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Centralization of positive definite functions,
weak containment of representations and
Thoma characters for the infinite
symmetric group”

By

Takeshi HIRAI

Introduction

In this paper, we study positive definite functions on the infinite symmetric
group G, and their relations to its unitary representations. Our principal
method is taking the limits of the centralizations of such functions. This method
can be applied to study positive definite invariant functions and especially
characters of factor representations of type II; (cf. [Di]) for other discrete groups
such as the infinite Weyl groups of type By, /Cx or of type Dyo.

Let us explain this a little more in detail. Let G be a countably infinite
discrete group and K be a finite group acting on G in such a way that, for
every k € K, G 3> g — k(g) € G is an automorphism. Then, for a function f
on (G, we put

1 (g) = % S fk(g)  (9€G)

keK

and call it a centralization of f with respect to K. We treat mainly the case
where K is a subgroup of G and its action is through the inner automorphism.

Take an increasing sequence of finite subgroups G,, /' G (n =1,2,...). For
a positive definite function f on G we consider a series of centralized functions
fn = f on G. If this series converges pointwise to a function on G, then
lim,,_, fr is & positive definite invariant function (or class function). Relations
of positive definite invariant functions to factor representations of G are given
in [Thol].

Our problems treated here for the group G = &, are the following.

(1) For special interesting positive definite functions f given in [Bo], [BS],
determine lim,, .o fr.
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(2) For irreducible unitary representations (= IURs) of G, given in [Hi2]
as induced representations from subgroups of wreath product type, and also
for non-irreducible induced representations of similar kind, take their matrix
elements f, and calculate the limits lim,, ., f, which heavily depend on the
choice of increasing sequences of finite subgroups G,, /" G.

(3) Translate the results in (1) and (2) into certain results in the weak
containment topology of the space of unitary representations.

(4) Analyse relations of the results in (2) to the problem of determining
Thoma characters in [Tho2], and also to the problem of irreducible decompo-
sitions of factor representations in [Ob2].

The contents of this paper are organized as follows.

Sections 1 to 5 are devoted to Problem (1).

In Section 6, we assert in Theorem 7 that for any infinite-dimensional IUR
pof G = 6 given in [Hi2], the closure of one point set { p } in Rep(G) contains
at least one of the trivial representation 14, the sign representation sgn. and
the regular representation Ag. After this theorem, we propose as conjectures
that a similar phenomenon is true in general. This relates in part to Problems
(2) and (3). After a preparation in Section 6 about matrix elements of induced
representations, Theorem 7 is proved in Sections 7-10.

In Section 11, Thoma’s results in [Tho2| are reviewed about extremal pos-
itive definite invariant functions on &... In Section 12, explicit construction
of TURs in [Hi2] is reviewed. After these preparations, we give in Section 13
a rather complete result about the limits of centralizations of matrix elements
of TURs, in the form of Theorem 13. From this result, we see that there exists
a certain kind of IUR p for which the limits of centralizations of its matrix
elements give all of Thoma characters and so all the characters of factor repre-
sentation of type IIj, or in the contrary, a certain IUR p for which the limits
contain only the delta function . supported on the identity element e € G, the
character of the regular representation \g.

A proof of Theorem 13 is given in Section 14. In Section 15, we treat the
case of non-irreducible induced representations of a similar kind.

The last section, Section 16, is devoted to Problem (4).

1. Centralizations of positive definite functions

The infinite symmetric group consists of all finite permutations on the set
of natural numbers IN, and is denoted by &,. The symmetric group &y is
imbedded in it as the permutation group of the set Iy :={1,2,...,N} C N.

A function F(g) on G = S is called central if F(ogo™1) = F(g) (9,0 €
G). For a function f on G and a finite subgroup G’ C G, we define a central-
1zation of f on G’ as

(1.1) 1) = =3 flogo ).
o] 2

Taking an increasing sequence of finite subgroups Gy G, we consider a
series fON of centralizations of f on Gy and study its pointwise convergence
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limit.
In particular, when we take a series &5 /" 64, = G, we put

(1.2) Inlg) = fGN(g)=|6—1N‘ S Flogo ).

oceBGN

Note that for N’ > N, we have fx» = (fn)n’, but usually

Inley # flen-

Consider special kinds of positive definite functions on G = &, given as

(1.3) f(g) :=rld (-1<r<1,g€G),
(1.4) f(g) =gl (0<g<1,g€q),
(1.5) 1" (g) == sgn(g) - ¢! (0<g<1,g€q),

where |g| denotes the usual length of a permutation of g, and ||g|| denotes
the block length of g, which is by definition the number of different simple
permutations appearing in a reduced expression of g (cf. [Bo] for (1.3), and
[BS] for (1.4)).

Problem (M. Bozejko).  Let g, mp and wpr be cyclic unitary repre-
sentations of G = G corresponding to the positive definite functions in (1.3),
(1.4), and (1.5) by GNS construction. Then, are ws, ws and wer irreducible ?
If not, give irreducible decompositions of them.

We give here a partial answer to this question as follows.

Theorem 1. Let |r| < 1. Then for the positive definite function f
in (1.3) its centralization fy converges pointwise to the delta function 6. on
G =64 as N tends to oo:

(1.6) fn(e)=1 fn(g) =0 for g#e (N — o0),
where e denotes the neutral element of G.

Theorem 2. Let 0 < g < 1. Then, for the positive definite function f’
in (1.4) and f" in (1.5), their centralizations f'y and f'\, converge pointwise
to the delta function 6. on G = S, as N tends to oo: for F = f' or f”,

(1.7) Fn(e)=1; Fn(9)—0 for g#e (N — 00).

The delta function . is a positive definite function associated to the regular
representation Ag of G which corresponds to a cyclic vector vg = 6, € Lo(G) :
de(9) = (Aa(g)vo,v0), and also is the character of this representation which is
known to be a factor representation of type II;.

Concerning to the definition of weak containment of unitary representa-
tions, we refer to [Di, §18]. Then, we get the following theorem as a direct
consequence of Theorems 1 and 2.
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Theorem 3.  Each of the representations m¢, mp and s contains
weakly the regular representation \g of G.

2. Lengths of permutations, sums of power series

Take g # e from G, and decompose it into a product of mutually disjoint
cycles (= cyclic permutations) as

(2.1) g=g192" " gm, g5 = (i1 L2 ... ije,)-

We call £; the length of the cycle g;, and put ng(g) = [{j; £; = £}| the number
of cycles g; with length ¢. For o € G, put h = ogo~*, then

(2.2) h:o’gg-_l :hlhg'-'hm, hj :(U(ijl) O'(ijg) U(ijgj)).
Thus we should evaluate the length |h| from below to get an evaluation of /"I
from above.

To do so, let us introduce some notations. Take an element h € G, h # e,
and express it in a product of mutually disjoint cycles as

(2.3) h=hihy- .

Let us denote by supp(h) the set of numbers ¢ for which h(i) # 4, then
supp(h) = 72 ;supp(h;). Assume a cycle h; is given as h; = (a1 az2 ... aje;).
Then, supp(h;) = { a;1,aj0,. .., a5, }. Put

(2.4) aj = 1513%14%’“ aj : 122{@(1];@,
and define an interval [h;] C Iy as [h;] = [a;,a;r] and denote by |[h;]| its

width a;r — aj , which is different from [supp(h;)| = £;, the order of the set
supp(h;). Note that the number of different possible cycles h; with the same
supp(h;) is equal to (¢; — 1)!.

Lemma 4. (i) For an element h € G = &, h # e, let h = hihy -+ hy,
in (2.3) be its decomposition into disjoint cycles. Then,

(2.5) bl = > 21hy)l - (2m — 1/2) [supp(h)|.

1<j<m

(ii) For g € G,g # e, let g = g192 - - gm 0 (2.1) be its decomposition into
disjoint cycles. Then, for o € G, we have

(2.6) logo™ 1= > 2llogjo ]| — (2m —1/2) |supp(g)|-

1<j<m

Proof. The assertion (ii) is deduced from (i) immediately through (2.2)
if we take into account that, for h = ogo~!, supp(h) = o - supp(g) and so

[supp(h)| = [supp(g)|-
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Let us prove (i). The length |h| is equal to the number of inversions under
h, that is, the number of pairs ¢ < ¢’ in Iy such that h(i) > h(i).

