = (—1)PvPG(v, |v|) + JOEGp_1.

Therefore
PK =0Gn(v,y) =0
for p< N —1 and y = |v|. Thus by integration by parts we have

e = (—)NON K (y,y,)bn (u+y) ()N OV K (—y, y)thn(u — y)
+ Fy(u,y),

+y
Fl(u,y) = (1) / OV (€ — u, )b (€) .

u—=y

u

We see )

OLa(vy) =2 [ Koy~ Y.Y)aY
(v+y)/2

for p < N — 1. Therefore
L2 (y,y) = Oy La(—y,y) =0
for p < N — 1. Moreover we see
0 La(y,y) = 0.
Therefore by integration by parts we have

Un(ua y) - Qn(ua y) - )\277n(u7 y)

u+y
F2(u,) = (DY [0 L€ - w0
u—y
Similarly
Tn(t, y) = qn(u,y) — Minn(u,y)
u+
Fg) = (0N [0 e - wyv (e
u—y
We note

9y K (v,y) = (=)Mo G(v, |v]) + JO Gy 1.
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It is easy to see inductively that
1
D Gy(v,y) = <—1>p@vp*e<u [v]) + v Hy (v) + JOTT Gy,

where Hy, = O(€). Therefore

NNV +1)

ON K (0,) = (~)N =

vV LG (v, [v|) + vV Hy (v) + JON TG .
1) Suppose (u,y) € S. Then it is clear that 73, 1% ¢, ¢*, M, Gns M, Gns
B3, B B, all vanish.
2) Suppose (u,y) € So. Then we see
773 = K(a - u7y)
=O0((y* = (u—a)*)")
=0(n?),
774 = K’U(a’ - U,y)
=O(lu—al(y* = (u—a) ) ) + O((y* — (u—a)*)")
_ O(n72N+1)
0® = Ly(a —u,y)

y
:—2/ pK(a—u+y—-Y,Y)dY
(—uty+a)/2

=021,

04 - LQ,U(a —u, y)

y
:—2/ pKy(a—u+y—-Y,Y)dY
(—uty+a)/2

=0(n=2N).
Since y = O(1/n) and ¥, = O(n), we see
(—DNOYK (y,y)n(u+y) = (~1)V O K (—y,y)tbn(u —y) = O(n~ ).
Since F} = O(1), we have n,, = O(1). We see

y
0y La(—y,y) = *2/ N K(-Y,Y)dY = O(n~N71).
0

Therefore
—(=1)NOY Lo(—y, y)ton(u —y) = O(n~ ).
Since

O Ly(v,y) = pd) K((v+1)/2, (v +)/2)

Yy
—2/ ONTIK(v+y—Y,Y)dY
(v+y)/2

=0((w+y)") +0(-v+y),
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we see

u+y
F2(,y) = (~1)V+! / OV Ly(€ — u, ) (€)dE

u—y
=0(n™).
Hence o, = O(n~!). Therefore
B =130, — 0 =0(n™2Nh),
B =nto, —not = 0(n™2N),

By = 6y — fnon = O(n™1).
3) Suppose (z,y) € S1, where u+y > a+(1/n) and u—y < a—(1/n). Then

Un(u+y) = Yn(u—y) = u(u+y) = p(u—y) =0. So, n, = F}, 0, = F2,
and so on. But

u+y
Fl(uy) = (~1)V+! / ONFUK (€ — )i (€)dE

u—y
= (=1)N*! /1 (81])\]“1( <a + % —u, y) —ONTIK (a — u,y)) D(s)ds

= 0(1/n) 1
since [® = 0 and ONTLK is Lipschitz continuous. Same estimates hold for
F2, F} F2 Thus
By =1’ F, = F0® = O(1/n),
B, =1'Fy = Fyo" = O(1/n),
B, = F'F2 — E'F? = 0(1/n?).

n-n
4) Suppose (x,y) € S, where |u+y — a|] < 1/n. It is easy to see n° =
On~=M),n*=0n"t), 03 =0(n"N"1),0* =0(n%). Since n(u—y—a) <
—1, we have v, (u — y) = 0. Thus n,, = O(n),0, = F2 = O(1). Therefore

Bf’L = ngan — nnJS = O(n*N)

b
B} =n'o, —nuot = O N).
Let us estimate B, = 1,6, — fl,on. Since

NN(N+1)

ONTIR = (—1) 5

vV T1G (v, [v|) + vV Hy (v) + JONG N1,
we have

u+y
Fl = (1N / OV (€ — uy ) (€)dE

-y

= (- (<1>NN(N2H)2NN!<a A i “)) / L
-1
+0(1/n)
_ ,MQNN!Z/N*ﬂ + F"(a — u,y)) /n(u+y—a) ® +0(1/n),
2 -1
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where F' = O(e)|la — u|™, F" = O(¢). On the other hand
0 K(y.y) = (-)"y" G(y,v).

