J. Math. Kyoto Univ. (JMKYAZ)
45-1 (2005), 145-158

Instability of standing waves for nonlinear
Schrodinger equations with inhomogeneous
nonlinearities

By

Reika FukuizuMI and Masahito OHTA

1. Introduction
In this paper we study the nonlinear Schrodinger equations
(1.1) i0pu = —Au — g(x, [u*)u, (t,2) € R,

When g(z,|u|?) = V(2)|u|P~!, equation (1.1) can model beam propagation in
an inhomogeneous medium where V(x) is proportional to the electron den-
sity ([18]). Akhmediev [1], Jones [14] and Grillakis, Shatah and Strauss [12]
studied the existence and stability of solitary waves of (1.1) for the case where
g(z, |u|?) describes three layered media where the outside two are nonlinear
and the sandwiched one is linear. Also, Merle [19] investigated the existence
and nonexistence of blowup solutions of (1.1) for certain types of inhomo-
geneities in case that g(z,|ul?) = V(z)u|*". In this paper, we consider the
case g(,|ul?) = V(x)|u[P~! with the following type of V(z), assuming that
n>30<b<2andl<p<l+(4—-2b)/(n—2).

(V1) V(z)>0, V(z)#0, V(z)e C*R"R),

(V2) There exist C > 0 and a > {(n +2) — (n — 2)p}/2 > b such that

o na 1 C
v (V@)‘W)\<

= el

for |x] > 1 and |a| < 2.

The main purpose in this paper is to show that under the above as-
sumptions on V(z), the standing wave solution of (1.1) is unstable for p >
1+ (4 —2b)/n and sufficiently small frequency.

By a standing wave, we mean a solution of (1.1) of the form

Uy, (t, x) = e, (z),

Received June 1, 2004



146 Reika Fukuizumi and Masahito Ohta

where w > 0, and ¢, () is a ground state of the following stationary problem

(1.2) {—A¢+w¢—V(I)I¢”1¢=O, z € R,

peH'(R"),  ¢#0.

We recall previous results. Several authors have been studying the problem
of stability and instability of standing waves for (1.1) (see, e.g., [2, 5, 6, 7, 8,
9, 10, 12, 17, 22, 25, 26]). First, we consider the case V(z) = 1, namely,

(1.3) i0pu = —Au — |uP~u, (t,z) € RM™
where l <p<ooifn=1,2,and 1 <p<1+4/(n—2)ifn>3.

For w > 0, there exists a unique positive radial solution ,,(x) of

(1.4 ~AYtwy— [P =0,  zeR”
' Y e HY(R™), ¢ #0.

(see Strauss [23] and Berestycki and Lions [3] for the existence, and Kwong [15]
for the uniqueness). It is known that a positive solution of (1.4) is a ground
state. In [5] Cazenave and Lions proved that if p < 1+ 4/n then the standing
wave solution e, (z) is stable for any w > 0. On the other hand, it is shown
that if p > 1 + 4/n then the standing wave solution e“!4),,(x) is unstable for
any w > 0 (see Berestycki and Cazenave [2] for p > 14 4/n, and Weinstein [25]
for p=1+4/n).

We define the energy functional E and the charge @ on H!(R™) by

1 1 1
B(0) = 5IVoll = = [ V@@l e, Q) = gl

We remark that by the assumptions (V1) and (V2), the functional E is well-
defined on H!(R"™).

The time local well-posedness for the Cauchy problem to (1.1) in H!(R"),
the conservation of energy and L?(R™)-norm, and the virial identity hold (see,
e.g., Theorem 4.4.6 and Section 6.5 of Cazenave [4]). That is, we have the
following proposition.

