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Siegel modular forms of half integral weight and
a lifting conjecture

By

Shuichi HAYASHIDA® and Tomoyoshi IBUKIYAMA™**

Abstract
A conjecture on lifting to Siegel cusp forms of half-integral weight
k —1/2 of degree two from each pair of cusp forms of SL2(Z) of weight
2k — 2 and 2k — 4 is given with a conjectural relation of the L functions
and numerical evidences. We also describe the space of Siegel modular
forms of half-integral weight, its “plus subspace” and Jacobi forms of
degree two by explicitly given theta functions.

This paper has two aims.

(1) We describe Siegel modular forms of half integral weight of T'g(4) of degree
two explicitly.

(2) We give a conjecture on lifting preserving L function from a pair of elliptic
modular forms to Siegel modular forms of half integral weight of degree two
with numerical evidences on coincidence of the Euler factors.

As for (1), we also describe the so-called “plus subspace” consisting of a
kind of new forms which is isomorphic to the space of Jacobi forms of some
sort. We state our results in section §1 (c¢f. Theorems 1.3, 1.5, 1.8, 1.9) and
give the proof in §2. In the remaining sections we treat (2) (cf. Conjecture
3.1).

Now we explain more precise content of this paper. First of all, rough
content of our conjecture mentioned above is as follows. We denote by
Mj;—1/2(T'o(4)) the space of Siegel modular forms of I'g(4) of degree two of
weight k& — 1/2 and by Si_1/2(I'0(4)) the subspace of cusp forms. We denote
by 5;71/2(1“0(4)) the plus subspace of degree two. (This plus space was first
introduced by W. Kohnen in case of one variable and later generalized by the
present authors for general degree. As for the definition, see §2). Now our
conjecture claims that for each pair of common eigen cusp forms f of weight
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2k — 2 and g of weight 2k — 4 belonging to SLy(Z), there should exist a com-
mon eigen Siegel cusp form F € S,:r_l/Q(I‘O(Zl)) of weight k — 1/2 of T'5(4) such
that L(s,F) = L(s, f)L(s — 1,g) (cf. §3, Conjecture 3.1). Here L(s, f) and
L(s, g) are the usual Hecke L functions and L(s, F') is a L function defined by
Zhuravlev [22] (cf. also [6]). His Hecke theory on Siegel modular forms of half
integral weight and the precise definition of L function will be reviewed in §3.

This conjecture is based on our numerical calculation of examples of L
functions of explicitly given Siegel cusp forms of half integral weight. So we ex-
plain our explicit results on Siegel modular forms. Denote by Mj,_q,2(I'o(4), x)
the space of Siegel modular forms of weight k —1/2 of T'g(4) of degree two with
character x. Then the direct sum @2, Mj,_;/2(I'0(4), x) is not a ring. But we
can regard it as a module over a certain ring of Siegel modular forms of inte-
gral weight, and we can give explicit generators of modules of Siegel modular
forms of half integral weight (with or without character) by theta constants
(cf. Theorem 1.1, 1.2, 1.3). By this, we can give a dimension formula of Siegel
modular forms of half integral weight of T'g(4) as a corollary (cf. Corollary 1.2,
1.5) which was first obtained by Tsushima [17] by using holomorphic Lefschetz
Theorem.

Then we need a description of the plus subspace. In degree one case, this
space is isomorphic to holomorphic or skew holomorphic Jacobi forms of index
one. (Eichler-Zagier [2], Skoruppa [15]). We can generalize the notion of the
plus space for general degree so that the plus space of weight k — 1/2 of degree
n is isomorphic to the space of holomorphic or skew holomorphic Jacobi forms
of index one of weight k of degree n of Sp(n,Z), depending on parity of k
or on character. (This is mostly known in Ibukiyama [9] and Hayashida [3].
The remaining case can be done in a similar way.) Now we have Tsushima’s
dimension formula for Jacobi forms of degree two. By using his result, we can
also give each basis of the space of holomorphic or skew holomorphic Jacobi
forms, or of the plus subspace explicitly(cf. Theorem 1.8, 1.9, 1.10). The result
is very simple. Each space is a free module over the ring isomorphic to Siegel
modular forms of even weight belonging to Sp(2,7Z). Extracting modular forms
with small weights, the Euler factors at small primes in the plus space can be
given by computer calculations, and we see that these examples support our
conjecture (cf. §3).

The authors would like to express their thanks to Professor Tsushima for
showing us his new results on dimensions.

1. Modules of Siegel modular forms
1.1. Graded rings of modular forms of integral weights

Let n or N be any natural number. For any commutative ring R, we
denote by Sp(n, R) the symplectic group of size 2n with components in R.

Sp(n,R) = {g € Man(R);9J 'g=J}
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0 1,

where J = <_1n 0

) and 1, is the unit matrix of size n. We put

Fé”)(N):{g: ( é g > ESp(n,Z);CEOmodN}.

Sometimes a conjugate of ]."én) (4) is easier to treat, so we put

I
p2 - 0 2 . 1n )
and put T = pQ_IFén) (4)p2. Then, we get

p<n>:{g: (é g>65p(n,Z);BECEOmod2}.

If we define

00 = (qamy) o= & 5 ) eT¥@wure.

then this gives a character of the group I‘(()n) (4) or '™ For any integer k, any
discrete subgroup I of Sp(n, R) with vol(I"\Sp(n,R)) < oo and a character x
of I, and any function F(7) on the Siegel upper half space

H,={r=X+iY = 1€ M,(C); X,Y € M,(R),Y > 0 (positive definite)},

we write
(Flex)(r) = x(7)~" det(CT + D) ™" F(y7).

We say that a holomorphic function F' on H, is a modular form of weight &k
with character y belonging to I if it satisfies

Flgxy=F

for all v € I and is bounded at each cusps of I'. The space of these modular
forms is denoted by M, (F/, x) and cusp forms by Sk (I‘/, X). When y is the triv-
ial character, we may sometimes omit x in the above notation. For simplicity,
we write

M(F/, X) = GBzO:OMk(F/a Xk)

Then, this is obviously a graded ring.

In this paper, we mainly treat the case n = 2. So we write I'g(4) = ]."(()2) (4)
and T' = T'®. The following formula for n = 2 was calculated by Tsushima,
using [10] and [16].



492 Shuichi Hayashida and Tomoyoshi Ibukiyama

Proposition 1.1 (Tsushima [17]).

1
(1—t)(1—12)2(1 —¢3)’

o L+ t4)(1+ ¢t
’;]dlm My (To(4))t* = %’

> dim M (To(4), %)tk =

k=0

t12 + 7514

D dim May(Co(4), V)™ = 737 —ay-

k=0

First, we shall obtain the graded ring @2 ,My(Io(4),%"*). Instead of
T'o(4), we consider I', partly because I' C T'g(2) and M (I'¢(2)) has been known
in Ibukiyama [7]. Indeed the ring Meyen(To(2)) of modular forms of even
weights is generated by four algebraically independent modular forms X, Y,
Z, K of degree two defined by

(B0000)* + (Bo001)* + (Boo10)* + (Bo011)") /4,

= (
(00000800010001000011),

((60100)* — (fo110)*)? /16384,
(601000011001000010010110001111)* /4096,

Y
A
K

(see [7]), where 0,, is the theta constant on Hy defined by

1 m/ m/ m/ m//
Om (1) = Ze<§t<p+7>7'<?+7)+t<?+7) 7)»
pEZ?

for m = t(*m/,'m") € Z*, m',m" € 72, 7 € Hy and e(z) = €2™*. (cf. Igusa
[11]). Now, we put

f1 = (6o000)?,
f2=f1,
92 = (00000)* + (60100)* + (61000)* + (01100)"
f3 = (600016001000011),
X5 = 0000000001 000106001100100001100100001001 0110001111,
fo = 03001 = 95010) (9001 — F5011) B5010 — 011);
Ji1 = fexs,
fa1/2 = f11/00000-

By definition, we have Y = f;f3 and it is not difficult to show that Z =
(g2 + 2X — 3f2)%/36864. (Since all the relations between 67 are known by
Igusa [10], it is a routine calculation to show this anyway. We omit the details
here.) Here the form fy;/5 is obviously holomorphic. The notation fs and xs
are introduced to make notation simpler.



Siegel modular forms of half integral weight and a lifting conjecture 493

Proposition 1.2. (1) The function X, fa, g2, Z, Y, K, or f11 is a
modular form of I' of weight 2,2,2,4,4,6, or 11, respectively, and f1 or f3 is a
modular form of I' with character i of weight 1 or 3, respectively.

(2) The four forms X, f1, g2, K are algebraically independent.
(3) We have

1
f2 = —4096K + §]‘»’2(4ng — 6fags + 242X + g5 — 32X + Y (4X — 2f3)
= —4096K + f2(4096Z — f2 +4foX —4X?) + Y (4X —2f5),

and hence X, fa, g2, f3 are also algebraically independent.
We denote by B the weighted polynomial ring generated by X, f2, g2, K.
B= (C[Xu f27927K}'

Theorem 1.1.  The ring M(L,p) = &5 M (T,¢%) is given by a
weighted polynomial ring

M(Fﬂ/)) :(C[fl,gQ;Xa f3]
Also, the ring M(I') = &M (T") is given by
MT)=BaYB® fi(B&YB).

The formula for f7 is easily obtained but the result is complicated and
not so interesting, so we omit it here.

Theorem 1.2.  The module of Siegel modular forms of even weight of
T' with character ¥ is given by

O oMor(T,9) = fuufiB @ f11f3B.

We note that the result for My (T, ) for odd k is already contained in
Theorem 1.1.

We can rewrite the above results for I' to those for I'g(4) very easily, since
Mp(To(4),v) = {F(27); F € My(T,v¢)} and My (To(4)) = {F(27); F € My(T')}.
The latter spaces are also described by usual theta constants by using Rie-
mann’s theta relations (cf. Igusa [11, p. 233]). For example, we get

f1(27) = (Bo000 () + Bo001 (1) + Go010(7)* + Ooo11 (7)) /4,
X (271) = (2X(7) + 12(00000(7) 00001 (7)B0010(T)00011(T))

+ 3(00000(7)*00001 (T) + 00000 (7)*00010 () + G000 (7)* 00011 (T)*

+ 00001 (1) %00010(7)* + O0001 (T)*00011 (7)* + Oo010(T)*0011(7)?)) /32,
92(27) = X (7).
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1.2. Modular forms of half integral weights

We put (1) = 3 czn exp(2mi(*prp)). Let F be a holomorphic function
on H,. For any integer k > 1, we say that F' is a Siegel modular form of weight
k— ; belonging to I'g(4) with character y, if F' satisfies the following condition

2k—1
F(yr) = x(v) <99((’:_7;)> F(r) for every v € F(()n)(4) )

We denote the space of above forms by M, _1 (I‘é”)(ll), X). When y is ¢ or the
trivial character, we also put

Mic-12(0,x) = {$(r/2); f € Mio1o(T7(4), 20}

The following Theorem 1.3 for n = 2 was first observed by Tsushima [17]
by showing the dimension formulas in the Corollary 1.2 by Riemann Roch
theorem and by comparing the dimensions of both sides in Theorem 1.3. We
use a different argument, that is, without using the dimension formula, we first
prove the following theorem directly by using ring theoretic argument, and
next gives a dimension formula of modular forms of half integral weights as a
corollary of this theorem.

Theorem 1.3. We get
B Mi11/2(To(4)) = foooo (27) (B3 Mk (To (4), "))
We put
MY = (Lo My(T, 9%)) + (B3 Mi11/2(T)).

