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A partial horseshoe structure at an
indeterminate point of birational mapping

By

Tomoko SHINOHARA*

Abstract
In this paper, we show that, for some birational mapping F of P2
with an indeterminate point I, there exists a partial horseshoe structure
at I; and periodic points of F' accumulate at I;. This is a new dynam-
ical model that gives a chaotic phenomenon in a neighbourhood of the
indeterminate point I; at which F' is not continuous.

1. Introduction

An indeterminate point of a rational mapping on the 2-dimensional com-
plex projective space P? naturally appears in the dynamics of the Newton
method at a multiple root of a system of equations (cf. [3], [9]). Here let us
recall briefly this. Let R = (P,Q) be polynomials of variable (z,y) € C2.
Consider the solution of the system of equations R(z,y) = (0,0). The New-
ton method for R(xz,y) = (0,0) is defined by rational mapping F(z,y) =
(2,y) — (JR(z4)) "' © R(z,y), where (JR(;,))"" is the inverse of Jacobian
matrix of R at (z,y). If (zg,yo) is a multiple root of R(x,y) = (0,0), that
is, R(z0,y0) = (0,0) and det(JR(y,,y,)) = 0, then it is an indeterminate point
of F. Thus, to analyze local dynamical structure at an indeterminate point is
closely related to the Newton method for a multiple root, and this is one of
important problems on dynamical system of rational mappings of P2.

The investigation of the local dynamical structure at an indeterminate
point originated with Y. Yamagishi [11], [12]; in which he constructed uncount-
ably many stable manifolds of an indeterminate point. In view of his results, a
chaotic phenomenon occurs in a neighbourhood of the indeterminate point at
which the mapping is not continuous.

In this paper, we study exclusively the following birational mapping F' of
P? having the form:
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() F:lz:y:t]e [2° 4+ axt® — yt? : bt : bot?] with |a| > 1, b#0,

and give a partial horseshoe structure at its indeterminate point. Here, it should
be remarked that the horseshoe structure is known as a typical model which
induces a chaotic behavior (see [8]).

In order to state our Main Theorem, let us introduce some notations and
terminology. Let f;(z,y,t) (i =0,1,2) be homogeneous polynomials of degree
d. Then by setting

F([(ﬂ ‘Y t]) = [fo : fl : fQ] and F(.’ﬂ,y,t) = (anflva)a

we have a rational mapping F on P? and a polynomial mapping F on C?
with 7o F' = F o on C® outside some proper analytic sets, where 7 : C? \
{(0,0,0)} — P? is the canonical projection. A point p € P? is said to be
an indeterminate point of F if ]3'(]3) = (0,0,0) for some point p € 7w 1(p).
In general, if p is an indeterminate point, then F' is not continuous at p and
Mo, F(Up \ {p}) is not a singleton, where the intersection is taken over all open

neighborhoods U, of p. A rational mapping F' of P? is said to be birational if
there exists another rational mapping G of P2 such that FoG = id and GoF =
id on P? except some proper algebraic sets, where id is the identity mapping.
In such a case, G is called the inverse mapping of F'.

Let us now return to our mapping F' appearing in (). Then it is easy to
see that F' has the inverse mapping GG written in the form

Glw:y:t]) = [yt? - y* — bayt + ayt® : %].

Moreover, a straightforward computation shows that I3 := [0 : 0 : 1] is an
indeterminate point of F, G(I;) = I; and the eigenvalues of the JGy, are 0
and a. Thus, in order to analyse the dynamical structure of F' near the point
I, it suffices to consider the behavior of G near the fixed point I;.

Let U be an arbitrary small neighbourhood of I;. Then, noting that I; is
a saddle fixed point of G by our assumption |a| > 1, we define a local stable set
W (I1) and the stable set W*(I;) of I by

Wi (1) = {qu‘G" —>11} and W*(I,) = UG (We.(I),
n>0

respectively, and a local unstable set W}t (1) and the unstable set W*"(I;) of
,[1 by

