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Estimates of invariant metrics on pseudoconvex
domains with comparable Levi form

By

Sanghyun CHO*

Abstract
Let © be a smoothly bounded pseudoconvex domain in C™ and let
zo € b2 be a point of finite type. We also assume that the Levi form of
b2 is comparable in a neighborhood of zp. Then we get a quantity which
bounds from above and below the Bergman metric, Caratheodory metric
and Kobayashi metric in a small constant and large constant sense.

1. Introduction

The purpose of this paper is to estimate from above and below the values
of the Bergman, Caratheodory and Kobayashi metrics for a vector X in a
neighborhood of a boundary point 2% of finite type with comparable Levi-form.
In the rest of this paper, we let 2 be a smoothly bounded pseudoconvex domain
in C™ with smooth defining function r, i.e., 2 = {z € C" : r(z) < 0}, and let
A (2),..., An_1(2) be the eigenvalues of the Levi-form d0r of b2 near a point
20 € bQ.

We say Q has comparable Levi-form near z° if there are a constant ¢ > 0
and a neighborhood U of z° such that

n—1
(1.1) Me(2) = e > Ni(z), k=12...,n—1, z€l.
=1

For example, let r(z) = 2Rez3 + (|21]? + |22/?)? be a defining function for a
domain € in C? near the origin. Then the Levi-form of b satisfies (1.1) near
the origin.

We first give the definition of each of the above metrics. Let X be a
holomorphic tangent vector at a point z in 2. Denote the set of holomorphic
functions on Q by A(£2). Then the Bergman metric B(z; X ), the Caratheodory
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metric Cq(z; X) and the Kobayashi metric Kq(z; X) are defined by
Ca(z X) =sup{|Xf(2)| : f € A(Q), [Ifllze() <1},
Ko(z; X) = inf {1/r :3 f: D, CC' — C" such that f, <(;9t|0> = X},
Bao(z : X) = ba(2 X)/(Ka(z,7))"/?,
where D, denotes the disc of radius r in C!, and

Ko(2,2) = sup{| f(2)]* : f € A(Q), [[fllr2() <1},
ba(z; X) = sup{|X f(2)| : f € A(Q), f(2) =0, [|fllL2@) <1}

Let 2° € bQ be a point of finite type m in the sense of D’Angelo [8].
Assuming that |0r/0z,(z)| > ¢1 > 0 in a neighborhood U of z, set

-1
8<8T> ﬁi, j=1,2,...,n—1, and

i= 0z 0zp, 0zj Ozy,
0
L,=—.
Ozn,

Then {L,...,L,} form a basis of CT(::%)(U) provided U is sufficiently small.
For any integer j,k > 0, set

(1.2) £:00r(2) = Ly -+ Ly Ly -+~ Ly 09r(=)(L1, T)(2),
(j—1)times (k—1)times

and define

(1.3) Ci(z) = max{|L; ,00r(z)| : j + k = }.

Let X =byLy + -+ b,L, := X' +b,L, be a holomorphic tangent vector at
z and set

(1.4) |X\Z|Cz @)Y+ bl r ()]
where | X'| = |by| + -+ + |bn—1]. Then we can state our main result as follows
Theorem 1.1.  Let Q) be a smoothly bounded pseudoconver domain in

C™. Let zg € bQ) be a point of finite type m and assume that the Levi-form of
b is comparable in a neighborhood of zg. Then there exist a neighborhood U
about zg and positive constants ¢ and C' such that for all X = b1L1+---+b,L,
at z € UNK,

(1.5) eM(z;X) < Ba(z;X), Ca(z;X), Ka(z:X)<CM(z; X).
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Remark 1.2.  Because |C),(z)] > ¢ > 0 for all z € UNQ, (1.5) says, in
particular, that

Ba(z; X), Ca(2; X), Ka(z; X) 2 (IX'[[r(2)| 7Y™ + [balIr(2)] 1)
for a holomorphic vector field X = b1 Ly + --- + b, L, at z.

