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On the Bott suspension map for non-compact
Lie groups

By

Takashi WATANABE

1. Introduction

The Bott suspension map ([1]) is a map from the suspension of a symmet-
ric space H/K into another symmetric space G/H, and its adjoint H/K —
2(G/H) for compact classical groups G is well known. But its analogue for
non-compact Lie groups has not been so studied. In this paper we present two
such maps.

A construction of the Bott suspension map in [6] can be applied to a
non-compact group G. Precisely, we take two automorphisms o, 7 of G which
commute and satisfy certain conditions. Then we have maps

by : GL(n,C)/O(n,C) — 2(Sp(n,C)/GL(n,C)),
bo : Sp(2n,R)/GL(2n,R) — 2(SL(4n,R)/Sp(2n,R))

and show that a certain diagram involving by is homotopy-commutative. Such
a diagram appeared in a proof of the Bott periodicity theorems ([3]).

In Section 2, we revise some argument of [6] which we need. In Section 3,
a key lemma is proved. In Section 4, main results are shown.

2. Preliminaries

For the argument of this section, we refer to Section 1 of [6].

Throughout this paper, G will be a connected Lie group that is not neces-
sarily compact, and e € G will be the identity element of G.

Let 0 : G — G be an automorphism. We denote by G? the subgroup of G
left fixed by o, i.e.,

G7={geG|olg) =g}

Let 7 : G — G be another automorphism. Consider the following six conditions:

1991 Mathematics Subject Classification(s). 55P35, 55R45, 57520
Communicated by Prof. Akira Kono
Received July 8, 2002



690 Takashi Watanabe

(1) o and 7 commute, i.e.,
OO0OT =TOO.
This condition implies that o(G™) C G™ and 7(G?) C G°. If we write G°" for
(@) ={9€G”[7(9) =g},

this condition also implies that G°7 = G° N G".
(2) 7 is inner and of order 2. That is, there exists an element z, € G such

that

7(9) =@, ga;t and afga;?=g

for all g € G. The last equality is equivalent to

-1 -1
TrgxT, =2, g%y

for all g € G. Note that g € G belongs to G7 if and only if gz, = z, g.
(3) There is a one-parameter subgroup

v R— G

such that v-(1) = x,. (This is not a trivial condition, because in non-compact
groups G, the exponential map exp : T.G — G is usually not surjective; see [2,
p. 74].) Note that v.(t) € G7 for all t € R.

(4) If g € G°7, the relation

gu-(t) =v:(t) g
holds for all ¢ € R. In other words, G°" is contained in the centralizer of
Imv, = {v(t) | t € R}:
G°" C Cg(Imw,).
(5) G is not contained in C(Imv,). That is, there are elements gy € G
and tg € R such that
9o vr(to) # vr(to) go-

(6) Im v, is not contained in G?. That is, there is an element ¢; € R such
that

a(vr(t1)) # vr(t1)-
Let us assume these conditions. Then by (3) we define a map
by : 2(G7)G°T) — G/G°

by .
bo([9G77, 1)) = v, (1)~ gv, (1) G7

for gG°7 € G°/G°" and t € [0,1], where X denotes the reduced suspension.
By (4) this map is well defined.
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Remark 1. If (5) or (6) is not satisfied, then by becomes a constant
map. We need these two conditions only for excluding such a trivial case.
Notice that, when we prove Lemma 2.1 below, the conditions (5) and (6) are
not used.

In general, for any automorphism o : G — G, we have a map
(& GG — G

defined by gG™ + go(g)~t. By virtue of (1), the map &, : G/G™ — G can be
restricted to &, : G/G°™ — G?. We have a fiber sequence

G o G P, G/G° — BGe,

where BG denotes a classifying space for G, and there is a (weak) homotopy
equivalence between G and 2BG. The following result due to Harris [4] was
given as Lemma 1 of [6]. But its proof was omitted there. We will give its
details in the next section.

Lemma 2.1.  Under the above conditions (1) to (6), the diagram
Go/Gom — s 2(G/G7)
(2.1) | | 200
G° T) QBGU,
is homotopy-commutative.

3. Proof of Lemma 2.1

For a space X with base point z¢g € X, let C'X be the reduced cone of X,
ie.,

CX = (X % [0,1])/(X x {0} U {zo} x [0,1]).

There is an inclusion 7 : X — CX defined by i(z) = [z,1] for z € X. Let XX
be the reduced suspension of X, i.e.,

YX=CX/X=(Xx[0,1])/(X x {0,1} U {xo} x [0,1]).
We have a cofiber sequence

X — L. 0X =~ ¥Xx — =, ¥X.