Consider the cycle h;. Take an integer ¢ from [h;] \ supp(h). Then, there
exists at least one i’ € supp(h;) such that ¢/ < i and h;() = h(') > h(i) =i
If not, the set of integers {4’ € supp(h;); ¢ < i} # 0 remains invariant under
h; and accordingly under h. This is impossible since {4’ € supp(h;); i’ > i} is
not empty and supp(h /) contains no non-trivial invariant set. Similarly, there
exists at least one ¢ € supp(h;) such that i > 4 and h(i") < h(i) = i. Thus,
every i € [h;]\supp(h) contributes at least 2 for the numbers of inversions, and
so in total the contribution to |A| is

(2.7) > 2|[h;] \ supp(h)| = 2][h;]| — 2 |supp(h)].

Other inversions are between pairs of integers in supp(h). Their total
number is evaluated from below by 1/2 - |supp(h)].
Summing up all these evaluations, we get the desired inequality (2.5). O

Lemma 5. Let p be a real number such that 0 < p < 1. Then, for a
fixed non-negative integer s > 0,

S

= ()7 i

s<p<oo

Proof. For s =0, we have a formula for infinite series as
(2.9) Z = r

Then, defferentiating s times the both sides of this equality, we get the
following one from which we get the desired one by multiplying both side by

p/sh:
Z p(p_l)"'(p—S—Fl)pp*S:S!.;

s<p<oo

3. Proof of Theorem 1
It is enough to consider f(g) = |f(g)| = |r|l9|. Put p = |r|?, then,

% Z f(agail):% Z |T|\Uga—1\

ce6 N T o€6y

|7~ (2m—1/2)|supp(g =
Z H pllogio (by Lemma 4).

ceG N 1<j<m

fn(9)

Fix two numbers 1 < bj_ < bj' < N, and consider possible cycles h; of
length ¢; for which

]’J
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Then, the number of such cycles is equal to (¢; —1)! x {the number of different

choices of (£; — 2) integers from the interval (b ,b7F)}:

b —b —1
1) i i
(3.2) (¢; — 1) x ( (2o ) .
Let S( (g5, Bj)1<j<m) be the subset of G of all such o that satisfies
(3.3) [hj] = B; for hj=ogjo™" (1<j<m),

and»putS((gpl3)1<g<nJ 15((95: Bj)i<j<m)|- Then,

(3.4) N Z H p\[agjg 1 _N'Z gj’ 1<J<m) H p\Bj\’

ceG N 1<j<m 1<j<m

where the summation runs over all systems of m intervals { B; ;1 <j <m}
in Iy. Since the family of m subsets supp(ogjo~!) of Iy are mutually dis-
joint, a possible system { B; } should satisfy certain conditions, for exam-
ple, their extremities are all different. For any non possible one, we put
s5( (95, Bj)i<j<m) = 0.

We want to evaluate from above the number s((g;, Bj)i<j<m). We note
the following fact. Assume N sufficiently large so that A := supp( ) C Iyn. Let
& 4 be the full permutation group acting on A, and consider the commutant

Ca(g) ={s€64; sgs™! =g}

Let n(g),¢ > 2, be the number of cycles g; such that ¢; = |supp(g;)| = ¢.
Then, the order |C4(g)| is equal to [[,~,ne(g)! - £7¢(9). However, since we
consider independently for each j the cycle og;jo~!, the first factor [~ ne(g)!
does not appear in the next discussion.

Let g; = (ij1,%52,...,%;5¢,), then h; = ogjo~ ! is given by (2.2). This means
that the cycle h; determines the integers o (i;1), o(ij2), ..., 0(ij¢,) modulo cyclic
permutations. On the other hand, for integers p € Iy \ supp(g), o(p)’s can be
given arbitrariry from I\ o-supp(g). Thus, taking into account the evaluation

(3.2) and ]_[[22 0e(9) = ngjgm 45, we get

(B resem) < T[ 61 ('B 2)x<N—supp<g>|>!.

1<j<m

This evaluation is necessarily from above because the evaluation (3.2) is given
not counting any restriction coming from other og;.0~! for j/ # j.

Fix the width k; = |B;| > ¢;. Then, the number of such intervals in Iy is
(N —kj+1) < N. Therefore the left hand side of (3.4) is evaluated from above
by

N™ . (N — |supp(g) ki —2\ &
o i 0 | DD Vi Ve
1<j<m €;<k;<N N7

N™ . (N — [supp(g)])! plsupp(9)]

=C- N1 (1 = p)lsupp(@)[—m

(by Lemma 5),
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where C' denotes a constant independent of IV and k;’s.

The above last term tends to 0 as N — oo. This proves that, for the
positive definite function f in the theorem, its centralization fy tends to the
delta function . pointwise on &,. This proves Theorem 1.

4. Evaluation of block length of a permutation

To prove Theorem 2, we need an evaluation of the block length ||A|| from
below for h € Gy, similar to (2.5) for the length |h| but a little finer.

Let h = hihy -+ - hy, be as in §2 a cycle decomposition of h € & . Consider
intervals [h;],1 < j < m, as before. If [h;] and [h;/] have a non-empty inter-
section, we join them to get a bigger interval. In this way, we devide the union
Ui<j<m|h;] into connected components. Let M be the number of such connected
components. Then we have a partition of the index set I, = {1,2,...,m}
into M subsets J,,1 < p < M, such that C) := Uje, [h;] are these connected
components.

Lemma 6.  For an element h € Gy, let the notations be as above. Let
the connected components Cp, = Uje 5, [hs] be [c,,ct] for 1 <p < M. Then the
block length of h is given as

(4.1) = > (G- = > (¢ —¢)— M.

1<p<M 1<p<M

Proof. Any cycle h; can be expressed as a product of simple reflections
s; = (¢ i+ 1) with supp(s;) = {4, + 1} C [h;] and conversely all such simple
reflections are necessary. Thus, to express all hj,j € Jp,, we should use all
simple reflections s;, ¢, <i < ¢, since Cp, = Uje g, [hy]. O

5. Proof of Theorem 2

Since |f"(g9)| = f'(9) (9 € 6), it is sufficient to prove the theorem for
the positive definite function f’. Let us consider its centralization

(5.1) fz’v(g)=% 3 f/(ago_—l):% S glese,

" oeGN 0cEGN

Let g = g192 - - - gm, be as before a cycle decomposition of g € G . Then, for
o € Gy, a cycle decomposition of h = ogo=! is h = hyhg -+ - hyy, h; = ogja_l.
In the sum in (5.1), we devide o € G into subsets according to the mutual
relation among intervals [h;] = [0gjo™].

Denote by P(I,,) the set of all partitions of the index set I,,, and by
Dy (In) the set of all families of mutually disjoint non-empty intervals of I
of number M < m. For a partition A = {J,;1 < p < M} € P(I,,) with
non-empty J,,’s, we put |[A| = M, and foral ={Cp; 1 <p< M =|A|} €
Dja|(In), denote by Sa r the subset of &y consisting of all o € & for which
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the connected components of [h;] = [0g;o7!],1 < j < m, are given by A and
I as
(5.2) Co=|JIny] for 1<p<M=|A|, hj=0gj0".

jed,

Then, Sa,r with A € P(I,,),I" € Da|(In), gives a partition of the group &y,
and so the sum in (5.1) is expressed by the help of Lemma 6 as follows:

(5.3) fa(g) = Z g2 Fanl(g)

AeP(Iy,)

with Fa n(g) = % Z Z H e

'FED‘A‘(IN) oceSarr 1<p<M

1 ct—c
(5.4 =Y gsanl JT e
' TeDa|(In) 1<p<M
where C,, = [cf ;| and |Cy| = ¢ —c; > Ly := 37, ; {; with {; = the length

of cycles g; and h;.

It is enough for us to prove Fa v — 0 (N — o0) for any fixed A € P(I,,).
To do so, we should evaluate the order |Sa r| from above.

Let SA r be the subset of Gy consisting of all such o that satisfies the
following condition weaker than (5.2):

(5.5) CoD (JIhy] for 1<p<M=|A|, hj=0gjo"
Jj€Jp

Then naturally S p O Sar. We evaluate the order [S} pl.

