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Extension of Thomas’ result and upper bound
on the spectral gap of d(> 3)-dimensional
Stochastic Ising models

By

Nobuaki SUGIMINE

1. Introduction

Let us consider the Glauber dynamics at low temperature (large ) which
evolves on a cube

Ik

whose side-length is I € N with a boundary condition w. By gap(A(l,d),w), we
will denote the spectral gap corresponding to a boundary condition w. Espe-
cially, By gap(A(l,d), ¢) and gap(A(l,d),+), we will mean spectral gaps corre-
sponding to free and 4+ boundary conditions, respectively. When 8 > 3.(d), it
is known that gap(A(l,d),w) shrinks to zero as [ /" co. For d = 2, it is known
that the speed at which gap(A(l,d),+) shrinks to zero as I /' oo is different
from the one at which gap(A(l, d), ¢) does (see [Mar94]). It is known (Theorem
5 in Section 3 of [Sch94]) that the spectral gap has the following general lower
bound for any d > 2 and any § > 0:

d—1
—d _ i <
(1.1) ¢(B,d)l eXp( 40 i2=1 l ) < weuf%gc, gap(A(l,d),w) for any 1€ N.

On the other hand, L. E. Thomas proved in [Tho89] that

(1.2) gap(A(l,d), $) < Bexp(—pC141) forany [ eN

for any d > 2 and sufficiently large 5, where B = B(#,d) > 0 and C =
C(d) > 0. In this note we will make an attempt to extend the class of boundary

conditions in the case that d > 3 (see [HY97] and [AY99]) for which the estimate

gap(A(l,d),w) < Bexp(—3C1%1) forany [ €N
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holds for sufficiently large 8 and some B = B(w, 3,d) > 0, C = C(w,d) > 0.
In order to do this, we want to maximize kX for which the estimate

|y NintA(l, d)|

o > A for any v € C(l,d), |y| < k14!
~y

holds (see Sections 3 and 5). But it is difficult if we consider all contours in
C(l,d). For this reason, by introducing the notion of simple contours (see the
final paragraph of Sections 1 and 3), we will refine the Thomas’ argument on
contour.

For example, we will consider the boundary conditions ws € Qﬁ; .. Which
are defined for all § € [0,1] by

l —0l ol

1 f - - -_— 7 < - ) 5

(1.3) () = +1 if x4 [2} and 5 <Ti< g (1 # d)
0 otherwise.

From the consequences for d = 2 (see [Mar94]), we can expect not only that
gap(A(l,d),ws) for each § < 1 behaves like (1.2) as [ / oo, but also that the
behavior of gap(A(l,d),w1) as I /" oo is different from that of gap(A(l,d),ws)
for any § < 1. Unfortunately, we can not prove it. But we can show that for
example, for d = 3, gap(A(l,d),ws) for each § < 3/4 shrinks to zero as [ / oo
like (1.2).
Basic Definitions

The lattice. For x = (z;)4, € Z% we will use the l;-norm |z|; =
Zle |z;| and lo-norm ||z|lcc = maxi<i<q|z;|. We will also use the partial
order x > y if and only if x; > y; for all i < d. Let p =1 or p = co. A set
A C Z% is said to be l,-connected if for each distinct z,y € A, we can find some
{70y .. y2m} C Awith zp = z, 2, =y and ||z;—2z;_1|, = 1 for any i < m. The

interior and exterior boundaries of a set A C Z? will be denoted respectively
by

OinA ={x € A; ||z —y||1 =1 for some y ¢ A},
OexA ={y ¢ A; |Jx — y|l1 =1 for some z € A}.

The number of points contained in a set A C Z? will be denoted by |A|. We
will use the notation A CC Z? to indicate that A C Z? and |A| < co at the
same time.

The configurations and the Gibbs states. In addition to the usual spin
configuration spaces

Qp = {0 = (0(2))wen;o(z) = +1 or -1}, A C Z%
we will introduce a configuration space ;. for boundary conditions

O = { = ((&))segsiw(z) = +1 or 0}.
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We define ¢, + € Q}:—i)_.c‘ by
p(x) =0 forall z€Z and +(x)=+1 forall zcZ? respectively.

The set of all real functions on Q4 will be denoted by Ca. For A cC Z¢ and
w e, the Hamiltonian HY € C, is defined by

Hi0)=—5 Y oWol)~ Y o)l
A Tesy et

A Gibbs state on A cC Z? with a boundary condition w € Q{;C_ and
inverse temperature 5 > 0 is the probability distribution p§ such that the
probability of each configuration o € {2, is given by

18 ({o}) = ZlA exp{—AH ()},

where Z% is the normalization constant.