Several authors found some results about these metrics for some pseudo-
convex domains in C™, but in each case the lower bounds are different from the
upper bounds [1], [5], [9], [10], [13], [14]. In [2], Catlin got a result similar to
above theorem in C2, and Herbort [12] and the author [6] got the similar result
independently for the domains of finite type with one degenerate eigenvalue.

To prove Theorem 1.1, we must get a complete geometric analysis of bQ2
near zg as Catlin has employed in [2]. Then we construct a family of “maximal
plurisubharmonic functions” which is a crucial ingredient to get a weighted
estimates for & Neumann problem (Section 3).

2. Special coordinates and polydiscs

In this section we want to show that about each point z’ in U, there
is a special coordinates about 2z’ and a polydisc of maximal size on which the
function r(z) changes by no more than some prescribed small number 6 > 0. We
then construct a family of plurisubharmonic functions with maximal Hessian
to push out the boundary of .

Let a, 8 be multi-indices and let o/ = (a1,...,@,-1,0), &’ = (0,0, ...,
an—1,0), etc. Also let 9% denote the holomorphic differential operator of order
|a]. We first construct special coordinates centered at 2’ € U.

Proposition 2.1 ([7, Proposition 2.1]).  For each z' € U and positive
integer m, there is a biholomorphism ®,, : C* — C™, ®_'(2') = 0, such that

2!

(21) p(Q) = r(@(Q) = () + ReCa+ > aju(2)CICH

j+k<m
J,k>1
/—ﬁ/ ~
+ 3 b (T O™ + (¢,
|’ +8'|<m
la'],|8"[>1

1<|a” +8"|<m

where ¢ = (1, ,Cn1,0).
We now show how to define a polydisc around 2’ in {-coordinates. Set
Ay(?) = max{a;i ()] : 5+ k =1},
By (2") = max{|ba g (2')] : |/ + 8| =1}, 2< 1" <m.
For each § > 0, we define 7(2/,9) by:

1

(2.2) 7(2,8) = min{(6/A,(z")T, (6/By(Z)7 :2<1,I' <m}.
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Then the author showed that there are some constant by > 0 and integers
Jo, ko < m such that |aj,k,| > bo - 8 - 7(2',8) 7% ~k0 and hence

Np-

(2.3) i (6/Ai(z
=2

Define

R5(zl) = {C eC": |<k| < T(Z/a(;)v 1<k<n-—1, ‘Cn| < 5}3

Qs(2") ={2./(¢) : ( € Rs(2)}-
In order to study how 7(2’,d) depends on z € Qs(%), it is convenient to intro-
duce an analogous quantity 7(z,d) that is defined more intrinsically. We take

the frame {L, ..., L, } defined on U, and let £; ;,00r(z) and Cj(z) be defined
as in (1.2) and (1.3) respectively. Define

(2.4) 1(2,8) = min{(6/Cy(2))T;2 < 1 < m}.

Then we have the following important relations between 7(z,d) and 7(z,d) ([7,
Section 2]).

Proposition 2.2.  Let z € Qs(2’). Then
(2.5)

For € > 0, we let Q. = {z;7(2) < €} and set

S(e) ={z: —e<r(z) < e}

The following theorem reflects the local geometry of the boundary of Q near 2°,

and shows the existence of one parameter family of plurisubharmonic functions
with maximal Hessian.

Theorem 2.3 ([7, Theorem 3.2]).  For all small § > 0, there is a pluri-
subharmonic function \s € C*°(§s) with the following properties,

(1) [As(2)] <1, z€ UNQ,

(it) For all L =37"_,b;L; at z € UNS(9),

n—1
09N (2)(L, L)~ 7(2,8) 7> Y [be[” + 6~ |bal%,
k=1

(iii) If @,/ is the map associated with a given z' € U N S(9), then for all
¢ € Rs(2") with [p(C)| <0,

079 (A5 0 ®21)(Q)] S Claypd 0~ Fng =l
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With this family of functions \s, we shall construct for each 2’ € U N b2
and each small 6 > 0, a domain (locally defined in U) Q./ s which contains
2 such that the boundary of €2,/ s is pushed out as far as possible, given the
constraints that d(z’, b8,/ 5) < 6 and that b2,/ 5 is pseudoconvex. Since 2’ will
be fixed, we will work in (-coordinates defined by ®,/(¢) = z.