Wi (1) = {q cU ‘ F(q) — 11} U{L} and WU(IL) U G WE (1)),

n>0

respectively, where {F"} and {G"} are, of course, the iteration of F' and G,
respectively. It is remarked here that the definition of (local) unstable set is
slightly different from usual one (cf. [5, §6.4]), because F' is not continuous at
I;. It then follows from the stable manifold theorem (see Theorem 3.2) that
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W (I1) # 0 and W*5(Iy) # 0. If W#(I;) and W*(I;) intersect at some point
q with g # I, then ¢ is said to be a homoclinic point. Moreover, ¢ is said to
be a transversal homoclinic point if T,C? is the direct sum of T,W*(I;) and
T,W*(I,): T,C* = T,W*(I,) ® T,W*(I;). Recall that, in general, if a C"
diffeomorphism H on a differentiable manifold has a saddle fixed point with
a transversal homoclinic point, then some iteration H* of H has a horseshoe
structure and its dynamical structure is described by symbolic dynamics (see
[8]). Notice that our G is not locally diffeomorphic near the point I, so that
the general theory cannot be applied directly to our case. However, observing
the orbits of critical sets of G carefully, we can obtain a similar conclusion in
our situation. In fact, introducing the sets

N = {3:(,,,7314_1,8@‘,8“_17...)| 812071 foralliEZ} and
F = {3:(,,,’571_1’8,.“0,0,...)Ei’ ’H,EZ},

we can prove the following:

Main Theorem. Let F : P? — P? be the birational mapping as in ().
Then, we have the following:
(1) There exists a homoclinic point gy of I;.
(2) Moreover, suppose that qqo is a transversal homoclinic point with

qoe{[x:y:1]€P2|y:O}\{[a:0:b]}.

Then there exist a positive integer k, a set X C P? and a homeomorphism
U : X — S\ E such that X is invariant under G and o o U = W o G* on X,
where o is the shift mapping on )y \ E.

In particular, periodic points of F' accumulate at its indeterminate point I.

As to the topological nature of X, see the remark in Section 4.

This paper is organized as follows. In Section 2, we collect some prelimi-
nary facts. Sections 3 and 4 are devoted to the proof of Main Theorem. In the
final Section 5, we give an example of the parameter (a,b) such that G has a
homoclinic point go € {[z : y : 1] € P? | y=0}\{la:0:0]}. It goes without
saying that there are many rational mappings with the same point I as one of
their indeterminate points; and therefore, there exists the horseshoe structure
at I;. For the concrete description of such a mapping, see [10].

2. Fundamental properties of mappings F and G

In this section, we fix the notation which will be used throughout this
paper, and collect some preliminary facts on our F' and G. First of all, we fix
an homogeneous coordinate system [z : y : t] in P? once and for all; and we
shall often use the natural identification given by

02:{[x:y:t]6P2’t7é0} and (z,y)=[z:y:1].
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If 2y € C and r > 0, we set, as usual,

An(z) ={z€C||z— 20| <7}, Ar(20)" = Ar(20) \ {20}, Ar = A(0),
A2(z0) = Ar(20) X Ap(z0) and A2 = A%(0).

We define the canonical projections
m:C* = C (i=1,2) by m(z,y) =2 and m(z,y) =y,
and also define three points I; and three curves C; in P? by

I=00:0:1], b=[0:1:0], Is=[1:0:0];
and C’lz{[m:y:t]EPQ‘x:O}, ng{[a::y:t]ePQ’t:O},

C’gz{[x:y:t}EPQ’yzo}.

Finally, we denote by I, Ig the sets of indeterminate points of F' and G,
respectively. The verification of the following proposition is straightforward;
therefore, the proof is left to the reader.

Proposition 2.1. With the notation above, we have:
(1) Ir = {11, I} and Ic = {I3};
(2) Ir = Uj2o Fi(Ip) and Ic=U;2, G (la);
(3) F(C1 UG\ {Ir}) = {Is}, G(Co\{I}) = {I} and G(Cs\{Ic}) = {I1};
(4) F: PP\ {C1UCy} — P2\ {CLUCs} and G : P*\ {CLUC3} — P\ {C1UCs}
are biholomorphic mappings.

3. Proof of (1) of Main Theorem

Throughout this section, we concentrate our attention on dynamics of G in
the chart C2. Observe that I; = (0,0) and the restriction of G to C?, which we
denote also by G, is written as G(z,y) = (y,y> — bry + ay). As an immediate
consequence of Proposition 2.1, (4), we have the following:

Proposition 3.1. Letn >1. Then
(1) Cs\ Ig € W*(Ih);
(2) 6" (UiZg 675(Cy)) = (I}
(3) G™: C?\ UZ;S G~F(C3) — C*\ Oy is a biholomorphic mapping.

In order to prove the assertion (1) of Main Theorem, we assume the con-
trary that

(3.1 there is no homoclinic point of I;.

