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Values of the Epstein zeta functions at the
critical points
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Akio Fujii

1. Introduction

We continue our study on the distribution of the zeros of the Epstein
zeta functions attached to the positive definite quadratic forms. Here we are
concerned only with the vanishing or the non-vanishing of the following type
of Epstein zeta functions at the critical points. For each integer K ≥ 1 and for
any positive number d, we define Fd(s, K) by

Fd(s, K) =
∑′ 1

(m2
1 + m2

2 + · · · + m2
K + d(m2

K+1 + m2
K+2 + · · · + m2

2K))s
,

for �(s) > K, the dash indicating that mj ’s run over the integers excluding
the case (m1, m2, m3, . . . , m2K) = (0, 0, 0, . . . , 0). We have seen in Fujii [7]
that Fd(s, K) can be continued analytically to the whole complex plane with a
simple pole at s = K and has the following functional equation:(

π√
d

)−s

Γ(s)Fd(s, K) =
(

π√
d

)−(K−s)

Γ(K − s)Fd(K − s, K),

where Γ(s) is the Γ-function. Thus the critical point of Fd(s, K) is s = K/2.
The purpose of the present article is to prove the following.

Main Theorem. For all pairs (K, d) of integers K ≥ 1 and positive
real numbers d, we have

Fd

(
K

2
, K

)
�= 0,

except exactly for eight pairs.

This is much sharper than what we have claimed and expected in our
previous work Fujii [7].

Main Theorem consists of the following two theorems. Theorem 1 de-
scribes the exceptional eight cases. Theorem 2 describes that they are really
exceptional.
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628 Akio Fujii

Theorem 1. For each integer K = 1, 2, 3 and 4, there exist two real
numbers D1(K) and D2(K) such that 1/(16π2) < D1(K) < D2(K) and they
satisfy the following three properties.

Fd

(
K

2
, K

)
= 0 when d = D1(K) and d = D2(K).(1)

Moreover s = K/2 is a double zero of Fd(s, K) for both cases.

Fd

(
K

2
, K

)
> 0 when 0 < d < D1(K) or d > D2(K).(2)

Hence in this case, Fd(s, K) has one real zero in 0 < �(s) < K/2, one real zero
in K/2 < �(s) < K and Fd(s, K) �= 0 for s = 0, K/2 and K.

Fd

(
K

2
, K

)
< 0 when D1(K) < d < D2(K).(3)

This theorem has been proved in Fujii [5] for K = 1 and 2 and in Fujii [7]
for K = 4. In this article, we shall prove the case for K = 3.

Concerning the numerical values of D1(K) and D2(K), our rough compu-
tations, by Mathematica, show that

D1(1) = 0.1417332 · · · , D2(1) = 7.0555079 · · · ,

D1(2) = 0.165 · · · , D2(2) = 6.039 · · · ,

D1(3) = 0.3 · · · , D2(3) = 2.7 · · · ,

D1(4) = 0.61 · · · , D2(4) = 1.620 · · · .

Remark 1. Since Fd(s, K) = d−sFd−1(s, K), one has

D1(K) · D2(K) = 1

in the above theorem. This is noticed by Yoshida [16].

When K ≥ 5, then the situation becomes different. We have the following
theorem.

Theorem 2. For any integer K ≥ 5 and for any positive real number
d, there exists a positive absolute constant A such that

Fd(K
2 , K)

A(K)
≥ A,

where we put

A(K) =
π

K
2

Γ(K
2 )

,

which will be introduced also in the next section.
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Thus for any integer K ≥ 5 and for any positive d, Fd(s, K) has one real
zero in 0 < �(s) < K/2, one real zero in K/2 < �(s) < K and

Fd(s, K) �= 0

for s = 0, K/2 and K.

Remark 2. We can take

A = 1.8 for K ≥ 8,

A = 0.9 for K = 7,

A = 0.5 for K = 6

and

A = 0.06 for K = 5.

It is clear that we can refine these numerical values further as our method in
Section 3 shows.

Remark 3. Theorems 1 and 2 should be compared with the following
result (cf. Theorem VI in p. 169 of Fujii [7]): For each K ≥ 2, when d is
sufficiently large, there exist two real zeros ρd(K) and K − ρd(K) of Fd(s, K)
such that

ρd(K) =
πK

d
K
2 Γ(K)ZK(K)

(
1 + O

(
log d

d
K
2

))

as d → ∞, where we put, for any integer K ≥ 1 and for �(s) > K/2,

ZK(s) =
∑′

−∞<m1,... ,mK<+∞
1

(m2
1 + m2

2 + · · · + m2
K)s

,

the dash indicating that we omit (m1, . . . , mK) = (0, 0, . . . , 0).

Combining Theorems 1 and 2, we get our Main Theorem.
We shall prove our theorems as an application of our extensions of Chowla-

Selberg’s formula (cf. Lemmas 2 through 4 in the next section).
After submission of the original version of the present article, the author

has obtained [15]. There we have shown that
(i) ZK(K/4) > 0 for all integer K ≥ 10

and
(ii) ZK(K/4) < 0 for all integer 1 ≤ K ≤ 9,

where K/4 is the critical point of ZK(s).
Later, after reading the original version of the present article and [15],

Yoshida [16] has informed the author a simple and different proof of the pos-
itivity of both ZK(K/4) for any integer K ≥ 10 and that of Fd(K/2, K) for
K ≥ 6. In stead of Chowla-Selberg’s formula, he has started from the following
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expression of ZK(s), for example, which holds for any integer K ≥ 1 and for
any complex s:

π−sΓ(s)ZK(s) = −
(

1
s

+
1

K
2 − s

)
+
∫ ∞

1

(ϑ(t)K − 1)(ts−1 + t
K
2 −1−s) dt

with

ϑ(t) = 1 + 2
∞∑

n=1

e−n2πt.

It reminds us a simple proof of the negativity of the Riemann zeta function
ζ(s) = (1/2)Z1(s/2) for 0 < s < 1. For example, the corresponding result is a
direct consequence of any of the following simpler expressions which holds for
0 < s < 1.

ζ(s) =
1

s − 1
+ 1 − s

∫ ∞

1

x − [x]
xs+1

dx

(
<

−1
1 − s

+ 1 < 0
)

with Gauss symbol [x] or

(1 − 21−s)ζ(s) =
∞∑

n=1

(−1)n−1

ns
.

Although the application of our extensions of Chowla-Selberg’s formula is not
so simple, it gives explicit lower bounds like Remark 2 stated above. It gives
also more explicit description of real zeros as stated in Remark 3 above. Fur-
thermore, it explains some background of the arithmetic nature of the values
ZK(K/4), which has been shown in Fujii [15].

We shall give preliminary lemmas in Section 2. We shall prove Theorem 2
in Section 3 and Theorem 1 for K = 3 in Section 4. In Section 5, we shall give
some corrections to Fujii [5], [7], some notice on the complex zeros of Fd(s, 8)
and some other supplemental remarks.

Finally, the author wishes to express his thanks to Prof. Hiroyuki Yoshida
who has sent [16] to the author and given valuable comments to both the
original manuscript of the present article and [15].

2. Preliminaries for the proof of Theorems 1 and 2

We start with describing an explicit expression of Fd(K/2, K), which we
have derived in our previous article [7]. For this purpose we shall use ZK(s)
introduced above. We put for any integer K ≥ 1 and for any integer n ≥ 0,

rK(n) =
∑

n=m2
1+m2

2+···+m2
K

1.
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We put r(n) = r2(n). It is critical in our investigations that we have the
following simple expressions:

Z1(s) = 2ζ(2s),
Z2(s) = 4ζ(s)L(s, χ),

Z4(s) = 8(1 − 22−2s)ζ(s)ζ(s − 1)

and

Z8(s) = 16(1 − 21−s + 24−2s)ζ(s)ζ(s − 3),

where χ is the non-principal Dirichlet character mod 4 and L(s, χ) is the cor-
responding Dirichlet L-function. For convenience (cf. definition of A0(K) in
(ii)-2 of Lemma 1) we put

Z0(s) = 0

and
r0(n) = 0 for any integer n ≥ 1.

As is well-known, ZK(s) satisfies the following functional equation

π−sΓ(s)ZK(s) = π−( K
2 −s)Γ

(
K

2
− s

)
ZK

(
K

2
− s

)
.

This gives the analytic continuation of ZK(s) to the whole complex plane with
a simple pole at s = K/2. We describe its Laurent expansion as follows.

ZK(s) =
A(K)
s − K

2

+ A0(K) + A1(K)
(

s − K

2

)
+ A2(K)

(
s − K

2

)2

+ · · · .

A(K) and A0(K) can be evaluated explicitly as follows, where we have corrected
some mistakes in the description in pp. 158–159 of Fujii [7].

Lemma 1. Suppose that K is an integer ≥ 2. Then we have the fol-
lowing.

A(K) =
π

K
2

Γ(K
2 )

.(i)

A0(2) = π(2C0 − log 4 − 2 log | η(i) |2),(ii-1)

where C0 is the Euler constant and we put

η(z) = e
πiz
12

∞∏
m=1

(1 − e2πimz)

for complex z = x + iy with y > 0.
(ii-2) For any integer K ≥ 3, we put L0 = 2N0 with N0 defined by

N0 =

{
[ log K

log 2 ] if K �= 2N for any integer N ≥ 2,

N if K = 2N for some integer N ≥ 2.
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Then we have

A0(K) = ZK−L0

(
K

2

)
+ A(K)

N0∑
k=1

1
A
(
2L0

2k

)ZL0
2k

(
L0

2k

)

+ A(K)
{

C0 − 2 log 2 − Γ′

Γ

(
K

2

)}

+ 2A(K)
N0∑
k=1


 ∞∑

n=1

n
1
4

L0
2k


∑

m|n

rL0
2k

(m)rL0
2k

(
n
m

)
m

1
2 ·

L0
2k


K 1

2
L0
2k

(2π
√

n)




+ 2A(K)
∞∑

n=1

n
L0
4


∑

m|n

rL0(m)rK−L0

(
n
m

)
m

L0
2


KL0

2
(2π

√
n),

where we put

Kν(z) =
1
2

∫ ∞

0

e−z u+u−1
2 uν−1 du

for arbitrary ν and | arg z| < π/2.

Here we mention the following formula (cf. Theorem I in p. 164 of Fujii
[7]) which is an extension of Chowla-Selberg’s formula (cf. Selberg [12]).