Hence

M =ny™ Gy, y)®(n(u+y — a))

~ WQNN!;,N*M 4 F"(a - u,y)) /n(w_a) &+ 0(1/n).
Since
8 La(v,y) = pd) K((v —y)/2, (v +y)/2)
_2/y pON T K (v+y — Y, Y)dY
(v+1)/2
N v+y N
= (m +O(E)) (—l)N ( B >
x G((v—y)/2,(v+y)/2) + O(-v +y),

Un:Ff

u+y

= (Y [ B Ll — ) (€
u—y

n(ut+y—a)

N N N / /
= — |
5 12 Ny (1+ L'(a —u,y)) X ® + 0(1/n),

where L’ = O(¢). Here we have used

(uﬁf+a)N<yu+ga>NyN+ouﬁu

Similar estimates hold for 7,,, &,,. Thus

B, = ny*M Ay + yN Ay + As,

where
Ay =g *! 2V NI(1 4 L) ®(B) /ﬁ b+at1 2N NI(1+ L')®(B) /B ®
T TN 1 ' . 2N + 1 ' .
N+1 s\
= NNIG1+ L P
2N +1 (1+ )</_1 ) ’

B=n(ut+y—a).

The estimates on Sk can be obtained in a similar manner considering 3, 4, 7,,.
|
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If we put

N3 3 6 6 3
Bn:n qn — Mn9

B =n'qS —nSq*,

then the same estimates hold.

9. Convergence of approximate solutions

We consider the approximate solutions U constructed in Section 4. Since
U” is bounded, there is a sequence U”" and a family of Young measures Vi g
such that suppr;, C ¥ = Xp and for any continuous function f

FUB(t2) = f = (e f)

in L*> weak star topology. By Proposition 7.1 we can apply the compensated
compactness theory, and we can assume

(77ql - U/Q)(UA") - <V’ q><V7 ql> - <V7 77/><V’ q>

in L weak star. Here 7,q;7n’,q are arbitrary Darboux entropy pairs. Thus
we have

Proposition 9.1.  For any pairs (n,q),(n',q") of Darboux entropies-
entropy fluz, the identity

(ving' —n'q) = (v,m){v.d") = (v, 0 ) (v, q)
holds a.e.-(t,x), where v = vy .

Since entropies we will use are countably many, we can assume that the
above identity holds outside a null set which is common to all . We fix (¢, x) at
which the identity holds, and we write v = v . Of course supp. v C ¥. Suppose
that supp.vN{p > 0} # ¢. Let Xy be the smallest triangle {zp < z < w < wyp}
such that supp.v N {p > 0} C Xy. Let us denote by Py the state (wo, z9). It
will be verified that v = dp,. (the Dirac measure). First we show

Proposition 9.2.
Py € supp. v.

Proof. Suppose Py ¢ supp.v. Since Y is the smallest triangle containing
supp. v N{p > 0}, w = wp and z = 2 intersect with supp.v N {p > 0}. On
neighborhoods of these intersection points we have

—_
=

771

ek(wo—e1)

Vv

i

2

77 —k(Zo-’rﬁl)'

\%
Ql~Ql

e
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See Proposition 8.1). Since v, n',n? are nonnegative, we see
n,n g

k(wo—er)

(v,n'y > —e :

e_k(zl)“l‘ﬁl) .

Ql— Q-

(v, %) >
Since Py ¢ supp. v, we have
<y7 772q1 _ n1q2> < Mek(wo—zo—é).
Taking 2¢; < 4, we have

(v,n*q" —n'q?)
(v, ) (v, n?)
< Ce—k(5—251)

— 0

as k — oo. Let 8 be a sufficiently small positive number, and we put

Yo ={20<z<w<wy—pF}
Yg={20 <z <w < wy,wy — f < w}.

Then
nte™ = (14 0()2VNlyN ! (y + O(1/k))

is bounded on >y and we have
<V|Eza771> S Cek(um7,6)~

Taking €, = 3/2, we know

<V<|2271771> < CeBk/2 _, (.
vty

Since OAg /0w > 0, we know
Ao (w, 2) > Aa(wo — B, 20)
on X3. Therefore we have

g (e nhe) | (Vmenihe)
ey =ty T gy oW

> o(1) + Aa(wo — 3, 20)

Similarly we see
(v,¢%)
v, 1

LS
)

~

< o(1) + A1 (wo, 20 + 53).