For an interval C,, denote by C, its underlying set { c;

.+l C
Iy. Then, the condition (5.5) is equlvalent to

(5.6) CpD U o-supp(g;) for 1<p<M=]A|
jed,

Therefore the number of different ways of chices of o - supp(g;),Jj € Jp, is

IC ! Ly! |Gy
(5.7) = X P
H]eJ L (|Cp| = Lp)! Hjejp ¢! Ly
where L, = Z]EJ ¢j. Then t(g; A, T') := |S p| is given as

6.8)  tgAD) = J] L!x ] ('g;’) X (N — |supp(g)])!,

1<p<M 1<p<M

where M = |A[, and [supp(g)| = E1§p§M Ly.
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From this we obtain a majorized power series in ¢ for the expression (5.4)
of Fa n(g) as follows:

M
1
Fan(g) = ¥l > tgAT) [ 4
T

p=1

< Cl9) (N — |supp(g)))! I 3 (c;fL— c;) o

NI
1<pSM ¢ +L,<ci <N

with a constant C(g) depending only on g. Here in the last summation, we
admit, for 1 < p < M, any pairs of positive integers ¢, < cIf < N satisfying
L, < c;,*‘ — ¢, , forgetting the original meaning of C}, = [c;, c;], 1<p< M, and
keeping only the inequality coming from L, < |C)|. (This corresponds roughly
that, for a set of intervals I' = { C},; 1 < p < M }, we discard the condition of
mutual-disjointness of C}’s.)

Now, in the last term, first we sum up with respect to dj, := c;f —c,
L, < d, < oo, and then get by Lemma 5, ¢"» /(1 —¢)"»*!. The integer ¢, runs
over [1, N — L, + 1], and so we get at most N times of the above. Multiplying
these evaluations, we get finally

over

C(g) - NM(N — |supp(g)])! M qLe
(5.9) Fan(g) < N pl;[l T
~ C(g) - NM(N — |supp(g)|)! qlsupp(9)]
- N! = g @I

The right hand side of (5.9) tends to 0 as N — oco. This implies, as is
explained at the beginning of the proof, that fi (g) — 0 for g # e as is desired.
So Theorem 2 is now completely proved.

6. Closures in Rep(6,) of unitary representations

In this section, we state a rather astonishing property of unitary represen-
tations of the infinite symmetric group S...

For a locally compact group G, a topology is introduced in the set Rep(G)
of its unitary representations by means of 'weak containment’, for which we
refer to [Di, §18]. In consequence, a topology is introduced in the dual G of G.

For the infinite symmetric group G = &, any irreducible unitary repre-
sentation (= IUR) known until now can be realized as an induced representa-
tion Indflﬂ' from a wreath product type subgroup H and its irreducible unitary
representation , as is proved in [Hi2].

Theorem 7.  For any irreducible unitary representation of the infinite
symmetric group G = G given in [Hi2], its closure in Rep(G), with respect to
the topology of weak containment, contains at least one of the trivial represen-
tation 1, the sign representation sgng, and the regqular representation \g.
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Method of Proof. Take an IUR p given as an induced representation
Indgw. Take a positive definite function f, associated to m which is given as
its matrix element. Then, a positive definite function F' associated to p is given
as an inducing up of f: F = Indg fr, which is defined as an extension of f;
to G by putting 0 outside of H (see the next section).

Using explicit form of a wreath product subgroup H, we can work as in the
previous sections. In more detail, choosing an appropriate increasing sequence
of subgroups Gy /" 6o (N — ), Gy = &, with Jy / N, we calculate
the centralization

1 -1
(6.1) FO(g) = Gl Y Flogo™") (9€G=6)

oceGN

on Gy of F, and prove that F@~(g) converges respectively to the constant
function 1, the sign sgn(g) or the delta function d(g) pointwise, as N — oo.

The key points are

(i) a kind of reduction from F to f, and

(ii) an estimation of the order of { o € Gx; cho~! € H} for an element
he H,#e.

According to the result in Theorem 7, we can propose certain conjectures.

Conjecture 1 (a weaker form).  For the infinite symmetric group G =

G, every infinite-dimensional IUR is not closed in the dual space G as a one
point set, with respect to the weak containment topology.

Recall that this topology can be defined in two different ways. The one
is by means of the so-called hull-kernel topology according to the containment
relation among kernels of representations, and the other is by means of the
convergence of positive definite functions associated with representations, cf.
for instance, [Di, §3, §18].

Recall further the following fact [Di, §4, §9, §18]. Let G’ be a locally
compact, unimodular and separable group. Assume that G’ is of type I. Then,
for an TUR 7 of G’, the one point set { [x]} in G’ is closed if and only if the
representation 7 is CCR, or equivalently, 7(L'(G’)) € C(H.) (cf. [Di, §13]).
Here, C(H,) denotes the algebra of all compact operators on the representation
space H, of 7.

In our present case, the group G = G, is not of type I. Here again, if an
IUR 7 is CCR, then the one point set {[x]} is closed. However the converse is
not known to be true. Furthermore, since G is discrete, an IUR 7 of G is CCR
if and only if 7(g) is compact for any g € G, and so dim 7 is finite.

Thus the above Conjecture 1 makes sense, and we propose further the
following more exact one.

Conjecture 2.  For the infinite symmetric group G = G, every
infinite-dimensional IUR contains in its closure in Rep(G) at least one of the
trivial representation 1lg, the sign representation sgng, and the reqular repre-
sentation A\g.
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7. Inducing up of positive definite functions

In a general setting, let G be a discrete group, and H its subgroup. Take a
unitary representation m of H on a Hilbert space V., and consider an induced
representation p = Indgw.

The representation space H, of p is given as follows. For a vector v € Vp,
and a representative gg of a right coset Hgy € H\G, put

o {1 g

Let ‘H be a linear span of these V -valued functions on G, and define an inner
product on it as

_ f{m(h)v,v") if hgo = g4 (3h € H),
(72) <Ev,gova',96> - { 0 if Hg() 7£ H96

The space H,, is nothing but the completion of H.
The representation p is given as

(7.3) p(91)E(g) = E(gg1) (91,9 € G,E € H,).

Now take a non-zero vector v € V, and put £ = F, . € ‘H,. Consider a
positive definite function on H associated to m as

(7.4) fx(h) = (w(h)v,v) (b€ H),
and also such a one on G associated to p as

(7.5) F(g) = (p(9)E,E)  (9€G).
Then, we can easily prove the following lemma.

Lemma 8.  The positive definite function F on G associated to p =
Indgﬂ' is equal to the inducing up of the positive definite function f. on H
associated to w: F = Indgfﬂ, which is, by definition, equal to fr on H and to
zero outside of H.

8. Case of characters 1¢ and sgng

Firstly we treat the case where the closure of an induced representation
p = Ind§n contains characters 1¢ or sgn.

Let H be a subgroup of G = G, of the product form H = HyHs, where
H, = 65 and Hy C 6 with an infinite subset I C N and J = N \ I. Denote
by x1 a character 1g, or sgng, of the group &; = &, and by 72 a unitary
representation (= UR) of Hy. Take a UR m = x1 ® mp of HyHs and induce it
up to G to get p = Ind%w.

Theorem 9.  Let a unitary representation m = x1 Qe of H = HyHy be
as above. Then the closure of its induced representation p = Indflﬂ' of G =64
contains the character xg = 1g or sgng corresponding to x1 = 1g, or sgng, -
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Proof. Let Jy C N be a series of increasing subsets such that |Jy| = N
Jn /' N, and that the ratio [INJy|/|Jn| — 1 as N — o0, so that |JNJx|/N —
0. Then, Gy = 6, /" G = 6 and we consider the centralizations of
a positive definite function F' associated to p along the series of increasing
subgroups Gy: for g € G,

(8.1) FON(g) = ﬁ Z F(ogo™* N' Z (ogo™

ceGN oceGN

Take a unit vector v from the representation space H,, and put a positive
definite function f, associated to 7 as

(82) fﬂ-(hlhg) = Xl(hl) . <7T2(h2)’l),’l)> (hl S Hl,hz S HQ)

Then F = Indgf7T is such a one associated to p = Indgw, by Lemma 8.
Now take an arbitrary g € G. Since Jy /' N, if N is sufficiently large,
there exists a o9 € Gy such that ¢’ = 0090071 e HHNGy =61ng, Or

(8.3) S":=supp(g’) c INJy.

Then we have FE~(g) = FEN (g').

Fix ¢’ € &1, and consider the asymptotic behavior of the value F&~ (g')
as N — oo. In the formula (8.1) for ¢/, instead of g, we devide the sum over
o € Gy = &, into three parts as follows.