Stochastic Ising models. For A CC Z% and 3 > 0, we consider a function
cat A x Qp x QF . — (0,00) which satisfies the following conditions:
(i) Boundedness. There exist constants ¢(5,d) > 0, ¢(3,d) > 0 such that

Q(ﬁ7d) S CA(.IT,O',(U) S E(ﬁvd)

for all A CC Z? and all (z,0,w) € A x Qp x Q.
(ii) The detailed balance condition. It holds that

(1.4) cen(z, 0,w) exp{—BH} (o)} = ca(z, 0", w) exp{—BHZ (c")}

for all A CcC Z? and all (z,0,w) € A x Qp x Q _, where % is the
configuration obtained from o by replacing o(z) with —o(x).
An example of functions cy is given by

enli,0) = exp {5 (3 (0%) — 3 (o)}
—ep{-po@)( Y e+ Y wWw)}
yeillo—ylli=1 v Alla—ylli=1

The generator of a stochastic Ising model is a linear operator A : Cy — Cy
for A cc Z¢ and w € Q;F_CV given by

iflo) = Z en(z,o,w)[f(o") = f(o)l,  f € Ca.

zEA

It can be seen by (1.4) that for any f,g € Cp
—ux(fARg) = —nR(9ARf)
=13 Y ()erteonw)[F(0) — f(o)lalo)  9(o)]

TEN cEQA
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Finally, we define

—1R(FARS)
uR(1f = g (17
which is the smallest positive eigenvalue of —A% and hence it is called the
spectral gap.
Main Result

(1.5) gap(A, w) = inf{ fe CA},

Theorem 1.1. Let d > 3. Consider a stochastic Ising model on the
square A(l,d). Suppose that a boundary condition w € Q{)’fc~ is such that

A 27
(1.6) h?isolclp J1 <16d’

where
Fl+(w) ={y € Oz A(l,d);w(y) = +1}.

Then, there exists By = Bo(d,d) > 0 such that for any 5 > By and anyl € N
(1.7) gap(A(l,d),w) < Bexp(—BCI*),

where B = B(w,,6,d) > 0 and C = C(d,d) > 0. FEspecially, if there exists
some § € (0,27/16d) such that |F;*(w)| < 81971 for any | € N, then we can
take B in (1.7) as a constant independent of w.

A better bound can be obtained for d = 3 case by a slight modification of
the argument in the proof of Theorem 1.1.

Theorem 1.2.  Suppose that a boundary condition w € Qg‘_o is such
that
Fr 3
(1.8) lim sup | lp(w” <6< -

l—o0 4

Then, there exists 3, = B,(0) > 0 such that (1.7) holds for any 8 > B and any
| € N. Especially, if there exists some & € (0,3/4) such that |F;H (w)| < 812 for
any l € N, then we can take B in (1.7) as a constant independent of w.

For d = 4 or 5, we have a little better result than Theorem 1.1. We will
present it in Appendix with its proof (see Theorem A.1).

Contours, [,,-Contours and Simple Contours

Here we will introduce the notion of simple contours which will play an
important role in this note. The set B of bonds in Z? is defined by

B = {{z,y} C Z%|lx —y| = 1}.
For A C Z¢, we also define

OA = {{z,y} € B;(x,y) € A x A°}.
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For a bond b = {z,y}, we will consider a (d — 1)-dimensional unit cell b* =
Q(z) N Q(y), where Q(z) = Hle[xi —(1/2),2; + (1/2)] C R%. For a finite set
V c R%, we put

Q(V) = Uxer(CL‘) c R?

and 0Q (V') will indicate the set of (d—1)-dimensional unit cells constituting the
boundary of Q(V'). Two bonds by and by are said to be adjacent if by N b3 # ¢.
A set E C B is said to be connected if for each distinct b,b’ € E, we can find
some {bg,...,by,} C E such that b; and b;_; are adjacent for any ¢ < m with
bo =0band b, =b.

Clusters. For o € Q,(,4), we define

Al d)(o,+) ={z € A(l,d);0(x) = +1},
Al,d)(o,—) ={z € A(l,d);0(z) = -1},

and let {Af (o)} and {A; ()} be the decomposition of A(l,d)(c,+) and A(l,
d)(c,—) into l;-connected components, respectively. We will call an element of
{Af (o)} and {A; (o)} a (+)-cluster at o and a (—)-cluster at o, respectively.
When o(x) = +1, there exists the unique (+)-cluster including = € A(l,d),
which will be denoted by C;f (o). We define C (o) similarly.

Contours and lo-Contours. A contour (an l..-contour) v is a union
of (d — 1)-dimensional unit cells with the following properties: There exists
© cC Z4 such that

(i) © is I1(ls)-connected and ©° is [..-connected, and

(ii) v = Upeseb™.

The set © CC Z¢ is uniquely determined by a contour (an l,-contour) v and
hence will be denoted by O(). We can see that v = 9Q(©(v)). The (d — 1)-
dimensional Lebesgue measure of an l,-contour v will be denoted by |vy| and
the d-dimensional Lebesgue measure of Q(©(7)) will be denoted by |Q(O(7))|.
Since an [-contour corresponds to a connected set of bonds, it follows that
for each b € B and each n € N,

(1.9) #{v; v is an lo-contour with |y| = n and vy 2 b*} < K(d)" ™,

where x(d) > 0 is a constant which depends only on d ((4.24) in [Gri89]). If
O(v) is a subset of A C Z%, v is said to be a contour (an [s-contour) in A.
The set of all contours in A(l,d) will be denoted by C(I,d). The set of all
loo-contours in A(l,d) will be denoted by C(l,d). For o € Q4 (1,4), @ contour
is said to be a (+)-contour at o if it satisfies the following properties:

(i) There exists a (+)-cluster Af (o) C O(7), and

(ii) v € {8A;fj(a)}, where {8A1‘-fj(a)} is the decomposition of IQ(A; (o))
into connected components.
The (+)-cluster A (o) is uniquely determined by a (+)-contour v at o and
hence will be denoted by C*(o,~). Similarly, we define (—)-contours at o. By
a contour at o, we will mean either a (+)-contour at ¢ or a (—)-contour at o.
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Simple contours in A(l,d). We define for i =1,... ,d

Ci(l,d) = {V € C(l,d); if z € ©(y) and y € L(l, d)(x) } 7

with y; < z;, then y € O(y)

where Li(l,d)(z) = {y = (y;)}=1 € A(l,d);y; = x; for any j # i}. A contour
v € N%_,C;(1,d) is said to be a simple contour in A(l,d). The set of all simple
contours in A(l, d) will be denoted by S(I,d). The main idea of this note is to
reduce analysis of contours to that of simple contours.

2. Outline of the proof of Theorems 1.1 and 1.2

Our proof of Theorems 1.1 and 1.2 is based on the ways in [Tho89], [HY97]
and [AY99]. First, we will explain an outline of the proof of Theorem 1.1.
For o € Q5 (j,q), we define

(2.1) Cy(o) = {y;7 is a (+)-contour in A(l,d) at o with |y| > 91971 /2}.

Let x; : Qaq,qy — {0,1} be the indicator function of the event I'; which is
defined by

(2.2) Iy = {0 € Qa@a); Ci(o) # ¢}
Then, we have by (1.5) that

_“X(Ld)(XlAX(l,d)Xl)
MX(l,d) (le - /'LX(l,d) (Xl) |2)
(B, d) w
Z Z ﬂA(z,d)(U)~

T HR(a (Fl)/‘x(hd)(rlc) 2eA(l,d) €Ty, ovgly

(2.3)  gap(A(l,d),w) <

To bound the RHS of (2.3) from above, we will use the following two lemmas.

Lemma 2.1.  Suppose that w € er_cv. Then, there exist 81 = B1(d) > 0
and Iy = 11(d) > 0 such that for any 8 > (4

W=

. i w >
(2.4) zlngl HA,d) () >

Lemma 2.2.  Suppose that a boundary condition w € Qg‘_o satisfies
(1.6). Then, there exist o = [2(6,d) > 0 and la = lo(w,d,d) > 0 such that for
any B> Bo and any l > Iy

25 S Y mRaw(0) < mis (T Bexp(—501,

zEA(l,d) o€, o= ¢l

where B = B(f,6,d) >0 and C = C(4,d) > 0.
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From (2.3), (2.4) and (2.5), we have that for any 8 > max{8:, 2} and any
l 2 max{ll, 12}

gap(A(l,d),w) < 32(8,d) Bexp(—4C17),

which proves Theorem 1.1.
To prove Theorem 1.2, we have only to use the following lemma instead of
Lemma 2.2.

Lemma 2.3. Let d = 3. Suppose that a boundary condition w € Q;C_
satisfies (1.8). Then, there exist O3 = (3(0) > 0 and I3 = l3(w,d) > 0 such that
(2.5) holds for any 8 > B3 and any | > 3.

3. Simple contours

To reduce analysis of contours to that of simple contours, we will introduce
a lemma which asserts that

(3.1) f |[v NintA(l, d)|

) {1 nf |'yﬂintA(l,d)\}
~veC(Ld) 1l ’

> mins —,
27 ~yes(l,d) |v]
where v NintA(l,d) = yY\OQ(A(l,d)). From now on, we will use the notations
byi(x) ={z,x e}, i=1,...,d

to specify 2d bonds including z € Z¢, where {ei}le are the canonical unit
vectors in Z¢. We also define the following notations to specify 2d sides of

Q(A(l, d)):
Fyi(l,d) ={b" € 0Q(A(l,d)); b = by, (x) for some z € J;,A(l,d)},
i=1,...,d
Lemma 3.1.  For each i = 1,...,d, consider the map ¢; : C(l,d) >
v — @i(7) € C;(I,d) which satisfies that for any T € A(l,d)
(3.2) ©(y) NL(1,d)(Z)| = 18(wi(7)) NL (L, d)(2)}].
Then, for eachi=1,...,d and any v € C(I,d) with |y NintA(l,d)|/|v] < 1/2
it holds that

(3.3) v = 1i(9)]
(3.4) |y NintA(l, d)| > loi(y) NintA(l, d)|
o] i (7)1

Proof. Tt suffices to prove (3.3) and (3.4) for ¢ = d. From the definition
of the map ¢4, we can see that for any z € A(l,d)

(3.5) Hb* b=bya(x) or b="b_q(x) H

€Y for some z € O(y) NLi(l,d)(z)

. . b="byq(x) or b=>b_4(x)
= Hb € LV for some & O(pa(y) N LA d)(2) H
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For j=1,...,d— 1, we can also see that for any z € A(l,d) and § = T + ¢,
(3.6)

« . ~ b="0by(z) for some x € O(y) NL4(I,d)(z) or
Hb €y NintA(l, d); b= b:rj(y) for some y € @(’Z) NLA(1,d)(y) H
= [{z € ©(7);2 € LY(L,d)(2)}] + {y € ©():y € L(,d)(3)}