For the proof, we need the following well-known result:
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Theorem 3.2 ([5, Theorem 6.4.3]).  Let G be a holomorphic mapping
from an open subset U of C* to C* with a fizxed point p € U. Let o, 3 be
the eigenvalues of JG, and suppose that |3| < 1 < |a|. Then there exists a

holomorphic mapping H : A, — U such that
(3.2) H(0)=p and GoH(z)= H(az) for z, az€A,.
In particular, we have H(A,) C W*(p).

Applying Theorem 3.2 to our G, we obtain an entire holomorphic mapping
H : C — C? satisfying the following:

(3.3) H satisfies (3.2) and is injective on A, and JHy ="'(1,a).

Here, (1, a) is the transpose of (1,a). Indeed, let us define the holomorphic
mappings P, G : C* — C? by
P(z,y) = (z +y,azx), G=P 'oGoP.

Then it is easy to see that

GI) =1 and JGj, = <3 8).

Hence, by applying Theorem 3.2 to Gand I 1, we obtain a holomorphic mapping
H: A, — C? satistying (3.2) for G and H such that H(0) = I and JHy =
t(1,0) (for detail, see the proof of [5, Theorem 6.4.3]). Consider the composition
Hy:=PoH:A, — C? Owing to the fact (3.2), one can now define an entire
holomorphic mapping H by setting

H(z) = G" o Hy(z/a") for z € Ajgn,, n=1,2,3,....

P

Then, it is easy to see that H satisfies the conditions required in (3.3).

Proposition 3.3. (1) H(z) € W¥%(I;) for z € C.
(2) If H(A,)NUS0G™(Cs\ Ig) = {11}, then H is injective on C.

Proof. (1) is a direct consequence of the definition of H and (3.2). Since
H is injective on A, the assertion (2) follows from Proposition 3.1. o

Here, if H is not injective on C, then there exists a homoclinic point by
Propositions 3.1 and 3.3. Therefore, recalling our assumption (3.1), we assume
in the reminder of this section that

(3.4) H is injective on C.
Set
Pi(z,y) =y* = br +a, P(z,y) = y*(P1)? —by +a, and
¥ = {(a@y) eC? ‘ P(z,y) = O} (i=1,2).
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It should be remarked here that ¥; are irreducible components of the algebraic
sets GT1(C3) and ; C W*(I1). Next, we write H = (hq, ha) by coordinates.
Then, both functions h; and hy are non-constant by (3.3). In the following
part of the proof of Main Theorem, (1), we will go along the same line as in
Jin [4, §2].

Lemma 3.4. At least one of hy or hs is a non-constant transcendental
entire function on C.

Proof. By the assumption (3.1), one can see that H(C) N ¥; = @ for
1 =1,2. So, P, o H are non-zero constants or transcendental entire functions
with the exceptional value 0. Suppose that P;o H are constants, say, P,oH = q;
for some a; € C*. Then

ho(2)2a? — bhy(z) +a = ag for all z € C,

which contradicts the fact that ho is a non-constant holomorphic function.
Thus, at least one of P; o H is a transcendental entire function, as desired. [

Without loss of generality, we may assume that
(3.5) hs is a non-constant transcendental entire function.

Lemma 3.5. H(C) is not contained in any algebraic hypersurface in
C?.

Proof. Assume the contrary. Then, there exists a non-trivial polynomial
Q(x,y) such that

H(C) C {(m,y) e C2 ‘ Q(z,y) = o}.

It should be remarked here that @) is a genuine two variables polynomial because
hi and hg are non-constant holomorphic functions. From (3.5) there are some
constant 7y and infinitely many distinct points z, in C such that ha(z,) = v
for all v. Set 0, = hi(z,). Then, H(z,) = (d,,7) are infinitely many distinct
points by (3.4). On the other hand, Q(4,,7) = Q o H(z,) = 0 for all v. This
contradicts the fact that @ is a genuine two variable polynomial. |

Let us return to the proof of (1) of Main Theorem. Set

Py(a,y) = {Pa(a.y)}* = bPi(w,9) +a, T5 = { (@) € C? | Py(,) = 0}.

Then, a simple computation shows that 33 C G~3(C3). Here, we assert
that polynomials P; (¢ = 1,2,3) are non-constant, irreducible and relatively
prime, after rechoosing some irreducible components in place of P; (i = 2,3),
if necessary. Indeed, this follows from the assumptions that |a| > 1 and
b # 0 and from the facts that (a/b,0) € Xy, (a/b — a/b*,0) € X3 and
Yo N {(z,y) € C?ly =0} = 0.