Case 1: o such that og’'c™1 € &; NGy or equivalently ¢S’ C I N Jy;

Case 2: ¢ such that og’'c~! € H = H, H>, but not in Case 1;

Case 3: o such that og'c~! ¢ H.

In Case 1, F(og'o™t) = fr(ocg'c™1) = xa(9’) = xc(g). The number of
such 0 € Gy = &, is equal to

110 Jy]!
(1IN Jn| =18

1IN Jyl!

(8.4) [ \ S|l = Tra—o

X (N —k)!

with k = |S’| = |supp(g)|. Therefore, since |[I N Jy|/N — 1, the partial sum
for Case 1 in (8.1) is evaluated as follows when N tends to oo:

1 ;o
(8.5) 1Gnl Y. Flogo™) =Cnxalo),
| N‘ c€GpN: Case 1
1 ‘IQJN“ ‘IﬂJN|
. = — = 1.
(86)  Onv =17 (TN Jn|— k) H

In Case 2, we have |F(og’c~1)| < 1 and the evaluation in Case 1 shows
us that the partial sum for this case tends to zero as N — oo. (This follows
directly from limy_ oo Cy = 1.) In Case 3, we have F(cg’c™!) = 0 and there
is no contribution to the sum in (8.1).

Altogether we get finally FE~(g) — xc(9) (9 € G). This proves our
assertion. O
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9. A reduction to a subgroup 6; &, I C N

To treat the case where the closure of p = Ind$7 contains the regular
representation \g, it is better to prepare a preliminary step.

We take a subgroup H C G = G, of the product form H = H; H,, where
H, C 6; 2 S and Hy C & with an infinite subset I C N and J = N \ I.
Take also an infinite-dimensional UR 7 of H; and a UR 7y of Hs. Then we
take a UR m = m; ® my of H = Hy H and its induced one p = Indgw of G.

For j = 1,2, take a unit vector v; from the representation space H,, and
put a positive definite function f, associated to 7 as

fr(hiho) = fr, (h1) - fry(h2),  fr,(h;) = (mj(hj)vj,v5)  (h; € Hy).

Then F = Indg fr is a positive definite function associated to p = Indgw.
Let Jy C N be a series of increasing subsets with the same property as
in the proof of Theorem 9, so that putting Jy = I N Jy, we have

Jy /T and  |Jy|/|In|=|JIy|/N — 1 (N — c0).

For our later use, we put G’ := &7 D Hy, which is naturally isomorphic to
S, and put F’ = Indg1 fr,. Then, F' is a positive definite function on G’

associated to Indg1 .

We have Gy := &,y /G =6 and Gy =6, =G NGN /G We
compare centralizations FV in (8.1) of a positive definite function F' = Ind$, f,
with those (F')C~ of F' = Indg1 fry, concerning their limits as N — oo.

Take an arbitrary g € G. Then, if N is sufficiently large, there exists a
o9 € Gy such that g’ = UogO’O_l € 6;NGN = &, with Jy =INJdy (in
another notation, ¢’ € Gy C G'), or equivalently S’ := supp(g’) C Jp. Then,
FOv(g) = FON(g').

Fix ¢’ € 6; = G, and devide the sum over 0 € Gy = &, in (8.1) for
F%~(g') into three parts according to Cases 1, 2 and 3 for o as in the proof of
Theorem 9.

CAsE 1: In Case 1, since ¢’ € Gy C G', and og'c™! € Gy, there
exists a 0/ € G’y such that og'c~! = o'g'a’ "', Since G’ N H = H,, we have
Flogo™)=F(o'g'c’ ") = F'(d'g'oc’ ).

Note that (og’c~1)(i) =i for i & o(S") := {o(j);j € S}, then we see
that the restriction o|S’ of o determines the element og’c~! completely. So
we count the number of 0 € Gy = &, (resp. Gy NGy = &y = Gy)
in Case 1 that have the same restriction ¢|S’ on S’ C I. They are equal to
|[In \ S| = (N — k) and (]| — k)! respectively, with k& = |S’| = [supp(g)].
Hence,

1 1

ﬁ Z F(Jg/a_l) :CN X W Z F/(O'g/O'_l)
" c€GN: Case 1 NI O’EGNI'-W@I:GJ;V
Ji|! N —k)!
with CN:|N|- ( ) —1 (N — ).

N (|IN] —K)!
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Since GN NGy = G = Gy, the right hand side of the above equality,
except the constant factor C'y, is nothing but the centralization, with respect
to Gy of positive definite function F’ on G’

(9.1) (F)N(g) = = 3 Flogob).

7
|GN| o€Gy

CAses 2 AND 3:  In Case 2, the partial sum over ¢ € Gy in this case
tends to zero as N — oo similarly as in the proof of Theorem 9. In Case 3, we
have no contribution to the sum in (8.1).

Altogether we get the following lemma.

Lemma 10. Let the notations be as above, in particular, H = HyHo, Hq
C 61,Hy C &y with |I| =00, = N\ 1, and m = m @y with a UR m; of Hj,
and take fr(h1ho) = fr,(h1)fr,(h2) (h; € Hj). Put F = md% f for G = S,
and F' = d§ fr, for G' = 6; = &

For an increasing sequence of subsets Jy /" N, put Gy = &;,,Gy =
G'NGy = &y, with Jy =INJn. Forany g € G = G, there exists a g’ € G
conjugate to g in G. If the sequence Jy satisfies |Jy|/|In] — 1(N — o0), then,
(9.2) lim F¥(g) = lim (F")N (¢)).

N—o0

10. Case of the regular representation \g

We follow the notations in the previous section. For a subgroup H =
H1Hy; C G = 64, we take as H; a so-called wreath product type subgroup
imbedded into G’ = & & S, in a saturated way, and Hs C &;,J = N\ I.
Let us explain for H; in more detail.

Take any finite group 7" and a countable infinite index set Y. Put 1T}, =T
for any n € Y, and take a restricted direct product Dy (T') := H;]eY T,,. Denote
by &y the group of all finite permutations on Y, then it acts naturally on
Dy (T) by permuting components of

d = (ty)ney € Dy (T).

The semidirect product group Dy (T') x &y is called a wreath product of T
with &y and is denoted by &y (T), where, for ¢ € &y and d € Dy(T),
o-d-o~t = (t) with ¢} =t,-1 (n€Y).

We imbed &y (T') into & as follows. Take a faithful permutation represen-
tation of T" into a finite symmetric group &,,, and identify 7" with its image in
S, On the other hand, an ordered set J = (p1,p2, ..., pn) of different n inte-
gers p; € N is called an ordered n-set and denote by T = {p1,p2,---Pn}
its underlying subset of N. We decompose I into infinite number of or-
dered n-sets J,,n € Y: I = u,,eYT,]. For each 7, denote by ¢, the order-
preserving correspondence p; — j (1 < j < n) from 7, = (p1,p2,...,Pn) onto
I,={1,2,...,n}. Then ¢, gives us an imbedding

(10.1) @n:Tn:TCGnBUHLn_l-aw,,EGJ—TICGI.
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This fixes imbeddings of Dy (T) and &y, and the one ® of &y (T) into &y,
which depends on a partition Z = { 7, },ey of I into ordered n-sets.

We take H; = ®(&y(T)) C &1, which is denoted also by H(Z,T). In
case T is trivial and imbedded into &1 = {e},n = 1, we have H(Z,T) = &;.
Except this trivial case, we call such a subgroup as H(Z,T) properly of wreath
product type.

We take URs 7 of H; for j = 1,2, and then a tensor product representation
T =m ®my of H = H{Hs, and induced it up to G: p = Indgw. To get an
irreducible UR of G by this method, we should choose as m; an IUR coming
from an infinite tensor product (with respect to a reference vector) of a fixed
irreducible finite-dimensional representation of 7', and of course similar kinds
of restrictions are necessary for Ho and mo. Further details are given in [Hil]
and [Hi2], and are summarized in Section 12 below. For our later use, we define
for T = (Jy)ney and T C &,, the folowing

supp(H(Z,T)) = supp(Z) := Lyey T, C N.