—~
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Therefore we have
A2(wo — B, 20) — A1(wo, 20 + B) < 0+ o(1).
Passing to the limit, we know
A2 (wo, 20) < A1 (wo, 20)-
But this means Py € {p = 0}, a contradiction. O

Let us fix a such that zg < a < wg. We have

(v, BY) = (v,n*) (v, @) — (v, ) (v, ¢°),
(v, Bp) = (v,n" ) (v, @) — (v, n3) (v, q"),
v, ’q" = n'¢®) = (v, n’) (v, ¢*) — (v, 1" (v, ¢%),
(v, Bn) = (v,mi) (v, q) — (v, ) (v, 43)

From (8.5) and Py € supp. v we know
e —u'e®)y >0 (vn’) >0
and from(8.6) we know
(v, B3) — 0, (v, B3) =0

Using these we can prove the following propositions. Proofs can be found in
Chen et al. [1].

Proposition 9.3. Asn — oo, (v,n2), (v,¢3), (v,45), (v, %) are bounded.
Proposition 9.4. Asn — oo, we have (v, B,) — 0.

Now, taking
if |zl >1

-3 (o) (5")

for the generating function of n3. Here 8 = (1 — a)/2. We put

1-3
S+:{z§w,|w—a|§ na},

1-3
S_:{zgw,|z—a|§ a}.
n

Proposition 9.5. Asn — oo, we have

1
@o(x):{(e) =i e <1

we put

<V|S+7ny2N> + <V‘57any2N> — 0.
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Proof. Put S, =S+ NSL, Sk =5_NSg. It is sufficient to prove that
wlsy,ny®™) + (vls,ny®™) — 0.
From (8.7) we have
Vs, ny®™ Ar 4 y™ Ag) + (V)5 ny?N C1 + 4N Ca) — 0.

Note

2
(N +1)(2VN1)? /”Wya) 1
= -_— >
Ay < ON 1 + O(e) . 0 _Co>0

on S;. Put
fosvs ()
n

where y is a positive parameter. Then |y Ay| < C(1/n)*N = o(1) on Sy N E,,
and |yN As| < Cny*N (1/n)1=#N on Sp, — E,. Choose d,, \, 0 such that

l—-a—d, 11—«
/ @:_/ & > (1/n)"o.
—14« l—a—d,

H 2
() 2o

Then

for |H| <1—a—d,, and

forl—a—d, <|H| <1. Put
l—a—d
Si:SLﬂ{|w—a§#}.

Then S C ST C Sp, and
YN Az| = o(1)

on Sy, — 8% and

1
Py sz g (e - Gy )

>0
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on SY — E,. Here we take 0 < 2ug <1 — uN. Then

Wsy,ny*™ Ar +yN Aa) = (Wls,nm,, ny*™ Ar)
+ <V‘SL—En,ny2NA1 + yNA2> + 0(1)

1
sy nE,, ny*N) + Vs, -srnE,, ny*N Ay)

%

Co

+ <V‘S'L—Enany2NA1 +y"N Ap)

+ <V‘Si—S’L—Enany2NAl + yNA2> + 0(1)
1

Co

+

v

<V|S/LﬂEnany2N>
<V|S/L_En,ny2N (5 - C(l/n)1MN>> o(l)
0

1
E<V|5'L,ny2N> +o(1).

%

Similarly we know

1
<V|5'Rvny2Ncl + yNCZ> > ﬁ<y|sﬁ’ny2N> + 0(1)

Thus we see
<V|S/Lany2N> + <V|S}{any2N> — 0. U

Proposition 9.6. We have

V|{p>0} = 6130'

Proof. Proposition 9.5 says that the projections P,r, P,v of the mea-
sure 7 = y*N v admits the Lebesgue lower derivatives which vanish at any a.
Therefore we can claime that

supp.v N {p >0} = {Fp}.

Since v is a probability measure, we have

I/|{p>0} = C(SPD-
But
C’q* —n'd®) = C*(’q* —n'®)
at Py. Hence C' = 1. O

Summing up we get the proof of Theorem 1.
Let us prove the Theorem 2.
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Let a be an arbitrary positive constant. Put

2 _ 2y =
p=ar-1p, P=a 1P,

u = ou, T = o,

Then the problem for p, @, ... is the same to the problem (1.1), (1.2) with the
same equation of states. Thus Theorem 1 can be applied. Taking ¢; (1)*/?
we get Theorem 2.

:Oé,
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