Finally, recall the following;:
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Theorem 3.6 ([6, Theorem 5.6], [7]). Let H : C — C? be an entire
holomorphic mapping. Assume that the set of exceptional values of H contains

algebraic surfaces ¥; = {(m,y) € C? ’ Pi(z,y) = O} (i =1,2,3), where P; are
non-constant, irreducible and relatively prime polynomials. Then there exists
some polynomial Q(x,y) such that H(C) C {(m,y) e C? ‘ Qx,y) = O}.

Applying this theorem to our H and X;, we conclude that H(C) is con-
tained in some algebraic surface. But this contradicts the fact in Lemma 3.5;
completing the proof of (1) in Main Theorem.

4. Proof of (2) of Main Theorem

We retain the terminology and notation in the previous section. Our con-
struction of a horseshoe mapping on a neighborhood of I; is based on the
arguments in [5, §7.4] developed in the case of Hénon mapping. The proof will
be divided into four steps. Here, we need a few preparations. Since hy(0) =0
and h5(0) = a by (3.3), the inverse of hy can be defined on some small disk
AR, and H(A,) can be locally described as

H(A)) = {(m,y) eC? ‘ z=hiohy'(y), ye AR}.
Define the mappings ¢* : Agp — C and ® : A% — C? by

¢“(y) = h1ohy'(y) and ®(z,y) = (z — ¢“(y),y),

respectively. Clearly, @ is a biholomorphic mapping and ®(I;) = I;. Thus, the
inverse mapping ¥ = ®~! can be defined on A%, for some R’ with 0 < R’ < R.
In what follows, the index j will run over 1,2, ... and the indices i and i; will
run over 0,1, unless specified otherwise.

Step 1. The purpose of this step is to construct some fundamental do-
mains V; and W, on which a horseshoe mapping is defined. We now proceed
to define the vertical set [ and the mapping V¢ : Ap — C? for £ € Ag by
setting

le = {(w,y) € A%, ’ T = 5} and We(y) = V(€ y), y € Ap.

Clearly, U, is injective on Agr/ and Uo(Apr/) = H(A,). Set ¢ = ¥(l¢) for
¢ € Ag. By (1) of Main Theorem, there exists a homoclinic point py €
W (I;) "N W#(I1) \ {I1}. Without loss of generality, we may assume that py €
H(A,); accordingly, one can choose a point (0,y0) € lp such that Wo(yo) = po.
By the argument in Section 3, we know that

{H(Ap)ﬂ G G_n(C:J,\Ig)}\{Il} =+ @, G(Cg\[@) = {Il}, Cg\IG C WS(Il).

n>0
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Hence, there is a unique positive integer ng such that
G™(po) € W (1) (1 [ G5\ {11, I}
Then, putting go = G™ (pg), we have the following:

Lemma 4.1.  There is a positive constant ro such that

G™ 0 Wo(Ar,(y0)) NCs = {qo}.

Proof. 1If such an ro does not exist, then G™ o Uy(Ag/) C Cs by the
identity theorem. Then, H(A,) C G™ o H(A,) = G™ o Uy(Agr/) C C3. This
contradicts the fact that ho is non-constant by (3.3); completing the proof. O

From now on, we assume that
(4.1) qo is a transverse homoclinic point of I; and gg # (a/b,0).

Put g9 = (20, 0), so that zg # a/b. From Proposition 3.1, (2), (3) and Lemma
4.1, G™ oWy : A, (yo) — C? is an injective holomorphic mapping and Vomg =
G™oWo(A,,(y0)) 2 qo- Moreover, Tg)Yg ., D14 Cs = Ty, C? from the transver-
sality condition. Hence, there exists a tangent vector v = (, 8) € Ty, n, With
6 # 0; and accordingly,

1600 =5ty -0) = (s 0) # 0)

This implies that, for some r > 0, 76,n0 41 is a one-dimensional submanifold of

C? given by the graph of the holomorphic function z = (¢8)no+1(y) on A,.. On
the other hand, it is easy to see that the family of functions {ma0G™ oW }een .,
converges to the function g 0 G™ o ¥y as || — 0, uniformly on every compact
subset of A,,(yo). Together with Lemma 4.1, Hurwitz’s theorem guarantees
that:

(4.2) There exists a constant 7y with 0 < r; < R’ such that, for each
' Ee€ A, ma0G™ o V,(y) has a unique zero point ye € Ay, (yo)-

Let us put
Vo=A, xA,,, Vi=A,, XA, (y) and 'yéyn =G"o ¥l NV)).