Theorem 11.  Let a subgroup H C G = G4, be given as H = H1Hs,
with a proper wreath product type subgroup Hy = H(Z,T) of G' = &1 = &,
and Hy C &5,J = N\ I. Let my be an infinite-dimensional UR of Hy and o
a UR of Hy. Take a tensor product representation m = m1 ® mo of H = H1H>.
Then the closure of its induced representation p = Indgﬂ' of G contains the
regular representation \g.

Proof. By Lemma 10, we may and do assume that H = Hy = H(Z,T),
that is, I = IN. The finite group T is contained in &,, with n > 2. For 7 = m;
and fr(h) = (w(h)v,v),v € Hy,||v]| = 1, we have |F(h)| < 1 for F = Ind$, f,.
Therefore, taking Gy = &,,Jn / N, we have the following evaluation for
geG

Dn(g;H) _ Dn(g: H)
|Gl I !

1 -1
(10.2) [F€ (g)lﬁw > |F(ogo™)| <

ceGN

with Dy (g; H) :=|{c € Gn; 0go~! € H}|.
We evaluate the number Dy (g; H) from above. Replacing T C &,, by &,,,
we consider a bigger subgroup H D H = H(Z,T) = ®(Sy(T)), that is,

H=H(I,6,)=26y(5,)).
Then, naturally Dy (g; H) < Dx/(g; H), and thus we evaluate the latter.
Recall that these subgroups are defined by means of a partition of I = N
into ordered n-sets as I = |—|?76Y777' We introduce a linear order 71,12, ... in
Y, and put Jy := Ui<i<nJy,. Then, |Jy|=nN and Jy / N.
Take an arbitrary g € G, # e, and decompose it into disjoint cycles as in
(2.1):

(10.3) 9=0192-9m, 9 = (ij1 Gjo - i),
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then, supp(g) = Ui<j<msupp(g;), with supp(g;) = {4j1,%;2,...,%5, }. For
o €G,put h=0go~" and h; = ogjo~", then,

(104) h:JgO'71 :hlhg"'hm, hj = (J(ijl) J(ijg) U(ijgj)).

We treat the case where Dy(g; H) > 0 for sufficiently large N. Take a
o € Gy such that h = ogo~! € H. Then, we have the following two cases:

Caske I For a certain j,1 < j < m, supp(h;) = o supp(g;) C Jy, for some
1<i<N.

Case 1I: For any j,1 < j < m, supp(hj) = osupp(g;) ¢ Ty, for any
1<i<N. - N

Denote by D4 (g; H) (resp. DX (g; H)) the number of 0 € Gy with h =
ogo~! € H which is in Case I (resp. Case II). Then we have the following
evaluations from above.

Lemma 12.

DY(g;H)<m-N-n(n—1)-(N'=2)!, N =nN,
() < (55D (o) | - n(n 1) (v - 21

Jj=1

Assume this lemma be granted, then

Dn(g;H) _ Dn(g;:H) _ Di(g: H) + Dy (g; H)
Gy~ IN T NI

This has to be proved for Theorem 11. O

(10.5)

Proof of Lemma 12.

Case 1. Let o € Gy bein Case I. For a certain pair (j,i) with 1 < j <m
and 1 <i < N, we have o supp(g;) C J,,. The number of pairs (j,i) is m - N.

We pick up 41,72 in the expression (10.3) of g;, and watch their images
ki1 = 0(ij1), ks = o(ij2) under . They are chosen from 7, of n elements, and
so the number of choices is n(n — 1).

After choosing ky, ks, other o(p) for p € Jn \ {71,452} can be chosen from
Jn \ {k1, ko} for which the number of elements is nN —2 = N’ — 2.

Casge II. We divide ¢ € G in Case II, into two subsets ¥, Yo accord-
ing to that for a certain pair (j,7),1 < j7 < m,1 < i < N, the intersection
o supp(g;) N Jy, contains at least two elements, or for any pair (4, ), the inter-
section o supp(g;) N J,, contains at most one elements.

For o € ¥4, we have a pair (7, ¢) such that for some p;, p2 € supp(yg,), both
o(p1),0(p2) belong to J,,. The number of ways to choose {p1,pa} is equal to
¢;(¢; —1)/2 and so the number |X;| corresponds to the first term in the right
hand side of the second inequality.

For o € ¥y, put

Y7 ={n;; osupp(g;) N Ty, #0,1 <i < N}
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Then, the union Unieylj_m is the disjoint union of o supp(g;) over such j that
Y7 =Y. Therefore, for any such j, there exists at least one p € supp(g;) such
that o(p) and o(i11) for i17 € supp(g1) both belong to one of J,,,n; € Y.
The number of p is limited by |supp(g)|, and so we get an evaluation of the
number || as is given in the second term in the right hand side of the second
inequality.

This completes the proof of Lemma 12. 1

11. Indecomposable positive definite class functions

For the infinite symmetric group G = &, all the indecomposable (or
extremal) positive definite class functions, which we call Thoma characters, are
classified and are given explicitly in [Tho2].

After Satz 3 in [Tho2], they are written as follows. Let o = (a1, an,...), 8
= (b1, B2, - . - ) be decreasing sequences of non-negative real numbers such that

(11.1) Zl§k<oo Qk +Zl§k<o<> fr <1,

and put 7o = 1= (faf +[|8])) = 0, with flafl == 3 cpccn, 18I =
> i<k<oo By so that [lafl + 8] +70 = 1.

Take a g € G and let g = g1g2 - - gm be a cycle decomposition in (10.3),
where the length of cycle g; is denoted by ¢;. For v > 2, let n,(g9) = |{j; {; =
v }| the number of g; with length v. Then the character f, 3 determined by
the parameter (o, () is given by

n,(g)

(11.2) fasle) = 11 Yool (=t Y gy

2<v<oo \1<k<o0 1<k<oo

The case where oy = 1 (resp. 1 = 1 and 79 = 1) corresponds to the
identity representation 1 (resp. the sign representation sgn., and the regular
representation A\g). Except the cases of 1-dimensional representations 14 and
sgng, the indecomposable positive definite invariant function f = f, s defines
a character in the sense of [Di, §6] of a II; type factor representation 7y of G.
Here 7y denotes a cyclic representation associated to f by GNS construction.
Recall that, for the *-algebra C.(G) of functions on G with compact supports,
f = fa,p defines a x-homomorphism (i.e., linear map with f(¢*) = f(¥))

Ce(G) 30— f(9) =Y f9)p(g) € C,

geG

which induces a character 77(¢) — f(¢) of the von Neumann algebra generated
by {7m¢(¢) ; ¢ € Co(G)} (cf. [Thol]). These factor representations can be
decomposed into irreducible representations, but explicit decompositions are
known only in the case where vy = 0, in [Ob2].

Now let us rewrite the formula (11.2) in another form. Put

k —k
X(G):]-Ga X(G ):SgnGa a—k:ﬁk
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for k =1,2,... . Then, when ¢; = v, we have (—1)"*1 = (=1)%*1 = sgn(g;) =
X(G k)( g;). Therefore the formula (11.2) is written as

(11.3)  fas@= ] | D x&@ar + 3 x& )

1<j<m \1<k< 1<k<o0
=11 (Z B (g ) with Z*=2Z\{0}.
1<j<m \keZ*

We expand this product into a sum of monomial products as follows. Let
Ki = max{k ; ar > 0},K_ = min{k ; o > 0}, and let Z, 3 be the
intersection of the interval [K_, K] C Z with Z*. Then the sum over k € Z*
in (11.3) is actually over k € Z, 3. Thus we get

k i
(11.4) faplg) = 3 I x&7 a5,
(k1,k2,e k) €(Za,p)™ 1<j<m

where g = g1g2 - - - gm is a cycle decomposition and /; is the length of cycle g;.

As is shown later, this expression of f, g has its own intrinsic meaning
in relation to the centralization of matrix elements of certain induced repre-
sentations of G which contain all irreducible unitary representations (= TURs)
constructed in [Hi2].