Lemma 2. For each integer K ≥ 2, we have

Fd(s, K) = ZK(s) +
π

K
2

ds−K
2

Γ(s − K
2 )

Γ(s)
ZK

(
s − K

2

)
+
(

π√
d

)s 2d
K
4

Γ(s)
E(s, d, K),

where we put

E(s, d, K) =
∞∑

n=1

n
s− K

2
2


∑

m|n

rK(m)rK( n
m)

ms−K
2


Ks−K

2
(2π

√
dn).

For ZK(s), we have the following formula (cf. p. 179 of Fujii [7] for L = L0).

Lemma 3. For any integer K ≥ 2 and for any decomposition of K into
K = (K − L) + L with an integer 0 ≤ L ≤ K, we have

ZK(s) = ZK−L(s) + π
K−L

2
Γ(s − K−L

2 )
Γ(s)

ZL

(
s − K − L

2

)

+
2πs

Γ(s)

∞∑
n=1

n
s− K−L

2
2


∑

m|n

rL(m)rK−L( n
m )

ms−K−L
2


Ks−K−L

2
(2π

√
n).

Using Lemma 2, we have derived the following expression of Fd(K/2, K)
(cf. Theorem IV-(i) in p. 165 of Fujii [7]).
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Lemma 4. For any integer K ≥ 2, we have

Fd

(
K

2
, K

)
= 2ZK−L0

(
K

2

)
+ 2A(K)

N0∑
k=1

1
A
(
2L0

2k

)ZL0
2k

(
L0

2k

)

+ 2A(K)
{

C0 − 2 log 2 − Γ′

Γ

(
K

2

)}

+ 4A(K)
N0∑
k=1


 ∞∑

n=1

n
1
4

L0
2k


∑

m|n

rL0
2k

(m)rL0
2k

(
n
m

)
m

1
2 ·

L0
2k


K 1

2
L0
2k

(2π
√

n)




+ 4A(K)
∞∑

n=1

n
L0
4


∑

m|n

rL0(m)rK−L0(
n
m )

m
L0
2


KL0

2
(2π

√
n)

− A(K)
(

log
π2

d
− 2

Γ′

Γ

(
K

2

))
+ 2A(K)E(d, K)

= 2A0(K) − A(K)
(

log
π2

d
− 2

Γ′

Γ

(
K

2

))
+ 2A(K)E(d, K),

where L0 and N0 are chosen as in Lemma 1 above and we put

E(d, K) = E

(
K

2
, d, K

)
=

∞∑
n=1


∑

m|n
rK(m)rK

( n

m

)K0(2π
√

dn).

Using again Lemma 2, we have derived the following formula which is
Theorem IV′-(i) of Fujii [7].

Lemma 5. Suppose that K is an integer ≥ 2. Then we have the fol-
lowing formulas.

(i) F ′
d

(
K

2
, K

)
= A0(K)

(
log

π2

d
− 2

Γ′

Γ

(
K

2

))
− A(K)

(
1
2

(
log

π2

d

)2

−2
Γ′

Γ

(
K

2

)
log

π2

d
+ 2

(
Γ′

Γ

(
K

2

))2
)

+ 2A(K)
(
log

π√
d
− Γ′

Γ

(
K

2

))
E(d, K),

where E(d, K) is defined in the statement of Lemma 4.
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F ′′
d

(
K

2
, K

)
= 2

{
−A(K) ·

(
1
6

(
log

π2

d

)3

−
(

log
π2

d

)2 Γ′

Γ

(
K

2

)
(ii)

+ 2 · log
π2

d

(
Γ′

Γ

(
K

2

))2

− 1
3

Γ′′′

Γ

(
K

2

)

+
Γ′

Γ

(
K

2

)
Γ′′

Γ

(
K

2

)
− 2

(
Γ′

Γ

(
K

2

))3
)

+ A0(K) ·
(
−2 log

π2

d

Γ′

Γ

(
K

2

)
+

1
2

(
log

π2

d

)2

+ 2
(

Γ′

Γ

(
K

2

))2
)

− A1(K) ·
(
−2

Γ′

Γ

(
K

2

)
+ log

π2

d

)
+ 2A2(K)

}

+ 2A(K)E(d, K)

(
1
4

(
log

π2

d

)2

−
(

log
π2

d

)
· Γ′

Γ

(
K

2

)

− Γ′′

Γ

(
K

2

)
+2
(

Γ′

Γ

(
K

2

))2
)

+ 2A(K)E(2)(d, K),

where we put

E(2)(d, K) =
∞∑

n=1


∑

m|n
log m ·

(
log m − 1

2
log n

)
rK(m)rK

( n

m

)K0(2π
√

dn)

+
∞∑

n=1


∑

m|n
rK(m)rK

( n

m

) · 1
2

∫ ∞

0

e−2π
√

dn y+y−1

2
log2 y

y
dy.

To prove Theorem 2, we shall use alternative expressions of Fd(K/2, K)
for K = 4 and K = 8. Namely, we use the following.

Lemma 6. For any positive d, we have

Fd(2, 4) = π2

(
log d + 2 +

4
3

log 2 − 2 log π +
12ζ ′(2)

π2
+ 2E(d, 4)

)
.

and

Fd(4, 8) =
π4

6

(
log d +

11
3

− 2 log π +
180
π4

ζ ′(4) + 2E(d, 8)
)

.

The former is Theorem IV-(ii) in p. 166 of Fujii [7]. We shall give a proof
to the latter, for completeness. First, Lemma 4 implies, directly, that

Fd(4, 8) = 2A0(8) − A(8)
(

log
π2

d
− 2

Γ′

Γ
(4)
)

+ 2A(8)E(d, 8).



�

�

�

�

�

�

�

�

Values of the Epstein zeta functions at the critical points 635

Hence, we have only to evaluate A0(8) in an alternative way. Here we use the
expression

Z8(s) = 16(1 − 21−s + 24−2s)ζ(s)ζ(s − 3)

which has been noticed above. Using the Laurent expansion of ζ(s) at s = 1,

ζ(s) =
1

s − 1
+ C0 + C1(s − 1) + C2(s − 1)2 + · · · ,

we get at s = 4,

Z8(s) =
15 · ζ(4)
s − 4

+ {C0ζ(4)15 + ζ ′(4)15}

+ (s − 4)
{

C1ζ(4)15 + C0ζ
′(4)15 +

ζ ′′(4)
2

15 + log2 2 · ζ(4)
}

+ (s − 4)2
{

ζ ′′′(4)
6

15 − log3 2 · ζ(4) + C0 log2 2 · ζ(4) + C0
ζ ′′(4)

2
15

+ log2 2 · ζ ′(4) + C1ζ
′(4)15 + C2ζ(4)15

}
+ · · · .

Hence, we get
A0(8) = C0ζ(4)15 + ζ ′(4)15.

Since A(8) = π4/6, (Γ′/Γ)(4) = −C0 + 11/6 and ζ(4) = π4/90, we get the
above expression.

To prove Theorem 1 for K = 3, we need to evaluate A1(3) and A2(3). We
have two expressions corresponding to the two decompositions

3 = (3 − 2) + 2
= (3 − 1) + 1.

Namely, by Lemma 3, we have two decompositions of Z3(s) as follows. To the
former, it corresponds the following.

Z3(s) = Z1(s) +
√

π
Γ(s − 1

2 )
Γ(s)

Z2

(
s − 1

2

)

+
2πs

Γ(s)

∞∑
n=1

n
s− 1

2
2


∑

m|n

r2(m)r1( n
m )

ms− 1
2


Ks− 1

2
(2π

√
n)

= 2ζ(2s) +
√

π
Γ(s − 1

2 )
Γ(s)

4ζ

(
s − 1

2

)
L

(
s − 1

2
, χ

)

+
2πs

Γ(s)

∞∑
n=1

n
s− 1

2
2


∑

m|n

r2(m)r1( n
m )

ms− 1
2


Ks− 1

2
(2π

√
n).
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To the latter, it corresponds the following.

Z3(s) = Z2(s) + π
Γ(s − 1)

Γ(s)
Z1(s − 1)

+
2πs

Γ(s)

∞∑
n=1

n
s−1
2


∑

m|n

r1(m)r2( n
m )

ms−1


Ks−1(2π

√
n)

= 4ζ(s)L(s, χ) +
2π

s − 1
ζ(2s − 2)

+ 2
πs

Γ(s)

∞∑
n=1

n
s−1
2

∑
u2|n

r( n
u2 )

u2s−2

∫ ∞

0

e−π
√

n(y+y−1)ys−2 dy

= 4ζ(s)L(s, χ) +
2π

s − 1
ζ(2s − 2) + Ψ(s), say.

The last expression is nothing but the Chowla-Selberg’s formula (45) with
d = 1 in p. 533 of Selberg [13]. A comparison of these two expressions will be
touched slightly in the last section. Here we start with the latter, we get the
following three expressions.

Lemma 7-(i).

A0(3) = 4πC0 − 4π + 4ζ

(
3
2

)
L

(
3
2
, χ

)
+ 4π

∞∑
n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

.

Lemma 7-(ii).

A1(3) = 8πC1 − 8πC0 + 8π + 4ζ ′
(

3
2

)
L

(
3
2
, χ

)
+ 4ζ

(
3
2

)
L′
(

3
2
, χ

)

+ 4π(log π + C0 + 2 log 2 − 2)
∞∑

n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

+ 4π

∞∑
n=1

1
2

log n · e−2π
√

n
∑
u2|n

r( n
u2 )
u

+ 4π
∞∑

n=1

e−2π
√

n
∑
u2|n

(−2 log u)
r( n

u2 )
u

+ 4π

∞∑
n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ ∞

0

e−π
√

n(y+y−1) log y√
y

dy.
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Lemma 7-(iii).

A2(3) = 2π(8C0 − 8C1 − 8 + 8C2)

+ 2
(

ζ ′′
(

3
2

)
L

(
3
2
, χ

)
+ 2ζ ′

(
3
2

)
L′
(

3
2
, χ

)
+ ζ

(
3
2

)
L′′
(

3
2
, χ

))

+ 2π

(
log2 π − 2 log π

Γ′

Γ

(
3
2

)
− Γ′′

Γ

(
3
2

)
+ 2

(
Γ′

Γ

(
3
2

))2
)

×
∞∑

n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

+ 2π

(
log π − Γ′

Γ

(
3
2

))
·

∞∑
n=1

e−2π
√

n
∑
u2|n

(log n − 4 log u) · r( n
u2 )
u

+
π

2

∞∑
n=1

e−2π
√

n
∑
u2|n

(log n − 4 log u)2 · r( n
u2 )
u

+ 2π

∞∑
n=1

n
1
4

∑
u2|n

(log n − 4 log u)
r( n

u2 )
u

∫ ∞

0

e−π
√

n(y+y−1) log y√
y

dy

+ 4π

(
log π − Γ′

Γ

(
3
2

))
·

∞∑
n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ ∞

0

e−π
√

n(y+y−1) log y√
y

dy

+ 2π

∞∑
n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ ∞

0

e−π
√

n(y+y−1) log2 y√
y

dy.