Since

(B0000(¥7) /80000(7))? = () det(cr + d)
for y = (24) €T, the module M/?(T") is a graded ring corresponding to the
automorphic factors (6pooo(Y7)/00000(7))* (k =0, 1, ..., v € T'). By Theorem
1.1 and 1.3, we get
Corollary 1.1.
MU/2(T) = Clfoooo, g2, X, f3]-
Corollary 1.2.

1
(1—6)(1—1¢2)2(1 —¢3)"

oo (o]
> dim M1 2(To(4)t* = dim My (D) =
k=0 k=0

We denote by S(I') the space of cusp forms in ©32 My 1/2(I"). The de-
scription of cusp forms is given as follows.
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Theorem 1.4.  The space S(I') is generated as a @2 Mai(I') module
by four cusp forms

00000(f3(3f2 —2X — g2)), Boooo(g2 —4X)(—=3f5 + fi(g2 +8X —62)),
Bo000 kK, 00000(8X 4 g2 — 6f2)(g2 —4X)(3f2 —2X — g2)

of weight 11/2,11/2,13/2,13/2.

This module is not a free module. We can describe the module structure
precisely (cf. the proof in §2) and get the following dimension formula of cusp
forms, which was first obtained by Tsushima by Riemann Roch Theorem. Here
we shall give a simple alternative proof based on the above theorem.

Corollary 1.3.
po 207 T 47 — 21 4 418 — 8 4410 — 312 g1

Z dim S,11/2(I)t (1 —12)3(1 — t6)
k=0

We also give Siegel modular forms of half integral weight with character
1. The following Corollary 1.5 was also obtained by Tsushima first (cf. [17]).
Our proof is independent of his argument.

Theorem 1.5. We have
B oMyot1/2(0, %) = for/2(Bpzo Mi(T, vF)).

We denote by Sjy1/2(I',%) the subspace of cusp forms of Mjq,2(I',%).
Then we have

Corollary 1.4.
DreoSkr1/2(0,Y) = @ZoMip1/2(1, ).

Corollary 1.5.

> " dim Myg1/2(To(4), ¥)t* =~ dim Syp1/2(To(4), ¥)t*
k=0 k=0
th

(1-1)(1—1¢2)2(1—t3)’

1.3. The plus subspace of Siegel modular forms of half integral
weight

In order to explain the relation between the plus space and Jacobi forms
shortly, first we introduce holomorphic Jacobi forms of general degree following
Ziegler [23]. Let k be a natural number and let F (7, z) be a holomorphic func-
tion on (7,2) € H,, x C". If F satisfies the next three conditions (1), (2), (3),
we say that F' is a holomorphic Jacobi form of weight k of index 1 of degree n.
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(1) F(M(,2)) = e(*2(Ct + D)~'Cz)det(C7 + D)*F(7, z) for any M €
Sp(n,Z), where M(7,z) = (MT,"(CT + D)_lz) € H, x C".

(2) F(r,z+ 1A+ p) =e(— t/\T)\ 2802) F (1, 2) for any A\, u € Z".

(3) F(1, z) has the Fourier expansion of the following form,

F(r,z) =Y A(N,r)e(tr(NT) +' r2).
N,r

where we denote by Lj, the set of all half integral symmetric matrices, and N
runs over all positive semi-definite elements in L7, and r runs over all elements
in Z" satisfying 4N — r'r > 0 (i.e. positive semi-definite).

Moreover, if the Fourier coefficients A(N,r) are zero unless 4N — rir > 0
(i.e. positive definite), then we say that F' is a holomorphic Jacobi cusp form.

Next we introduce skew holomorphic Jacobi forms following Skoruppa [15]
and Arakawa [1]. Let k be a natural number. Let F(7,z) be a function on
(1,2) € H,, x C™ which is real analytic in the real and the imaginary part of
7 and holomorphic in z. If F satisfies the next three conditions (1), (2) and
(3), we say that F is a skew holomorphic Jacobi form of weight & of index 1 of
degree n.

(1) F(M(r,2)) = e(*2(CT+D)"1Cz) det(CT+ D)*~ | det(Ct+ D)|F(r, 2)
for any M € Sp(n,Z).

(2) F(r,2+7A+ p) = e(—*AA = 2!X\2) F(7, 2) for any A\, pu € Z".

(3) F(7,z) has the Fourier expansion of the following form,

z) = %;A(N, e (tr (NT - %i(4N - rtr)Y>) +! rz) .

where Y is the imaginary part of 7, IV runs over L7, and r runs over all elements
of Z" satisfying r ir — 4N > 0.

Moreover, if the Fourier coefficients A(N,r) are zero unless r'r — 4N > 0,
then we say that F' is a skew holomorphic Jacobi cusp form.

We denote by J,gfll) or J,gfll)"qk the space of holomorphic Jacobi forms or skew
holomorphic Jacobi forms of weight k of index 1 defined above. We denote the
space of cusp forms of J,gnl) (resp. Jkn) Sk) by J,, n) P (resp. J,gﬁ)’Sk’cuSp).

Now we review Shortly relations between Slegel modular forms of half
integral weight and Jacobi forms of degree n. Let I = 0 or 1 and F(7) €

Mk,l/Q(an) (4),7'). We write the Fourier expansion of F(7) as

F(r) =Y a(T)e(tr(TT)),

T>0

where T runs over half-integral symmetric matrices. We say that F' belongs to
the plus space M," 1/2(F(n) (4),7') if a(T) = 0 unless T — (—1)*+H =1\t X € 417



Siegel modular forms of half integral weight and a lifting conjecture 497

for some column vector \ € (Z/2Z)"™. We have a theorem for general degree n.
Theorem 1.6. We have the following isomorphisms.

T = M (067 (4), 4%,
T ML (057 (), 6.

When k is even, then ¢* = id and the above first isomorphism is the
claim in Ibukiyama [9], and the second isomorphism for any k& is the claim in
Hayashida [3]. The remaining case is easy to prove and we omit the proof in
this paper.

Now from now on, we consider the case n = 2 exclusively until the end of
this paper. We put Ji1 = J,Sl), et = J,g?l)’cuszj and so on.

For any modular form f(Z) € M;(Sp(2,Z)), if we take g(Z) = f(4Z),
then the Fourier coefficients of g(Z) is non zero only at T with T' € 4L3.
Besides, we have g(Z) € My(To(4)). Hence, if we put A" = {f(42);f €
&7 o Mai(Sp(n,Z))}, then M;_I/Z(FO(ZL),@Z;’“) is A"-module. To make our cal-

culation easier a little, in §1 and §2 we sometimes use the group I' = p51F0(4)p2
instead of T'g(4). So, for I =0 or 1, we put

My )y (T0") = {f(7/2); f € M, )5 (To(4), ")},

A={f(r/2);feA}.

Of course every result on I' can be easily interpreted to the one for I'y(4) by
taking the image of f(7) — f(27). Also we put

M*(T) = @32, My, (D),
M+(F7¢) = @zole,j_l/2(F,¢).

Then M™(T') and M+ (T, ) are A-modules. The following dimension formulae
by Tsushima are very helpful to determine the A-module structures, and we
can show they are free A-modules as the formulae may suggest.

Theorem 1.7 (Tsushima [18]).

. L A A A o S S e
z:dinfl(Jk,l)tl~C = 1 6 10 12
P (1 — t4)(1 — t6)(1 — £10)(1 — ¢12)

idim(Ji"i)t’“ _ 417 19 415 4 124 4 126 4 430 432
= : (1 —t9)(1—5)(1 — t10)(1 — £12)
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Z dim(J5P)t

B t10+t12+t14+2t16+t18 t2 t28+t21 +t27+t29+t35
B (1 —t4)(1 —#6)(1 — ¢10)(1 — ¢12)

Zdlm Jsk (,uap

B 11 L 9418 4 415 | 417 4 9419 4 421 9423 _ 425 _ 429 _ 431 4 435

B (1 —t4)(1 —t0)(1 — t19)(1 — ¢12)
t24—|—t26—|—t30—|—t32

(1—t4)(1 —t0)(1 —¢10)(1 —¢12)

+

To make our expression slightly shorter, we replace the generators go or f3
by
Ry = 6f7 — 299 — 4X,
Vs =2(f) — 21X + f3).

and put

Prjo = fooo0 (—48 f;% + 21 V3 + 112 f; X) /64,
Pi1/2 = 00000 (—1152 f,° — 11 f; Ro® + 792 f,°V5 + 792 V3 X + 4224 f; X?) /3072,
Pioja = Ooooo (f1 Ra* — 162 V5% + 36 R2*V3X) /1358954496,
Pa3/5 = Ooo00 (16 f1°Ro* + 3 Ro* V3 + 4 Ry f; X + 18 f; Ro*V3? — 864 f, Ro*V3
+1728 £, 2 Ro?Va X + 3888 f;2V3® — 6480 V33 X
—288 Ry2V3X?) /21743271936,
Py /5 = boooo0,
P35 = 00000(—192 f — 26 fT R3 + 4992 f} f3 + 7488 f3
+312 f} V3 — 2808 f3 V3 + 117 V5') /12288,
Pi7/2 = 00000 (768 f} + 13056 f{ f3 — 544 f1 R3 f5 + 104448 f7 3 — 1632 f7 V3
+17 f1 R3 Vs — 1632 f7 f3 V3 + 408 f2 Vi + 78336 f3 X — 29376 f3 V3 X
+1224 VZ X) /196608,
Pagya = Ooooo(144 fY Ry + 5 fT RS + 3744 f} R3 f3 + 720 R, f3 — 684 f} R3 Vs
+180 R f3 Vs — 45 Ry V¥ — 41472 fi RS f3 V¥ + 9396 f1 R3 V3’
—69984 2 Vi + 116640 V3! X)/100192997081088.

Then we have the following structure theorem.

Theorem 1.8.  The vector space M+ (T') is a free A module of rank 8,
and we have

M* () = AP;7)9® APy )o@ APg /9D AP35 AP, g AP 3/200 AP 17 /95D APog 5.
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We put ST(I') = S(I') N M+ (T') and we denote by A“*? the space of cusp
forms in A. We denote by Ej(7) the Eisenstein series of Sp(2,7Z) of weight
k such that the constant term of the Fourier expansion is one. We also put
Ej (1) = Ex(27) and B = C[E}, Ef]. Then ST(I) is given as follows.

Theorem 1.9.

ST(T) = AP Pr o & AP Py @ APygj & AP
AP ® AP P30 © AP Pry)n & B/P25/2 & APsgs

where
Pasja = (5(E})® Prja — 5 (Eg)® Prja + 6 E§ Py — 6Ej Proja) /17280.