Define a map = : C(G°/G°") — G by

S([9G7 ) = v (1=1) ' gur (1 = t)7(g) "
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for gG°7 € G°/G° and t € [0,1]. This is well defined. For, first we show that,
if g € G°7, then Z([¢gG°",t]) = Z([G°7,t]) for all t € [0,1]. Indeed, suppose
that g € G°". Then we have

E([gGT ) = v (1= t) " gu (1= t)7(9)~"

1—t
1—t)"lo(1=t)gr(g)™" by (4)

=gr(g) t=gg =e¢ since 7(g) =g
=v,(1—t) rev (1 —t)7(e) ™"
- E([Glﬂ—at])

Secondly we can show that =([¢gG°",0]) = e for all g € G°. Indeed,

2([gG7,0]) = v (1) " gu-(1)7(g9) "
1

= g 7(g)” since v-(1) = z,

= 2,927 7(g)7" by the last equality in (2)
=7(g9)r(9)"" by (2)
=e.

Lastly we have to show that = ([G°7,t]) = e for all ¢t € [0,1]. But we have
already seen it .
Consider the diagram

GO’/GO’T ;) C(GO’/GO’T) _T Z(GU/GO'T) = E(GO’/GO’T)

5{ lE lég léﬁ
¢ = ¢ —— G —— B

where by is the map whose adjoint is by, and éT is the map whose adjoint is the
composite

Go/GoT 5 qr = OBGe.
To prove Lemma 2.1 it is enough to show that the right-hand square is homo-

topy-commutative.
The left-hand square is commutative, i.e., i, 0 £ = = o4. In fact,

i5 0 & (9G7T) = is(97(9) ™) = g7(9) ™"
for gG°™ € G?/G°". On the other hand,
Z([gGT,1]) = v-(0) " gu- (0)7(g) "

=etger(g)™! since v-(0) = e

=gr(9)"

Zoi(gGT)

for gG°7 € G7/G7.
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The middle square is homotopy-commutative, i.e., p, o = ~ l;o om. In fact,

Po 0 Z([9G77. 1)) = po(v:(1 = )" gv- (1= t)7(g) ™)
=v.(1—t)"tgu (1 - t)7(9)"'G°

for gG°7 € G°/G°™ and ¢t € [0,1]. On the other hand,
(bo o m)([9G77,1]) = bo([9G°.#]) = vr ()" gvr (£)G7

for gG°7 € G°/G°T and t € [0,1]. Define a map H : C(G°/G°") x [0,1] —
G/G° by

H([gGT,t],u)

= v, (1 =t)(1 —u) +tu) Lgu. (1 —t)(1 —u) + tu)v, (1 —u) g7 o (1 —u)G°
for gG°7 € G7/G°" and t,u € [0,1]. This H is a well-defined, desired homo-
topy. For, first we show that, if g € G°7, then H([¢G°",t],u) = H([G"",t],u)

for all t,u € [0,1]. Indeed, suppose that g € G°7. Then we can use (4) and
have

H([gGT,t],u)

= v ((1=8)(1 —u) 4 tu) " o (1= 6)(1 = u) + tu)gg ™ o, (1 —u) " ro (1 — u)G7
=QG°

=0 ((1=8)(1 —u) + tu) " rev, (1 — ) (1 — u) + tu)v, (1 —u) e o (1 - u)GT
= H([G"7,t],u).

Secondly we have

H([gG",t],u)
= v, (1 =t)(1 —u) +tu) tev (1 — 6)(1 —u) + tu)v, (1 —u) te o (1 — )G
-G

for all t,u € [0,1]. Thirdly we have

H([gG7,0],u) = v, (1 —u) " tgu, (1 — w)or (1 —u) " tg v, (1 — u)G?
—q°
for all u € [0,1]. Fourthly, since 7(g9) = z,gz;! = 27 1gx, by (2), we have

H([9G7™,1),0) = v, (1 — )~ gur (1 = ), (1) g~ 0 (1)G
— 0 (1= ) gur (1= )r(g) 1 G7
= po 0 S([gG7". 1)

for all t € [0,1]. Lastly, since v,(0) = e and g~* € G, we have
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for all t € [0,1].
Consequently the right-hand square is homotopy-commutative, and the
proof is completed. O

4. Main results

Let I,, denote the unit n x n matrix. We put

-1, O (0 I,
Iyn = < 0 In) and J, = (_In O> .
Let K be R or C, and let M,,(K) be the set of all n x n matrices g = (g;;) with

entries g;; in K. The transpose of g € M, (K) is denoted by *g. According to
[5], the real and complex symplectic groups are defined by

Sp(n,K) = {g € M2, (K) | tg Jng=Jn}

for K =R and K = C, respectively.
One of our main results is

Theorem 4.1.  The diagram

GL(n,C)/O(n,C) —2— Q(Sp(n,C)/GL(n,C))

‘| Jo

GL(n,C) —_— 2BGL(n,C)

is homotopy-commutative.

Proof. Consider the case G = Sp(n,C). Then it is easy to see that J,
belongs to G, but I, ,, does not. However, if ¢ denotes the imaginary unit, then
i1, ,, belongs to G. We take 0 : G — G to be

the inner automorphism of G defined by g +— (il,,,.) g (¢1,,.n) "
and 7 : G — G to be

the inner automorphism of G defined by g — J,, g J,, L.