—2{z € ©(y);z € LU(1,d)(7) and = + ¢; € O(7)}]
> |l{z € O()sw € LU0 d)(@)} — Hy € ©():y € L1 (@)}

b= by;(z) for some
x € O(pa(y)) NLEYI, d)(Z) or }
b="b_;(y) for some

y € O(pa(y)) N LA d)(7)

)

{b* € wa(y) NintA(l, d);

and that for any z € 9;,A(l, d)
(3.7

Hb* €7NoQAL D) ¢, Z;n?i(g )@O(Zl)): II?;(JZEZ))(i) H

= Hb € ¢al1) NOQALA): o 0 ffé(g))(:;(:;r?fd(fl? d)(z) H

From (3.5), (3.6) and (3.7), we have that

(3.8) vl > lea(y)]-

Moreover, note that

(3.9)
lpa(y) NOQ(A(L, d))| = |y N OQ(A(, d))]
b () ¢ yNF_y(l,d) and
i {f AL ) € b 1 F-allsd) H
bt (x) e yN Fig(l,d) and
B {””GA“ D5 43x) ¢ pay) N Prald) H
and that
(3.10)

1
5 (1= leat1)
€ AL d); V4= [L] and there exist 2/, 2" € ©(y) NLI(l,d)(z)
. 77 such that b* ;(z'), b 4(2") € yNintA(l, d)
b* ;(x) € yN Fyy4(l,d) and }
€ A(l,d); ;¢
{x (b9 47 (@) ¢ pa(3) N Frall.d)

b y(x) ¢ 7O F_q(l,d) and
—H(weA(W)’ b*_j(x)e;d(v)f?F—d(l,d) H

>

>
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Therefore, we have from (3.8), (3.9) and (3.10) that for any v € C(I,d) with
[y NintA (L, d)|/]y] < (1/2)

[y NintA( d)] _ |paly) N intA(L d))|
el - loa(7)]

since the following inequality holds:

)

t t1 — t
1 > h=h for any t1,ts, p1,p2 > 0 with t; > p1, t2 > ps and ! > L
to T o —p2 D2 12

|
4. Proof of Lemma 2.1
For v € C(l,d) at 0 € Qpq,q), We set
(4.1) AWHX(l,d)(U) = HK(z,d)(U) - HX(l,d) (Tyo)
= 2(Jy NintA(L )| - |8.0() N (@)1,
where the map T, : Q.q) — Qa(,0) is defined by

— —0'(.’13) if ze @(7)5
Tho() = { o(x) if x¢ O(y).

For v € S(I,d) and i = 1,... ,d, we put
Sti(y) =vN Fyi(l,d) and S_i(y) =yNnF_;(,d).

Note that there exists ,, such that

1
4.2 s < —|~].
(42) 154 ()] < 31

Lemma 4.1.  Letp € (0,1/2) and~y € C(l,3) be a contour with |0(y)| <
(1 —2p)I3. Then, there exists lg > 0 such that for any | > lo

|y NintA(l, 3)] S P
el ~ 6
Lemma 4.2.  Let p’ € (0,3) and v € C(l,d) be a contour at o € Qx4

with |O(y)| < p'l%/d. Then, there exist e = (p’,d) > 0 and ly = lo(d) > 0 such
that for any 1 > gy

(4.3)

(4.4) AwHi(l,d)(U) 2 el

Proof of Lemma 4.2. Since we can see from (4.1) that (4.4) holds for any
v € C(l,d) with |y NintA(l, d)|/|y] > 1/2, we have only to show that

[y NintA(l, d)| _ min{p',3 — p'}

(45) Al S @)
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for any v € S(I,d) with |©(v)| < p'l%/d by (3.1) and (3.2). Assuming that
Lemma 4.1 is true, we will prove (4.5) by induction. For d = 3, (4.5) holds
from (4.3). Thus, we assume that (4.5) holds for d = n > 3 and consider
v € S(I,n + 1) with |©(y)| < p/I"*1/(n + 1). From the definition of simple
contours we can see that [S4;(7)] -1 < |Q(O())| =10(y)| for i =1,... ,n+1,
which implies that

(4.6) ISi()] < P’/ (n+1), i=1,...,n+1

If there exists some ig such that [S_;, (v)| > p'lI™/n, then, we have that

intA 1 1 / /
@7) [y NintA(l, n + 1) > (p__ p )ln
7] 2(n+DI"\n  n+1
0
T 2(n+1)%n

since |y NintA(l,n + 1)| > |S—iy(¥)| — |S+io(7)]- Otherwise, we have that
|S—i(V)| < p'l™/nfori=1,... ,n+ 1. We consider the n-dimensional hyper-
planes H(t) of integer height, which are defined by

H(t) ={z € R"H;Zim =t}, teZ

Here i, satisfies (4.2). Then, for any integer ¢ € (—1/2,1/2] we can regard the
intersection of v and H(t) as a simple contour in S(I,n). Let 7/(t) = v N H(?)
and Q'(t) = Q(O(v)) NH(t). By |S_;,, (7)] < p'l"/n, we have that |Q'(¢)] <
p'l"/n. Then, by the hypothesis of the induction, we have that for any integer
te(=1/2,1/2]

/() NintA(l,n +1)]  min{p’,3 — p'}
' (1)l T (n-1)

(4.8)