Let ST(T, 1) be the space of cusp forms in M+ (T',4)). In order to describe
the explicit structure M*(T',¢)) and ST (T, %), we put

Pyijz = fa1/2R2(2322432 f,°V3X + 1008 f; Ro*Vs + Ro* — 497664 Vs f, X2
19216 f;2Ro* X — 1824768 f,° Vs + 217728 f,°V3? — 10368 V32 X
—7962624 f,° X + 7962624 f,* X2
—2654208 f;2X> 4 2654208 ;%) /521838526464,

Pszjo = fo1/2Ra(—4608 f;°Ro* + 2, Ro® + 1296 f,° Ro* Vs + 4608 f; ' Ry* X
+9 Ry V32 + 144 RyYWaf; X + 41472 f;* Ry V3>
+3888 f; Ry2Vs® + 41472 f, 2 Ro2 V3% X — 279936 f; 2 Vst
—93312 V3* X) /307792887033102336,

Ps7/o = fo1/2R2(—16 f;*Ro°X — 72 Ry V3> X — 3456 f,°Ro V3
+27648 f2 Ry V3 X + 1658880 f; 1 Ro2 Va2 X + 62208 Va® Ry2f; X
+165888 Va2 Ro2f12 X2 — 1152 Ry V3 X 2f; — 48 f, 4 R,°
+2239488 f; V3t — 1119744 f; V3° + 746496 V3 X2
—8957952 f,2Va* X + 73728 f; *Ry* X2 — 73728 £, Ry* X
+248832 f;3 Ro2V3® + 2376 f12 Ro V3% — 497664 f;° Ry? V32
+3 f1 Ro5V3)/4924686192529637376,

Psg/2 = fa1/2R2(135 f; Ro°V? — 870912 f,° Ry V3 + 71663616 f,* Ry V3
+5474304 f, S R*V? — 35831808 f, S R,2V* + 9072 f, R,V
+6718464 VO X2 — 10077696 f; V7 + 181398528 f; 1V ©
—322486272 f; V° + 110592 f; ' R, + 26542080 f,  R,AV X
+64512 f,° R,V X — 11114496 £, R,* V2 X — 31850496 f; " Ry V X2
+2448 £, RoSV2 X 4 752467968 f,°V° X — 648 RyAVAX
+68040 f;2R*V* + 18 £, 3 R2V — 76032 f; "R,V
—7962624 f; "' RV — 36864 f,* R.° X3 + 107495424 VO X3 f,
+128 £, R85 X — 537477120 f,3V° X? — 134369280 f, 2 V° X
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Pyz/o =

Psy/9 =

Psg/9 =

Ps3/2 =
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+184320 f; S R25 X2 — 258048 f;* Ro5 X + 2304 f,3 RSV X2

+1181952 f,* Ry* V3 X 4 6469632 f;* Ry* V2 X2 4 15925248 f, Ry V X3
—167215104 f; " Ry*V3X + 23887872 f,; * Ro2VAX

+119439360 f,° Ry> V3 X2 — 62208 Ry V3 X2f, — 829440 Ry* V2 X3f,?
—2654208 Ry V X f,;3 — 186624 R.2Vo f; X

—23887872 Ro2V3f,° X3) /2904698108822600835661824,

forj2 Ra (9216 f RS — 32 f7 R3 — 18432 f{ R3 f3 + 9216 f1 RS f3
—3456 fi R2 Vs + R Vs — 5760 f1 R2 f3 Vs — 41472 f5 V2

+1296 f1 R3 Vi + 124416 f7 f3 Vi

—10368 f2 Vi — 82944 f3 V& X + 31104 V3 X)/133590662774784,

fo1y2 Ro (221184 f) RS + 384 f} Ry — f1 RS — 221184 f RS f3

—1920 f2 R f5 — 221184 f3 R2 f2 4+ 221184 R f3

—110592 f§ R2 V3 + 24 f2 R Vs — 165888 3 R2 f3 Vs

—165888 R3 f2 V3 — 2488320 f7 V2 — 10368 f R3 V2 + 4976640 f} f3 Vi
+17280 R3 f3 Vi — 4478976 f, f3 Vi + 1741824 f{ V3 + 5184 RE V3
+1990656 f, f3 V& — 248832 f; Vit — 24 R3 V5 X

+1990656 f3 V& X2 — 746496 V3* X?)/6412351813189632,

fory2 Ra (48 f7 RS 416 f7 RS fs — 4032 f{ R3 Vs — 6 f7 R3 Vs

13456 f3 RS f3 Va + 576 Ry f2 Vs — 216 f{ Ry V2 — 360 R f3 Vi
+72576 f R3 Vi + 45 Ry V¥ + 10368 f1 R3 f3 V3

—3888 f1 R3 V3 — 279936 7V — 93312V X)/78794979080474198016,
fa1y2 Ro (576 f{ RS +2 f} RS + 2688 f' RS fs — 192 fi RS f3

—76032 f¥ Ra Vs — 432 f RS Vs — 76032 f2 Ra f5 Vs + 240 f1 RS f3 Vs
1165888 f2 R3 f2 Vs + 25056 f7 Ry V2 — 45 f1 RS Vi

—64800 f% R f3 V2 + 1368576 fS R2 V2 + 8424 f2 Ry V3

+2737152 £ R3 f3 Vi — 124416 R3 f2 V3 — 590976 f} R3 V3

+155520 R3 f3 Vi — 6718464 f! Vi — 46656 R3 Vy

—13436928 f1 f3 Vy 43359232 f; Vo — 13824 R; f2 V3 X

+8640 Rj f3 V& X — 1080 Ry Vi X

12239488 V¥ X2)/3782158995862761504768.

Then we have the following structure theorem.

Theorem 1.10.  The vector space M+ (T, 1)) is a free A module of rank
8, and we have

M*(T,4) = SH(T, )

= APy1/2 ® APs3/2 ® APs7/0 ® APgg/2 © APy7/2 ® APs1 /2
©APsg/2 © APg3)2-
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2. Proofs on explicit structures of modular forms

2.1. Generators
We quote the theta transformation formula from Igusa [11, p. 227]. For
even theta characteristics m =! (*m’,*m ) with m’, m” € Z? (column vectors)

and M = ( Z Z ) € Sp(2,7Z), we write
( d —c (ctd)o
M~m— ( —b a ) m+ < (atb)o 3

where for any symmetric matrix x, we denote xy the vector whose components
consist of diagonal elements of x. Then we get

Ontom (MT) = k(M )e(bpm(M)) det(cr + d)2 0, (7),

where s (M) is a certain eighth root of unity, e(z) = €™ and
1 ’ ’ 1" 1" ’ 1" ’ 1"
Gm (M) = —g(tm tbdm + 'm tacm —2'm 'bem —2%(a'b)o(dm —cm ).

For any natural number N, we denote by I'(IV) the principal congruence sub-
group of Sp(2,Z) of level N. Then I' D I'(2), and any coset in I'/T'(2) is
represented by some element of the form M = 8 2 .

Proof of Proposition 1.2. The assertion for X, Y, K are in [7]. We shall
show the rest. For the above M with b = ¢ = 0, we get ¢,,,(M) = 0 for all m,

and
M- -m= < dm// > .
am
So, we get fo|oM = fa, and the action f — f|oM gives a permutation on

{(B0001)*, (Bo010)*, (Boo11)*)}, or {(1000)*, (Bo100)*, (P1100)*)}. Hence we get fa,
g2 € As(T). The assertion for modular forms of odd weight can be obtained
similarly. Now, we show the relation of modular forms given in the proposition.
Using the notation of Igusa [10], we put

Yo = (Bo110)*, y1 = (6o100)*, Y2 = (6o000)*,
y3 = —(01000)* — (Bo110)*,  ya = —(01100)* — (Bo110)*

It is known that these forms generate the graded ring Agyen(I'(2)) of even
weights modular forms with the fundamental relation

(y1y1 + Yoy2 + y1y2 — y3y4)2 —dyoy1y2(Yo +y1 + Y2 +y3 +vya) =0.

Using Riemann’s theta relation (cf. [10, Lemma 1]), and using the reduction
process in Igusa [10, p. 393], we get
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f2 = o,

g2 = —2yo +y1 + Y2 — Y3 — Ya,

X = (yo +y1 +4y2 + 2y3 + 2y4) /4,

Y = (—yoy1 + Yoy + y1y2 + ysya + 2y3 + 2y2ys + 2y2u4) /2,

K = (—ygy1 + Yoy2 — voui — 29012 — 2Y0Y1Y3 — YoYsYa
—2yoy1ya + Yiy2 — Y1ysya) /8192,

£3 = (y2 + ys) (W2 + ya) (Yo + y1 + Y2 + ys + ya).

By direct calculation, we get
f3 = —4096K + f2(4g2X — 6fags +24f2X + g5 —8X?)/9+ (4X — 2f5)Y.

Hence we prove (1) and (3). Now we show that X, fo, go, K are algebraically
independent. We define the Witt operator W on any function F(Z) on Hs by

(WF)(TI,TZ):F< n 32 )

For i = 1, 2, we put x; = 0p1(7:), yi = 610(7:), zi = Ooo(7:). It is well known
that z} = 2t + y}. We get

W(X) = (2] + 21) (25 + 23) /4,

W(fa2) = (2122)",

i=1

W (K) = 0.

Since the four forms x1, xs2, 21, 22 are algebraically independent, three forms
W(X), W(fa2), W(g2) are also algebraically independent. Now, assume that
P(X, f2,92, K) = 0 for a polynomial P(X7, X5, X35, X4) of four variables. Writ-
ing P = Pl(Xl,XQ,Xi;) + X4P2(X1,X2,X3,X4) and applylng W, we get
Py (W(X),W(f2),W(g2)) = 0. Hence we get P, = 0 as a polynomial. Hence
Py(X, fa,92, K) = 0. Since the degree of P, is smaller than the one of P, we
get P = 0 by induction. By using the relation between f7 and K, we also get
that fs, g2, X and K are algebraically independent. 1

Lemma 2.1. IfF+YG=0 forany F', G € B, then F =G =0.
Proof. Let P; (i =1, 2) be polynomials of four variables and assume that
(2.1) F+YG=0

for F' = P1(X, fa, g2, K) and G = Py(X, f2, 92, K). For each i = 1, 2, we take
polynomials @);; of three variables and @);2 of four variables such that

Pi(X1, X2, X3, X4) = Qi1 (X1, X2, X3) + XuQi2(X1, Xo, X3, X4).
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Taking the image of the Witt operator W of both sides of (2.1), we get

Qu(W(f2), W(g2), W(X)) + W(Y)Q21(W(f2), W(g2), W(X)) = 0.

Since we have W (Y) = (z120m122)* = W(f2(g2 —6f2+8X))/3 and three forms
W(f2), W(ga2), W(X) are algebraically independent, we get

1
Q11(X1, X9, X3) = —§X1(—6X1 + X5 4+ 8X3)Q21 (X1, X2, X3).

So, if we put f =Y — fo(ga — 6f2 + 8X)/3, then

[Q21(f2,92,X) + K(Q12(f2, 92, X, K) + YQ22(f2, 92, X, K)) = 0.

Now, we shall show Q21 = 0. Put

1 0 0 1

o110

1o o010

0 0 0 1

Then, we get

(80000)*|27 = (Bo000)”,
(61000)* |27 = (B1001)*,
(00100)*27 = (Bo110)*,
(01100) |27 = (01111)",

and X|oy = X, Y|4y =Y, K|¢y = K. Hence W(f|sy) = 2{z5(x} — 21) (x5 —
z3) # 0. We get W (falay) = (2122)*, W(gal27) = (21 + 21)(23 + 23) — a3,
W (X|2v) = (z] + 23) (x5 + 23)/4, so these three forms are also algebraically
independent, and since W (K|gy) = 0, we get Q21 = 0 as a polynomial. Hence,
we get

P12(f27927X7K) +YP22(f27927X7K) =0.

Since the degree of Pjo, or Pss is less than the degree of Py, or Ps, respectively,
we get Pjo = P55 = 0 by induction. Hence F' = G = 0. q.e.d.

It is also obvious that fiB + f3B is a direct sum. By comparing the
dimensions, we get Theorem 1.1 and 1.2. O

Finally, we shall prove Theorem 1.3. We shall show

Proposition 2.1.  If f € Myy,5(I, %), then f/6oo0o is holomorphic on
H,.