Let A;(z') be the quantities defined after Proposition 2.1. Set p({) =
r(®.(¢)) and set U' = {( : ®,.(¢) € U}. For all small s and 6 > 0, define

m 1/2
(2.6) Js(2,Q) = |0+ 1Gal? + > A,
=2

where ¢ = (¢1y--+,Cn1,0), and set

(2.7) Wi s(2) ={CeU": p(Q)] < sJ5(C)}-

Set J5(2',¢) = Js(¢) for a convenience. By adding up the weight functions in
Theorem 2.3, we have the following theorem.

Proposition 2.4.  For each 2/ € U NbQ and each small § > 0, there
exists a small real-valued function H,: 5(¢) defined in Wy 5(2") (where s is a
small constant independent of z' and 8) such that

(i) =J5(C) = Hzr 5(C),
(ii) for any L = by L} + bo Ly + -+ -+ b, L), at (,

|| s
(J5(0))?  7(2, J5(0))?

b | |b']
|LH, 5| S Js5(Q) (JJ(O T T(Z’,JJ(O)) 7

where || = [by| + -+ + [buos, and Lj, = (82) Ly, k=1,2,... ,n.

001t 5(1. D)) = J5(C) | | and

Proof. Set Ny = [logy(1/d)]. Let Drp = {¢ € C" : |(;] < R, i =
1,2,...,n}, and let o) € C§°(Dy — Dy /4) be a function that satisfies 1(¢) = 1
for ( € D1 — Dyjp. Forall k, 1 <k

wk(() = QZ} (T(Zla 2_k)_1<17 cee 77—(2/7 2_k)_1<n717 2k<n) )
and for k£ = Ny, set
U, () = (7(2/,27N) 7 G, (2 27N TG, 2N

where ¢ € C§°(Ds3) satisfies ¢(¢) = 1 for ¢ € Dy. Combining (2.2) and (2.6),
one obtains that

(2.8) Js(Q) = 27", ¢ € suppiy.
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For each § > 0, set A5 = A5 o @/, where \s is the plurisubharmonic function
as in Theorem 2.3. Choose Ny so that Ay—#, is well-defined for all { € supp ¥
whenever k > Ny, and set

Ny
H.5(¢) = Y 275 0(¢) (\y-ry(Q) —2).-

k=No

Then H,s ;s is well-defined (fixed finite sum independent of 2’ and ¢). From
(2.7), (2.8) and from the fact that H, 5(¢) ~ —27* for ¢ € supp ¢y, property
(i) follows. Also the major part of the Hessian of H.,/ 5 will be 99—, (¢) and
other error terms will be absorbed into 9\, (¢) for sufficiently small ¢. This
fact together Theorem 2.3 prove property (ii). |

Set Q. = ®_'(Q) and set Q. = {¢ € C": p(¢) < €}. Set Ny = A\so ..
Then there is a fixed constant b > 0 (independent of 2/, §) such that \j is defined
and plurisubharmonic on €2, 55 and satisfies all the properties of Theorem 2.3
on (), instead of €).

Proposition 2.5.  For each sufficiently small § > 0, there is one param-
eter family of “maximal pushed-out” pseudoconver domains {921,5}00 which
contain . near the origin.