Therefore, we have from (4.2) and (4.8) that

|y NintA(l,n + 1)| 1 min{p’, 3p'}
(4.9) - > (0 =218 ) - 55 )
n  min{p’,3 —p'}
“n+l 2n2(n—1)
~ min{p’,3 - p'}
~2(n+Dn(n—1)
From (4.7) and (4.9), we can show that (4.5) holds for d =n + 1. O

Proof of Lemma 4.1. By the same reason as in the proof of the previous
lemma, we have only to show that (4.3) holds for any v € S(I, 3) with |©()| <
(1 —2p)i® by (3.1) and (3.2). Thus, we assume that v € S(I,3) with |©(v)| <
(1 —2p)I3. Note that

(4.10) 1Sv (M < (X =2p)1%,  i=1,2,3.
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If |S_;, (7)] = (1 — p)i?, then we have from (4.10) that

|y NintA(l, 3)|

(4.11) i

>

DD

Otherwise, we consider the 2-dimensional hyper-planes H(¢) of integer height
and 7/(t) = v N H(t) in the same way as in the proof of Lemma 4.2. Then, by
|S_;., (7)] < (1 — p)I?, we have that for any integer ¢ € (—1/2,1/2]

Y/ (8) NintA L 3)| _ VP
(412 RO/

Therefore, we have from (4.2) and (4.12) that

|y NintA(l, 3)| 1 VP
413 PRGN > = ((ly] = 28—, (1)]) - Y2
(4.13) L (GRE LRSS
s VP
-3
From (4.11) and (4.13), we can show that (4.3) holds. O

Proof of Lemma 2.1. We define a set I'; C Q,;,4) by
I'} = {0 € Qa(,q); there exists some (+)-contour v at o with [©(y)| > 91 /4d}.

We can see that I'} C I'; as follows. From (3.2) and (3.3), we have only to show
that |y| > 91971 /2 for any v € S(I,d) with |©(y)| > 91¢/4d. Take such a simple
contour v € S(I,d), and then we will prove that

(4.14) IS_i(v)| > 91971 /4d, i=1,...,d,

which implies that |y| > 91971/2. To see (4.14), we assume for example that
|S41(7)| < 9191/4d. Then, by the definition of simple contours we have that
1Q(O(7))| = |©(7)] < 919/4d, which contradicts [©(v)| > 91¢/4d.

By FKG inequality, we have that

(4.15) 1R a,a) (T1) = 1R 1)

At a configuration o € {¢(0) = +1} N I'}°, the origin is enclosed by a (+)-
contour  with [©(v)| < 91%/4d. Therefore, we have by Lemma 4.2 with p' =
9/4 that

(4.16) Ava(l,d)(U) > el for any [ > lp.
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By this and the standard Peierls’ argument, we have that for any [ > [

(4.17)
B {o(0) = +13 NTY) <> "l 4 {7 appears and A HY, , (0) > e[y}

-
< 3" exp(—fehl),
-

where Zv stands for the summation over all contours v with ©(vy) > 0. By
using the counting inequality (1.9), it is not difficult to see that for sufficiently

large
lim exp(—pe =0,
Jim % p(—Belvl)

which together with (4.15) and (4.17) implies Lemma 2.1. O

Remark 4.3. At a configuration ¢ € {c(0) = +1} NI, the origin is
enclosed by a (+)-contour v with |y| < 91971/2, which does not necessarily
imply that the estimate

Ay HE 1,0)(9) = €]

holds. Therefore, we replace the boundary conditions w with ¢ by using FKG
inequality for I'; C I';. For this reason, boundary conditions w are restricted to
ones belonging to Q{;Q.

5. Proof of Lemmas 2.2 and 2.3

For o € (0,1] and & € (0,6), we say that the condition P(k,, a;d) holds if
it holds that

|y NintA(l, d)|
vl

%
ale

for any € C(l,d) with |y| < kl?L.

Lemma 5.1. If P(k,l,«;d) holds, then P(k,l,a Ad/(2(d+1));d + 1)
holds.

Proof. Since we have only to show that

|y NintA(l,d + 1)| 1 d
1 >
(51) Rl —d+1(0‘A2(d+1))

for any v € C(l,d + 1) with |y NintA(l,d + 1)|/]7y| < 1/2, we can suppose by
(3.1) and (3.3) that v € S(I,d + 1) with |y| < kl¢. Note that

(5.2) 1S_i (7)] < kl/2(d + 1).

For any integer t € (—1/2,1/2], we consider v/ (t) = yNH(t), Q'(t) = Q(O(7))N
H(t) in the same way as in the proof of Lemma 4.2. We can define S ;(7/(¢))
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for any j < d+ 1, j # iy, in the same way as the definitions of Sy ;(v’) for
v € S(l,d). If |7/(t)| < kl?~', we have by the hypothesis of the induction that

[V (1) NintA(lL,d+1)] _ o
[y (@) d
Otherwise, from (5.2) we can suppose that |7/(t)] > ki9~! and |Q'(t)] <
kl?/2(d 4 1). Then, we can see that
D IS (Y ()] < kdl® /2(d + 1),
JFim
Therefore, we have that
') NintA(l, d + 1) L @) /
5.4 > - Sy, t
(5.4) ] > (T 31840 1)
1 d 1
2 2(d+1)  2(d+1)
From (4.2), (5.2), (5.3) and (5.4), we can conclude that

ly NintA(l d+1)] _ 1

s 2 (- 2500 (58 57577 )
1

= i1l )
d+1 2(d+1)/’
which implies that P(k,l,a Ad/(2(d + 1));d + 1) holds. O

(5.3)