Theorem 1.3 and Corollary are easily obtained from this. For the proof
of this Proposition, we use the explicit structure of M(T',1)). We need several
Lemmas.
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Lemma 2.2.  For any F € C = Clgq, X, K], assume that F/ f1 is holo-
morphic. Then F = 0.

Proof. By Theorem 1.1, it is easy to see that >~ Mop_1(I',¢)) = f1B®
f1iYB @ f3C. Since F/f1 € Ma,_1(I',¢) for some integer k, we write F' =
f1(fian + fraxY + faas) for some a1, as € B and ag € C. Hence F — foaq =
foYas+Yaz € BNYB = {0} and we get F' = faay. Since F' € C and fa, g,
X, K are algebraically independent, we get F' = 0. O

Lemma 2.3.  For any F € M(L,v) = &2 My(T, %), assume that
F/00000 is holomorphic. Then, F'/fi is also holomorphic.

Proof. First, we assume that F' is of odd weight. Then F = fia; + fsas
for ag € C and oy € B + YB. Since F/0yppo is holomorphic, and f; =
02400, We see (fzaz/0oooo) is holomorphic and hence (fsaa/0oo00)? also. Since
f2 = —4096K + f1h for some holomorphic function h, we see Ka3/f; is also
holomorphic. Since the numerator belongs to C, we get as = 0 by virtue of
the previous lemma. Hence F/f; = «; is holomorphic. Secondly, we assume
that F' is of even weight. We write F' = a3 + foas + Yag, where a; € C, ag,
az € B. Since fa = 03000, Y = 020003, and F/0go0 is holomorphic, we see
a1 /60000 is holomorphic, hence a2/ f; also. Since a? € C, we get a; = 0 by the
previous lemma. Hence F/f; = fias + fsas is holomorphic. O

Proof of Proposition 2.1.  Since f € My 1 /2(I"), we see that F' := 6pooo f €
M1 (T, 9% +1). Since f = F/0upoo is holomorphic, F/fi = f/0u00 is again
holomorphic by Lemma 2.3. O

2.2. Cusp forms
We define a maximal parabolic subgroup P;(Q) of Sp(2,Q) corresponding
to the one dimensional cusps by

¥ 0 *x %
¥ % ok k
0 0 0 =

We can take a complete set of representatives of I'\Sp(2,Q)/P1(Q) as follows.

1 00 0 1 00 0
01 0 0 00 0 —1

M=l g o1 0] M=[yo1 o0 |
00 0 1 010 0
100 0 1 10 0
01 0 —1 00 1 —1

Ms=119 01 0o | M=|g 01 o
010 0 010 0




Siegel modular forms of half integral weight and a lifting conjecture 505

A modular form F of T is a cusp form, if and only if ®(F|;M;) = 0 for all ¢
with 1 <14 < 4, where ® is the usual Siegel ®-operator. For the characteristic
m € Z* whose second component is odd, we get ®(6,,) = 0. Otherwise, we
get ®(0pm, 0.ms.ms) = Omyms- Now we put z = 6p; and 2 = fpg. Then 6}, =
z* — 2%, By the theta transformation formula, the forms ®(F|M) = ®(F|,M;)
is obtained for generators F as follows.

L ®(K) = ®(f3+ fifo —2X f1) = ®(2X —3f2+g2) = 0. ®(f1) = 2 and
®(X) = (z* + 2*)/2 are algebraically independent.

2. ®(K|Ms) = O(f3|Mz) = ®((g2 + 8X — 6f2)[M2) = 0. ®(f1| M) = 22
and ®(X|My) = (z* + 2*)/4 are algebraically independent.

3. ®(K|M3) = ®(f1|Ms3) = ®(f3|M3) = 0. &(X|M3) = (2* + 2%)/4 and
®(go|M3) = 22* — 2 are algebraically independent.
®(X|My) = (z* + 2*)/4 are algebraically independent.
For any f = 6ooooF" € Myy1/2(T") with odd k, we see that f is a cusp form
if and only if F is a cusp form. Indeed, ®(6pop0|M;) = 0 only for i = 3 in
the above four cases. In this case, we also get ®(f1|M3) = ®(f3|M3) = 0, so
O(F|M3) =0 for any F = f1G + f3sH € My(T,4). When k is even, the above
observation is false. For example, F' = (2X —3f2+¢g2)(92+8X —6f2)(g2 —4X)
is not a cusp form, while fyggo F' is a cusp form. Anyway, in order to show that
f = 6oooo F is a cusp form, we have to check only the conditions (1), (2), (4)
for F' of integral weight. We first treat the case of odd weight for I'. Since K
is a cusp form, we can assume that

F = fi(Pi(X, f2,92) + Y P2 (X, f2,92)) + f3P5(X, g2),

up to the ideal generated by K. From (4) above, we get P (X7, X2,4X1) =0
and hence P, = (X35 — 4X1)Q1(X1, X2, X3) for some polynomial Q7. Also
from (2), we get P; = (X3 + 8X; — 6X2)(X3 — 4X1)Q2(X1, X2, X3) for some
polynomial Q2. Now, we put X5 = Xo—(2X;+X3)/3. Then from the condition
(1), we get

—9(4X, — X3)2Q2(X1, X35 + (2X1 + X3)/3, X3)
—+ (2X1 =+ Xg)(4X1 — X3)P2(X1, X; + (2X1 =+ Xg)/3,X3)
+3(4X, — X3)P3(X1, X5 + (2X1 + X3)/3, X3) = 0.

This means that there are polynomials R; (i <4 < 4) such that

P = (4X1 — X3 — 6X§)(X3 — 4X1)(R1(X1,X3) + X;Rg(Xl,Xg,Xy)),
Py = R3(X1, X3) + X5 Ra(X1, X5, X3),

1
Py =3(4X; — X3)Ri(Xy, X3) + §(2X1 + X3)R3(X1, X3).

Hence, 6ygoo F' is a cusp form for odd weight F', if and only if
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F=3fY — f3(2X + g2))R3(X, g2)
+ (g2 —4X)(=3f3 + fi(g2 +8X —6f2))R1(X, g2)
+ (1Y (3f2 — 2X — g2)) Ra(X, f3, g2)
+ 18X + g2 — 6f2)(92 — 4X)(3f2 — 2X — g2) Ra(X, 5, 92)
+ fiK(R5(X, f2,92, K) + YRs(X, fa, 92, K)) + f3KR7(X, g2, K)

for some polynomials R; (1 <i < 7), where we put f3 = fo — (2X + ¢2)/3. By
the structure Theorem 1.1, we can see that the above polynomials R; depends
only on F. Hence, the generating function of the dimension of cusp forms is
given by

2t° 2t7 t7(1+t*) t?

L—p T a-ep T @—ep-o)  (1-ePR(1-6)

Now, we assume that k is even. Then, we can assume F = Pi(X, fo,g2) +
Y P2(X, f2,g2) as before. By the condition (2) and (4), we get P (X1, X2, X3) =
(X3—4X1)(X3+8X, —6X5)Q1 (X1, X2, X3) for some polynomial Q1. Now we
put X3 = X3+ 2X; — 3X5. We write

Q1(X1, X2, X3) = Ri(X1,X2) + X5 Ra(X1, X2, X3),
Ps(X1, X2, X3) = R3(X1, Xa) + X3 Ra(X1, X0, X3).

Then by the condition (1), we get
9(X2 — 2X71)R1 (X1, X2) + XoR3(X1, X2) = 0.

SO, we get Rl(Xl,Xg) = X2R5(X1,X2) and R3(X1,X2) = 9(2X1 —XQ)R5(X1,
Xs) for some polynomial R5. Hence, any modular form 6ggooF with F with
even weight is a cusp form if and only if

F=Y(g2+2X — fo)Ru(X, f2,95)
+ (92 —4X)(g2 +8X — 6f2)(g92 + 2X — 3f2) R2(X, f2,93)
(falge —4X)(g2 +8X —6f2) +9Y (2X — f2))R5(X, f2)
+ K(Rs(X, f2,92, K) + YR7(X, fa, g2, K))

for some polynomials R; (i = 2, 4, 5, 6, 7), where we put g5 = go+2X —3f2. We
can show by the structure Theorem 1.1 that these polynomials R; are uniquely
determined by F. Hence the generating function of the dimension of cusp forms
is given by

2t6 t6 (1 +t4)
T_ep 1o " T_epa_n)

Thus we complete the proof of Theorem 1.4 and its Corollary 1.3. O
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Let f € Mk,I/Q(F,’(/)), then Oggoo f € Mk(r,l/)k+1). By Theorem 1.1, 1.2,
we have

B oMy (T, ") = fi(B&YB® f1B & f3B)
- fll(c[fle7927f3]
= fll M(Fadj) .

Moreover, fi1 = 0oo00f21/2- Hence we have Theorem 1.5. O

Let M; (i=1,2,3,4) be representatives of I'\Sp(2,Q)/P1(Q) which were
0

—10 0
defined before. For each i, we see ( 989 8) € M;'T M. So, for any
0001
—10 0 0
[ € My_1/2(I',%), we have ®(f|M;) = (I)(f|Mi< B (1J—018>) = —O(f|M;).
0001
Hence f belongs to Si_1/2(I",%). Thus we prove Corollary 1.4.
Corollary 1.5 is obvious by Theorem 1.5 and Corollary 1.4. O

2.3. Plus space

Proof of Theorem 1.6.  This is mostly known by [9] and [3]. The remaining
case uncovered by these papers can be easily proved in the same way and the
proof is omitted here. O

Proof of Theorem 1.8. Although the plus space is originally defined for
Ty(4), we are taking its conjugate ' for some convenience of calculation. As we
explained, the original plus space is obtained by taking f(27) for our f(7) for
I". Now if the basis of Mj,_; /5(I") is concretely given, the basis of the plus space
M 2’_1 /Q(F) is obtained in principle as follows. The condition of the plus space
is the linear conditions on Fourier coefficients. By demanding this condition
for Fourier coefficients at several 7', we get a linear subspace M of Mj,_1/5(T")

which contains M ktl /2 (I"). If we impose the condition at more 7', the space M
becomes smaller or is unchanged. Since we know dim M," | /Q(F) by Theorem
1.7, we can continue the process until we get dim M = dim sz—1/2 (T") and we

get the plus space.
For example, in the case of weight 7/2, a basis of M : (T) is given by

00000 /7 5 00000192, Bo000 f1X, and Ogopo f3. For any f € My_1,5(T'), we have the
following Fourier expansion

Fr) =3 e(T)e (%tr(Tﬂ)

T

where T runs over half integral symmetric matrices. We give Fourier coefficients
of the above four forms in the following table, where (a, ¢, b) means the Fourier
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coefficient ¢(T) at T = (b% b{f).

0000/ | Boo00.f192 | Boooof1 X | Boooo f3
(1,0,0) 14 30 6 )
(1,1,0) 168 456 24 8
(1,1,1) 0 192 0 0

Writing down the condition that a linear combination vanishes at (1,0,0),
(1,1,0) and (1,1,1), the following modular form is the unique candidate of
the element of the plus space up to constant:

— 300000 f5 + 1400000 f1X + 2160000 f3-

Since dim M7+/2(1“) = 1, this actually belongs to the plus space. By similar
method, we can give basis of Mj,_y,5(T") for k —1/2 = 7/2, 11/2, 19/2, 23/2,
1/2, 13/2, 17/2, 29/2, using the fact that the dimension of the plus space of
each of these weights is 1, 1, 3, 3, 1, 2, 2, 5, respectively. We also see that
Py_1)2 € Mktl/Q(]f‘). Now, we would like to show that these elements are
linearly independent over A. A set of generators of @72 Moy (Sp(2,7Z)) is given
by

Ey(7) = 4X? — 3Y + 122887,

E¢(1) = —8X® + 9XY + 73728X Z — 27648K,
x10(7) =YK,

x12(7) = 3Y?Z — 2XY K + 2072K?,

where FE4(7) and Eg(7) are the Eisenstein series of weight 4 or 6 with constant
term one as before and x19 or x12 is a cusp form of weight 10 or 12 , respectively,
11/2) .