Proof. Let Uj be a small neighborhood of the origin with U; cC U’ =
®_'(U). Then one has |[dH.. 5(¢)| < 1 for ¢ € W, 5(2') by the property (ii) of

z
Proposition 2.4. Hence for all small € > 0, the function

p%r.5(C) = p(C) + eH.r 5(C)
satisfies 0pS, 5 /O0Cn # 0 in U] and therefore form a family of defining functions
of hypersurfaces {¢ : p%, 5(¢) = 0} in W 5(2"). If we use the properties (i),

(ii) of Proposition 2.4, it follows that the hypersurfaces defined by p, 5(¢) are
pseudoconvex. O

Now we choose €y > 0 (independent of 2" and ¢) so that

sup{p(C) : ¢ € Rs(2') and pZ 5(¢) <0} < b9,

where b is the small number before Proposition 2.5. Set p./ 5(¢) = pZ? 5(C).
For ¢’ near 0, define a polydisc P,(¢’) by

(2.9) Pa(¢) ={C€C" 1 |G — Gul < als({),
Gk — Gl < 7(2',ad5(¢"), 1<k <n—1}

Proposition 2.6.  There exist constants a > 0 and di > 0 (independent
of 2/,¢" and d) so that if (' € Q, and |{'| < dy, then p,r 5(¢) < 0 for ¢ € P,(¢').
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Proof. 'We may assume that ¢’ € b2, (this will be the worst case). If a
is sufficiently small (independent of z’ and ¢), then by virtue of (2.3)—(2.7), it
follows that

(2.10) J5(¢) = Js(¢), ¢ € Pa(()).

By (2.10) and from the property (i) of Proposition 2.4, it follows that there
exists a small constant ¢ > 0, such that

(2.11) H. () < —cJs5(¢), ¢ € Pul(().
By a simple Taylor’s theorem argument, we then obtain that
(2.12) p(Q)] < Cals((), ¢ € Pa(().

Since p.r5(¢) = p(C) + eoH, 5(¢), it follows from (2.11) and (2.12) that,
p.5(¢C) < 0 provided a is chosen so that a < cep/C. This completes the
proof. O

The existence of the following two-sided bumping family of pseudoconvex
domains was shown by the author in [3], [4].

Theorem 2.7.  Let ) be a smoothly bounded pseudoconver domain and
let zg € b§2 be a point of finite type. Then there is a neighborhood V' of zg and
a family of smoothly bounded pseudoconver domains {Q;}_1<1<1 satisfying the
following propoerties;

(i) Qo =19,

(il) Q¢ C Qy, if t1 < to,

(iil) {09 }—1<i<1 s a C°°-family of real hypersurfaces in C™ and the points
of Q2 NV are finite type,

(iv) Dy —D_y CV forall t.

Remark 2.8. By virtue of the construction of &,/ and p, 5((), we can
choose d; > 0 and a neighborhood U CC V of z (independent of z’) so that
pz s is defined in {¢ : || < d1} and satisfies all the properties in this section
for each 2z’ € QN U.

Set Q. ={C € C": D, (¢) € U}, where {2} is the family of domains
as in Theorem 2.7. Set

Qz’,5 = {C : |C| < dl and pz’ﬁ(C) < 0}

The construction of p./ s in this section shows that if ¢ € Q. and if dy/2 <
I¢] < di, then d((, b8, 5) 2 J5((,2"). Since A, (2')+ By (') 2 1forall 2/ € U,
it follows from (2.3) and (2.4) that Js(¢, 2’) 2 1, and hence there is a constant
¢1 > 0 so that d(¢,b8, 5) > ¢1, for ¢ € UN QL and d1/2 < || < d;. Choose
t = tg sufficiently small so that

d(C7th0,z/)<cl/2 if d1/2<|C‘<d1.
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Now define a domain 92/75 by

Qz’,é = {C S Qto,z’ : |C| > dl} U {Qto,zl n 92/75}'

Since pseudoconvexity is a local condition, 1./ 5 is a pseudoconvex domain. By
combining the properties of €,/ 5 and €2y, ., we obtain

Proposition 2.9.  For all 2’ near z9 and all 5, 0 < 6 < &g, the domain
02/75 has the following properties;

(i) 92/75 is a bounded pseudoconvex domain that contains

(ii) there is a constant a > 0 so that for all ¢ € Q. with [('| < dy,
Pa(C/) C Qz’,zi;

(iii) in the region |¢| > d1/2, the boundaries b, 5 are independent of &
and depend smoothly on 2',

(iv) in the region {¢ = d1/2 < |¢| < d1}, the boundaries bS).. 5 are of finite
type, uniformly in z', and §.