Finally, we shall mention the following estimates (cf. Lemma 3 of Bateman
and Grosswald [1]), which will be used frequently below.

For 0 ≤ ν ≤ 1/2 and for z > 0, we have

0 <

(
2z

π

) 1
2

ezKν(z) ≤ 1

and

1 − 1 − 4ν2

8z
≤
(

2z

π

) 1
2

ezKν(z) ≤ 1 − 1 − 4ν2

8z
+

(1 − 4ν2)(9 − 4ν2)
2!(8z)2

.

In particular, we have for any z > 0,

e−z

√
π

2z

(
1 − 1

8z

)
≤ K0(z) ≤ e−z

√
π

2z

(
1 − 1

8z
+

9
128z2

)
.

In a similar manner, we have a more precise approximation as follows.

e−z

√
π

2z

(
1 − 1

8z
+

9
128z2

− 75
1024z3

)
≤ K0(z)

≤ e−z

√
π

2z

(
1 − 1

8z
+

9
128z2

− 75
1024z3

+
3675

32768z4

)
.
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3. Proof of Theorem 2 and Remark 2

We have only to prove that

Fd(K
2 , K)

A(K)
≥ A for any d ≥ 1.

Because we have for any d ≥ 1,

Fd−1(K
2 , K)

A(K)
=

d
K
2 Fd(K

2 , K)
A(K)

≥ Fd(K
2 , K)

A(K)
≥ A.

Let K be an integer ≥ 2. Let N0 and L0 be the same as in Lemmas 1 and
4 above. Using Lemma 6, we see that if 4 ≤ K ≤ 7, then

S(N0) ≡ 2
N0−1∑
j=0

1
A(2j+1)

Z2j (2j) + 2C0 − 4 log 2 − 2 log π + log d

+ 4
N0−1∑
j=0


 ∞∑

n=1

n2j−2


∑

m|n

r2j (m)r2j ( n
m )

m2j−1


K2j−1(2π

√
n)




≥ S(2) =
Fd(2, 4)
A(4)

− 2E(d, 4) = log d + 2 +
4
3

log 2 − 2 log π +
12ζ ′(2)

π2

= ΘK(d), say.

Similarly, if K ≥ 8, then we have

S(N0) ≥ S(3) =
Fd(4, 8)
A(8)

− 2E(d, 8) = −2 log π + log d +
11
3

+
180
π4

ζ ′(4)

= Θ8(d) = ΘK(d), say.

Thus we get by Lemma 4 for any K ≥ 4,

Fd

(
K
2 , K

)
A(K)

≥ Φ1(K) + ΘK(d) + B(K) + 2E(d, K), say,

where we put

Φ1(K) =
2ZK−L0(

K
2 )

A(K)

and

B(K) = 4
∞∑

n=1

n
L0
4


∑

m|n

rL0(m)rK−L0(
n
m )

m
L0
2


KL0

2
(2π

√
n).

We shall use the following simple lower bounds.
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2E(d, K) ≥
∞∑

n=1


∑

m|n
rK(m)rK

( n

m

) e−2π
√

dn 1
(dn)

1
4

(
1 − 1

16π
√

dn

)

≥ 4K2e−2π
√

d 1
(d)

1
4

(
1 − 1

16π
√

d

)

+ 8K2(K − 1)e−2π
√

2d 1
(2d)

1
4

(
1 − 1

16π
√

2d

)

+
16
3

K2(K − 1)(K − 2)e−2π
√

3d 1
(3d)

1
4

(
1 − 1

16π
√

3d

)

+
(

4K2(K − 1)2 +
8
3
K2(K − 1)(K − 2)(K − 3)

)

× e−2π
√

4d 1
(4d)

1
4

(
1 − 1

16π
√

4d

)
= ΞK(d), say, for 5 ≤ K ≤ 7

and

2E(d, 8) ≥
50∑

n=1


∑

m|n
r8(m)r8

( n

m

) e−2π
√

dn 1
(dn)

1
4

(
1 − 1

16π
√

dn

)

= Ξ8(d), say.

The values of
∑

m|n r8(m)r8(n/m) for n = 1, 2, 3, · · · , 50 are

256, 3584, 14336, 48896, 64512, 200704, 176128, 552960, 588288, 903168,

681984, 2738176, 1125376, 2465792, 3612672, 5775616, 2515968, 8236032,

3512320, 12321792, 9863168, 9547776, 6230016, 30965760, 12128768,

15755264, 21317632, 3360448, 12487680, 50577408, 15253504, 57135616,

38191104, 35223552, 44384256, 112363008, 25934848, 49172480, 63021056,

139345920, 35288064, 138084352, 40708096, 130258944, 148248576,

87220224, 53157888, 323434496, 90706432, 169802752,

respectively.
Moreover, when 5 ≤ K ≤ 7,

B(K) = 4
∞∑

n=1

n


∑

m|n

r4(m)rK−4( n
m )

m2


K2(2π

√
n)

≥ 4r4(1)rK−4(1)K2(2π) ≥ 64(K − 4)e−2π

(
1
π
− 1

π2

)
= Φ2(K), say,
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since we have

K2(2π) ≥ 1
2
e−π

∫ ∞

1

e−πy

(
1
y3

+ y

)
dy ≥ e−2π

(
1
π
− 1

π2

)
.

We put

Θ̃K(d) =

{
Φ1(K) + ΘK(d) + Φ2(K) for K = 5, 6 and 7,
Θ8(d) for K = 8.

Now we put

∆(5) = 0.06, ∆(6) = 0.5, ∆(7) = 0.9 and ∆(8) = 1.8.

Here we notice that since

dE(z, K)
dz

= − π√
z

∞∑
n=1

√
n


∑

m|n
rK(m)rK

( n

m

)K1(2π
√

zn) < 0

for any z > 0, E(d, K) is monotone decreasing for any d > 0 and for any integer
K(≥ 1). For each K = 5, 6, 7 and 8, we choose dj(K) for j = 1, 2, . . . , J(=
J(K)) as follows. We can find d1(K)(≥ 1) such that

Θ̃K(d) ≥ Θ̃K(d1(K)) ≥ ∆(K) for any d ≥ d1(K).

Then we can find d2(K)(≤ d1(K)) such that for any d in d2(K) ≤ d ≤ d1(K),

Θ̃K(d) + 2E(d, K) ≥ Θ̃K(d) + 2E(d1(K), K)

≥ Θ̃K(d2(K)) + ΞK(d1(K)) ≥ ∆(K).

We repeat this and find dj(K) for j ≥ 2 such that for any dj(K) ≤ d ≤ dj−1(K),

Θ̃K(d) + 2E(d, K) ≥ Θ̃K(dj(K)) + ΞK(dj−1(K)) ≥ ∆(K).

We stop at dJ (K) if dJ (K) ≤ 1 with the above property. In this way we get,
for K = 5, 6, 7 and 8,

Fd(K
2 , K)

A(K)
≥ ∆(K) for any d > 0.

This proves Theorem 2 and Remark 2. For K ≥ 8, we have, further,

Fd(K
2 , K)

A(K)
≥ Φ1(K) +

Fd(4, 8)
A(8)

+ B(K) + 2(E(d, K) − E(d, 8))

≥ 1.8 + Φ1(K) + B(K) + 2(E(d, K) − E(d, 8)).

The actual process is as follows, for example. We use also the following
lower bound.

Φ1(5) =
4ζ(5)Γ( 5

2 )

π
5
2

=
3
π2

ζ(5) ≥ 0.315188,



�

�

�

�

�

�

�

�

Values of the Epstein zeta functions at the critical points 641

Φ1(6) =
16
π3

ζ(3)L(3, χ) =
1
2
ζ(3) ≥ 0.60102

and

Φ1(7) =
15
4π3

Z3

(
7
2

)
≥ 15

4π3
·

55∑
n=1

r3(n)
n

7
2

≥ 15
4π3

· 7.466737 ≥ 0.90305.

j dj(5) dj(6) dj(7) dj(8)
1 1.2512 1.423 1.53 1.8
2 1.11 1.2785 1.366 1.62
3 1.0252 1.195 1.2599 1.55
4 0.95 1.1241 1.1535 1.489
5 1.047 1.003 1.442
6 0.938 0.698 1.399
7 1.35
8 1.285
9 1.182
10 0.98

Finally, we notice that since we have

Θ̃K(1) ≥ 0.14 for K = 6 and 7

and
Θ̃8(1) ≥ 1.24,

we do not need the above process only to show that

Fd(K
2 , K)

A(K)
≥ 0.14 (or, 1.24) for 6 ≤ K ≤ 7 (or, for K ≥ 8, respectively).

4. Proof of Theorem 1

We shall first write down Fd(3/2, 3) explicitly using Lemmas 1 and 4 with
K = 3 and L0 = 2. We have first

A0(3) = A(3)

{
2ζ(3)
A(3)

+
2ζ(2)

π
+ 2C0 − 2 + 4 ·

∞∑
n=1

σ−1(n)e−2πn +
1
2
B(3)

}
,

where B(3) is introduced in Section 3 and we have used

Γ′

Γ

(
3
2

)
= −C0 − 2 log 2 + 2,

and ∞∑
n=1

n
1
4

∑
m|n

r1(m)r1( n
m )√

m
K 1

2
(2π

√
n) = 2

∞∑
n=1

σ−1(n)e−2πn.
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Since ∞∑
n=1

σ−1(n)e−2πn =
1
4π

(
−π2

3
− 2π log | η(i) |2

)
,

we get as a result of Lemma 4,

Fd

(
3
2

)
≡ Fd

(
3
2
, 3
)

= 2A0(3) − A(3)
(

log
π2

d
− 2

Γ′

Γ

(
3
2

))
+ 2A(3)E(d, 3)

= A(3)
{

2ζ(3)
π

+ 2C0 − 4 log 2 − 4 log | η(i) |2

− log
π2

d
+ B(3) + 2E(d)

}
= A(3){−β(d) + 2E(d)}, say,

where we put E(d) = E(d, 3) =
∑∞

n=1(
∑

m|n r3(m)r3(n/m))K0(2π
√

dn).
We start our analysis from this expression. We may suppoose that d ≥ 1.