>

Lemma 5.2.  Let v € C(,3) be a contour with |y| < 912/2. Then, it
holds that

|y NintA(l, 3)]
il

Proof. Let p € (0,1). Since we have only to show that (5.5) holds for
any v € C(l,3) with |y NnintA(l,3)|/|y] < 1/2, we can suppose by (3.1) and
(3.3) that v € S(I,3) with |y| < 6(1 — p)I2. Then, we have from (4.2) that
IS_i,,(v)] < (1 — p)I%. For any integer t € (—1/2,1/2], we consider v'(t) =
vNH(t) and Q'(t) = Q(O(y)) NH(t) in the same way as in the proof of Lemma
4.2. We can see that

|7/ (t) NintA(l, 3)| 1 b
>0 pr e {5

since we have that |Q'(¢)| < (1 — p)I2. Therefore, we have from (4.2) that

Pt 3)] 1 ((M - 2|S—z»n<“0|>‘“ﬁ“{l @D

1
(5.5) > <.

ol ol 472
2 1
> -~ -min< —, @ ,
3 4" 2
which with p = 1/4 implies (5.5). O
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Corollary 5.3. Let d > 3 and v € C(l,d) be a contour at 0 € Qx4
with |y| < 91971 /2. Then, it holds that

w 3
(5.7) Ay H,a)(0) = 2( 5511 = 10.0() N EF (@)]).
Proof. Since P(9/2,1,1/2;3) holds from (5.5), P(9/2,1,3/8;d) holds for
any d > 3 by Lemma 5.1. From this and (4.1), we can obtain (5.7). O

Corollary 5.4.  Let v € C(l,3) be a contour at o € Qy(3) with |y| <
912/2. Then, it holds that

(5.8) A3 H 10)(0) 2 2( 1]~ 10:0() N EF(@)]).

Proof. (5.8) follows from (4.1) and (5.5). O

Proof of Lemma 2.2. We will prove Lemma, 2.2 in the following four steps
for sufficiently large I. Before we proceed to the first step, we will introduce
definitions and notations. For m < 3¢ — 1, let v = {7;}™, be a set of .-
contours in A(l,d) such that v; and ; have no common (d — 1)-dimensional
unit cells for ¢ # j. We set

AlH;\J(l,d)(O—) = Hx(z,d)(g) - HX(l,d) (Ty, 0+ 0T,,,0),
where the map T, : Qpq,q) — Qa(,q) for each i < m is defined by

olz) = { —o(z) if z€0(y),

T o(x) if =0y

Vi

For a (4)-contour v at o, we define the map TWCIuSter

S Q1a) — Qa@,a) by
cluster _ 70—(1') if € C+ (Ja 7)7
L ofz) = { o(z) if x¢Ct(o,7).

First, we will prove that if ¢ € Ty, 0% ¢ I'; for some x € A(l,d) and o(x) =
+1, then there exist a (+)-contour y € C(l,d) at o with |y| > 917! /2 and at
most (3¢ — 2) l-contours {a;}™, C C(l,d) (we understand that {a}?_, = ¢)

such that

(5.9) Ci(o) ={~} and Q) 3z,

(5.10) Qo) > for any i <m,

(5.11) AyHqa)(0) Z ey =€ <|7| +3 Iai|> ;
i=1

where ¢ = €(0,d) > 0 and v = {7y} U {as}}2;. (5.9), (5.10) and (5.11) can
be seen as follows. Flipping o(x) to —1 does not change the shapes of (+)-
clusters at ¢ not including x. Thus, the case where the transition from o € I}



d(> 3)-dimensional Stochastic Ising models 155

to 0® ¢ I'; occurs is the one where there exists the unique (4)-contour v such
that {v} = Ci(o) and the flipping of o(z) shortens v or makes v break into
contours which do not belong to Cj(¢*). This is possible only when (5.9) is
satisfied. Let {C;}"_; be the decomposition of C"”‘( )\{z} into l;-connected
components. Then, there exist (+)-contours {7/}, C C(l,d) at o® such that
C; = C*(0%,~]) for each i < n. Since 0% ¢ I';, we can see that |y/| < 91971/2
for any ¢ < n. Note that

(5.12)

{beB;be dC (o)} ©{be B;be dC; for some i <n} C {by;(x)}L,
where © stands for the symmetric difference of two sets. Let {n;} and {;} be
the decomposition of {Q(C; (o))} and {9Q(C;)}, into connected compo-
nents, respectively. Then, we can show that
(5.13) {nisni N 0Q(x) = ¢} = {& I\ Vit

as follows. Let us suppose that n € {n;;n; N0Q(x) = ¢}. For any b* € n, there
exist u,v € Z¢ such that b = b(u,v), u € Cp(0), o(v) = -1 and ||[v — 7 > 2.
Then, there exists £ € {&}\{~/}?"_; such that b* € . Therefore, we have from
the definitions of {n;} and {&;} that

(5.14) {ni;m: N0Q(x) = ¢} C {&H\ {7}
Let us suppose that £ € {&}\{7/},. For any b* € &, there exist u,v € Z¢
such that b = b(u,v), u € C; for some i <n, o%(v) = —1 and ||[v — x| > 2.