As in the case of 7{,,, 1, after rechoosing r1 and ry if necessary, one can see
that 7{ ,, ., is given by the graph of the holomorphic func‘gion T = ((bé)‘nﬁl(y)
on A, for every §{ € A,,. Since Iy € v¢,, 11, one can set Iy, 4 = <I>('y§7n0+1).

Before proceeding, we need to state a A—lemma. To this end, define a
holomorphic mapping

G:A%L -C?* by G=®oGoW.
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Then, é(Il) = I, and I is a saddle fixed point of G. In particular, the local
stable and unstable sets of I; for G are contained in the z-axis and in the Y-
axis, respectively. Moreover, G™ is well-defined on some neighbourhood U, of
I such that

n—1 n—1
(4.3)  G™ is injective on U, \ U G7F(C3) and G™ (U G‘k(03)> =1.
k=0 k=0

Let ¢ : A, — C? be an injective holomorphic mapping with ¢(0) = I;. Write
d(2) = (¢p1(2), p2(2)) and put D = ¢(A,). Then, we can now state our A-lemma
as follows:

Lemma 4.2 (\-lemma for G at I;).  Assume that DN C3 = {I,} and
@5(0) # 0. Then, there exists a family of holomorphic functions ¢y, : Agrr — C
such that

$n(0) =0 and G"(D)N A% D {(a:,y> €AL |z =¢n(y), ye ARI}

for all sufficiently large n. In particular, {¢,} converges locally uniformly to
the constant function x =0 on Ap.

Since this lemma can be proved with exactly the same argument as in [8,
Lemma 7.1], we omit it. From Lemma 4.2, we obtain the following:

Lemma 4.3.  There is an integer mqg such that
m 0 G™Mo (lé’noﬂ) C Ay 2, mo Gmo (léngﬂ) D Ap forall £eA,.

To simplify discussion, we change notation and write G, I in place of
$ o Grotmotl o U, § o Frotmotl o W respectively.

Noting that G(I;) = I; and the iteration G™ is well-defined at I for every
n, we here concentrate our attention on dynamics of G in a local neighbourhood
A%, of I. Rechoosing V; if necessary, we may assume by Lemma 4.3 that

Let us here define the functions ¥} on A,, by
wg(l’) =0, ¢é(x) =y, for x €A,

where g, is the zero point appearing in (4.2), and set

(45) iy ={@yev.

y:1/)8(93)a xeAﬁ}'

Then, one can see that y = v§(z) is holomorphic on A,,. Indeed, from the
construction of V;, we know that G=(I;) = U,_, [§ and [}, is an analytic subset
of pure dimension one; and hence, y = ¢{(z) is holomorphic on A,, (cf. [7,
Theorem 4.4.1]). Therefore, putting W; = G(V;), we obtain the following:
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Y
Lo
T
Vi
11 = (0,0) v
Vo
Figure 1

Lemma 4.4. G:V,uVp\ U;ZO Ii — WoUWi\ {11} is a biholomorphic
mapping and G (ULO l%) ={I}.

As seen in Figure 1, Wy U W; is pinched at I;. In this way, we
have constructed two domains V; and W;, which will play a crucial role in
our proof.

Before proceeding, we need to introduce some terminology. Let U be an
open subset of C?. Then we say that U is foliated by the leaves {leteen, if

(i) £ is a one-dimensional complex submanifold of U for every § € A,;

(i) U= [J € and
EEA,
(ili) leNle =0 for & & €A, with £ #¢.

Step 2. In this step, we want to show that both the domains V; and W;
have the structure of foliation. For this purpose, we put lé = G(ViNlg) for

& € A,,. Then, by Lemma 4.3, there is a holomorphic function ¢2 on Ag/ such
that

(4.6) |¢E(y)| <r1/2 on Ag and lé = {(a@y) ew;

= 0Ly) y € D |-

Thus, W; \ {I;} is foliated by the vertical leaves {lé \ {Il}}feA

1
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Also, we wish to show that V; has the structure of foliation. To this end,
define the horizontal sets

ln:{(x,y)€A2,’y:17} for ne Ap,
[ =F(,nW;,) for ne Ay and I} =G (lhNW;,)NV;,.