We shall prove first that

F1( 3
2 )

A(3)
= −β(1) + 2E(1) < 0.

Using an upper bound for Kν(z) described in Section 2, we get

E(1) =
∞∑

n=1

(∑
n=kl

r3(k)r3(l)

)
K0(2π

√
n) ≤ 1

2

∞∑
n=1

(∑
n=kl

r3(k)r3(l)

)
e−2π

√
n

n
1
4

≤ 1
2

16∑
n=1

(∑
n=kl

r3(k)r3(l)

)
e−2π

√
n

n
1
4

+
66 · e−8π

2

∞∑
n=17

(∑
n=kl

r3(k)r3(l)

)
1
n2

≤ 1
2

16∑
n=1

(∑
n=kl

r3(k)r3(l)

)
e−2π

√
n

n
1
4

+
66
2

e−8π

(
Z2

3 (2) −
16∑

n=1

(
∑

n=kl r3(k)r3(l))
n2

)
,

where we have used the estimate

e−2π
√

n

n
1
4

≤ 66 · e−8π

n2
for n ≥ 17.

Here we need an upper bound for Z3(2). Using the same notation as
introduced in Section 2,

Z3(2) = 4ζ(2)L(2, χ) + 2πζ(2) + Ψ(2).

We use the following crude estimate for sufficiently large z.

K1(z) =
1
2

∫ ∞

1

e−z y+y−1

2

(
1 +

1
y2

)
dy ≤

∫ ∞

1

e−
zy
2 dy ≤ 2e−

z
2

z
.
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Since

e−π
√

n ≤ 197 · e−4π

n2
for n ≥ 17,

we get

Ψ(2) ≤ 4π2
16∑

n=1

√
n
∑
u2|n

r( n
u2 )
u2

K1(2π
√

n) + 4πe−4π · 197 ·
∞∑

n=1

1
n2

∑
u2|n

r( n
u2 )
u2

≤ 4π2
16∑

n=1

√
n
∑
u2|n

r( n
u2 )
u2

K1(2π
√

n) + 4πe−4π · 197 · ζ(6) · 4ζ(2)L(2, χ)

≤ 0.22302,

where we have used the following lemma for the numerical computation of
K1(z) for a smaller z > 0.

Lemma 8. For any positive z, ε and T satisfying 0 < ε < T , we have

K1(z) ≤ 1
2
e−z

∫ T

ε

e−
z
2 µ

√
µ√

µ + 4
dµ + e−z

∫ T

ε

e−
z
2 µ 1√

µ
√

µ + 4
dµ

+ e−z

{√
ε
(
1 +

ε

6
(1 + 2z)

)
+

1
z
e−

z
2 T

(
1 +

2√
T
√

T + 4

)}

and

K1(z) ≥ 1
2
e−z

∫ T

ε

e−
z
2 µ

√
µ√

µ + 4
dµ + e−z

∫ T

ε

e−
z
2 µ 1√

µ
√

µ + 4
dµ.

We shall give a proof to this for completeness. By the change of variable
as in p. 528 of Selberg [12], we have

K1(z) =
1
4
e−z

∫ ∞

0

e−
z
2 µ µ + 2√

µ
√

1 + µ
4

dµ

=
1
2
e−z

∫ ∞

0

e−
z
2 µ

√
µ√

µ + 4
dµ + e−z

∫ ∞

0

e−
z
2 µ 1√

µ
√

µ + 4
dµ.

For any ε, we have∫ ε

0

e−
z
2 µ

√
µ√

µ + 4
dµ ≤ 1

2

∫ ε

0

√
µdµ ≤ 1

3
ε

3
2

and ∫ ε

0

e−
z
2 µ 1√

µ
√

µ + 4
dµ ≤ 1

2

∫ ε

0

e−
z
2 µ 1√

µ
dµ =

√
ε +

z

3
ε

3
2 .

For any T > 0, we have∫ ∞

T

e−
z
2 µ

√
µ√

µ + 4
dµ ≤

∫ ∞

T

e−
z
2 µ dµ =

2
z
e−

z
2 T
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and ∫ ∞

T

e−
z
2 µ 1√

µ
√

µ + 4
dµ ≤ 2

z
√

T
√

T + 4
e−

z
2 T .

Combining these, we get our assertion as described in Lemma 8.
By Lemma 8, we have, for example,

0.00098693 < K1(2π) < 0.000986997.

Thus we get
Z3(2) ≤ 16.585278.

Since

1
2

16∑
n=1

(∑
n=kl

r3(k)r3(l)

)
e−2π

√
n

n
1
4

− 66
2

e−8π
16∑

n=1

(
∑

n=kl r3(k)r3(l))
n2

≤ 0.04306497,

we get finally,
E(1) ≤ 0.0430653,

where the values of
∑

m|n r3(m)r3(n/m) for n = 1, 2, 3, . . . , 16 are

36, 144, 96, 216, 288, 480, 0, 288, 424, 864, 288, 768, 288, 576, 384, 396,

respectively.
On the other hand, we have

β(1) = −
{

2ζ(3)
π

+ 2C0 − 4 log 2 − 4 log | η(i) |2 − log
π2

1
+ B(3)

}
≥ 0.154 > 2E(1).

This proves our inequality.
Now, let E′(d) and E′′(d) be the first and the second derivative of E(d)

with respect to d, respectively. Then we see easily that

E′′(d) =
π

2d
3
2

∞∑
n=1

√
n


∑

m|n
r3(m)r3

( n

m

)K1(2π
√

dn)

+
π2

2d

∞∑
n=1

n


∑

m|n
r3(m)r3

( n

m

) (K2(2π
√

dn) + K0(2π
√

dn))

> 0 for any d > 0.

We have seen already that E′(d) < 0 for d > 0. Hence both β(d) and E(d) are
monotone decreasing convex and continuous function of positive real d.

Since
β(1) > 2E(1),
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E(d) > 0 for any d > 0,

and
β(d) → −∞ as d → ∞,

the equation

Fd

(
3
2

)
= 0

has at least one real solution d = D2 in d > 1. We notice next that

dFz( 3
2 )

dz
=

π2

√
z


 1√

z
− 2π

∞∑
n=1

√
n


∑

m|n
r3(m)r3

( n

m

)K1(2π
√

zn)


 .

Since

d

dz


√

z
∞∑

n=1

√
n


∑

m|n
r3(m)r3

( n

m

)K1(2π
√

zn)




=
1

2
√

z

∞∑
n=1

√
n


∑

m|n
r3(m)r3

( n

m

) 1
2

∫ ∞

0

e−π
√

zn(y+y−1) dy

− π

2

∞∑
n=1

n


∑

m|n
r3(m)r3

( n

m

) 1
2

∫ ∞

0

e−π
√

zn(y+y−1)(y + y−1) dy.

and

π

2

∞∑
n=1

n


∑

m|n
r3(m)r3

( n

m

) 1
2

∫ ∞

0

e−π
√

zn(y+y−1)(y + y−1) dy

≥ 2π

2

∞∑
n=1

n


∑

m|n
r3(m)r3

( n

m

) 1
2

∫ ∞

0

e−π
√

zn(y+y−1) dy

>
1

2
√

z

∞∑
n=1

√
n


∑

m|n
r3(m)r3

( n

m

) 1
2

∫ ∞

0

e−π
√

zn(y+y−1) dy,

provided that 1/
√

z < 2π, namely that 1/4π2 < z,

√
z

∞∑
n=1

√
n


∑

m|n
r3(m)r3

( n

m

)K1(2π
√

zn)

is monotone decreasing for z > 1/4π2. Hence, the equation

dFz( 3
2 )

dz
= 0
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has at most one real solution in z > 1/4π2.
Consequently, we see that the equation

Fd

(
3
2

)
= 0

has exactly one real solution d = D2 in d > 1. Namely, there exist exactly
two real solutions d = D1 = 1/D2 and d = D2 of the equation Fd(3/2) = 0 in
d > 0.

If d > D2, then Fd(3/2) > 0. Hence since

lim
σ→3−0

Fd(σ) = −∞,

Fd(σ) must have a zero in the interval σ ∈ (3/2, 3).
If 0 < d < D1, we have also

Fd

(
3
2

)
> 0

and Fd(σ) must have a zero in the interval σ ∈ (3/2, 3).
This proves (2) of Theorem 1.
We get at the same time (3) of Theorem 1.
We shall next prove that s = 3/2 is a double zero for FD2(s), hence also

for FD1(s).
We shall notice first that s = 3/2 is not a simple zero for FD2(s). Suppose

that d satisfies

Fd

(
3
2

)
= 0,

namely, that d satisfies

2ζ(3)
π

+ 2C0 − 4 log 2 − 4 log | η(i) |2 − log
π2

d
+ B(3) + 2E(d) = 0.

Then one can see easily, using Lemma 4, that

F ′
d

(
3
2
, 3
)

= A0(3)
(

log
π2

d
− 2

Γ′

Γ

(
3
2

))
− A(3)

(
1
2

(
log

π2

d

)2

− 2
Γ′

Γ

(
3
2

)
log

π2

d
+ 2

(
Γ′

Γ

(
3
2

))2)
− A(3)

(
log

π√
d
− Γ′

Γ

(
3
2

))

×
{

2ζ(3)
π

+ 2C0 − 4 log 2 − 4 log | η(i) |2 − log
π2

d
+ B(3)

}
= 0.

To proceed further we need to locate D2 more precisely.
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We shall use a more precise upper bound of E(d) as follows.

E(d) ≤ 1
2

16∑
n=1


∑

m|n
r3(m)r3

( n

m

) e−2π
√

dn 1
d

1
4 n

1
4

(
1 − 1

16π
√

dn

+
9

512π2dn
− 75

8192π3(dn)
3
2

+
3675

524288π4(dn)2

)

+
1
2

∞∑
n=17


∑

m|n
r3(m)r3

( n

m

) e−2π
√

dn 1
d

1
4 n

1
4

(
1 − 1

16π
√

dn

+
9

512π2dn
− 75

8192π3(dn)
3
2

+
3675

524288π4(dn)2

)
= E1 + E2, say.