Then, there exists n € {n;;n; N Q(z) = ¢} such that b* € n. Therefore, we also
have that

(5.15) {nisni N 0Q(x) = ¢} D {& I\ {itica
From (5.14) and (5.15), we can conclude that (5.13) holds. Therefore, putting
7 = {ni;m: N Q(x) # ¢}, we have that

HA(l d)(TCluStCr ) — HK([ d) (T o)

— HA([ 2 (Tclustcr 0. Tciustcr z) HA(l 2 (T o o T%/l o,x)’

which implies that
(5.16) HX(l,d) (o) — H/“\}(z,d) (Tlff)
= Hyq(0) - HK(z,d)( o)+ Hyq a (Tdumra) — HYy,0)(Ty0)
+ HY 0 (T’Zuster . Tcluster ") - H 0 (Tehsten )
+ Hya)(Ty; 0+ 0Ty, 0%) = HY ) (Tdmter 0---0 Tyciuswrgw)
+ H/L\d(l,d) (c®) — HX(l,d) (TAA o---0Tyo")
= Hx(z,d)( o) — Hx(z d)( o”)
+ Higa (Tclustcr ' OTclustcr ") — HY (Tetusten )
+HR a0 (0") — HY g (T 0Ty 0")
> HRqa)(0") — Hyy gy (Tyy 000 TW;LUz) —4d.
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From (5.12) and (5.13), we also have that
(5.17) [ —2d <> 1yl < |yl + 2d.
i=1

Since each contour in {v/}" ; satisfies the condition for (5.7), we have from
(5.16) and (5.17) that

(5.18) H (1.0 (0) — HY ) (Ty0) 222( 7] = 10ea®(23) N F(w)]) — 4d

=1
3 d—1
8d(| ~ = 2d) — ol ) 4d

32 3
2= -2 — 24
(8d 96> [l =5 —4d.

vV
w

Y

which implies (5.10) and (5.11).

x

Second, we will prove that if o € T';, o ¢ T'; for some z € A(l,d) and
o(x) = —1, then there exist a (4)-contour v € C(l,d) at o with |y| > 91971/2
and at most (3¢ —2) contours {a;}™, C C(l,d) (we understand that {a;}?_, =
@) such that

(5.19) Ci(o) 2~ and Q(v) 3 «x,
(5.20) Qa;) o x for any i <m,
(5.21) AlHX(l,d) (o) = el

where € = £(6,d) > 0 and v = {7y} U {a;}2,. If Q(v) Z z, flipping o(z) to
+1 does not change the shape of the (4)-contour ~. Thus, we can see that
(5.19) holds. (5.20) and (5.21) can be seen by similar argument in the first
step. There exist (+)-contours {;}?, at o and a (+)-contour 7" € C(I,d) at
o® with |y/| < 91971/2 such that

CH(0,7) U (UicnCT (0, 1)) U {a} = C* (", 7).

Hence, we can see that there exist at most (3¢ — 2) I.-contours {a/}i_, C(1, d)
(we understand that {a/})_; = ¢) such that

(5.22)
HRqp(0") = Hyq o (Tyo") < Hy gy(0) — HR gy (T, 0 -0 Ty, 0 Tyo) + 4d,

where 7' = {7} U{aj}i_;. Since ©(a;) C ©(y') for each i <7, ] satisfies the
condition for (5.7). Thus, we can prove (5.21) by the same argument in (5.18).

Third, we will prove that if ¢ € I'; and Cj(c) > v for some v € C(I,d),
then it follows that

Ci(Tyo) = {7i}i21 with @( i) C A(l, d)\OinA(l,d)

(5.23) Tho €If or { for any i <m and T, o--- 0 Ty, 0 Ty € I )
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where 7 is the one defined in (5.11) or (5.21). To see (5.23), let us suppose
that T,o € T;. Then, by Ci(0) > v there exists some 4 € Cj(Tyo) such
that ©(3) C O(y) and 7 is a (—)-contour at o. Moreover, we can see that
Ty, 0---0Ty oT o € I'{ as follows. If 7' is a (+)-contour at T;, o---0Ty, o Ty,
then we can see that 7/ is a (+)-contour at either o or To. Therefore, we can
see that |y/| < 91971/2. Hence, (5.23) holds.

Fourth, we will prove (2.5) to finish the proof of Lemma 2.2. From (5.9),
(5.10), (5.11), (5.19), (5.20) and (5.21), we have that

(5.24)

Z Z ,UU/((l,d) (o)

z€A(l,d) c€Ty, o*¢T
S Y Namsaiiam {Ci(0) = {7} and A HS 4 (0) > ely]}
zeA(l,d)
3d_9

+ > 2> > 1{Q(w)9x}H1{Q(m)ax}

ceA(Ld) ¥ m=1{y}m,

[ G 3 i ST, Ay (0) > b
Hawa) Y for y={tu{v}t, and T)o € I} ’

where ny and vy stand for the summation over all contours y € C(l,d)

with |y| > 91971/2 and the summation over all sets {v;}", C C(l,d), re-
spectively. By the standard Peierls’ argument and (5.23), we have for fixed
~v € C(I,d) that