Then, we have the following:

Lemma 4.5.  For eachn € Ag and i1, there exists a holomorphic func-
tion ;' on A, such that

271 = {(m,y) € ‘/il

y=vi(x), ze Arl}
and V;, s foliated by the horizontal leaves {lAfll}neAR,.

Proof. 1If n =0, we can construct l%l by (4.5). So, consider the case where
n € A%,. Then, by Lemma 4.4, G~ is an injective mapping on W;, \ {I;} and

I =F(l,nW;,) =G {1,N U e = U G~ (g (m):m)-
€N, fe,,

Since Gt ((ﬁ? (), 77) is a single point contained in lg NV, for every £ € A, , if
one defines a function ¢;! on A, by the relation

G o (m),m) = (&9 (€)) for €A,
then
i ={@yev;

Y= wf]l(x), x € Aﬁ}.

On the other hand, G‘l(lA77 NW;,) is an analytic subset of pure dimension one;
accordingly, ¢;' is a holomorphic function on A,, by [7, Theorem 4.4.1]. O

Step 3. In this step, we shall show that the mappings G™ and F" satisfy
the horseshoe condition for every n. For this purpose, writing G™ = (g7, g5)
and F™ = (fT, f3) by coordinates, we define inductively the sets V; _;, and
the holomorphic mappings Gi»4 : V; . — A, X Ag by

1

‘/7;n+1’in.‘.i1 = ‘/7;n+1 m G_l(‘/;nll) and gi”.”il (',1:7:(/) = ($7gg($7y))
for all ¢; with 1 < j < n. Here, we say that G" satisfies the horseshoe condition
if Gé»"1 are biholomorphic mappings for all i; with 1 < j < n. With this

terminology, we have the following;:

Lemma 4.6. G" satisfies the horseshoe condition for every n.
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Proof. To prove this lemma, we proceed by induction on n. Let n = 1 and
assume that G is not injective. So, there are points (£,7), (§,7') € Vi, with
n # n' such that g2(£,m) = g2(&,n’). On the other hand, since lél =G(leNVy)
is given by the graph of the function z = (b? (y), it then follows that g1 (&, n) =
g1(€,1); which contradicts the fact that G is injective on lg N'V;,. Thus G% is
injective. On the other hand, it is clear by (4.4) that G“ is surjective, and the
proof is completed in the case when n = 1.

Assume the lemma is proved for n > 1. Then, since G*»** is biholomor-
phic, there exists a holomorphic function wff'“'“ on A,, such that

{@y) eViis | @) =n} = {(@y) e Vi,

y=u;i(z), T € Ar1}~

Denoting this set by i}%”“'“, we see that V; . ;, is foliated by the horizontal
leaves {ZA%“"““},,EAR,. Define the holomorphic mapping

GV NGV O\ — Ay, x A by (2,y) = (fil2,y), g5 (2,))

and claim that this is biholomorphic. To do this, it is enough to show that the
set

{0 = (e €

filz,y) =€ g5 (x,y) = 77}
T= 07 ),y = vt (o)}

n41 nel1

= {(x, Y) € G(Vippy) NViiy

consists of a single point. Indeed, since (bé”“ o1 (Ay,) C Ap, 2 by (4.6),

one can see that there exists a unique fixed point € A, of qﬁé"“ o zZJf?"'“il (cf.
[5, Theorem 6.3.5]). Thus, for any (§,n) € A,, xA%,, there exists a unique point
(&, i1 (2)) € Vi iy N G(Vi ) \ g™ with Gt (2,91 (2)) = (&),
Consequently, Q~1"11 is a biholomorphic mapping.

Next, put ;""" = G~ (lin NG(V;,,,)) for every n € Ap and iy
As in the proof of Lemma 4.5, we here assert that there exists a holomorphic
function ;7" on A,, such that

et = {(@,9) € Vi NG Vi) |y = iy (), @€ A}

Indeed, by construction we have

lz']nﬂ...il _ G—l(i:']n...il N G(Vinﬂ)) _ G—l U Z:]nzl n Z?H»l
EEA,,

So, repeating the same argument as above, one can see that, for any given £ €
7 Gn 41