Proposition 1.1.  For any ug € HY(R"), there exist T = T (||ug|| 1) >
0 and a unique solution u(t) € C([0,T], HL(R™)) of (1.1) with u(0) = ug satis-
fying
E(u(t)) = E(uo),  Q(u(t)) = Q(uo), t€l0,T].
In addition, if ug € H'(R™) satisfies |x|ug € L2(R™), then the virial identity

2
)3 = 8P(u(t))
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holds for t € [0,T], where

(15) P):= Vel = 50 [ Vil
1 1
—i—m o z - VV(x)v(z) P d.

Before we state our theorem, we give some precise definitions.
Definition 1.1.  For w > 0, we define two functionals on H!(R"):
Sw(v) == E(v) + wQ(v) (action),
(o) = Vol +wlol = [ Vi@l

Let G, be the set of all non-negative minimizers for
(1.6) inf{S,(v): ve H'(R")\ {0}, I,(v)=0}.

The existence of non-negative minimizers for (1.6) is proved by the stan-
dard variational argument since V' (z) vanishes as |z| — oo (see Stuart [24]). In
Section 3, we prove the following lemma for the sake of completeness.

Lemma 1.1. Letn >3 and1 <p<1+4/(n—2). Assume (V1) and
lim V(z) =0. Then G, is not empty for w > 0.

|z|— o0
Remark 1. (i) We note that
Ly(v) = 08 (Av)a=1 = (SL(v),0),  P(v) = OxSu(v*)|r=1,

where v*(z) := A"/2v(\z) for A > 0.
(i) Let ¢, € G,. Then, there exists a Lagrange multiplier A € R such
that S/, (¢,,) = AIL(¢,,). Thus, we have (S (dw), du) = A, (Pw), Pu). Since

(8/(¢w), bw) = L,(¢po) = 0 and (I/(¢), ) = —(p — 1)/V(x)|¢w|p+l <0,

we have A = 0. Namely, ¢, satisfies (1.2). Moreover, for any v € H*(R") \ {0}
satisfying S/, (v) = 0, we have I, (v) = 0. Thus, by the definition of G,,, we have
Sw(dw) < S, (v). Namely, ¢, € G, is a ground state (minimal action solution)
of (1.2) in H'(R™). Tt is easy to see that a ground state of (1.2) in H!(R") is
a minimizer of (1.6).

The stability and the instability in this paper are formulated as follows.
Definition 1.2.  For ¢, € G, and § > 0, we put

Us(pw) == {v € H'(R") : ggﬂf{ v — e || < 5} .

We say that a standing wave solution e*“!¢,, () of (1.1) is stable in H!(R") if
for any € > 0 there exists § > 0 such that for any uy € Us(¢,), the solution
u(t) of (1.1) with u(0) = ug satisfies u(t) € Uc(¢,,) for any ¢t > 0. Otherwise,
e™t¢, () is said to be unstable in H!(R™).
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The following theorem is our main result in this paper.

Theorem 1.1. Letn>3 and1+(4—2b)/n<p<1+(4—-2b)/(n—2).
Assume (V1) and (V2). Let ¢, € G,. Then, there exists w. > 0 such that
et (z) is unstable in H(R™) for any w € (0,w.).

For the proof of Theorem 1.1, we use the virial identity and the following
sufficient condition for instability, which is a modification of Theorem 3 in Ohta
[20] (see also [9, 11, 17, 22]).

Proposition 1.2. Letn>3 and1 <p<1l+4/(n—2). Assume (V1)
and lim V(z)=0. Let ¢, € G,,. If

|z|—o00
(1.7) ORE(¢2)Ia=1 <0,

then the standing wave solution €', (x) of (1.1) is unstable in H'(R™). Here,
vMx) == \20(Ax) for A > 0.

Since |[v*||3 = ||v]|2 for any A > 0, (1.7) implies that ¢, () is not a local
minimizer of £ on {v € H*R") : |[v]l2 = ||¢w|2}

Remark 2.  'We do not require p < 1+ (4 —2b)/(n—2) with 0 < b < 2,
but p < 1+4/(n — 2) in Propositions 1, 2 and Lemma 1.1.