3. Metric estimates
In [11], K. T. Hahn got the following inequalities
Ca(z; X) < Ba(z X), Ko(zX).

Therefore the estimates for the lower bounds of Cq(z; X) will suffice for the
lower bounds of Bq(z; X) and Kq(z; X).

Assume that r(z) = —bd/2 and let 2’ be the projection of z onto b2, and
®,, be its associated map. Here b > 0 is the number before Proposition 2.5.
Set ¢% = (0,...,0,-b3/2) = (¢J,¢3,...,¢2). Then by virtue of (2.2), there is
a small constant ¢ < b such that the polydisc

Be={C:|¢n+b3/2| < b, |Ck| < cT(2/,0),1 <k<n-—1},

is contained in Q.. Let Y = (®,'),X = b L} +--- + b, L], be a vector at ¢,
where L = (@;1)*LZ— fori=1,2,...,n.

Set 7, = 0 and 7, = 7(2/,9), 1 < k < n—1. Let kg be the minimum
number such that

(3.1) |bk0|7’];)1 =max{|by|r, ' 1 k=1,2,... ,n}.

Set v(¢) = d7 (¢, + b3 /2) if ko = n, and v(¢) = 7(2',8) "1k, otherwise. Since
we may assume that ¢ < 1, we have the inequality supg |v| < 1. From the
expansion in (2.1), one can see that (9p/9¢;)(¢°) =0, j =2,...,n, and hence
from (3.1), it follows that

(3.2) [Y(¢°)| = max{|by|r, * 1 k=1,2,... ,n},

provided that § is sufficiently small.
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Set 6(C) = A5(C) + [¢I? and set A(C) = X(9(C)), where x(¢) is a smooth
convex increasing function with x’(¢) > 1. Using the standard d-estimates on
Q.s 5 with weight e *(¢) and from the estimate Z” 1(82(;5/8{18( )(Otit; 2

Z] L |ti|?772 for ¢ € B, one has for any g = .1 | g;d(; satisfying Sg = 0,
there is u € L070(Qz/75, \) such that Ou = g (in weak sense) and,

n
(33) i3 [ loPet [ S av
0, 5—B B3

For ¢ > d > 0, set By = {¢ : |G — ¢ < dr,i = 1,2,...,n}. Since
sz:1(32¢/agi8<j)tifj > S 77%|ti|? on B, there is a small constant 0 <
d < ¢ (independent of 7y,... ,7,) so that

$(¢) = Reh(Q)+dY 771G =), C€Ba

i=1

where

= QZ S AN o)
o 2 o605, ’

Let ¢ € C§°(B), where B is the unit polydisc in C™ such that ¢(¢) = 1 if
|G| <1/2,9i=1,2,... ,n. From (3.3), we conclude that if

_ Cl Cn—l Cn + 65/2
q/}d(C)w(dT(Z/,(S)’ ’dTn—l, s )a

and if a = nd®/8, then

Reh(¢) < —a, for ¢ € {¢: ¢(¢) < a}Nsupp dy.

Let x be a smooth convex increasing function that satisfies x(t) = 0 for t < a/2
and x”(t) > 0 for t > a/2. Now define

Xs(€) = (€) + s*x((¢)).-

Then A4 does not depend on s in B,, for some fixed 0 < e < d. Set

oy = O(tpave™) = ve Ty = Y a4l
=1

Following the standard weighted L? estimates for 0 as in [2], [6], it follow that
for any €y > 0, there exists independent so > 0 and a function us, so that
Ous, = as, and

Ous, ?