AV lé"“ ilntersects lﬁl“ at only onelpoint, which we denote by (qbf (yn), yn)
€l ﬂlz"“. Ify, # 0, then G~*( 2“’“ (yn)s yn) is given by a s‘ingle.point con-
tained in G™*(V;,...i, ) Nlg, so it can be written in the form (&, 1" (€)), and
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1!_13,"“”'“ is a holomorphic function on A, by [7, Theorem 4.4.1]. If y,, = 0, then
Lt Nyt = {L}. By (45), we have that (¢, (€)) = (&45"" (€)

and lAiInJrl---h _ l/\én#»l.
Finally, consider the mapping

g“’""il oG : G_l(vvin...h N G(Vvin+1) \iénll) n ‘/inJrl - ATl X AE/

Then, by Lemma 4.4, it follows that
G_l (‘/inmil N G(‘/;n+1) \ Z(l)n“) = G_l(Vin...il) N V;n+1 \ Zz)"+lmi1 and
gi"+1"'i1 = gNi"Jrl"'il oG : Gil(‘/in...il) N ‘/in+1 \[én+1~--i1 - Am X Aj:%’

is a biholomorphic mapping. It is now an easy matter to see that Gin+i-
naturally extends to a biholomorphic mapping

G G (Vi i) (Wi — Ary X A,

n41

by setting Gén+1-41 (z,y) = (z,0) for (z,y) € %“’*1"'i1, and the proof of Lemma
4.6 is completed. O

Now, replacing G by F in the argument above, we define inductively the

sets W, ...;, and the holomorphic mappings Finwin Wi, .41 — A x A% by
Wigiy = (Wi, \{Ii}) N F~1(W;, \ {I1}),
Wi”Jrln_il = (Win+1 \{[1}) N F_I(Win...il) fOI‘ n Z 2 and

Fin(x y) = (fi(x,y),y) forevery iy,...,i; with n>1.

We also say that F™ satisfies the horseshoe condition if Fi»—"1 are biholomor-
phic mappings for every 4,,...,4 with n > 1.

Lemma 4.7. F" satisfies the horseshoe condition for every n.

Proof. The proof is almost identical to that of Lemma 4.6. Consider first
the case n = 1. To prove that F satisfies the horseshoe condition, we need
to show that F is injective. If not, there are distinct points (&,7), (¢/,7) €
Iy, " Wi, \ {I1} with f1(&,m) = f1(¢,n). Since It = F(I, N W;,) is given
by the graph of the function y = 1/)%1 (2), it follows that fo(&,n) = f2(&,n);
contradicting the fact that F' is injective on Zn NW;, for n # 0. Therefore, Fh
is injective.

Assume that F™ satisfies the horseshoe condition for some n > 1. Then,
since Fin4 is a biholomorphic mapping, there exists a holomorphic function
qﬁé"'”“ on A%, for every & € A, such that

{9) € Wiy | Fia ) =€)

= {(x,y) eW, i

T = ¢?“(y), y € A*R/}.
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Hence, denoting this set by lé“"“il, we can see that W; ., is foliated by the

vertical leaves {lé“"“il}ge A,,- Next, define the holomorphic mapping

1

fin.‘.h : WlnhmF(Wlw+1\{I1}) - ATl ><A*R’ by (.’ﬂ,y) = (fln(l'7y),g%($,y))

Then, noting that qﬁé""‘il can be extended to a holomorphic function on Ag: as
gi)lg“ (0) = 0 and repeating the same argument as in the proof of Lemma 4.6,
we can check that Fin-1 ig biholomorphic. Moreover, it follows from Lemma
4.4 that
(i) F is biholomorphic on W;, ., \ {I1};
(i) F~ (Wi, .o, NF(Wi,, \ {I1}))

=F "W, o) N {Wi  \{I1}} = Wi, ,,.4; and
(111) ]:in+1...i1 _ f‘in-nil oF : W’L

it — Ap, X AR, is biholomorphic.

Therefore, the proof is completed. O

Step 4. In this final step we define an invariant set X on which F' and
G are conjugate to the shift mapping on $. First, we classify the points p €
Ny G~™(Vo U V1) by using the fact that the j-th orbit of p is contained in V;
or V7. To this end, let us introduce some notation from symbol dynamics. A
sequence (So, ..., S,—1) with terms s; = 0,1 is said to be a symbol sequence of
length n and the set of all symbol sequences of length n is denoted by {0,1}".
For each (sq,...,Sn—1) € {0,1}", define the set V;, s _, by

VS()...S,,,71 - {('T7y) e A’I‘1 X AR' G‘](m7y) E ‘/Sja 0 S j S n— 1}

Then, from Lemma 4.6, we have the following:

Lemma 4.8. V. s, , = UWGAR/ Zflomsni1 and G(Vso...s,—1) C Vi
for every (so,...,8n—1) € {0,1}".