Grillakis, Shatah and Strauss [12, 13] gave an almost sufficient and neces-
sary condition for the stability and instability of stationary states for the Hamil-
tonian systems under certain assumptions. By the abstract theory in Grillakis,
Shatah and Strauss [12, 13], under some assumptions on the spectrum of lin-
earized operators, e™“ot¢, () is stable (resp. unstable) if the function ||¢, |3 is
strictly increasing (resp. decreasing) at w = wp. In the papers of Shatah [21],
Shatah and Strauss [22], they used the variational characterization of ground
states instead of assumptions on the spectrum of linearized operators. In the
case V(z) = 1, by the scaling 1, (x) = w'/ P~V (/wz), it is easy to check
the increase and decrease of |9, ||3. However, it seems difficult to check this
property of ||¢,||3 for V() # constant in general.

By applying another sufficient condition as in Proposition 1.2, we may
avoid such difficulty. However still, it is not easy to verify condition (1.7)
directly. Therefore, we first study a limiting problem. We investigate the
rescaling limit of ¢, (x) as w — 0. We show that as w — 0, the rescaled
function ¢ (x) defined by ¢, (z) = w2=/2(-1g (\/ox) tends to the unique
positive radial solution w1 ,(x) of (1.2) with w = 1 and V(x) = |z|~°. From
known stability properties of 11 ;(z), we are able to prove (1.7) in the limit. For
that reason, in Section 2, we review and summarize the properties of standing
wave solution for the case where V(z) = |z|~% in (1.1). In Section 3, we verify
the convergence property of the rescaled function (;wa(x), using its variational
characterization. In Section 4, we check the condition (1.7) and we prove

Theorem 1.1.
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2. Case V(x) = |z|™

Let n > 3 and 0 < b < 2. Stability and instability of the standing wave
solution for (1.1) with V(z) = |z|~° follows from the method of Shatah [21],
Shatah and Strauss [22].

Let 1 < p <14 (4—2b)/(n—2). For any w > 0 there exists a unique
positive radial solution 1, ,(z) € H'(R™) of

(2.1) —AY 4 wip — ﬁ\w—lw:o, xz € R™

See Stuart [24] and Remark 3 below for existence. The positivity of solutions
follows from the maximum principle. Radial symmetry of solutions was showed
by Li and Ni [16] and Yanagida [27] proved the uniqueness.

The unique positive solution 1), () is a minimizer of

(2.2) dp(w) == inf{S, (v) : ve H(R™)\ {0}, I,,(v) =0},

where

1 w 1 1
Sualv) = 5 IVolB+ 10l — —== [ Tl iaa,

p+1 z|P
1
Loy(v) == Vo2 + wllo]? - / @) s,

We apply the method of [21, 22] to the present case using the variational char-
acterization dj(w) and we check the sufficient condition for stability dj (w) >
0 in [21] and instability dj(w) < 0 in [22]. Since 9, p(x) is a solution of

wp(v) = 0, we have dj(w) = Q1w ). In this case, by the scaling 1, p(x) =
w@=0/2(e=1)e), 4 (yJwz), we have

2Q(Vup) = [Yupll3 = wE0/2E=D=1/2 1y, 4|12

Therefore, for any w > 0, the standing wave solution is stable if 1 < p <
1+ (4 —2b)/n, and unstable if 1 + (4 — 2b)/n <p <1+ (4 —2b)/(n —2). We
have also blow-up instability for the case p > 14 (4 —2b)/n following Weinstein
[25] and Berestycki and Cazenave [2].

3. Convergence property of variational problems

First, we briefly explain the proof of Lemma 1.1 for the completeness. We
know that the problem (1.6) is equivalent to the minimizing problem

inf{[[Vo[3 + wllvl3 : ve H'(R")\ {0}, Lu(v) =0},

and also equivalent to

(3.1) dy (w) := inf{||V|3 +wl|v|3: ve H (R™), V(z)|v(x)[PTde = 1},
R’!L
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by (V1) (See Proposition 4.1 of [9]).