12. IURs of G = 6, as induced representations
Take a subgroup H of G of the form
(12.1) H =HoHpHq, Hp=1[l,cpHp Hqo=1Il,cqHq

where Hy = Gp with a finite subset B C N, H, = S, with an infinite
subset I, C N, and H, = H(Z,;,T,) properly of wreath product type subgroup
with 7, C &,,,nq > 1, and an infinite partition Z, = (7, )n,cv, of Iy
supp(H (Z,,T,)) into ordered ng-sets J,, . Thus H is determined by the data

c:= (B, (Ip)pePa (Ianq)qu)

and is denoted also by H¢. We assume that H is “saturated” in G in the sense
that

(12.2) N = BU (Uperly) U (Ugeqly)

is a partition of N. We admit the cases where some of B, P and () are empty.
As an TUR of H, we take

(12.3) ™ =10 & (Spep Xp) ® (Vgeq Tq);

where 7o is an IUR of Hy = &p, X, is a character of H, = &, (and so
trivial one or sign), and m, is an IUR of H, = H(Z,,T,), and the tensor
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product ®2€Q7rq is taken with respect to a reference vector b = (by)4eq, by €
V(mg), |lbgll = 1, if dim 7, > 1 for infinitely many ¢ € Q. Here V(m,) denotes
the representation space of .

As an IUR 7, of the group H, = H(Z,,T;) = Sy, (Ty) := Dy, (T,) x &y,,
we take the following one. Take an IUR pr, of the finite group T;, and consider
it as an IUR p,, of each component T}, = T; of Dy, (T,) = H;quq T,,- Making
their tensor product, we get an IUR m;, of the restricted direct product Dy, (T}).
Here, in case dim p7, > 1, the tensor product is taken with respect to a reference
vector

ag = (ap, )n,ey, with a, €V(p,,), lan,| =1

For a 0 € By,, put for ®,, cy,w,, € ®Z§quV(pﬁq)v

ﬂ-;(a)(@??qequ'ﬂq) = XY, (O-)(@nqequ;yq)a w;yq = Wo—-1(n,)>

where yy, is a character of &y,. Then, m;(d- o) := 7 (d)m;(0) gives an IUR of
Sy, (1;). Pulling 7, back to H, = H(Z,,T;) through an isomorphism similar
to @ in Section 10, we get an IUR 7, of H,.

Thus the IUR 7 of H = H* is determined by the data (c,?) with

0:= (7r07 (Xp)p€P7 (b7 (qu7 XYqvaq)qu))a

and is denoted also by 7(c, ).
We know in [Hi2] that, under the saturation condition (12.2), the induced
representation

p(e,0) = Indg,ﬂ(ca 0)

is irreducible, and equivalence relations among these IURs are also clarified
there. As far as I know, this big family of IURs of G = &, contains all IURs
known until now.

13. Centralization of matrix elements of IURs

For an IUR given as p(c,0) = Ind§(c,?), we take one of its matrix ele-
ments as a positive definite function on G and study limits of its centralizations.
So, take a unit vector vy € V(mg) and vg € @. .,V (7y), and consider a matrix
element f of m = 7(c,0) given according to (12.3) as

(13.1) Jx(h) = (mo(ho)vo, vo) - (RpepXp)(hp) - <(®Zequ)(hQ)vQ, vQ)s

where h = hohphg € H = HyHpHg is a decomposition according to (12.1).
Then F = Ind%f, is a matrix element of p(c,0) = Ind§m. Let us study
the centralizations FGN of I for certain increasing sequences Gy / G of
subgroups.

Take Gy = &,,Jn / N, as follows. We demand an asymptotic condi-
tion
|Ip NJn |
_

N

‘IquN|

(13.2) T

)‘P (pEP), — Hgq (qu)a
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then there holds

(13.3) Soer ot Ygeqta < 1.

In case |P| + |Q| < oo, we have an equality here. Put for the family { H, =
61, ; pE P},

(13.4) Po={peP;xp=1n,}, P-={peP;xp=sgny }

then we have the following inequality similar as (11.1)

(13.5) Yoper, Ao+ Xpep. Ao < 1.

At this stage, first let us give our results in the following theorem and
the succeeding corollaries, and then give the proof of the theorem in the next
section.

From a technical reason for proving the convergence of sequences FEN as
N — oo, we assume in the following an additional condition on the way of
growing up of Jy’s, in such a form that, for each ¢ € @,

(13.6) I, N Jy is aunion of subsets 7, ny €Y, for N >>0.

Theorem 13. Let H = HoHpHg be a subgroup of G = G, and w
be its irreducible unitary representation given above in (12.1)—(12.2) and in
(12.3) respectively. For a positive definite function f. given in (13.1) as a
matriz element of w, put F' = Indf[fw. Then it is a positive definite function
associated to the induced representation p = Indpm.

According to an increasing sequence Gy = Sy, / G of subgroups, the
centralizations FEN of F converges pointwise to a Thoma character fo 5 if
Jn /' N satisfies the asymptotic condition (13.2). Here the parameters o =
(a1, 02,...) and B = (B1,P2,...) are determined from (Ap)pep, ,(Ap)pep_, re-
spectively by rearranging A, ’s as decreasing sequences.

The inequality (13.5) corresponds exactly to (11.1), and yo =1 —>_ cp Ap.

Put py = |Py|,p— = |P—|. Then the lengths of a and § are limited by p
and p_ in such a sense that ag, =0 (k> p4), B, =0 (k> p_).

Corollary 14. (i) In the case where |P| < oo and Q = 0, as limits
of centralizations of F' = Ind%fﬂ, there appear all fo g with o = (o, 0, ...)
limited by py and B = (81, B2,...) limited by p_ satisfying the equality

(13.7) lal +181 = 3 ar+ Y Be=1.

1<k<oo 1<k<oco

(ii) In other cases, as limits of centralizations of F' = Indg fx, there appear
all fo g with o = (a1, aq,...) limited by p+ and B = (61, B2, . ..) limited by p_
satisfying the inequality (11.1): ||| + ||8]] < 1, and in particular, foo = O
with o = f=0=(0,0,...) and v = 1.



Positive definite functions and characters of the infinite symmetric group 705

The invariant positive definite function f, g is a matrix element of a II;
factor representation of GG, associated to its cyclic vector. Therefore, in terms
of the weak containment topology in the space Rep(G) of representations [Di,
§18], we can translate the above corollary as follows.

Corollary 15. (i) In the case where |P| < oo and Q = 0, the closure in
Rep(G) of one point set {p} of irreducible unitary representation p = Ind$m
contains all I1; factor representations corresponding to fo g with o limited by
p+ and B limited by p_ satisfying the equality (13.7).

(ii) In other cases, the closure in Rep(G) of one point set {p} contains
all II; factor representations corresponding to fo g with o limited by p4 and 3
limited by p_ satisfying the inequality (11.1), and in particular, it contains the
regular representation \g.

Notation 13.1.  For an IUR p = Ind$nr, p = p(c,0), 7 = n(c,0), denote
by 7C(p) the set of all Thoma characters obtained here as limits of centraliza-
tions of the matrix element F = Ind% f,. Then,

TC(p) == A{fap; a,B coming from (Ap)pepr,,(Ap)pepr_
satisfying Condition (TC)},
Ap =1 if |Pl<ooand Q=190;

. ZpEP P
ConpITION (TC): { SpepAp <1 otherwise.

Remark 13.1. In the case where P = (), the only positive definite
class function obtained here as limits of centralizations of matrix elements of
p= Indfﬂr is fo,0 = d, that is, TC(p) = { d¢ }.

Therefore, in this case, the closure of one point set {p} of irreducible
representation p contains the regular representation A\g, but seemingly does
not contain any other II; type factor representations.

14. Proof of Theorem 13

14.1. Case of Q =10
Let us first consider a case where Q = (). Take a g € G, and let

(14.1) 9=0192""" Gm.,

be its cycle decomposition. The centralization of F' = Indg frover Gy =6,
is

1 1
(14.2) FON(g)=m— > Flogo ™)== > felogo™).
|GN‘U‘€GN |JN|' ceGN
o'ga_leH

Here, H = HyHp,Hp = H;eP H,, and fr(h) = (mo(ho)vo, vo) - HpeP Xp(hp)

for b = ho [T ep by € Ho Il cp Hp-
Suppose N is sufficiently large so that Jy D Ui<j<mK; with K; :=
supp(g;). Recall that Hy = &5,H, = &, (p € P), and supp(ogjo™') =
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oK, then we see that the condition ogo~! € H is equivalent to that each

0K,;,1<j <m, is contained in some of B, I, (p € P). Put
S(g):={c€Gn=6y,; 090 ' € H},
(14.3) Sp(g) :={co€8S(g); ogo™' € Hp},
SB(g):={0o € S(g); ogo~! has non-trivial
component in Hy = &5 }.
Then, S(g) = Sp(g) U SB(g), and moreover Sp(g) is decomposed into disjoint
sum of its subsets as follows. Let 6 = {J, ; p € P} be a partition indexed

by P of the set I, = {1,2,...,m} of indices of g}s (J, = () except for finite
number of p), and put

Ss(g) :={0€8(g); oK; CI, or og;o Le &, =Hy,(jeJp,peP)}.