(3.49) ()] S 0r | G2 (C)
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Therefore it follows from (3.1) and (3.4) that
Yo, (¢O) < veo Y Iblm, ' < my/eg max {|bglry ' k=1,2,... ,n}.
k=1
Set f = vihge®h — ug,. Then f is holomorphic and it follows from (3.2) that
(3.5) Y £(¢°)] 2 max {|bp|ry, "1k =1,2,... ,n},

provided that ¢ is sufficiently small.
Let us assume, for a moment, that supg  |f| < C, where C'is independent
of z/ and 6. Then (3.5) and the definition of Caratheodory metric shows that

(3.6) Ca,, (Y;¢°) > Cq, (V;¢°) Z max {|bplry 'k =1,2,... ,n}.

2/

On the other hand, the polydisc B about ¢° lies in Q.. So one can easily obtain
that

(3.7) Cq_, (¢%Y) < Cp(¢%Y) = max{|by|r; 't k=1,2,... ,n}.

Set ®./(¢%) = z. Then by (1.3), (1.4) and (2.3)-(2.5), it follows that

7(2,0) " (2,0 & Y |G| ()T,
1=2
and hence one obtains that
(3.8) max{|bg|7, ' 1 k=1,2,... ,n} ~ Z |br| o ' A~ M(z; X).
k=1

From the invariant property of Caratheodory metric, and from (3.6)—(3.8), one
obtains that

(3.9) Co(z; X) = Ca_, (¢*;Y) = M(z; X).

To show that supg | |f| < C, we use the fact that f is holomorphic in a larger

domain Qz/,& Assuming ¢ € Q. and [¢| < dy, it follows from Proposition
2.6 that P, C Q. 5. Since |vipge®©"| < 1, the estimate (3.3) shows that
Je.0) |fI?dV <1, 77 Hence it follows that

O < (Vol(Pa()) /P PV S0,

because Vol(P,(¢)) 2 [Ii—, 7?. When [¢| > d;, we use the Kohn’s global

~ j=1"3"
regularity theory and some cut-off functions as Catlin did in [2]. Therefore we

obtain that supg , [f| < 1 and hence (3.9) follows.
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To obtain an upper bound for the Bergman metric, we note that {2, con-
tains the polydisc B, about ¢?. Thus by elementary estimates one has, for any
fe LZ(QZ/) N A(£./), that
.

n

H Al 2.

A

for k = 1,2,...,n. From (2.1) and (2.2), it follows that the coefficient b(()
of /3¢, in L satisfies [b(¢°)] < & and |(0p/0¢;)(C0)| < 7(2,0), for j =
1,...,n — 1. Therefore, if Y = >_;_ bp L} is a vector at ¢°, then

(3.10) ba,, (¢°;Y) (Zlblek >HT]1
j=1

In [7], the author showed that

n

(3.11) Ko (0~ [[772~ Y ) ™7 ln(z) 7>
=2

Jj=1

2(n—1)
7

Combining (3.10), (3.11) and the definition of Bg(z; X), one obtains that
Ba(2X) = Bo_, (%Y <Z\bk|Tk ,

and hence it follows that
(3.12) Cq(z;X) = Ba(z;Y) =~ M(z; X).

Set
R = min{daocry|by| ™' 1k =1,2,... ,n}.

Then
2
defines a map f: Dr — B with f,.((9/0t]p) = X. Hence
Ko, (¢%Y) < Kp(¢(®;Y) < R < max{|b|(cr) ™' : 1<k <n}
Smax{|bglr, ' k=1,2,...,n}

f(t) - <b1t7 s ,bn—ltv 7@ + bnt>

S bkl t S Cal, (C5Y) = Ca(z: X).
k=1

Again from the invariant property of Kq(z; X) and (1.4), it follows that
(3.13) Ko(zX) = Kq_ ((%Y) = Ca(z; X).
If we combine (3.12) and (3.13), it follows that

Ca(z X) = Ba(z X) &~ Ka(z; X) = M(z; X)),

and this proves our main theorem.
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