Proof of Lemma 1.1. Let {v;} € H'(R™) be a minimizing sequence
for the problem (3.1). Then, the sequence {v;} is bounded in H'(R™). Thus,
there exists a subsequence (still denoted by {v;}) and vy € H'(R™) such that
vj — v weakly in H'(R™). Here we put

o) = [ Vi@lu(a)da,

and we show that ¢(v;) — @(vg) as j — oo. Since lim|y|_.o V(x) = 0, for any
g > 0 there exists C'(¢) > 0 such that V(z) < e for |z| > C(g). For C(e) = C >
0, we define B(C) := {x € R": |z| < C}. By the compactness of the Sobolev
embeddings on bounded domains, we have that |[v; —vo|Lo+1(B(cy) — 0 as j —
oo for 1 < p < 1+4/(n—2). This also means that [||v;[? —|vo|P|| Lo+1/p(B(c)) — 0
as j — oo. By (V1), we have

‘/ (V(@)[v; (@) = V(@)oo (@) ["*)dx
le|<C

<

/ V(@) (v (@)[P = |vo(2)|")]v; (x)|dx
lel<C

[ V@l@ (@] - @)
|lz|<C
1 1 1 1
< Mol = [vo 155550t e 103 o1+ MIwoll5L oy = voll 55 By,

where M = sup,cp(c) V(). For the part |z > C,

1 1
< e(llojlipis + llvollpa)-

|/ (V(@)|v; (2)[P* = V(2)|vo(z)[PF)d
|z|>C

Accordingly, we have

¢wn¢mmL/<vammeHV@wN@pHMx

—r/ (V (@) |os (@) [+ = V(@)]uo(2) [+ da
|z|>C
1 +1
< e(los 12 + llolB41) + Ml P — v P17, 55 0 oy 0 o

(p+1) 1 +1 .
+M oo 24V o = voll J B Beyy = 0, 5 — 00

for 1 <p < 1+4/(n—2) since v; is bounded in LP*1(R™).

It follows from the above argument that

V(z)|vo(z) [P de = hm V(2)|vj(z)[PHde = 1.
Rn Jj— Rn
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By the definition of (3.1), we have

dy (w) < [[Vvoll3 + wllvol3 < ligggf(llellg +wlvj]3) = dv(w).

Namely, vg is a minimizer and v; — vy strongly in H!'(R") as j — oo. |

Remark 3.  This proof is valid for the case V (z) = |z|~° with 0 < b < 2.
However, we have to assume p < 1+ (4 — 2b)/(n — 2) so that we can have
|z|~ € LY(B(C)) where 6 = 2n/{(n+2) — (n — 2)p}. Actually we use the fact
that |v;|PT! converges to |vg[PT! weakly in L2/ ("=2)(P+1)(R™) which follows
from v; — vg weakly in L2/ (n=2) (R™). The exponent 6 is the conjugate relation
with 2n/(n — 2)(p + 1).

Now, we shall prove a certain convergence property of ¢, € G, as w — 0.
We rescale ¢, € G, as follows:

(3.2) bo(x) = W20/} (Vox), w>0.
Then, the rescaled function ¢, (z) satisfies

(3.3) —A¢y + ¢ = w2V (%) |bw|P Ly, xeR"

The main claim in this section is the following.

Proposition 3.1.  Letn >3,0<b<2and1 <p<1+(4-2b)/(n—2).
Assume (V1) and (V2). Let ¢, € G, ¢u () be the rescaled function and i1 ()
be the unique positive radial solution of (2.1) with w =1 in H'(R™). Then, we
have

ii_% ¢ — %10]l 1 = 0.

To prove this proposition, we consider the following functionals.