12 1 ) is one. (cf. Igusa [10]).
We write E} (1) = Ey(27) for k = 4, 6 and (1) = xx(27) for & = 10, 12.
Then we have A = C[E}, E, X0, X72]. We also get

which is normalized so that the coefficient at (

Ef=(-7687Z+ X?+3Y)/4,

B} =(-3456 K — X®> +9XY + 1152 X Z)/8,
XTO =KZ,

Xia=BK?*-2KXZ+3YZ% /4.

Let W be the Witt operator defined before. For i = 1, 2, we put z; =
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001(7%), yi = 010(7%), zi = Ooo(7:). It is well known that 2} = 2} + y}. We get

2
w(E;) = [ (162 +162:* y;* + y,®) /25,
i=1
2
W(Es) = [ @z:* + ) (322:° + 322 yi* — ,%) /22,
i=1
W(xio) =0,
2
W(xiz) =3 [] @9’ (2" +wi") /2%,
i=1

W (6000 P72) = 27° (zi* + vi*) (82" +u"),

. L

W (60000 Pr1/2) =271 (zi* + ") (322 + 202" y;* — 4,®)

1

.
vl

W (80000 Pro2) = 272 H ity (2t +uit),
i=1
2
W (6000 Pasj2) = 2777 H ity (2 +uit) (Ao +5u7).
i=1

It is clear that the A-module spanned by P72, Pi1/2, Pig/2, P23/ and the
A-module spanned by P2, Pi3/2, Pi7/2, Pag/2 have no intersection except for
0, since the weights of the forms are k — 1/2 with even k for the former but odd
k for the latter. We shall show linear independence of four forms Py /o, Py,
Pig/2, Pa3/9 over A. Linear independence of four forms Py /o, Pi3/2, Pi7/2, Pag/2
are shown almost in the same way and the proof will be omitted here.

We assume that there exist polynomials Q; (X7, X, X3, X4)(7 = 1,2,3,4)
which satisfy the following relation

4
Z QZ(E17Ega XTO?XT2)GZ' - O,

i=1
where we put Gy = 6go00P7/2, G2 = 0Oooo0P11/2, G3 = OooooPr9/2, Ga =
00000 Pa3 /2- If we define polynomials R; , R; by
Qi(X17X25X37X4) = Ri(XlaXQ,X4) + XSR;(Xl,X23X3;X4) 9 (Z = 1,273?4)

we get

4 4
Z RZ(EZaEEikzXTZ) G’i + XTO Z Rz(E27EgaXTOaXT2) Gz = 0.

i=1 i=1
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By taking the image of both sides under Witt operator, we get

Y RW(ED, W(E), W(xin) W(G:) = 0.

i=1

As we wrote before, the forms W(E}), W(E{), W(xis), W(G1), W(Ga),
W(G3), W(Gy4) are polynomials of four algebraically independent variables
X1, T2, Y1, Yy2. For each W(f) for E} etc. above, we denote by W(f)o the
polynomial of &1, o, y2 obtained by substituting y{ by —2z}. Then we get
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Now we write R; as
Ri(X1,X2,X3) = Ri1(X1,X3) + XoR; 2(X1, X2, X3).

Dividing the relation into the part where the total degree is 0 mod 16 and
8 mod 16, we get

Ri1(W(E})o, W(Xi2)0)W(G1)o + Raa(W(E)o, W(xi2)o)W(Ga)o

|
e

and
Ro1(W(E)o, W(Xi2)0)W(Ga)o + R31(W(E})o, W(xiz)o)W(Gs)o = 0.

Since four forms x1, 2, y1, Y2 are algebraic independent, W(Gy4)o is divis-
ible by ya, so R11(W(E})o, W(xi2)o)W(G1)o must be divisible by y,. But
W (G1)o is not divisible by y2, so the polynomial R; 1(X7,X3) is also divis-
ible by X3. In the same argument we see that R4 1(X7,X3) is divisible by
X3. Repeating the process, we see Ry (X1, X3) = R41(X1, X3) = 0. We get
ngl(Xl,Xg) = R371(X1,X3) = 0 in the same way. So we get Ri(Xl,XQ,Xg) =
0, and Q;(X1, X2, X3, X4) = 0. Thus we have proved Theorem 1.8. |

The proof of Theorem 1.10 is almost same as the proof of Theorem 1.8.

But the computation is more complicate. To determine Pyg/2, we need Fourier
1

. §Cb)with0<a<2070<c<20,

coefficients of basis of Mgg/(I", 7)) at < 1
and 0 < b < 40. We omit details here.

V)
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Next we shall prove Theorem 1.9. By applying the Siegel ® operator at
each cusp, we can show that Pig/3, Pa3/2, Pag/2 are all cusp forms. So in order
to prove the theorem, it is sufficient to determine cusp forms in AP /o ® APy /o
and in AP1/2 S5 AP13/2 @b AP17/2. We see

Ej[) =271 (162,°* + 1621 y1 ' + u1 %),
(Eg) =27° 2t + 1) (322:° + 3221 1! — 1n®)
(90000P7/2) 27% (z1* + ) Bat +m?),
®(Ooo00Pr1/2) =27° (z1* + ) (3221 + 202 1 — 11®) .

We assume that Ri(E}, E§)P;/2 + Ra(EY, E§)P11/2 is a cusp form for some
polynomials R;(X1, X5). By definition we get

Ri(®(E7), ®(E¢)) (00000 Pry2) + Ra(P(EY), ®(Eg))P(6o000P11/2) = 0.

For f = Ej etc., we denote by (®(f))o the polynomial of z; obtained from
®(f) by substituting yj by —2z7. Then,

(®(E}))o = —3 21°/4,

(®(E6))o =0,
(®(0o000P7/2))0 = —321°/4,
(®(Bo000Pr1/2))0 = 3217/8

Let Ri(Xl, XQ) = Ri71(X1) + XQRZ'72(X1,X2). We get

R11((®(E1))o, (®(0o00072))0) + R2,1((P(E£7))os (P(Boo00l11/2))0) = 0.

Regarding this as an equality between polynomials of z1, we get R;(X;, Xs) =
0. So, there are no cusp forms in C[E}, E§]P;/s + C[Ef, E§]Pi1/2 except
for 0. By similar calculation, we can show that there are no cusp forms in
CIE}, E§|Py /2 + C[E}, E§]P13/2 + CIE}, Eg]Pi7/2 except for the ideal gener-
ated by Ps5/5. Thus we complete the proof of Theorem 1.9. o

3. A lifting conjecture

3.1. Statement of Conjecture
For Siegel cusp forms of half integral weight of degree two, we propose the
following conjecture.

Conjecture 3.1.  Forany f € So;_2(SL(2,Z)) and g € Sar—4(SL(2,Z))
which are common eigen forms of Hecke operators, there exists a common eigen

form F € S} 1/2(To(4)) of Hecke operators such that

L(s, F) = L(s, ) L(s — 1, 9).
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Here L(s, f) and L(s, g) are the usual Hecke L function and L(s, F') is the
L function of F' defined by Zhuravlev which will be reviewed in §3.2. This
conjecture is based on numerical examples of Euler factors of cusp forms given
in §3.5. Conceptually, it can also be regarded as half-integral analogue of vector
valued version of Yoshida lifting in [19]. We have also some similar experimental
results for Siegel cusp forms outside the plus space but our knowledge would
be too vague to state any conjecture in that case.

As for the L function of common eigen non-cusp forms of half integral
weight, we can prove a theorem given below which is similar to the theorem by
Zharkovskaya [20] for integral weight. The theorem below may be regarded as a
non-cusp form version of the above conjecture, though this seems very different
from usual liftings. Let k£ be a positive integer and let F' be an element of
M 5(To(4)). If F is not a cusp form, then we get ®(F) # 0 and ®(F)
belongs to the plus space of modular forms of one variable.

Theorem 3.1. Let F € M,j'_l/Q(FO(ZL)) be a Hecke eigen form with
®(F) # 0. Then ®(F) is an eigen form of Ty(p?) of weight k — 1/2, where
Ty (p?) is the usual Hecke operator on modular forms of half integral weight of
degree one at p. Besides we have

L(s,F)=L(s — 1, Ea_4) L(s,®(F)),
where Fop_4 is the Eisenstein series in Moy, _4(SL(2,7)).

The proof of this theorem will be given in §3.4. Almost the same theorem

was given in [4] for Mk_l/Q(Fén) (4)), but here we assumed that f is in the plus
space, hence our theorem includes the claim for Euler 2 factors too.

3.2. Hecke theory for Siegel modular forms of half integral weigh
of degree 2 at odd prime

The Hecke theory at odd primes on Siegel modular forms of half integral
weight is developed in Zhuravlev [21], [22]. We review his result in case of
degree two. The definition of L function is not very clearly written there in
terms of Hecke operators, so we review some argument also. (See also the
definition in [6]). As for modular forms of I'y(4), two is a bad prime, but if
we restrict ourselves to the plus space, we have a good theory also at two. We
shall explain this in the next section.

Now we put

GSpt(2,R) = {M = (é IB)> € M(4,R) ; MJ'M =n(M)J , n(M) € R+}.

We denote by GSpT(2,R) the covering group of GSp*(2,R) defined as fol-

lows. The underlying set of GSp*t(2,R) consists of pairs (M, ¢(7)), where
M € GSp™(2,R) and ¢(7) is any holomorphic function on Hs such that

—_~—

|p(7)| = | det M|~'/4|CT + D|*/2. The group operation on GSp(2,R) is given
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by (M, (1)) (M, ¢ (7)) = (MM/,¢(M/T)¢/(T)) . Then, we can embed T'g(4)
into the group GS;JF\(/Q, R) by

To(4) > M — (M,0(M7)0(r)~") € GSp+(2,R),

where 0(7’) = 00000 (27’)
For any odd prime p, we put

1
K1: b 2 7K2: 2
p p

Then (K 87]02 %) € GSpT(2,R) (s =1 2) We put K. K, = (K,,p2*).
The left FO( )-coset decomposition of FO( )K F0(4) is explicitly given by Zhu-
ravlev [21]. For the sake of simplicity, we put

—_~ —_~— —~—— e ——~——

Xo(p) = To(4)(pls, )To(4) , X1(p) = To(4)K1To(4) , Xa(p) = To(4)K>To(4).

We take a left f;\(ll/)—coset decomposition
p) = JTo(@)M,

where M, = (Mv,qbv( )) € GSpT(2,R), We define an action of M, =
(M, 60 (7)) € GSp*(2.R) on F € My /2(To(4), 4') by

Fly_ s g My = n(M,)* =39 (M,)! 6, (1) "2+ F (M, 7),
and an action of X,(p) by F'| X( ZF|k_1 sz By abuse of language,

we denote these operators also by X(p) Wthh are double cosets originally.
Let L, be a Hecke ring generated by operators Xo(p)*!, X1(p), Xa(p).