In this case we shall show that the conditions (1) to (6) are satisfied.
Since

(41) Inan - _Jn In,na

)
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it follows that o0 o 7 = 70 o. Thus the condition (1) is satisfied.
Since J,,2 = —Is,, the condition (2) is satisfied.
Define a map v, : R — Ms,(C) by

(COS Et) 1, (sin Et) 1,
2 2
. ™
(— sin §t) 1, (cos 51?) 1,
for t € R. Then v,(1) = J,. Since
(cos gt) 1, (— sin gt) I,
. ™
(sm 575) 1, (cos §t) 1,

for all ¢t € R, we see that Im v, is contained in G. It is clear that the relation

(4.2) e (t) =

v(t) =

= (v (1))

’UT(tl) UT(tQ) = UT(tl + tg)

holds for all ¢t,t5 € R. Thus v, may be viewed as a one-parameter subgroup
of G. Thus the condition (3) is satisfied.

Writing g € G in the form
(A B
g - C D )

where A, B, C, D are complex n X n matrices, by definition we have
tAC =1C A, ‘BD="'DB, ‘AD-'CB=1I,.
In terms of these block matrices, o : G — G is given by
A B A -B
@ (e 5)-(% %)
So we find that

. [(A O c
€] {(0 D>’A,D€Mn(C), ADIn}.

Therefore G° may be identified with the general linear group GL(n,C) by
A O
<O D) — A

Similarly 7 : G — G is given by

(@ 5)-(5 %)
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So we find that

GT:{(AB i)’A,BeMn(C), 'AB =1'B A, tAA+tBB:1n}.

Since G°T = G N GT by (1), it follows that

or A O
o= (4 Q)[acomie aa-1).

Therefore G°™ may be identified with the complex orthogonal group O(n,C)

by
(49—

(A O
=6 %)

for some A € M, (C). Using this and (4.2), one readily checks that gv,(t) =
v (t) g for all t € R. Thus the condition (4) is satisfied.

Consider the case when go = i1, , and o = 1 in (5). Then by (4.1) we see
that the condition (5) is satisfied.

Consider the case when ¢; = 1 in (6). Then by (4.3) we see that the
condition (6) is satisfied.

In this way we can apply Lemma 2.1 to obtain a desired homotopy-
commutative diagram, and the proof is completed. O

Suppose that g € G°7. Then

The other of our main results is
Theorem 4.2. The diagram

Sp(2n,R)/GL(2n,R) —2— Q(SL(4n,R)/Sp(2n,R))

‘| Jo

Sp(2n,R) — 2BSp(2n,R)

is homotopy-commutative.

Proof. Consider the case G = SL(4n,R). Then it is easy to see that both
I9n,2n, and Jo, belong to G. We take o : G — G to be

the outer automorphism of G defined by g +— Ja, (g™ 1) Jo, !
and 7 : G — G to be

the inner automorphism of G defined by g — (I2p,2n) ¢ (Ign)gn)_l.
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In this case we shall show that the conditions (1) to (6) are satisfied.

Since Iy 90 = Ionon = Ion2, ', it follows from (4.1) that co7 = T 00.
Thus the condition (1) is satisfied.

Since (Ian.2n)? = Isn, the condition (2) is satisfied.

Define a map u, : R — M, (R) by

_( (cosmt)I,  (sinmt)l,
ur(t) = ((_ sinmt)l, (cos Wt)ln>

for t € R, and define a map v, : R — My, (R) by

(1.4 = ("3 )

for t € R. Then v,(1) = Iz, 25. Since detu,(t) =1 for all t € R, we see that
Im v, is contained in G. It is clear that the relation

’UT(tl) UT(tQ) = 11-,—(t1 + tg)

holds for all t1,t, € R. Thus v, may be viewed as a one-parameter subgroup
of G. Thus the condition (3) is satisfied.

An element g € G belongs to G if and only if Jo, (*g™1)J2, =t = g, which
is equivalent to tg Jo, g = Jo,. So we find that

G? = Sp(2n,R)
_ A B
o C D
Since 7 : G — G is given by

(@ 5)-(% %)

(f:{(A ONAJNU%AM,M%M@%D%:%.

A,B,C,D € My, (R), 'AC ="'C A,
'BD='DB, 'AD~'CB=1I,, [

we find that

O D

Similarly it follows from (1) that

or A O
G {&)DNADGM%®%%D5J.

Therefore G°™ may be identified with the general linear group GL(2n,R) by

(4 9) s

(6 %)

Suppose that g € G7. Then
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for some A, D € My, (R). Using this and (4.4), one readily checks that g v, (t) =
v, (t) g for all t € R. Thus the condition (4) is satisfied.

Using (4.1), we easily see that the conditions (5) and (6) are satisfied.

In this way we can apply Lemma 2.1 to obtain a desired homotopy-
commutative diagram, and the proof is completed. d
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