~ _ X
L) = Vol + ol - [ v (—f) fo(a) P+ da,
Rn w

1
Balo) = Vol + ol = [ glete)tids,
Rn ||
where 0 < b < 2.

Lemma 3.1. Letn>3,0<b<2andl <p<1l+4(4—2b)/(n—2).
Assume (V1) and (V2). Let ¢, € G, du(x) be the rescaled function and
¥1.p(x) be the unique positive radial solution of (2.1) with w = 1 in H*(R™).
Then, we have

() i 6ol = Nonal3n, () lim F(60) = 0.
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Proof. First of all, we remark that ¢, (z) is a minimizer of
inf{|lv|F - ve H'(R™)\ {0}, L(v) <0},
and 1 () is a minimizer of
(3.4) inf{[v][Fr + v e H(R™)\ {0}, Liy(v) < 0}

In order to prove (i), we show that for any u > 1, there exists w(u) > 0
such that

(3.5) L (1) <0
and
(3.6) Iip(pge) <0

hold for any w € (0,w(p)). If this is true, then the above variational character-
izations of ¢,,(x) and ¥ (x) yield that

I < ldoliin < W2lvsllzn,  w e (0,w(n).

1
Eﬂiﬁl,b

Since p > 1 is arbitrary, we conclude (i). First, we show (3.5). We put V,,(z) :=
w2V (x/\/w) and Vi(x) := |2|7°. From I ;(¢14) = 0, we have

p P (b ) = — (WP = )l b3 + P! /Rn(Vo(x) — V(@) |th1,p(2) [P da.

Since

lim [ (Vo(x) = Vi (@)1 () [P da = 0

w—0 Rn

for any p > 1, there exists wi(u) > 0 such that I, (1) < 0 for any w €
(0,w1 (). Namely, we have

(3.7) 19ullF < 12 ll¥r0l7n

for any w € (0,w1(p)). Indeed, we have

[ (Vala) = Vo@D a1 < w20 Vool ol oy

where 0 = 2n/{(n +2) — (n — 2)p} and n/2 — b0/2 > 0. _
Next, we prove (3.6). Similarly to above, using I,,(¢.) = 0, we have

68) 1) = [l =0~ [ Vo(@d @) s

=—W“—UWN%+M”/(%@—%@M@@W“w

n
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We also have
[ (Vala) = Vol lduta) P < 2O < Vil |15 oy

Therefore, by Sobolev embedding,

(3.8) < —(u" ™" = Dllgulzn + 2~ 2RO — Vo dullbt o)
(= DIVELIE + IO V5

IN

Taking ¢ = 2 in (3.7), we have |V, |5~ < 2°71|ehy||5" for any w €
(0,w1(2)). Accordingly,

(3.8) < —{(p"~" = 1) = OuP WMDY — Vol ol ol HIV L3,

for any w € (0,w1(2)). Thus, for any p > 1 there exists wa () € (0,w1(2)) such
that I1 ,(ud,) < 0 for any w € (0, wa(p)).
(ii) follows from the same proof as Lemma 2.1 of [9]. O

Finally, we are in position to prove Proposition 3.1.

Proof of Proposition 3.1. Let ¢, € G,. By (V1), ¢, (z) is positive in
R™. By Lemma 3.1, for any {w;} — 0, {¢;J} is a minimizing sequence of (3.4).
As we mentioned at the beginning of this section, it follows from a similar proof
to Proposition 4.1 of [9] that (3.4) is equivalent to

(3.9) inf{|v||§,1 L v HY(RM), / %P|v(a:)|p+lda: _ 1} .

n

Thus, by the proof of Lemma 1.1, we obtain a minimum of (3.9) to which a
subsequence of {¢,,, } converges. It follows from uniqueness result by Yanagida
[27] that such minimum is a unique solution of (2.1), namely 1 (). O

4. Orbital instability

In this section we check the sufficient condition for instability (1.7) in
Proposition 1.2. By simple computations, we have