According to [22], this L,, is isomorphic to a certain ring of Wg invariant poly-

nomials C"2 [xaﬂ,xlﬂ,x;ﬂ], where W5 is the automorphism group generated

by the following elements :
01Ty — To, T1 — T2, T2 — T,
;1 Xy — Toxi, Tj —>x;1, z;—x; (1=1,2, i#j),
JI o — —Xg, 1 — L1, T2 — T2.
By using Proposition 4.1 and Lemma 3.2 in [22], we see there is an isomorphism
¢ L, — CV2 [z ot 2! such that
¢(Xo(p)) = p~ agaras,
G(X1(p)) = p~ g (a1 + w2) (1 + $1~"E2)
¢(Xa(p)) = a5 (L + 2t + a3+ (1 —p~)z12 + 2ia3) .
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2
Define a polynomial v(z) of z by v(z) = H(l —2;2)(1 — x; '2), and write its

i=1
4

expansion as y(z) = Z(—l)j R;z7. By using the above three relations, the
§=0
inverse image ¢~!(R;) of R; is given:

¢ (Ro) = 1( 1) =
¢ '(R1)=9¢"'(Rs) = p 2Xo( )~ X1 (p),
¢~ (Ry) = 3X0( )T X (p) + (L+p72).

We say that F € Mk,1/2(F0(4),w1) is a Hecke eigen form, if F' is a common
eigen function for the action of X;(p), X2(p) for all odd prime p. For a Hecke

eigen form F € Mk_l/g(l“o(él),z/;l), we denote by 3;, ( =0,...,4) the Hecke
4

eigen value of F of ¢ ~!(R;). Then, there exists afp, a;p which satisfy Zﬁj’pzj
§=0

P

2
H — @i p2)(1 —a;tz). The L-function of F' is defined in Zhuravlev [22]

2

L(s. F) = [TTT0 = v@) iy p™ 727 (1 = 0(p) 0y p=th72/2) 7

p 1=1

We rewrite this by eigen values. We denote by A(p) or w(p) the Hecke eigen
values of F of X;(p) or Xs(p), respectively. Then, we have

L(s,F) =[] (1 = X (@)p~* + (p w(p) + p** (1 + p*))p~>

)

* —3— _6— —1
) (p)ka 3—3s _|_p4k 6 43)

l

where we put \*(p) = A(p) (‘71) p~F*+7/2 In the above product, at moment
we defined Euler p factors only for odd primes, but an Euler 2 factor will be
defined for elements of plus subspace later.

Next, we explain how to get eigen values by using Fourier coefficients of
Hecke eigen forms. First, we prepare some notations. For 4, j € {0,1,2}, i +j

lo iy
<2, weputd;; = pl; € M5(Z). We denote by Mlvm(p‘s)
2
Pl
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a complete set of representatives of matrices of M; ,,(Z) modulo p?, and put

0pij 0 0
Rs,i,j = B = 0 A pBl ]
0 ‘B By

Ae M;;(p), Bi € M, j(p), B2 € M ;(p?),
A='A, By =" By, and rank,(A) =i —2+s

Opii; 0 0

For a matrix B = 0 A pBi| € Rg;; and for a fixed y =i —2+s,
0 ‘Bi  Bs
we define a function x(B) by x(B) =1 or &) (%) fory =0o0r v >0,

respectively, where €, =1 or v/—1if p =1 or 3 mod 4, A; is any matrix of size
7 such that A = "M (4 ) M mod p for some M € M;;(p) N SL(i,Z), and

(%) means the Legendre symbol We write the Fourier expansion of F(7) €

My—1/2(To(4),9") as F(7) = Y C(N)e(tr(NT)). We define a; ;(T) by
N>0

as,i,j(T) p(s+2 i— 2])(k7— 381/)( z+2])

X Z ( d; ]UTtUdZ ]) <Z%tr (UTtUdi’jB)) K(B)_Qk'H,

where the matrix B runs over all elements of R, ;;, U runs over a complete
set of representatives of (d; } SL(2,Z)d; ; N SL(2,7)) \SL(2,Z), and we regard
C(M) = 0if M is not a half integral matrix.

Now let F' be a Hecke eigen form and we assume that C(T") # 0 for some
a b/2

semi-positive definite T' = ( b2 ¢

). By using [21, Proposition 7.1], we have

Np)=Cc@m™ > e (Dwp)=CM) Y e (1)
1<i<ipi<2 0<i<iri<

Now for any prime p, we put

R(p) = {(
R(p*) = {(

),(%6) 5« modp},
), () s ¢ modp®, y modp}.

Then we can calculate each oy ; ;(T) for odd p explicitly as follows.
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Ca(T) =1 3 )C (( p! X ) UTtU( p . )) ;

UeR(p

- 3 e((* )" )

(&) pF2C(T) if pfa and p | det 2T,

P
ay20(T) = (=D*'7te) k2 :
1,2,0 )Pt EC(T) ifplaand p | det 2T,
0 otherwise,

where( o * ) — UT'T,
* *

—p?k=6 C(T) if ptdet 2T,
az20(T) =
(p—1)p*=6 C(T) ifp|det2T.

3.3. Hecke theory on plus space at two

Although 2 is a bad prime for I'g(4), it is a good prime for the plus sub-
space, since it is isomorphic to the space of Jacobi forms of “level” one. Namely
we know that for odd primes the Hecke theory of Jacobi forms and Siegel mod-
ular forms of half integral weight corresponds well (cf. [9], [3], also see the
correction at the end of this paper.), and for F € M,j_l/g(l“o(él),wl) and for
every odd prime p, we can interpret X;(p) = 1 (p)'p~Ft7/2X (p) or Xo(p) as

a pull back of a Hecke operator on Jacobi forms. Now we can define operators
X{(2) and X3(2) on MJ_I/Q(FQM),W) as the pull backs of the same Hecke
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operators at two on Jacobi forms. Hence we say that F' is a common eigen
form if the image of F' in Jacobi forms of index one is a common eigen form
of all the Hecke operators on Jacobi forms, including those at two. For F' we
can define \*(2) and w(2) in the same way by using X7 (2) and X5(2), and also
the Euler 2 factor is defined in the same formula as in the case of odd primes.
Hence L(s, F) is defined as the product of Euler factors at all primes p by the
formula in the previous section.

The formula for \*(2) and w(2) using the Fourier coefficients is almost the
same as in the odd case. Here we explain the necessary modification of the
formula in the previous section. Let C(T') be the Fourier coefficient of F' as

before. If C(T) # 0 for T = <b72 bf), then since F' belongs to the plus space,

we get

(_1)k+l_1A%+4Oé,
(—1)*+=12x 0y + 48,
)
1

o o K
Il

= () g,

where (A1, A2) = (1,1), (1,0), (0,1) or (0,0) and «, (3, v are integers. So, we
get

det(T) = 4(4ary — 07) + 4(=1)*7 (a3 + 92T = BAida),
and hence det(T) = 0 mod 4. The condition that p|det(2T) or p 1 det(2T)
in the previous formula should be replaced by the condition that 8|det(T") or
8 t det(T), respectively. The Legendre symbol (%) for odd p in the formula

before is now interpreted as follows. First of all, we can easily show that
each = which appears in the Legendre symbol, namely each of x = (—1)*+!~1q,
(—1)k+=1e, (=1)*+1=1qy or (—1)*+=1¢y for p = 2 satisfies the condition 2 = 0
or 1 mod 4. So, we define

. 0 if x =0mod 4,
(—) = 1 if x =1modS8§,
p —1 ifz=5mod8.

3.4. Proof of Theorem 3.1

For any prime p including p = 2 and any eigen form F' € M;_I/Z(I‘O(Zl)),
we take the operators X(p), Xa(p) such that F|X;(p) = p*~7/2X*(p)F and
F|X3(p) = w(p)F as before. First, we calculate Fourier coefficients of
O(F|X1(p)) and ®(F|Xs(p)) -

If a Siegel modular form F' has the Fourier expansion

F(r)=Y_ C(T)e(tx(TT)),

T>0

then we have ®(F)(z) = 2>:0 ¢(m)e(mz), where we put c¢(m) = C ( Tg 8 )
1X(p)(2) = Z>0 as(m)e(mz). Then we get ags(m)

For s = 1, 2, we write ®(F
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0 . . .

— Z Qs i j (7(7)1 0), where «;; ;(T) is the same notation as in the
2—s<i<itj<2

previous section. By straightforward calculation, we have:

() = o o)+ cpm) + cm) (74 -+ (L) o),

az(m) = C(m/pZ)(P4k_8 + p%_?’) + c(me)(pZ’f_5 +1)
— kilm _ k*lm
+c(m) <p3k7 <(1)p) 42 ((1)2)) 4 p2b(p? — 1)> ,

where the symbol (%) for p = 2 is defined as before. Let f be a modular

form of weight k — 1/2 of degree 1 in the plus-subspace and take its Fourier
expansion f(z) = Y. b(m)e(mz). Then for any prime p including p = 2, the
m>0

Hecke operator Ty (p?) is defined by

ULE)E) = <b<p2m> T 23 (m )

m>0

B (“)pm) P2m) ) )

Therefore we have

O(Fp~ "2 X1 (p) = @(F)|T1(0?) + (p + ™ (F),
®(F|Xa(p)) = (0" 7% + D(@(F)|T1(p*)) + (0"~ = p*" O) ().

If ®(F) # 0, then by the above relation, it is obvious that ®(F) is also an
eigenform of T (p?). If we put

O(F)|T1(p?) = p(p*)@(F),
then we get

A (p) = u(p®) + p+p** 4,
w(p) = (P72 + Du?) + p*F 1 — p*C.

so we have,

L(s, F) = [T (1 = p@®)p* + p*272) (1 = p'=*)(1 — p* =) '

= L(s, ®(F))¢(s — 1)C(s — 2k + 4)
= L(s, ®(F))L(s — 1, Eap_a).

This completes the proof of Theorem 3.1. O
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3.5. Numerical examples of Euler factors

In this section, we give some examples of Euler factors of forms in the plus
space. The dimensions of the plus space and the space of elliptic modular forms
are given in the following table for small weights.

k 0~6[7[8]9[10]11[12]13]14[15

dim S | ,(To(4)) 0 [oJoJo| 1] 1] 1] 2 2] 2
dim Sor,_2(SL(2,Z))| 0 [1]o[ 1] 1| 1| 1] 2] 1] 2
dim Sor_4(SL(2,Z))| 0 [o|1]o] 1| 1| 1] 1] 2] 1
k 161718192021 [22[23 2425

dim S, | ,(To(4)) | 4] 4] 4] 6] 6| 7] 9] 9/10]13
dim So_»(SL(2,Z2)) | 2| 2| 2| 3] 2| 3| 3| 3| 3| 4
dim Sop_4(SL(2,Z)) | 2| 2| 2| 2| 3] 2| 3] 3] 3] 3

For any Hecke eigen form F' € S;:_l /2(F0(4), ¥!), we define the Hecke polyno-
mial H,(T, F) at p by

Hy(T,F) =1-X(p)T + (p w(p) + p** 51 + p*)))T?
o )\*(p)ka—ST?) +p4k_6T4.

The dimension of cusp forms of plus space of weight 19/2is 1. So Pyg,5(27)
is a Hecke eigen form, since the plus space is closed under the action of Hecke
operators. Some of Fourier coefficients of Pjg/5(27) are given as follows:

wt19/2 | (3,3,2) [ (24,3,0) [ (11,8,8) [ (19,4,4) [ (27,27, 18)
Pro/2(27) 1] —5022| —861| —3423| 23088645

where (a, ¢,b) means the Fourier coefficient at ( b72 bé 2 )

Next we calculate eigen values A*(3) and w(3) of Pyg/2(27). We put

_ a b/2 .
C(a,c,b) =C (b/Q . ), then we have:

N*(3) = C(24,3,0) x 24 C(11,8,8) + C(19,4,4)
= —14328,
w(3) =C(3,3,2) x 2 x 3 + (27,27, 18)
+(C(11,8,8) — C(19,4,4)) x 37 + C(3,3,2) x (=31)
= 52606584.