Denote by Py, the set of all partitions § = {J, ; p € P} of I,,, indexed by P
and by Py, y its finite subset consisting of § for which J, = 0 if I, N Jx = 0.
Then Sp(g) = Usep,, Ss(g), and Ss(g) = 0 for § & P, n. We have

(14.4) S(g) == 5" (g9) U (Usep,, S5(9))-

The right hand side of (14.5) below is a sum over o € S(g), decomposed
into partial sums according to the above decomposition of S(g),

(14.5) F9v(g) = Iyl Z fr(ogo™) Z Z fr(ogo™).

oeSB(g) 0EPMm ‘ : oeSs(g)

We study the second term. Put h; = og;o~!, then ogo™" = hiha -+ hyp,.
For 6 ={Jp; pe P} € Pm, hj € Hy(j € Jp) and xp(h;) = 1 or xp(h;) =
sgn(g;) = (1%~ with ¢; = l(g;) the length of g;. Denote this value by
Xp(97); then fr(ogo™") =Tl cp[1jcs Xp(g;)- Hence we have

(14.6) T 2. feege ) =TT T xley) ‘55 |?-

c€S5(9) pEP jEJ)p

The number of elements |Ss(g)| is given from the condition ¢K; C I, N

Jn (j € Jp). Since |K;| = {;, we can choose for Ujc s 0K; freely > e, b

number of elements from I, N JN Noting that }_ cp deJ = jer,, bi» we

get

(4.7) 185(9) = TT 1o 0 Inl(1T Il = 1)+ (11, 0 In] = ey, 5 +1)
peEP

% (1931 = Zer, )

and ) scp |S5(g)|/|In|! < 1. When Jy grows up to N under the condition
I, N JIn|/|JIn] — Ap (p € P), we have

(14.8) S oephs < L.
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Furthermore, dividing the both sides of (14.7) by |Jn|!, and taking limits as
N — 00, we obtain

lim 125 =TI II A% with ¢ =gy

|
N—oo ‘JN‘ pEP ]EJ

Thus, we can choose the way of growing up of Jy so that the second term of
(14.5) has the limit

(14.9) > I T xelan)") = H > xw(9)A,

8€Pm pEP jEJ, j=1 \peP

On the other hand, for the first term of (14.5), noting that B is finite, we
see by an evaluation similar to that of |Ss(g)| that the limit of [SZ(g)|/|Jn|!
as N — oo is equal to zero (cf. also 14.2 below).

Comparing the above formula (14.9) with the formula (11.3) or (11.4), we
see that the proof of Theorem 13 in the case Q = ) is now complete.

14.2. Caseof Q #10

Here we study the general case of Q@ # 0. Let S(g) = {0 € Gy =
Sy ; ogo—t € H} and SB(g), Sp(g) be as in 14.1, and in addition put
(14.10)  S9(g) := {0 € S(g) ; ogo~! has non-trivial component in Hg }.

Then, S(g) = (SB(g9) U S%(g)) U Sp(g), and accordingly the formula (14.5) is

rewritten as

1
(14.11) FO~(g) = Tl Z fx(ogo™)
N oeSB<g>USQ<g>
+ Z | Z fr(ogo™).
5EPm ! o€S;s(g)

Denote by X7(g; N) and X;7(g; N) the first term and the second term in
the right hand side. We want to prove that ¥;(¢g; N) — 0 as N — oo, under
the condition

‘Ip NnJn |
||
If this is done, the proof of Theorem 13 will be completed, because the
limit of the second term X;;(g; N) can be obtained just as in 14.1.
Now let &' = { Jo,Jp (p € P),J,; (¢ € Q) } be a partition of I,, for which

at least one of Jy, Jg (¢ E Q) is non-empty. For o € S(g), put h = ogo~!, h; =
ogio~t (j € 1), then h = hihy - hy,. Define

Ss/(g) :={0€S(g); hj =0gjo~" (j € I,;,) satisfy Condition (SQ) }

hjEH():GB OI‘UKjCB (jEJo),
CONDITION (SQ): hje H,=6;, oroK; CI, (j€Jy,p€P),
hj€ Hy=H(Z,Ty) (J € Jg,q € Q).

(14.12) =X (PEP),
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Denote by P/, the set of all possible such partitions ¢’. Noting that
|fx(cgo™1)| < 1, we get the evaluation

[Se:(9)
|In ]!

(14.13) SHg N < Y

8'ePl,

So we should evaluate the number |Ss/(g)].

For a subset J C I, and a subgroup H' of H, we denote by DF(J, H')
the number of possible ways for choosing integers o(k) € Jn (k € UjesK;)
under Condition (SQ) for ¢ € S(g) in such a way that U(Hjngj)U_l =
[I;cshj € H'. (DF = degree of freedom). Similarly, for K := Jy \ supp(g) =
Jn \ Ujer,, K, denote by DF'(K, H) the number of possible ways for choos-
ing integers o(k) € Jy (k € K) under Condition (SQ) in such a way that
ogo~! = h € H (after choosing all of o(k), k € supp(g)). Then,

(14.14) 1S5/ (9)| = DF (Jo, Ho) - [[,e p DF(Jp, Hp)
X quQ DF(Jy,Hy) x DF'(Jn \ Ujer,, K;, H),
where K; = supp(g;),Ujer,, I; = supp(g).

In 14.1, we calculated DF(J,, H, = &) as given below, noting that the
condition (SQ) for this term is equivalent to o(K;) C I,(j € J,) and that

| Ujer, Kil =2 jes, b
DF(Jy, Hy) = | 0V Inl(11, 0 In| = 1) (11 0 In] = ey, 45+ 1) -

Similarly DF(Jy, Hy) with Hy = & is given as follows if NV is sufficiently
large so that B C Jy:

(14.15) DF(Jo, Ho) = |BI(|B 1) -+ (1Bl = X, 5 +1)

After taking all of o(k), k € supp(g) = Ujer,, K, other elements o (i), €
Jn \ supp(g), can be chosen freely from Jy \ o(supp(g)), and so

(14.16) DF'(Jy \Ujer, K5, H) = (15| = Xyer,, 45)!-

Note that, as N — oo, the factor 1/|Jx|! in (14.11) can be replaced by a
simpler one if we note

1

—|JN|! X (|JN| _ZjeIWLKJ')! X H |JN|€J‘ —1 (N—>oo)

jEI’VrL

Then we see that the contribution to the limit from a partial sum for ¢’ is
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majorized by

Sell 1Bl [Bl=1  |Bl-Sen bt
N—oco |JN|' N—oo ‘JN‘ |JN| |JN|
(14.17)  x H lim [, N Jn| ) NIy -1 1p | Z]ejp j
N—oco ‘JN‘ ‘JN‘ |JN|
DF(J,, H
<IT & m 2EU Hy)

7€Q N e, [In15

Therefore, if Jy # 0 in &, or if the first factor (containing |B|) actually
exists in the right hand side of (14.17), then it is equal to zero and so the left
hand side (contribution to the limit) is also zero.

14.3. Calculation for wreath product subgroup H, = H(Z,,T;)
Now assume Jg = () in ¢’. Then it is enough for us to prove that the ratio

(14.18) DF(qu Hq)/Hje,]q ‘JN‘Zj
tends to zero as N — oo for J,; # (). Recall that
Hq:H(Iq,Tq)§6yq(T) Dy( )NGY,

with a subgroup T, C &,,,n, > 1, and an infinite partition Z, = (J;)yey,
of I, := supp(H(Z,,T;)) into ordered ng-sets J,. Replacing T, C &, by
&,,, we get a bigger group H, = H(Z,,&,,), so that H, C H, C &;,. Since
DF(J,, H') is defined by the condition [] h; € H' for hj = og;o~1!, there

jed,
holds

F(J,,H,) < DF(J,,H,) < DF(J,,61,).

Here the last term is given by a formula similar to that for DF(J,, H,) by
means of Ujej, Kj; and I;. Let us evaluate the middle term.
Denote by &7, the symmetric group 65—" on the underlying set of integers

777 of ordered ng-set J;, thus indicating the canonical isomorphisms between
them for n € Y. Then, H, = (H;GYQ 6.7,,) X Gy, .