A2 )\n(p—l)/Q T
BN =51Vl - e [ v (5) e,
]Rn

p+1 A
3B = 196l - 5 { "0 1] [ vl
n(p B 1) -2 p+1
1

- ?/ > 2x0;00V (2)| g ()P da.
p " k=1



154 Reika Fukuizumi and Masahito Ohta

Since P(¢,) = xS, (6))|a=1 = 0 (see (1.5) and Remark 1), we have

(B = 5 {2~ " [ v@leu@rtia

() ¥ % [ o V@l

-— | Z ek, D0V () ()

Here, we rescale ¢, (z) as in (3.3) and we have

(4.1) = w [”(p_l) {2—”@2_ 1)} / ; _b/QV( f) (oo ()P d

2(p+1)

n(p—1)—3 o2t r P+l g,
il R - & T
ey Kk 2 ST vo () lduor s

where v = (2—-0)(p+1)/2(p—1) —n/2 +b/2 > 0. Therefore, it suffices to
show the following.

Lemma 4.1.  There exists wg > 0 such that K, < 0 for any w € (0,ws),

where
o ) [ o (o

n(p—1) -3 —b/2 T ( ) +1
#2222 /n“’ 75 W () 1@t

1 _ T; @
Nz WZ Fpe () e

We need the following lemma to prove Lemma 4.1.

Letn>3,0<b<2andl <p<1l+(4—-2b)/(n—2).

Lemma 4.2.
Then the followings hold.

Assume (V1) and (V2). Let ¢, € G,,.
0t [ V() drte= [ @m,b(x)wld:p,

w—0

@) e [ v ()it = [ @t

(iif) lim w2 /R %njl xfﬂj’ia aw(\r) | ()P da

w—0
1 +1
=bb+1) |91 () [PT  da.
R | T
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Proof. We put Vy(z) := |x|~°. Then Vy(z) satisfies

w2V, (%) = Vo(), w"’/gf YV (%) = —bVy(x),
2 Z L2 00000 (2 ) = o+ DVa(o)

Since ¢, — 1 p strongly in Hl(R”) asw — 0, we see that ¢, — 1y strongly in
L?/"=2(R™), so that (bl, — Pt strongly in L2/ {(n=2P+D}H(R"). There-
fore, it is enough for (i), (ii) and (111) if we prove

= O7
Le

w—0

(4.2)  lim [lwt/2V (%) — Vo()

xT

im [jw 2. — | = (— x
43 i o wv () - (atita)

(4.4)  lim [lwt/2 Z T x’“aaw(\/a) —b(b+)Vo(x)| =0,

w—0
Jrk= 1 Lo

=0,
Le

where 6 = 2n/{(n + 2) — (n — 2)p}. Indeed,
Ll () o] o= [ v (F5) ommw (7)

= w_b9/2+"/2/ \V(x) — Vo(z)|da.

On the other hand, by the assumptions (V1) and (V2),
we see that / |V (x) — Vo(x)|?dz is finite and independent of w. Indeed,
Rn

0 0

dx

/ V() = Vo(@)lde = / V(z) = Vo(a)|’da +/ |V (z) — V()| da
’ lol<1 |1
1 oo
< / ‘V(x)|9d:p + C/ pb0+n—1 7. + C/ pabtn=1g. o
|z|<1 0 1

ifp<1+(4-2b)/(n—2). Also, we have —b0/24n/2 > 0ifp < 14+(4—2b)/(n—

2), which concludes (4.2). (4.3) and (4.4) follow from the same reason. |
Proof of Lemma 4.1. By Lemma 4.2, we have
hm 4(p+1) =—{np-1)+20}{np—1)+2(b—2 }/ ‘bW’l p[P .

Therefore, lim,, g K, < 0 since p > 1+ (4 — 2b)/n, which implies that Lemma
4.1 holds. [
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Proof of Proposition 1.2 is similar to that of Proposition 1.1 of [9], except
for a point that we have used the constraint ||v|l,+1 = ||¢w||p+1 in Lemma 3.1
of [9]. However, we may instead apply the constraint ||v|| g1 = ||¢u || g for our
present case.
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