Then the Euler factor of Pig/o(27) at p = 3 is given by H3(37°, Pig/2(27)),

where

Hs(T, Pig/>(27)) = 1+ 14328 T + 301308822 7 + 1850320255464 T° + 34 T
= (1410044 T + 37 T2)(1 + 4284 T + 37 7?) .
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We denote by Ajg or Aj;g the normalized Hecke eigen form belonging to
SL(2,7Z) of weight 16 or 18, respectively. For any common eigen form f €
Sk(SL(2,7Z)), we denote by A(p, f) the eigen value of the Hecke operator T'(p)
on f at prime p. We denote by L,(s, f) the Euler p - factor of the L function
of f. We see

A(3,A16) = —3348 \(3,Ag) = —4284.

So, we get
H3(3_s, P19/2(27')) = Lg(s, Als)Lg(S - 1, Alﬁ).
By similar calculation, we get A*(2) = —96 and w(2) = —64896 for Pig/(27).
On the other hand, we see (2, A1) = 216, A(2, A1g) = —528, so we get
HQ(Z_S, P19/2(27')) = LQ(S, Als)LQ(S - 1, Alﬁ).

Let Ay (k = 20,22,26) be the normalized cusp forms of weight k in the
one dimensional space Si(SL(2,Z)), and AJ,, A5, be a Hecke eigen basis of
S24(SL(2,7)). The Euler factors of Hecke eigen forms in the plus space of
weight 21/2, 23/2, 25/2, 27/2, 29/2, 31/2, 33/2, and 35/2 are given as follows.

weight 21/2.

We have dim 5;1/2 (T'o(4)) = 1 and this space 5;1/2 (To(4)) is generated by

X10(47) Py /2(27), which is of course a Hecke eigen form. We have
Hs(T, x10(47) Py j2(27)) = (1 + 1056 T + 2" T?) (1 — 456 T + 29 T?),
H3(T, x10(47) Py j2(27)) = (1 4+ 128527 + 3" T?) (1 — 50652 T + 3'9 T?),
and we also have
A2, Arg) = —528, A2, Agg) = 456,
A(3,Arg) = —4284, A(3, Agg) = 50652.
So we get
H(27%, x10(47) P1/2(27)) = La(s — 1, A1s) La(s, Agp),
H3(378, X10(4T) P]_/Q(QT)) = L3(S - 1, Alg)Lg(S, Ago).

weight 23/2.

We have dimS;3/2(F0(4)) = 1 and Py3/5(27) € 5;3/2(F0(4)) is a Hecke
eigen form. We have

Hs(T, Pyg(27)) = (1 — 9127 + 2*' T?) (1 + 288 T + 2°' T?),

H3(T, Pa3/2(27)) = (1 — 151956 T + 3% T2)(1 + 128844 T + 3°' T?),

and we also have

A(2, Agg) = 456, A(2,Agp) = —288,
A(3, Agg) = 50652, (3, Agy) = —128844 .
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So we get

Hy(27%, Pagj2(27)) = La(s — 1, Ag0) La(s, Asa),
H3(3_S, P23/2(2’7')) = Lg(s — 1, Ago)L3(S, AQQ).

weight 25/2.
We have dim 520/2( 0(4)) = 2. We put

Xis /o = (119 - \/144169) X12(47) Py 2 (27) + Pas o(27),

Xo5/2 = (119 +v 144169) X12(47) P1/2(27) + Pas/2(27).

Then X(stt/)2 € Sy /2( 0(4)) and these are Hecke eigen forms. The Euler 2-factor

and 3-factor of these forms are given by
Hy(T, X5 )y) = (14576 T + 2% 7?)
x (1 - (540; 12@) T—|—223T2) :
H3(T, X5 ),) = (1+ 3865327 + 32 T72)
X (1 - (169740 + 576 \/M) T + 323 T2) .

The eigen values of Agy and A(Qf) at 2 and 3 are given by

A(2, Agp) = —288, A2, AS)) = 540 12 /144169 |
A(3, Agy) = —128844, A3, ALY = 169740 + 576 +/144169.
So we get
Hy(27%,x$3),) = La(s — 1, Aga) Lo(s, ASY),
H3(37%, X55)5) = La(s — 1, Aga) La(s, A5).

weight 27/2.
We have dim 527/2( 0(4)) = 2. We put

X5t )s = (=427 & V144169 x10(47) Pr/a(27) + 9 Bs (47) Proja(27).
Then x;% €S, /2(F0(4)) and these are Hecke eigen forms. We have

Ho(T,x$:),) = (1~ (1080 5 24 VI44169) T+ 2 T2) (1448T + 22 T?),

Hy(T,xb3),) = (1 (500220 + 1728 V144169) T + 3% 72)
(141958047 + 3*°T?).
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We also have

A2, AL) = 540 T 121144169, A(2, Agg) = —48,
A3, ALY = 169740 + 576 v/144169, A(3, Agg) = —195804.
So we get

HQ(Q_S, X§E7/2) = LQ(S — 17 A§E4)L2(S7 A26),
H3(3_S, X2i7/2) = L3(S — 1, A§E4)L3(S, A26).

weight 29/2.
We have dim 529/2( 0(4)) = 2. We put

o) = (47 + /18409 ) Ea(47) x10(47) Py j2(27) + 81 Pag o (27).
Then X29/2 € 5’29/2( 0(4)) and these are Hecke eigen forms. We have

H(T, X)) = (1+ 96T + 227 T%) (1 + (4140 108 v/18209) T + 2%7 T?),
Hy(T, Xy )p) = (1+ 5874127 + 327 T2)
(1 + (643140 F 20736 v/18209) T + 327 T?).

We also have

(2, Agg) = —48, M2, A%) = —4140 + 108 /18209,
A(3, Agg) = —195804, A(3, AL) = —643140 4 20736 v/18209.
So we get

Hy(277, X2i9/2) = La(s — 1, Agg) La(s, Adg),
H3(37°, X39) = La(s — 1, Do) La (s, Ajg).

weight 31/2.
We have dim 531/2( 0(4)) = 4. For ¢; = £1 and ez = %1, we put

€1, €2 __

X3172” =

2(1087273 + 19401 ¢; V18209 — €2 vV'51349(6889 + 33 ¢1 v18209))
X Y12(47) Py (27) + 10(—661583 — 3855 ¢; /18209

+ €2 V/B1349(2327 — 27 ¢, v/18209))x10(47) P11 2(27)

+ (—11759 + 517 €2 V51349 — ¢; V/18209(283 + €2 v/51349)) By (47) Pyg 2 (27)
+ 100590 B4 (47) Paz j2(27).
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N
These are in 5'31/2

(T'o(4)) and Hecke eigen forms. Then we have
Hy(T, x5y)5°) = (1+ (8280 — 216 ¢, V18209) T + 229 72)
x (1 — (4320 — 96 €3 V/51349) T + 229 T?),

H3(T, x5,52) = (1 + (1929420 — 62208 €; V18209) T + 3% T?)

31/2
x (1 + (2483820 — 52992 €5 V/51349) T + 3% T?).
We also have
A2,AL) = —4140 + 108 V18209,
A2, AZ) = 4320 F 96 v/51349,
A(3,AL) = — 643140 + 20736 V18209,
A3, A%) = — 2483820 + 52992 v/51349.
So we get
H2(2_S>X§,t1’/2i) = La(s — 1, A%) La(s, Ag),
H3(37°,X37/2) = La(s — 1, AR Ls(s, A%).

weight 33/2.

We have dim S

31/2(F0(4)) = 4. For ¢; = %1 and €5 = %1, we put

€1, €2 __

X33/2" =
(—198304 + 10027¢1 /51349 — 128¢51/18295489

— €162V/51349V/18295489) E(47) x10(47) P1 /2(27)

+ 189(1131 + 4e1 V51349 + €2V/18295489) E4 (47) x12(47) Py /2(27)

— 13608 (8 + 61\/51349) X10(47) Pyg 2 (27) + 189E4 (47) Pys j(27).

Then X3i3’/;t € S;E),m (T'o(4)) and these are Hecke eigen forms. We have
Hy(T, x5y5%) = (1= (8640 + 1926, V51349) T 4 2% 72)
x (1 - (19980 + 126 \/18295489) T+ 2% T2) ,
Hs(T x55)57) = (1 +108(68995 + 1472 ¢, /51349)T + 3% T2)

x (1 — 324(26795 + 16 €5 V/18205480) T + 3°! T2) .

We also have

A2, A%) = 4320 + 96 v/51349,

A(2, AL) = 19980 + 12 /18295489,
A(3,A%) = —36(68995 + 1472 /51349),
A(3,AL) = 324(26795 + 16 v/18295489).
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So we get

Hy(27°,Xa35) = Lals = 1, A3) La(s, A),

H3(3 >X33/2i) = L3(5 - 1’A3i0)L3(SaA3i2)'

weight 35/2.
We have dim 535/2( 0(4)) = 4. For ¢; = £1 and e = %1, we put

€1, €2 __

X35/2 =
80(—447232006969 + 489062419 €5 v/2356201
+ €1 V18295480 (34677047 + 89597 €5 v/2356201)) B4 (47) x10(47) Py 2(27)
+ 800(34455469783 — 39825301 €5 v/2356201
+ €1 V18295489 (588847 + 1453 €2 v/2356201) ) x12(47) Pr1 2(27)
+ 3(—121215233603 — 79606447 e v/2356201 + 137801891 €1 /18295489
— 83441 ( €1 V18295489)( €2 V/2356201)) Ey(47)2 Prg 9(27)
+ 9492701472 E(47) Pag j2(27).

Then xy5)5° € 535/2( 0(4)) and these are Hecke eigen forms. We have

Hy(T, X35,5°) =

Sys) = (1 (39960 + 24, VIS205489) T+ 2 72)

(

« (1 n (60840 £ 726 m) T 4 23 T2) ,
Hy(T, b £2) = (1 - (26044740 155521 m) T + 3% T2)

X

35/2

(1 — (18959940 4922464 € \/2356201) T + 3% T2) .

We also have

A2, AL) = 19980 + 12 v/18295489,

A2, AL)) = —60840 F 72 /2356201,
A(3,AL) = 8681580 + 5184 1/18295489,
A3, AL) = 18959940 + 22464 /2356201,

So we get

Hy(27°,X35/3) = La(s — 1,A5,) La(s,AF,),
H3(3_S,X§t5/§t) LB(S_ 1aA3i2)L3(SaA3i4)'

Finally we give examples of Siegel modular forms of weight 41/2 and 47/2
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which cannot be obtained by this kind of lifting. We put

X4a1/2 =

(738592 E3(47) x12(47) 4 545630 E4(47) Eg(47) x10(47)

+ 65820297600 x10(7)* ) Py /2(27) — 395994 E4(47) X10(47) P13 /2(27)
— 838926 X12(47) Pi7/2(27) + 3 E4(47)? Pys 9(27)

— 191004 Eg(47) Pag/2(27).

Then x41/2 is a Hecke eigen form in 52'1/2(110(4)). The Hecke polynomial of
X41/2 at two is given by

Ho(T, X41/2) = 1 — 105600 T — 723412582400 1"
— 58054213946572800 T3 4 278 T4,

which is irreducible over Q. We also put

Xa7/2 =

(—946246 E4(47)% x12(47) + 2194570 E,4(47) Eg(47) x10(47)

— 1553434778880 x10(47)?) x Pr/2(27) + (—1747462 E4(47)? x10(47)
— 580106 Eg(47) X12(47)) P11 /2(27) 4 (—27675 E4(47)* Eg(47)

+ 323725375872 E4(47) x10(47)) Pig/2(27) + (38788 Ey(47)* — 8377 Eg(47)?
+ 26731596672 Y12(47)) Pag2(27).