By assumption (13.6), I, N Jy consists of subsets of the form 7,, whose
number is given by v(N) = v(q,N) = |I; N Jy|/ng since |J,| = ny. Put
v(N) = v(q, N) for simplicity and rename these J,’s as J1, Jo, . .., Jy(n). The
condition

o(Ile,, gjlo = [ljes, hi € Hy = (H:yeyq 6.%,) x By,

for o € 6, to define DF(Jy, Hy), is rewritten as

(14.19) (e, 95)0 =Ties, s € (T 62.) % Suin.
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Therefore we have the following two cases for each j € J;.
CASE 1: Case where h; = ogjo~! € &4, or o(K;) C J; for some i.
CASE 2: Case where h; is not in Case 1. So

v(N v
hy = (), ) € (T 8.4.) % Sy,

with a cycle a # 1 and 7; # 1 for some i (and so the length |a| < ¢; for a).
Depending on the cases of each h;, we evaluate the corresponding part
in (14.18) by Hjer A;(N), where A;(N) is the number of possible choices of

h; € H, irrespective of other h;,j’ € J,,# j. In Cases 1 and 2, we have
respectively

A;(N) < v(N) xng!,

Aj(N) < v(N)W(N) = 1) ((N) —|a] + 1) x (ng))".

In both cases (in Case 2, remark that |a| < ¢;), we obtain 4;(N)/|Jnx|% —

0 (N — o0), and as a result
DF(J,, Hy)
e, ||

A;(N)
| I |4

(14.20) < sum of possible cases of H

jEdy
— 0 (N — 00).

By 14.2-14.3, the proof of Theorem 13 in the case of @ # () is now complete.

15. Case of non-irreducible unitary representations

We keep to the notation in Section 12. Assume @ # 0 in (12.1), and
consider a subgroup H' = HyoHp omitting the factor Hg (or replacing Hg by
Hg = {e}), and also a subgroup H"” = Hp in place of H = HoHpHgq. These
subgroups are small and far from saturated in G. Take an IUR #’ of H’, and
such a one 7 of H” given as

(15~1) = T & (®p6P Xp)7 = QpeP Xp »
and consider induced representations of G as
o =Ind% 7', P! =nd$, 7",

which are very far from to be irreducible. Let f, and f,~ be positive definite
functions given as matrix elements of 7’ and 7"’ as

far (W) = (oo, v0) - (Tyer X ) ():
for ") = (Tyep X0 ) (),

for ' = h{h's € H' = HyHp, and a unit vector vy € V(m), and h” = b’} €
H" = Hp respectively. Put

F' =Ind$, frr, F" = Ind$ frr,
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then F and F" are positive definite functions on G, or matrix elements asso-
ciated to the induced representations p' = Ind%, ' and p” = Ind$, =" respec-
tively.

Taking limits of centralizations of F’ or F", similarly as for F' = Ind f.
in (13.1) with H = HyHpHg in (12.1) and 7 in (12.3), we get exactly the same
family of Thoma characters f, g, extremal invariant positive definite functions
on G.

In more detail, repeating the discussions in Section 14 (essentially those in
14.1), we obtain the following result, rather astonishing.

Theorem 16. Let Gy = G5, be an increasing sequence of subgroups
going up to G = G,. Assume that for every p € P,

|IpmJN|/|JN| — Ay (N —00).

Then, the centralizations of F' and F" over Gy tend respectively to a Thoma
character fo g pointwise, where the decreasing sequences of non-negative inte-
gers a = (a1, ,...) and B = (f1,0P2,...) are reorderings of { A\, ; p € Py}
and { A, ; p € P_} respectively.

These convergences are quite similar as for F' = Indg fr, and are proved
word for word as for the second term in (14.11) (cf. 14.1).

16. Remarks and comments

16.1. Irreducible decompositions of factor representations
Here we treat two extreme cases of Thoma character f, g, where vo = 0
or vo = 1, with |laf| + [|8]] + 70 = 1.

Case of o =0 or ||of + ||8] = 1.

An irreducible decomposition of a factor representation 7y (of type II;)
associated to f = f, g is given in [Ob2].

His result says the following. Let iy and i_ be natural numbers such that

(o7 > Qi 41 = 0 and ﬁ,’f > ﬁi,-‘rl =0.

Then, the factor representation 7y is decomposed as an integral of IURs p(c, )
= Ind%(c,0) with infinite multiplicity, where ¢ = (I,)pep, 0 = (Xp)pep, satis-
fying the condition

(16.1) P =Pyl =iy, p_=|P_[=i_.
Here H = H;)6P &7, a restricted direct product of &7, = G, and 7(c,0) =

®pepXp & character of H, and Py, P_ are defined in (13.4).
From this result, we can define supp(ry) in the dual space G of G for

f = foc,ﬁ by
supp(rs) == { p(c,9) = IndF(®perXp) 5 ¢ = (I,)pep,
0= (X;D)peva = l_.[/pEP 61;}’ |P+| =4, |P—| =i_ }
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We can characterize supp(my) from the view point of the topology in
Rep(G), or more exactly by means of the set 7C(p) (in Notation 13.1) of Thoma
characters obtained as limits of centralizations of matrix element F' = Indg fr
of an IUR p = Indgﬂ.

Fix f = fo,3 and consider an IUR p = Indfﬂr such that 7C(p) > fa.
Let p = p(c,0),m = 7(c,?), and ¢ = (B, (Ip)pepr, (Zq,Ty)qeq). We say that p
can attain f, g (or that 7C(p) contains f, g) without redundancy if B = 0,
|Py| =i4,|P_| =i_, and in addition @ = 0} in case ||| + || 3| = 1 (or 7o = 0).
The meaning of this terminology is that B # () has no effect to the set 7C(p),
and that, if |Py| > iy for example, we put A\, = 0 for some p € P, (in other
words, kill the role of p) to get fo, 5. Put

TUR(fup) = {p=TdG7m; TC(p) 3 fas, without redundancy}.

Proposition 17.  Assume ||« + ||3]| = 1. For the indecomposable pos-
itive definite class function f = fo g, the support supp(ny) of II; factor repre-
sentation my s characterized as follows:

(16.2) Supp(’frf) = IUR(f)v = fap-

Remark 16.1.  The expression given in (11.4) of f, s plays an impor-
tant role for our calculation in Section 14. It has also an intimate relation to
Obata’s method in [Ob2] of giving irreducible decompositions of 7y, f = fu g.

Case of 79 =1 or a = =0 (regular representation).

The regular representation A is a factor representation associated to
fo,o = 0.. When we extend the above situation in the case of the factor
representation 7y associated to f = f, g with 79 = 0 to the case of fgo with
v = 1, we can make a speculation about the support of Ag (or the support of
Plancherel measure for G). Note that, for an [UR p = Ind$m, “7TC(p) contains
fo,0 without redundancy” means that B = P = ) for p. Then, in this case,
TC(p) ={ fo,0 } as in Remark 13.1. We may take our speculation as

First working hypothesis.
The support supp(Ag) is equal to or is contained in the set ZUR(fo,0)-

16.2. Classification of extremal positive definite class functions

Aiming to apply our method of “taking limits of centralizations” of pos-
itive definite functions to other types of infinite discrete groups, we analyse
relations of our present results to Thoma’s results in [Tho2].

Main important points in [Tho2] can be considered as the following.

(1) Criterion for extremality of positive definite class functions;

(2) Sufficient condition for positive definiteness;

(3) Necessary condition for positive definiteness.

In that paper, after establishing a simple criterion for (1), the author
studied (2) and (3) at the same time by applying a deep theory of analytic
functions defined on discs.
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Here in this paper, we established the second part (2) by the method of
‘taking limits of centralizations’, a proof quite different from that in [Tho2],
and much simpler one if we take into consideration the result in Section 15.

Added in proof. The proof of Theorem 13 in Section 14 is not complete
in the case where [P| =00 and }_ p A, < 1. So, to cover this case, we should
replace in the statement of the theorem, “Jy ' N satisfies” by “Jy /' N is
an appropriate sequence satisfying”. Similarly in the statement of Theorem 16,
“Assume that” should be replaced by “Take an appropriate sequence satisfying
that”.
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