Since for any n ≥ 17,

e−2π
√

dn ≤ 0.001390088 · e−π
√

17d

n
9
4

,

we have

E2 ≤ 0.001390088 · e−π
√

17d

2d
1
4

∞∑
n=17

∑
m|n r3(m)r3( n

m )

n
5
2

(
1 − 1

16π
√

dn
+

9
512π2dn

− 75
8192π3(dn)

3
2

+
3675

524288π4(dn)2

)

= 0.001390088 · e−π
√

17d

2d
1
4

{
Z3(2)2 − 1

16π
√

d
Z3

(
5
2

)2

+
9

512π2d
Z3(3)2

− 75
8192π3d

3
2
Z3

(
7
2

)2

+
3675

524288π4d2
Z3(4)2

}

− 0.001390088 · e−π
√

17d

2d
1
4

{
H(2) − 1

16π
√

d
H

(
5
2

)
+

9
512π2d

H(3)

− 75
8192π3d

3
2
H

(
7
2

)
+

3675
524288π4d2

H(4)
}

= q∗2(d), say,

where we put

H(x) =
16∑

n=1

∑
m|n r3(m)r3( n

m )

nx
.

Using the values of
∑

m|n r3(m)r3(n/m) mentioned above, we get

H(2) = 155.0045 · · · , H

(
5
2

)
= 95.3702 · · · , H(3) = 68.6771 · · · ,

H

(
7
2

)
= 55.4113 · · · , H(4) = 48.1768 · · · .
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We have already given an upper bound of Z3(2) and a lower bound of
Z3(7/2). We shall give a lower bound to Z3(5/2) and also upper bounds to
Z3(3) and Z3(4) in a simpler way, in stead of using the representation of Z3(s)
written in Section 2.

First, we have

Z3

(
5
2

)
≥

55∑
n=1

r3(n)
n5/2

≥ 10.2793.

Now to get upper bounds of Z3(3) and Z3(4), it is better to use
∑55

n=1(r3(n)
/nx) in stead of the zeta functions which come from an extension of Chowla-
Selberg’s formula (cf. Section 5.2. below). Moreover we shall use the following
crude estimate.

Z3(3) ≤
55∑

n=1

r3(n)
n3

+
1
56

∞∑
n=56

r3(n)
n2

≤
55∑

n=1

r3(n)
n3

− 1
56

55∑
n=1

r3(n)
n2

+
1
56

Z3(2).

Combining this with our upper bound of Z3(2) given above, we get

Z3(3) ≤ 8.424793.

Finally, we have in the same manner, using the upper bound of Z3(3) just
obtained above,

Z3(4) ≤
55∑

n=1

r3(n)
n4

− 1
56

55∑
n=1

r3(n)
n3

+
1
56

Z3(3) ≤ 6.9463842.

Consequently, we get

Z3(2)2 ≤ 275.0715, Z3

(
5
2

)2

≥ 105.6, Z3(3)2 ≤ 70.97713,

Z3

(
7
2

)2

≥ 55.75216, Z3(4)2 ≤ 48.25226.

Hence, we have

q∗2(d) ≤ 0.001390088 · e−π
√

17d

2d
1
4

{
275.0715 − 105.6 · 1

16π
√

d
+ 70.97713

× 9
512π2d

− 55.75216 · 75
8192π3d

3
2

+ 48.25226 · 3675
524288π4d2

}

− 0.001390088 · e−π
√

17d

2d
1
4

{
155.004 − 95.37 · 1

16π
√

d
+ 68.677

× 9
512π2d

− 55.411 · 75
8192π3d

3
2

+ 48.177 · 3675
524288π4d2

}
= q∗∗2 (d), say.

We denote E1 by q∗1(d).



�

�

�

�

�

�

�

�

Values of the Epstein zeta functions at the critical points 649

We shall use the following lower bound for E(d).

E(d) ≥ 1
2

16∑
n=1


∑

m|n
r3(m)r3

( n

m

) e−2π
√

dn 1
d

1
4 n

1
4

(
1 − 1

16π
√

dn

+
9

512π2dn
− 75

8192π3(dn)
3
2

)
= q∗∗3 (d), say.

Now we have the following inequality

q∗(d) ≤ Fd(2) ≤ q∗(d),

where we put

q∗(d) = − 2π log
π2

d
+ 2π

2ζ(3)
π

+ 4πC0 − 8π log 2

− 2π · 4 log | η(i) |2 + 2πB(3) + 4πq∗∗3 (d)

and

q∗(d) = − 2π log
π2

d
+ 2π

2ζ(3)
π

+ 4πC0 − 8π log 2

− 2π · 4 log | η(i) |2 + 4π

(
q∗1(d) + q∗∗2 (d) +

1
2
B(3)

)
.

We are left to estimate B(3).

B(3) = 4

(
19∑

n=1

+
∞∑

n=20

)
√

n


∑

m|n

r2(m)r1( n
m )

m


K1(2π

√
n)

= B1(3) + B2(3), say.

The values of
∑

m|n(r2(m)r1(n/m)/m) for n = 1, 2, 3, . . . , 19 are

8, 4, 0, 10,
16
5

, 0, 0, 5,
80
9

,
8
5
, 0, 0,

16
13

, 0, 0,
21
2

,
16
17

,
40
9

, 0,

respectively. These give the lower and upper bounds of B1(3). For B1(3), we
use Lemma 8. For the upper bound of B2(3), we have

B2(3) ≤ 4
∞∑

n=20

√
n
∑
m|n

r2(m)r1( n
m )

m

e−π
√

n

π
√

n

≤ 4
π
· 0.00001583 ·

∞∑
n=20

1
n

∑
m|n

r2(m)r1( n
m)

m

≤ 4
π
· 0.00001583 ·


Z2(2)Z1(1) −

19∑
n=1

(∑
m|n

r2(m)r1(
n
m )

m

)
n




=
4
π
· 0.00001583 ·


8ζ2(2)L(2, χ) −

19∑
n=1

(∑
m|n

r2(m)r1(
n
m )

m

)
n


 ,
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where
e−π

√
n ≤ 0.00001583

n
for n ≥ 20.

Thus we get
0.03306113959 ≤ B(3) ≤ 0.0331416562.

By the numerical computations, we get

q∗(2.7154) = 0.00001911395 · · ·
q∗(2.7153) = −0.00001752549 · · ·

and

q∗(2.71558) = 4.536 · · · × 10−6

q∗(2.71556) = −2.791 · · · × 10−6.

These imply that Fd(3/2) = 0 at d = D1 and d = D2, where

2.7153 < D2 = 2.7 · · · < 2.71558

and
D1 =

1
D2

= 0.3 · · · .

Hence to complete the proof of (1) of Theorem 1, we have to prove that

F ′′
d

(
3
2

)
�= 0 for d = D2 (and hence for d = D1).

For this purpose, we notice first that by Lemma 5 in Section 2, we have

F ′′
d

(
3
2
, 3
)

= 2

{
−A(3) ·

(
1
6

(
log

π2

d

)3

−
(

log
π2

d

)2 Γ′

Γ

(
3
2

)

+ 2 · log
π2

d

(
Γ′

Γ

(
3
2

))2

− 1
3

Γ′′′

Γ

(
3
2

)
+

Γ′

Γ

(
3
2

)
Γ′′

Γ

(
3
2

)

− 2
(

Γ′

Γ

(
3
2

))3
)

+ A0(3) ·
(
−2 log

π2

d

Γ′

Γ

(
3
2

)
1
2

(
log

π2

d

)2

+ 2
(

Γ′

Γ

(
3
2

))2
)

− A1(3) ·
(
−2

Γ′

Γ

(
3
2

)
+ log

π2

d

)
+ 2A2(3)

}

+ 2A(3)E(d, 3)

(
1
4

(
log

π2

d

)2

−
(

log
π2

d

)
· Γ′

Γ

(
3
2

)
− Γ′′

Γ

(
3
2

)

+ 2
(

Γ′

Γ

(
3
2

))2
)

+ 2A(3)E(2)(d, 3),
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where we put

E(2)(d, 3) =
∞∑

n=1


∑

m|n
log m ·

(
log m − 1

2
log n

)
r3(m)r3

( n

m

)K0(2π
√

dn)

+
∞∑

n=1


∑

m|n
r3(m)r3

( n

m

) · 1
2

∫ ∞

0

e−2π
√

dn y+y−1

2
log2 y

y
dy.

Since we suppose that Fd(3/2, 3) = 0, we have now

2E(d) = −2ζ(3)
π

− 2C0 + 4 log 2 + 4 log | η(i) |2 + log
π2

d
− B(3).

Substituting this into the above expression of F ′′
d (3/2, 3), simplifying and writ-

ing

X = log
π2

d
,

we get

F ′′
d

(
3
2
, 3
)

= −1
6
πX3 + X2

{
A0(3) +

π

2
(−2C0 + 4 log 2 + B̃) + 2π

Γ′

Γ

(
3
2

)}

+ X

{
−4π

(
Γ′

Γ

(
3
2

))2

− 4A0(3)
Γ′

Γ

(
3
2

)
− 2A1(3)

− 2π
Γ′

Γ

(
3
2

)
(−2C0 + 4 log 2 + B̃) − 2π

Γ′′

Γ

(
3
2

)}

+

{
−4π

(
−1

3
Γ′′′

Γ

(
3
2

)
+

Γ′

Γ

(
3
2

)
Γ′′

Γ

(
3
2

)
− 2

(
Γ′

Γ

(
3
2

))2
)

+ 4A0(3)
(

Γ′

Γ

(
3
2

))2

+ 4A1(3)
Γ′

Γ

(
3
2

)
+ 4A2(3)

+ 2π(−2C0 + 4 log 2 + B̃)

(
−Γ′′

Γ

(
3
2

)
+ 2

(
Γ′

Γ

(
3
2

))2
)}

+ 4πE(2)(d, 3)

= f(X) + 4πE(2)(d, 3), say,

where we put

B̃ = −2ζ(3)
π

+ 4 log | η(i) |2 −B(3).

Here we notice that

Γ′′

Γ

(
3
2

)
=
(

Γ′

Γ

)′ (3
2

)
+
(

Γ′

Γ

(
3
2

))2

=
π2

2
+ C2

0 + 4 log2 2 + 4C0 log 2 − 4C0 − 8 log 2
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and

Γ′′′

Γ

(
3
2

)
=
(

Γ′

Γ

)′′(3
2

)
+

Γ′

Γ

(
3
2

)
Γ′′

Γ

(
3
2

)
+ 2

Γ′

Γ

(
3
2

)(
Γ′

Γ

)′ (3
2

)

= − 2
∞∑

k=0

1(
k + 3

2

)3 + (−C0 − 2 log 2 + 2) ·
(

π2

2
+ C2

0 + 4 log2 2

+ 4C0 log 2 − 4C0 − 8 log 2
)

+ 2(−C0 − 2 log 2 + 2) ·
(

π2

2
− 4
)

with

−2
∞∑

k=0

1
(k + 3

2 )3
= −2ζ

(
3,

1
2

)
+ 16,

where ζ(s, α) is the Hurwitz zeta function defined for �(s) > 1 by

ζ(s, α) =
∞∑

n=0

1
(n + α)s

for any 0 < α < 1.