Then x47/2 is a Hecke eigen form in SL/Q(F0(4))~ The Hecke polynomial of
X47/2 at 2 is given by

Hs(T, Xa7/2) = 1 — 3048960 T — 21597142384640 T
—107275743123965214720 T2 + 2% 7%,

which is irreducible over Q.

4. Appendix

In this appendix, we give data of Fourier coefficients of forms in
A /2 (T'o(4)) used in the numerical examples of liftings in the previous section.

In the table below, (a,c,b) means the Fourier coefficient at ( a b/2 )

b/2 ¢
wt19/2, 23/2 || Pig/2(27) Py3/2(27) wt 21/2 X10(47) Py /2(27)
(3,3,2) 1 1 (4,4,4) 1
(8,4,0) 144 —1008 (12,4,0) —200
(11,3,2) 8 1328 (12,12,12) 13959
(11,8,8) —861 64827 (16,16, 16) 21376
(12,12,8) —79232 1752832 (28,4,4) 1386
(19,4,4) —3423 188649 (36, 36, 36) 14006520
(24,3,0) —5022 —115182
(27,27,18) 23088645 || —2926756395
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wt25/2,2972 || x12(47) Py 5 (27) Pag 2 27) || BEa(d7) x10(a7) Pp /5 (27) Pag /2 (27)
@, 1,0 o T 0 0
(4, 4,0) 10 28 2 0
(4,4,4) 1 2 1 1
(5,4, 4) 2 —20 2 0
(8.8.0) 17072 —508128 — 18064 — 43200
(12,4,0) T72 519056 3160 2096
(12,12, 12) 63 28377342 1372599 2025783
(16,4, 0) —1408 3839744 8192 0
(16,16, 0) 6818304 1830706176 201236736 2073600
(16,16, 16) 3620608 — 2025854464 66649216 66514432
(20,8, 8) 838986 538148508 1142610 1689600
(28,4, 4) 154566 34637580 521334 559350
(36,4, 0) —595758 — 138350004 — 886650 — 2457600
(36, 36, 0) 156778877538 | 84717349291692 — 2797068474522 | 2440370073600
(36,36, 36) 35411540472 | 15764814302832 2136037038840 | 2091081836664
wt 27/2 X10(47)P7/9(27) | Ea(47)P1g/2(27)
(3,3,2) 0 1
(4,4,0) —2 20
(4,4,4) 1 14
(8,4,0) —216 —4656
(8,8,0) 2048 —161920
(11,3,2) 0 —232
(11,8,8) —7872 —993261
(12,12,8) 5184 7658368
(12, 12, 12) 462195 —1345014
(16,4,0) —10144 71360
(16,16,0) —16337152 —167288320
(19,4,4) 23424 525297
(24,3,0) 0 759618
(27,27,18) 4528944576 281757016485
(28,4,4) —45822 5392092
(36, 36, 36) 164646611496 4840269943536
wt31/2 X12(47) P7/2(27) | x10(47)P11/2(27) Eg(471) P1g/2(27) E4(47) Pa3/2(27)
3,3,2) 0 0 1 1
(4.3,0) 0 0 —6 18
(4,4,0) 10 -2 —20 164
(4,4, 4) 1 1 14 18
(7,7,2) 16688 —4048 220288 —5184
(8,4,0) 1128 696 10224 38352
(8,8,0) 68000 —116128 —2232256 5083072
(11,3, 2) 0 0 —11584 —21952
(11,8, 8) 129408 198528 —4073685 —3187413
(12,4, 0) —8336 2896 259616 116064
(127 12, 8) —11090304 —5284224 24024064 —162364928
(12,12,12) 7042059 3786507 181538010 358763526
(16, 3,0) 0 0 —485376 —223488
(16,4, 0) 10784 —86944 292544 —187328
(16,7,4) 2973936 1380720 101693652 —92752956
(16,12, 0) —214834944 —145991424 —4721147904 —4407211008
(16,16, 0) 1684279808 —1956802048 —62392864768 1386465280
(16, 16, 16) 141109504 337852672 1405675520 —10388302848
(19,4,4) 155136 —38400 —279111 2516409
(20,8, 8) 2779566 29706666 436331172 377782668
(24, 3,0) 0 0 3614706 6144498
(27,4,0) 2505504 51744 —9970860 82405764
(27,27,18) 1202110035840 172113144192 6472654435701 11781463880565
(28,4,4) 4249362 1795602 24906300 82405764
(36,3,0) 0 0 108990846 82853766
(36,4,0) 18430266 12121230 434457996 900033156
(36,27,0) 7987676467968 9536425747200 | —235559672754480 637455917157264
(36,36, 0) 242566342473618 94742289886230 6077098262322396 | 7656574058280180
(36, 36, 36) 51224741006760 16520031298728 826849235895408 | 1546543276410384
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wt33/2 Eg(47) x10(47) Py /5(27) | E4(47) x12(47) Py /5(27) | x10(47) P13 /5(27) E4(d7) Pgy /5(27)
(4, 1,0) 0 0 0 T
(4,4,0) —2 10 -2 28
(4,4, 4) 1 1 1 2
(5,4,0) —4 20 0 70
(5,4,4) 2 2 0 —20
(8,8,0) —276016 202592 —184048 8302752
(9,9,2) —374384 796240 —592800 —55430560
(12, 4,0) 16936 —4808 20008 4534736
(13,5,2) 12760 —54056 0 —23593328
(16,1,0) 0 0 0 13888
(16, 4, 0) —184960 —62848 —192384 164198144
(16, 5,0) —463188 —159060 0 530612040
(16, 16, 0) — 11449555968 5034906624 —10981181440 — 114429609984
(16,16, 16) 1296672256 — 178237952 1174703104 167786771456
(20,1,0) 0 0 0 52110
(20, 4, 0) 108884 T11500 80100 2164310920
(20, 8, 8) 68436450 92066454 51856866 06214121892
(20, 16, 0) — 18886241024 —5455811840 —8077728000 4168864371200
(20, 16, 16) 1354989568 — 1115420672 266576896 2413351972864
(36, 4,0) 62755254 —1611918 58306998 232075659276
(36, 36, 0) 1619966262888774 2512774604319138 1902755390009670 | —4910744231383634388
wt 35/2 E4(47)x10(47) Py /5(27) x12(47)Pyq /5(27) By(47)2Pg /o(27) Eg(47)Pyg /o (27)
(3,3, 2) 0 0 T T
(4,3,0) 0 0 -6 18
(4,4,0) —2 10 —20 164
(4,4, 4) 1 1 14 18
(7,7,2) —1456 43472 192496 319536
(8,4,0) —696 —3432 —9456 —83664
(8,8,0) —135232 820160 —2625280 30012928
(11,3,2) 0 0 57128 38120
(11,8, 8) 1027008 145728 3140739 —12035709
(12,4,0) —53408 —30944 —1169728 —2215872
(12,12, 8) 14800704 —34981056 6847216768 3814468480
(12,12,12) 54130275 73539171 2708246826 2513884086
(16, 3,0) 0 0 —986352 —820080
(16,4, 0) 170336 281888 —12301120 — 5300672
(16,7,4) — 2835504 —6920496 —276347628 577071108
(16, 12, 0) 2103486336 2581070976 — 23181552384 2609240832
(16, 16, 0) —21290651392 19967907584 — 1185467722240 49881418240
(16, 16, 16) 3339448960 396575104 66876720896 232574683392
(19,4, 4) —809856 —2116224 —38862783 —87666111
(24,3,0) 0 0 12929058 25930530
(27, 4, 0) — 27288864 —20860704 — 1142226828 — 749346012
(27,27, 18) —32384503422144 —27722365577280 —114447493042875 —355161384812475
(28,4, 4) 15561378 21989538 —285221988 — 749346012
(28,8,8) 34009722 23805342 —2892760380 —4687859988
(36,3,0) 0 0 373316526 1464979446
(36,4, 0) 26318718 226282122 —6270772500 —1534580316
(36,27, 0) —1039178537612928 | —1327808930988672 | —41328190976162544 27915068810095056
(36, 36, 0) —1637127809425674 | 24532811136719154 20113692992657820 | 434756523224983860
(36, 36, 36) 2036597796248616 2709582596303400 0374314429341936 | —46503207364243824
wt39/2 Eq(Ar)x12(47) Py /5(27) | Bg(4m)x10(47) Py ;5(27) | E4(d7)x10(47)Pyq /5(27)
(3,3, 2) 0 0 0
(4,3,0) 0 0 0
(4,4,4) 1 1 1
(4,4,0) 10 —2 —2
(7,4,0) 560 —112 176
(7,7, 2) 16688 —1456 —2048
(8,4,0) 3528 792 216
(8,4,4) 278 —394 —106
(8,8,0) 938720 —24160 184352
(11,3,2) 0 0 0
(11,11, 6) 247495808 192665984 87688832
(12, 4,0) 283984 144880 165616
(12,12, 8) 735837696 824117760 1057556736
(16, 3, 0) 0 0 0
(16,12,0) 6965769216 5218139136 9307900416
(16, 4, 0) 513824 2441312 2008016
(16,7, 0) —55173216 25406304 1145760
(16,16, 0) 853418006528 271104100352 417542423552
(16, 16, 16) 116461149184 77180695552 69248553472
(28,4,0) 18287584 193226656 293768608
(28,7, 4) —8121890560 1192126208 — 1149009664
(28,16, 0) 102085925255168 27995367827456 13757140745216
(28,28, 8) —7189200652320768 —5864058898563072 —5809348678508544
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wt39/2 B4(47)Bg(47)P1g/5(27) | x10(47)P1g/a(27) E4(4q—)2p23/2(21—)
(3, 3, 2) 1 0 1
(4,3,0) —6 0 18
(4, 4,0) —20 0 164
(4,4,4) 14 0 18
(7,4, 0) 1820 0 7660
(7,7,2) 17248 —1 102816
(8,4,0) 5424 0 77712
(8,4,4) —3820 0 7660
(8,8,0) 2446784 68 28935232
(11, 3,2) —132784 0 12368
(11,11,6) 4730629568 —2216 1443375040
(12,4, 0) 2670176 0 9674784
(12,12,8) 47171325184 —5656 49424250112
(16, 3,0) 19134624 0 15099552
(16,4, 0) 84549824 0 111610432
(16,7,0) —2710680000 6482 5438462400
(16,12,0) —140332967424 —19120 1175375596032
(16,16,0) —3997818293248 —2364512 7610050155520
(16,16, 16) 5058824092160 651984 6534551112192
(28,4,0) 135962176 0 2851862720
(28,7,4) 317666936320 114320 —1124037987840
(28,16,0) 3457494645251072 —1003899936 3570785990425600
(28, 28, 8) — 754120391288610816 —54289682176 —670354007327760384
Correction
9 114 Theorem 2 line 5, p~2¥"=7/2 in LHS should read p~(2k+Hn=i/2,
9 123 line 1, (Z/pZ)™ should read (Z/p?Z)™.

123 line 10, the LHS should be multiplied by p~".
208 Theorem 2 line 3, p~2k7=5/2 in LHS should read p~(2k+1n—s/2,
216 Lemma 7 line 4, p?* in RHS should read p@*+1n,

OO
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