(5.25)
1R aaiCilo) = {7} and A HE 4 (o) = ely[}

e Peh <MX(l,d) (I7)

1(0) = {71} Ty -OTVUEFlCand}
+ l i= n 1
nzl{,hz A(ld { ’YHA(ld)( o) > 2|yl fOT any 1 <n

< 1 gy (T5)e P (1 i Z sz ~26]| )

n=1:=1

where 3! {3, and Z stand for the summation over all sets {~;}7_; C C(l,d)

such that |y;| > 9/9-! /2 for any ¢ < n and the summation over all contours
v € C(l,d) with |y;| > 91971/2 for any i < n, respectively. By using the
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counting inequality (1.9), it is not difficult to see that for sufficiently large (

(5.26) iHZl ~2617l < Z(B ld ld—1€_4ﬁld,1)n

n=1i=1 -;
d—1 d—1
< Bgldm(d) Fe= 48 < oo,

where By = Bi(08,d) > 0 and By = Bs(,d) > 0. Therefore, we have from
(5.25) and (5.26) that for sufficiently large

(5.27) MX(l,d){Cl(U) = {7} and A’YHK(l,d)( o) 2 ey} < Bsug, d) (I')e ~Pell,

where Bs = B3(3,d) > 0. Similarly, we have that for sufficiently large

699 s, | G037 LF ST A, ALY (o) 2 eh
’ FAGa) ) for y={v}tU {%}?ll and Tyo € I'}

< BB#X(l,d)(Flc)e_Bs‘l‘~
From (5.24), (5.27) and (5.28), we can see that for sufficiently large 3

(5.29)

> Y el

zeA(l,d) o€l’y, o€l

342
< 29Bgpi§ g 4 (T (Z [yle= P! +Z [y|e=Peh] Z Z He—ﬂslm>

m= l{y}m i=1

where 3 {7:)m, Stands for the summation over all sets {y:}m, < C(l,d) with

Q(7vi) 0 for any ¢ < m. Then, by using the counting inequality (1.9) again
we have that for sufficiently large 3

(5.30) > Hrle M < Byexp(—BC1T,
Y
341
(5.31) > Z He Belil < oo,
m=1 {y;} 7

where By = B4(0,0,d) > 0 and C = C(d,d) > 0. Thus, we can conclude (2.5)
from (5.29), (5.30) and (5.31). O

We can similarly prove Lemma 2.3 by using Corollary 5.4 instead of Corol-
lary 5.3.

Appendix

In this section we will prove the following theorem.
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Theorem A.1. For d > 3, consider a stochastic Ising model on the
square A(l,d). Suppose that a boundary condition w € Q;C' is such that

15 (W)

i1 <0<3(d- 1274

(A1) lim sup

l—o00

Then, there exists B) = B (d,d) > 0 such that (1.7) holds for any 8 > B
and any | € N. Especially, if there exists some § € [0,3(d — 1)272) such that
|EM(w)| < 6197 for any | € N, then we can take B in (1.7) as a constant
independent of w.

Note that (A.1) is a better bound than (1.6) if d = 4 or 5. The proof
of Theorem A.l is similar to that of Theorem 1.1. We replace definitions of
CI(U), Fl and F; with

Ci(0) = {7;7 is a (4)-contour in A(l,d) at o with |y| > 3d -2 (@=2)d-1},

[y = {0 € Qpu,a); Ci(o) # ¢},

I} = {0 € Qx(,q); there exists some (+)-contour v at o with [©(7)]

> 3.2 (d=1)d})

Since we can still use Lemma 4.2, we can obtain the same estimate in (2.4).
We use the following lemma instead of Lemma 2.2.

Lemma A.2.  Suppose that a boundary condition w € QX(Z ) satisfies

15 (W)
[d—1

(A.2) lim sup <6<3(d-1)27%

l—o0

Then, there exist B4 = [4(3,d) > 0 and Iy = l4(w, d,d) > 0 such that (2.5) holds
for any B > B4 and any | > 4.

Proof. We assume that for v € C(I,d) with |y| < aql¢™!,
|y NintA(l, d)|

]
Let v € S(I,d + 1) with |y| < aqy1l?. For any integer t € (—1/2,1/2], we can
consider v/ (t), Q'(t) and Sy;(7/(t)) forany i < d+41, i # i,,. If|Y' ()| < agl® !,
then we have from (A.3) that
|v/ () NintA(l, d 4 1)]
(1)l

Otherwise, we can suppose that |y'(t)
aqg+11%/2(d 4+ 1). Then, we have by |
i <d+1, i #inm that

(A.3) > \g-

(A4) > M-

| > a4l?~! and from (4.2) that |Q'(¢)| <
Sti(v ()] < ag1l®1/2(d + 1) for any

(g DOOAEEIT_ L (O S s

0] 0] P

dagyr

>l _doan
2 2(d+1ag
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Therefore, from (4.2), (A.4) and (A.5), we have that

|y NintA(l, d + 1)] d . 1 dagi1
A. A -
(4.6) P 71 min{ e e

- 2 2d+1)

from which we can obtain an estimate like (5.11). Thus, we can prove Lemma
A.2 in the similar way to that of the proof of Lemma 2.2. O
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