Then f(X) can be rewritten as follows.

f(X) = −π

6
X3 + aX2 + bX + c

with

a = A0(3) +
π

2
(−2C0 + 4 log 2 + B̃) + 2π(−C0 − 2 log 2 + 2),

b = −4π(−C0 − 2 log 2 + 2)2 − 4A0(3)(−C0 − 2 log 2 + 2) − 2A1(3)

− 2π(−C0 − 2 log 2 + 2)(−2C0 + 4 log 2 + B̃)

− 2π

(
π2

2
+ C2

0 + 4 log2 2 + 4C0 log 2 − 4C0 − 8 log 2
)

and

c = −4π

{
−1

3

{
−2ζ

(
3,

1
2

)
+ 16 + (−C0 − 2 log 2 + 2) ·

(
π2

2
+ C2

0 + 4 log2 2

+ 4C0 log 2 − 4C0 − 8 log 2
)

+ 2(−C0 − 2 log 2 + 2) ·
(

π2

2
− 4
)}

+ (−C0 − 2 log 2 + 2)
(

π2

2
+ C2

0 + 4 log2 2 + 4C0 log 2 − 4C0 − 8 log 2
)

− 2(−C0 − 2 log 2 + 2)2
}

+ 4A0(3)(−C0 − 2 log 2 + 2)2

+ 4A1(3)(−C0 − 2 log 2 + 2) + 4A2(3) + 2π(−2C0 + 4 log 2 + B̃)

×
(
−π2

2
− C2

0 − 4 log2 2 − 4C0 log 2 + 4C0 + 8 log 2

+ 2(−C0 − 2 log 2 + 2)2
)

.
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Suppose that there exist the upper bounds a1 and b1 such that

a < a1

and
b < b1.

Then we have

f(X) − f1(X) = X2(a − a1) + X(b − b1) < 0

for any X > 0, where we put

f1(X) = −π

6
X3 + a1X

2 + b1X + c.

To get a1 and b1, we need to estimate A0(3) and A1(3). We shall estimate
first A0(3).

By Lemma 7-(i), we know that

A0(3) = 4πC0 − 4π + 4ζ

(
3
2

)
L

(
3
2
, χ

)
+ 4π

∞∑
n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

.

Since

e−2π
√

n ≤ 134 · e−8π

n2
for n ≥ 17,

we have

4π
∞∑

n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

≤ 4π

16∑
n=1

(
e−2π

√
n − 134 · e−8π

n2

)∑
u2|n

r( n
u2 )
u

+ 4π · 134 · e−8πZ2(2)ζ(5).

On the other hand, we have

4π

∞∑
n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

≥ 4π

16∑
n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

≥ 0.10116646479.

For n = 1, 2, 3, . . . , 16, the values of

∑
u2|n

r( n
u2 )
u

are

4, 4, 0, 6, 8, 0, 0, 6,
16
3

, 8, 0, 0, 8, 0, 0, 7.
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Using these values, we have

4π

16∑
n=1

(
e−2π

√
n − 134 · e−8π

n2

)∑
u2|n

r( n
u2 )
u

= 0.101166341728 · · ·

and

4π

∞∑
n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

≤ 4π

16∑
n=1

(
e−2π

√
n − 134 · e−8π

n2

)∑
u2|n

r( n
u2 )
u

+ 4π · 134 · e−8πζ(5) · 4ζ(2)L(2, χ)

= 0.101166469708 · · · .

Since

4πC0 − 4π + 4ζ

(
3
2

)
L

(
3
2
, χ

)
= 3.7207570381913513324798 · · · ,

we have
3.82192338 < A0(3) < 3.82192351.

Hence, we have

2.025475 < a = A0(3) +
π

2
(−2C0 + 4 log 2 + B̃)

+ 2π(−C0 − 2 log 2 + 2)
< 2.02561 = a1.

To estimate b, we need to estimate A1(3). We have first, by Lemma 7-(ii),

−2A1(3) = −16πC1 + 16πC0 − 16π − 8ζ ′
(

3
2

)
L

(
3
2
, χ

)
− 8ζ

(
3
2

)
L′
(

3
2
, χ

)

− 8π(log π + C0 + 2 log 2 − 2)
∞∑

n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

+ 4π

∞∑
n=1

log n · e−2π
√

n
∑
u2|n

r( n
u2 )
u

− 8π

∞∑
n=1

e−2π
√

n
∑
u2|n

log
n

u2

r( n
u2 )
u

+ 8π
∞∑

n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ ∞

1

e−π
√

n(y+y−1) log y

y
3
2

dy

− 8π

∞∑
n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ ∞

1

e−π
√

n(y+y−1) log y√
y

dy.
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We shall first get an upper bound.

−2A1(3) ≤− 16πC1 + 16πC0 − 16π − 8ζ ′
(

3
2

)
L

(
3
2
, χ

)
− 8ζ

(
3
2

)
L′
(

3
2
, χ

)

− 8π(log π + C0 + 2 log 2 − 2)
16∑

n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

+ 4π

∞∑
n=1

log n · e−2π
√

n
∑
u2|n

r( n
u2 )
u

− 8π

16∑
n=1

e−2π
√

n
∑
u2|n

log
n

u2

r( n
u2 )
u

+ 8π

∞∑
n=1

n
1
4

∑
u2|n

r( n
u2 )
u

e−π
√

n

{
1

π2n
− 5

2
1

π3n
3
2

+
35
4

1
π4n2

}

− 8π
16∑

n=1

n
1
4 e−2π

√
n

(
1

2π
√

n
+

1
8π2n

)∑
u2|n

r( n
u2 )
u

.

Since

e−2π
√

n log n ≤ 378 · e−8π

n2
for n ≥ 17,

we get

4π
∞∑

n=1

log n · e−2π
√

n
∑
u2|n

r( n
u2 )
u

≤ 4π · 378 · e−8π
∞∑

n=1

1
n2

∑
u2|n

r( n
u2 )
u

+ 4π

16∑
n=1

(
log n · e−2π

√
n

− 378 · e−8π

n2

)∑
u2|n

r( n
u2 )
u

= 4π · 378 · e−8πζ(5)Z2(2) + 4π
16∑

n=1

(
log n · e−2π

√
n − 378 · e−8π

n2

)∑
u2|n

r( n
u2 )
u

≤ 0.0053172.

Since

e−π
√

n ≤ 24 · e−4π

n
5
4

for n ≥ 17,



�

�

�

�

�

�

�

�

656 Akio Fujii

we get

8π
∞∑

n=1

n
1
4

∑
u2|n

r( n
u2 )
u

e−π
√

n

{
1

π2n
− 5

2
1

π3n
3
2

+
35
4

1
π4n2

}

≤ 8π · 24 · e−4π
∞∑

n=1

∑
u2|n

r( n
u2 )
u

{
1

π2n2
− 5

2
1

π3n
5
2

+
35
4

1
π4n3

}

+ 8π
16∑

n=1

n
1
4

∑
u2|n

r( n
u2 )
u

e−π
√

n

{
1

π2n
− 5

2
1

π3n
3
2

+
35
4

1
π4n2

}

− 8π · 24 · e−4π
16∑

n=1

∑
u2|n

r( n
u2 )
u

{
1

π2n2
− 5

2
1

π3n
5
2

+
35
4

1
π4n3

}

= 8π · 24 · e−4π

{
1
π2

ζ(5)Z2(2) − 5
2

1
π3

ζ(6)Z2

(
5
2

)
+

35
4

1
π4

ζ(7)Z2(3)
}

+ 8π

16∑
n=1

n
1
4

∑
u2|n

r( n
u2 )
u

e−π
√

n

{
1

π2n
− 5

2
1

π3n
3
2

+
35
4

1
π4n2

}

− 8π · 24 · e−4π
16∑

n=1

∑
u2|n

r( n
u2 )
u

{
1

π2n2
− 5

2
1

π3n
5
2

+
35
4

1
π4n3

}

≤ 0.5564001.

Hence we get

−2A1(3) ≤− 16πC1 + 16πC0 − 16π − 8ζ ′
(

3
2

)
L

(
3
2
, χ

)
− 8ζ

(
3
2

)
L′
(

3
2
, χ

)

− 8π(log π + C0 + 2 log 2 − 2)
16∑

n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

+ 0.005372 − 8π

16∑
n=1

e−2π
√

n
∑
u2|n

log
n

u2

r( n
u2 )
u

+ 0.5564001 − 8π

16∑
n=1

n
1
4 e−2π

√
n

(
1

2π
√

n
+

1
8π2n

)∑
u2|n

r( n
u2 )
u

.

The values of
∑

u2|n log(n/u2) · (r(n/u2)/u) at n = 1, 2, 3, . . . , 16 are

0.4 log 2, 0, 4 log 4, 8 log 5, 0, 0, 14 log 2,

4 log 9, 8 log 10, 0, 0, 8 log 13, 0, 0, 5 log 16.

Here we have

8π
16∑

n=1

e−2π
√

n
∑
u2|n

log
n

u2
· r( n

u2 )
u

≥ 0.010389543.
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We have also

8π

16∑
n=1

n
1
4 e−2π

√
n

(
1

2π
√

n
+

1
8π2n

)∑
u2|n

r( n
u2 )
u

≥ 0.03430233.

Using also the estimates given before, we get

−2A1(3) < −0.0821041.

We shall next get an lower bound for −2A1(3) in a similar manner.
First, we have

−2A1(3) ≥ −16πC1 + 16πC0 − 16π − 8ζ ′
(

3
2

)
L

(
3
2
, χ

)
− 8ζ

(
3
2

)
L′
(

3
2
, χ

)

− 8π(log π + C0 + 2 log 2 − 2)
∞∑

n=1

e−2π
√

n
∑
u2|n

r( n
u2 )
u

+ 4π
16∑

n=1

log n · e−2π
√

n
∑
u2|n

r( n
u2 )
u

− 8π




16∑
n=1

(
e−2π

√
n − 134 · e−8π

n2

)∑
u2|n

log
n

u2

r( n
u2 )
u

+ 134 · e−8πζ(5) · (−4) · (ζ ′(2)L(2, χ) + ζ(2)L′(2, χ))

}

− 8
π




16∑
n=1

(
e−π

√
n

n
3
4

− 24 · e−4π

n2

)∑
u2|n

r( n
u2 )
u

+ 24 · e−4πζ(5) · 4 · ζ(2)L(2, χ)
}

.

This is

≥− 16πC1 + 16πC0 − 16π − 8ζ ′
(

3
2

)
L

(
3
2
, χ

)
− 8ζ

(
3
2

)
L′
(

3
2
, χ

)
− 2(log π + C0 + 2 log 2 − 2) · 0.101166469708

+ 0.0053172 − 0.010389454 − 8
π
· 0.207283736

≥− 1.13204.

Hence, we get

−1.13204 ≤ −2A1(3) ≤ −0.0821041.
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By numerical computations, we have

−4π(−C0 − 2 log 2 + 2)2 − 4A0(3)(−C0 − 2 log 2 + 2)

− 2π(−C0 − 2 log 2 + 2)(−2C0 + 4 log 2 + B̃)

− 2π

(
π2

2
+ C2

0 + 4 log2 2 + 4C0 log 2 − 4C0 − 8 log 2
)

> − 6.1608259

and

−4π(−C0 − 2 log 2 + 2)2 − 4A0(3)(−C0 − 2 log 2 + 2)

− 2π(−C0 − 2 log 2 + 2)(−2C0 + 4 log 2 + B̃)

− 2π

(
π2

2
+ C2

0 + 4 log2 2 + 4C0 log 2 − 4C0 − 8 log 2
)

< − 6.16080749.

Combining with our estimates on A1(3), we get

−7.29285 < b < −6.24293 = b1.

We now study the function

f1(X) = −π

6
X3 + 2.02561 · X2 − 6.24293 · X + c.

Since

f ′
1(X) = −1

2
πX2 + 2.02561 · 2 · X − 6.24293 < 0

for real X, f1(X) is monotone decreasing.
We shall give an upper bound of the value f1(1.29), where we have

log
π2

2.71558
= 1.29045 · · · , log

π2

2.7153
= 1.29055 · · · .

For this purpose we need to get an upper bound of A2(3). We have

∞∑
n=1

e−2π
√

n
∑
u2|n

(log n − 4 log u) · r( n
u2 )
u

≤
7∑

n=1

e−2π
√

n
∑
u2|n

(log n − 4 log u) · r( n
u2 )
u

+ 2.5472 × 10−6 · ζ(5)Z2(2)

≤ 0.00041934686,
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∞∑
n=1

e−2π
√

n
∑
u2|n

(log n − 4 log u)2 · r( n
u2 )
u

≤
7∑

n=1

e−2π
√

n
∑
u2|n

(log n − 4 log u)2 · r( n
u2 )
u

+ 5.2966 × 10−6 · ζ(5)Z2(2)

≤ 0.000355581,

∞∑
n=1

n
1
4

∑
u2|n

(log n − 4 log u)
r( n

u2 )
u

∫ ∞

0

e−π
√

n(y+y−1) log y√
y

dy

≤ 1
π2

7∑
n=1

log n

n
3
4

e−π
√

n
∑
u2|n

r( n
u2 )
u

+
1
π2

× 0.003871 · ζ(5)Z2(2)

≤ 0.0053193,

∞∑
n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ ∞

0

e−π
√

n(y+y−1) log y√
y

dy

≤
16∑

n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ 1000

1

e−π
√

n(y+y−1) log y ·
(

1√
y
− 1

y
3
2

)
dy

+
1
π2

× 0.0000817699 · ζ(5)Z2(2) + 10−8

≤ 0.00013832 × 4 + 0.0005464685 +
1
π2

× 0.0000817699 · ζ(5)Z2(2)

≤ 0.00115152,

and

∞∑
n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ ∞

0

e−π
√

n(y+y−1) log2 y√
y

dy

≤
16∑

n=1

n
1
4

∑
u2|n

r( n
u2 )
u

∫ 1000

1

e−π
√

n(y+y−1) log2 y ·
(

1√
y

+
1
y

3
2

)
dy

+
4
π3

× 0.000019832101 · ζ(5)Z2(2) + 10−8

≤ 0.000286461 × 4 + 0.00112123 +
4
π3

× 0.000019832101 · ζ(5)Z2(2)

≤ 0.0022831.

Using these estimates, we get

A2(3) ≤ 2π(8C0 − 8C1 − 8 + 8C2)
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+ 2
(

ζ ′′
(

3
2

)
L

(
3
2
, χ

)
+ 2ζ ′

(
3
2

)
L′
(

3
2
, χ

)
+ ζ

(
3
2

)
L′′
(

3
2
, χ

))
+ 2π(log2 π − 2 log π(−C0 − 2 · log 2 + 2) + 2(−C0 − 2 · log 2 + 2)2

− π2

2
− C2

0 − 4 log2 2 − 4C0 log 2 + 4C0 + 8 log 2) · 0.101166469708
4π

+ 2π(log π − (−C0 − 2 · log 2 + 2)) · 0.00041934686

+
π

2
· 0.00035581 + 2π · 0.0053193

+ 4π(log π − (−C0 − 2 · log 2 + 2)) · 0.00115152
+ 2π · 0.0022831

≤− 0.0008795.

Consequently, we get
c ≤ 4.2242

and
f1(1.29) ≤ −1.58237.

Consequently, we get also

f(y) ≤ −1.58237 for log
π2

2.71558
≤ y ≤ log

π2

2.7153
.

In the same manner, we get

4π · E(2)(2.71, 3) ≤ 0.01.

Hence, we get finally

F ′′
d

(
3
2
, 3
)

≤ −1.5 for log
π2

2.71558
≤ d ≤ log

π2

2.7153
.

This proves our Theorem 1 for K = 3.

5. Supplemental Remarks

5.1. Complex zeros of Fd(s, 8)
We shall brief ly discuss the distribution of the complex zeros of Fd(s, 8)

in the same manner as in our previous works [4], [5] and [7], where we have
treated that of Fd(s, K) for K = 1, 2 and 4.

First of all we shall show that

if κ =
√

d > 1.084, then Fd(s, 8) has no zeros in �(s) = σ ≥ 17
2

.

We start from the following decomposition for �(s) = σ > 8

Fd(s, 8) = Z8(s) + E0(s, d, 8),
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where we put

E0(s, d, 8) =
∞∑

m=1

r8(m)
∑

−∞<m1,m2,··· ,m8<∞
(m2

1 + m2
2 + · · · + m2

8 + dm)−s.

Suppose that �(s) = σ > 8. We notice first that

|Z8(s)| ≥ 16 | 1 − 21−s + 24−2s | · | ζ(s) | · | ζ(s − 3) |

≥ 16(1 − 16 · 2−2σ − 2 · 2−σ) ·
∏
p

(
1 +

1
pσ

)−1∏
p

(
1 +

1
pσ−3

)−1

≥ 16(1 − 16 · 2−2σ − 2 · 2−σ) · ζ(2σ)
ζ(σ)

ζ(2σ − 6)
ζ(σ − 3)

,

where p runs over the prime numbers.
On the other hand,

|E0(s, d, 8)| ≤
∞∑

m=1

r8(m)
∞∑

v=0

r8(v)(v + dm)−σ

≤ 1
dσ

∞∑
m=1

r8(m)
mσ

+
∞∑

m=1

r8(m)
∞∑

v=1

r8(v)(v + dm)−σ

≤ 1
dσ

∞∑
m=1

r8(m)
mσ

+
∞∑

m=1

r8(m)
∞∑

v=1

r8(v)
(4vdm)

σ
2

≤ 1
dσ

∞∑
m=1

r8(m)
mσ

+
1

2σd
σ
2

( ∞∑
m=1

r8(m)
m

σ
2

)2

≤ 1
dσ

16 · (1 + 21−σ + 24−2σ) · ζ(σ)ζ(σ − 3)

+
1

2σd
σ
2

(
16 · (1 + 21−σ

2 + 24−σ) · ζ
(σ

2

)
ζ
(σ

2
− 3
))2

.

Thus
| Z8(s) | > | Eo(s, d, 8) |,

provided that

16(1−16 · 2−2σ − 2 · 2−σ) · ζ(2σ)
ζ(σ)

ζ(2σ − 6)
ζ(σ − 3)

≥ 1
dσ

16 · (1 + 21−σ + 24−2σ) · ζ(σ)ζ(σ − 3)

+
1

2σd
σ
2

(
16 · (1 + 21−σ

2 + 24−σ) · ζ
(σ

2

)
ζ
(σ

2
− 3
))2

.

The last condition is satisfied if

d >

(
A1(σ)
A2(σ)

) 2
σ

= do(σ), say,
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where we put

A1(σ) =
1
2σ

(
16 · (1 + 21−σ

2 + 24−σ) · ζ
(σ

2

)
ζ
(σ

2
− 3
))2

+
{

1
22σ

(
16 · (1 + 21−σ

2 + 24−σ
) · ζ (σ

2

)
ζ
(σ

2
− 3
))4

+ 4 · 16(1 − 16 · 2−2σ − 2 · 2−σ) · ζ(2σ)
ζ(σ)

ζ(2σ − 6)
ζ(σ − 3)

· 16

× (1 + 21−σ + 24−2σ) · ζ(σ)ζ(σ − 3)
} 1

2

and

A2(σ) = 2 · 16(1 − 16 · 2−2σ − 2 · 2−σ) · ζ(2σ)
ζ(σ)

ζ(2σ − 6)
ζ(σ − 3)

.

Thus we see that for any σ > 8, if d > do(σ), then

Fd(σ + it) �= 0 for any t.

Now to prove the above statement on the zero free region, suppose that

d1 = do(σ1)

for any σ1 > 8. Then for d > d1 and for σ ≥ σ1, we have

| Z8(σ + it) | ≥ 16(1 − 16 · 2−2σ − 2 · 2−σ) · ζ(2σ)
ζ(σ)

ζ(2σ − 6)
ζ(σ − 3)

≥ 16(1 − 16 · 2−2σ1 − 2 · 2−σ1) · ζ(2σ1)
ζ(σ1)

ζ(2σ1 − 6)
ζ(σ1 − 3)

≥ 1
dσ1
1

16 · (1 + 21−σ1 + 24−2σ1) · ζ(σ1)ζ(σ1 − 3)

+
1

2σ1d
σ1
2

1

(
16 · (1 + 21−σ1

2 + 24−σ1) · ζ
(σ1

2

)
ζ
(σ1

2
− 3
))2

≥ 1
dσ1

16 · (1 + 21−σ1 + 24−2σ1) · ζ(σ1)ζ(σ1 − 3)

+
1

2σ1d
σ1
2

(
16 · (1 + 21−σ1

2 + 24−σ1) · ζ
(σ1

2

)
ζ
(σ1

2
− 3
))2

≥ E0(σ1, d, 8) ≥ E0(σ, d, 8) ≥ | E0(σ + it, d, 8) | .

Thus we see that for any for d > d1 = do(σ1) and for σ ≥ σ1,

Fd(σ + it) �= 0.

In particular, since

do

(
17
2

)
= 1.1754 · · · ,

Fd(s) �= 0 for any d > 1.1754 and for any �s = σ ≥ 17
2

.
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In the above argument, we have used the fact that

(1 − 16 · 2−2σ − 2 · 2−σ) · ζ(2σ)
ζ(σ)

ζ(2σ − 6)
ζ(σ − 3)

= a(σ), say,

is monotone increasing for σ > 8. This can be seen easily by showing that
a′(σ)/a(σ) > 0 for σ > 8.

We recall next Stark’s result on the low lying zeros of the Epstein zeta
function ζ(s, Q) defined by

ζ(s, Q) =
1
2

∑′
x,y

Q(x, y)−s for �(s) > 1,

where x, y runs over all integers excluding (x, y) = (0, 0), Q(x, y) = ax2 +bxy+
cy2 is a positive definite quadratic form with discriminant ∆ = b2 − 4ac, a, b
and c are real numbers, a > 0 and we put

k =

√| ∆ |
2a

.

Stark has shown “k-analogue” of the Riemann hypothesis. Namely, he has
shown that for sufficiently large k, all the zeros of ζ(s, Q) in the region −1 <
σ < 2, −2k ≤ t ≤ 2k are simple zeros; with the exception of two real zeros
between 0 and 1, all are on the line σ = 1/2.

Stark’s result has been extended to Fd(s, K) for K = 2 in Fujii [5] and
K = 4 in Fujii [7]. In the same manner, we can extend it to the case for K = 8.
Namely, the “κ-analogue” of the “Riemann Hypothesis” holds in the following
form: there exists a number T0 such that if κ =

√
d > T0, then all the zeros of

Fd(s, 8) in the region −1/2 < σ < 17/2, −κ ≤ t ≤ κ are simple zeros ; with the
exception of two real zeros between 0 and 8, all are on the line σ = 4.

An extension of the Riemann-von Mangoldt formula may be stated as
follows.

Let N(T, F ) denote the number of the zeros of Fd(s, 8) in the region −1/2 <
σ < 17/2, 0 ≤ t ≤ T . If κ > T0 and 0 < T ≤ κ, then

N(T, F ) =
1
π

arg
((κ

π

)4+iT

Γ(4 + iT )
)

+
1
π

arg ζ(1 + iT ) + O(1)

=
T

π
log

κT

πe
+ O(log log T ),

uniformly for κ.

Finally we shall state the failure of the “κ-analogue” of the “GUE law” for
Fd(s, 8) in the following form (cf. Fujii [4], [5], [7]).

For κ > T0 and 0 < T ≤ κ, we have, for some positive absolute constant
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C,

1
T
2

∫ T−1

T
2

(
SF

(
t +

απ

log κT
π

)
− SF (t)

)2

dt ≤ C

uniformly for 0 < α 
 T log(κT/π), where we put

SF (t) = N(t, F ) − 1
π

arg
((κ

π

)4+it

Γ(4 + it)
)

=
1
π

arg ζ(1 + it) + ∆F (t),

with
| ∆F (t) |≤ C.

Hence we see that as κ → ∞,

1
κ
2

∫ κ−1

κ
2

(
SF

(
t +

απ

log κ2

π

)
− SF (t)

)2

dt ≤ C

uniformly for 0 < α 
 κ log(κ2/π).

5.2. A comparison of two expressions of Z3(s)
We see easily, for example, by drawing the graph, that when real s is

bigger,

4ζ(s)L(s, χ) +
2π

s − 1
ζ(2s − 2)

gives a better approximation than

2ζ(2s) +
√

π
Γ(s − 1

2 )
Γ(s)

4ζ

(
s − 1

2

)
L

(
s − 1

2
, χ

)
.

On the other hand, concerning a better approximation to Z3(s) for �(s) >
3/2, there is another candidate, which is the partial sum of Z3(s). For our
purpose we have used the partial sum

55∑
n=1

r3(n)
ns

.

We can see this, for example, by drawing the graph of

{
4ζ(s)L(s, χ) +

2π

s − 1
ζ(2s − 2)

}
−

55∑
n=1

r3(n)
ns

for s ≥ 3
2
.

5.3. Evaluations and estimations of the values of the derivatives of
ζ(s) and L(s, χ) at certain points

We have used at several places in this article the numerical values of the
derivatives of ζ(s) and L(s, χ) at certain points, for example, ζ ′(2) and L′(2, χ).
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It is noticed by Siegel (cf. p. 75 of Siegel [13]) that the following formula

L′(1, χ) =
π

4
(C0 − 2 log 2 − 4 log | η(i) |),

which is a consequence of Kronecker’s limit formula for Z2(s), gives a very
effective method to get a numerical value of L′(1, χ).

We might expect that Kronecker’s limit formulas for ZK(s) for K ≥ 3 play
also the same role. We mention here only the following results, although we
have not used these in this article.

Example 1.

1
2π

ζ(3) =
1
π

ζ

(
3
2

)
L

(
3
2
, χ

)
+ 1 + 2 log | η(i) | +

∞∑
n=1

∑
u2|n

1
u

r2

( n

u2

)
e−2π

√
n

(i)

−
∞∑

n=1

√
n
∑
m|n

r2(m)r1( n
m)

m
K1(2π

√
n).

− 3
π2

ζ ′(2) +
1
3
L(2, χ) = −C0

2
+

4
3

log 2 +
1
2

+ 2 log | η(i) |(ii)

−
∞∑

n=1

√
n
∑
m|n

r2(m)r2( n
m)

m
K1(2π

√
n).

(i) is a consequence of Kronecker’s limit formulas for Z3(s).
(ii) is a consequence of Kronecker’s limit formulas for Z4(s).
It might be natural to think that not only the Kronecker’s limit formulas

but also the evaluations of the residues of ZK(s) play certain role in this context
(cf. also p. 209 of Hua [10]). It might be not worthless to write down that a
simple counting formula for X ≥ 1,

∑
1≤n≤X 1 = X + O(1), and the explicit

formulas of rK(n) for K = 2, 4, 6, 8, 10 and 12 give us the following well known
evaluations.

Example 2.

L(1, χ) =
π

4
, ζ(2) =

π2

6
, L(3, χ) =

π3

32
,

ζ(4) =
π4

90
, L(5, χ) =

5π5

1536
and ζ(6) =

π6

945
.

In principle, we can expand the list in Example 2 indefinitely. Namely, the
list include the values of L(2n + 1, χ) for all integers n ≥ 0 and ζ(2n) for all
integers n ≥ 1.

Concerning the values of ζ(2n + 1), n ≥ 1, we have noticed in [15] that
they are connected with the values ZK(K/4), K ≥ 6. In addition to this, we
see easily that

Z8(1) = −16
π2

ζ(3) and Z8(3) = −8ζ(3).
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For the numerical computations which we have used in the present article,
the analogues of Example 1 do not help very much. In stead of these, we have
used the Euler-Maclaurin summation formula in a standard way and used the
following numerical values.

ζ

(
3
2

)
= 2.61237534 · · · , ζ

(
5
2

)
= 1.34148725 · · · ,

ζ(3) = 1.202056903 · · · , ζ(5) = 1.036927755 · · · ,

ζ(7) = 1.00834927 · · · , ζ ′
(

3
2

)
= −3.93223973 · · · ,

ζ ′(2) = −0.9375482 · · · , ζ ′(4) = −0.068911265 · · · ,

ζ ′′
(

3
2

)
= 15.98955637 · · · , ζ ′′(2) = 1.989280 · · · ,

L

(
3
2
, χ

)
= 0.86450265 · · · , L(2, χ) = 0.91596559 · · · ,

L

(
5
2
, χ

)
= 0.94862217 · · · , L′

(
3
2
, χ

)
= 0.12721993 · · · ,

L′(2, χ) = 0.081580736 · · · , L′′
(

3
2
, χ

)
= −0.1097970321 · · · ,

L′′(2, χ) = −0.0744152124 · · · .

5.4. Correction to Fujii [5]
“D1 = 0.156 · · · ” in p. 710 should be “D1 = 0.165 · · · ” as in p. 734.

5.5. Corrections to Fujii [7]
(1) Lemma B in p. 158 should be corrected like Lemma 4 of the present

article, although we have changed the notations slightly.
(2) eC0 in l. 21 of p. 167 and l. 10 and l. 16 of p. 218 should be e−C0 .
(3) 2.4 · · · × 1030 in l. 21 of p. 167 should be replaced by 2.99 · · · × 109.
(4) rK(n) in l. 4 of p. 175 should be rK(m).
(5) Γ in l. 3 of p. 176 should be erased.
(6) Γ(K/2) − Γ′(K0/2) in l. 7 of p. 179 should be Γ(K/2)Γ′(K0/2).
(7) KK0/2k(2π

√
n) in l. 10 and l. 12 of p. 180 and l. 1 and l. 5 of p. 181

should be K(1/2)(K0/2k)(2π
√

n).
(8) A(K0/2k) in l. 11 and l. 13 of p. 180, l. 3 of p. 181 and l. 22 of p. 216

should be A(2(K0/2k)).
(9) In l. 10 and 12 of p. 180 and l. 1 of p. 181, “+2C0” should be added.

(10) K0 in l. 4 of p. 181 should be K.
(11) In l. 6 of p. 181, “+A(K)2C0” should be added.
(12) “+2C0” in l. 21 of p. 216, l. 10 of p. 217 and l. 9 of p. 219 should be

“−2C0”.
(13) mK0/2k

in l. 1 of p. 217 should be m(1/2)(K0/2k).
(14) e2C0 in l. 12 of p. 217 and l. 8 of p. 218 should be e−2C0 .
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