As in [5, §7.4], define the space X of all infinite symbol sequences by
3= {s+ = (80,51, --) ’ S; :O,l}

and set

I(sy) = m Vso...s, for every sy € 3.
n=0

Then, we have the following:

Lemma 4.9. For every sy € X, there exists a holomorphic function
Vs, Ap, — Apgs such that

I'(sy) = {(m,y) €N XA |y=1s, (x), T€ Arl}.
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To prove Lemma 4.9, we start with the following general fact:

Lemma 4.10 ([5, Lemma 6.3.7]). Let K1 D KyD---DK,D--- bea
decreasing sequence of compact sets in ch. Suppose that there exist a domain
vV ccM g compact set L C 'V and a sequence of holomorphic mappings
®, : V — CVN such that

K,2>0,(V)D®,(L) D Kyy1 forevery neN.
Then the intersection (.-, K, consists of a single point.

Proof of Lemma 4.9. Now putting sy = (so, s1,...), we assert that Ic N
I'(s) consists of a single point for every £ € A,,. Indeed, taking into account
the fact le NT(sy) = Noeo (Vso...s, Nle), we define the holomorphic function

(95 )t malle N Vig.os,) = A by y= (g5 )ely) = 657 (€ ).

Then by the horseshoe condition, (g’;"’l) ¢ is a univalent function with inverse
(g;”rl)gl : Apr — ma(le N Vs 54y )- Moreover, since G(Vi,..s,.,) C Vi, ..
it follows that G"+1(Vj C Vs,., and

0~~-S'n.+1) Sn+1

Sp41)

(QS—H)& o 7T2(lf N ‘/so...anrl) - 772(V8n+1) C Arz U A?‘fz (yo) c AR”

for some constant R with 0 < R" < R’ Thus, applying Lemma 4.10 to the
case where V = Ap/, L = Apv, K, = m2(le NV, 5,) and @, = (gS‘H)E_l, one

n

can see that (2, ma(lg N Vs,..s,) consists of a unique point. So, denoting it
by s, (£), we have that

I‘(5+):{(m7y)€Ah><AR y =1, (), meATl}.

Remark here that, for each fixed point £ € A, , the sequence {33°*"(£)}
converges to 1, (§) as n — oo. Moreover, {5 *"},>0 is a normal family,
since it is uniformly bounded on A,,. Therefore, {15 " },,>0 converges to the
holomorphic function 1,, on A, ; completing the proof of Lemma 4.9. O

Put V' =, ex I'(s+) and define the mappings
VYV =X by (zy) s if (2,y) € D(sy),

U, : VoA, xY by (z,9)— (z,¥1(z,y)), and
c:X—% by si=1(s0,81,...) (s1,82,...).

Then, Lemmas 4.8 and 4.9 yield the following lemma (cf. [5, Theorem 7.4.12]):
Lemma 4.11. VU, is a homeomorphism and c o, =Y, oG on V.

Next, replacing G and V.5, , by F and W,_, ,_ , respectively, in the
argument above, we can repeat the same process. Notice that

Ws s, = {(m,y) e WoUW\ {1} | Fi(x,y) € Ws,, 1<j< n}

for every symbol sequence in the form (s_1,...,s_,). Then, from the defini-
tions of W,_, s . and F, the following lemma is obvious:
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Lemma 4.12. Ws_l...s,(nJrl) - Ws_l...s_n; F(Ws_l...s_n) - Ws_g...s_n

for every symbol sequences (5_1,...,5_(n41)) € .

Let us now put

A(s_) = Ws_,.s_, forevery s_ =(s_1,...,5-n,...) € 5.

18

Then, in exactly the same way as in the proof of Lemma 4.9, one can show the
following:

Lemma 4.13.  For every s_ € X, there exists a holomorphic function
¢s_ 1 AR — C such that

A@J:{uyyﬂ%quuﬁ}x=¢L@;yeA&}

Set W =, cx
W — ¥ x A%, by

Y_(z,y) = s if (z,y) € A(s-), and V_(z,9) = (V¥-(2,9),9),

respectively. Then, by Lemmas 4.12 and 4.13, we have the following:

A(s—) and define the mappings ¢p_ : W — ¥ and ¥_ :

Lemma 4.14. U _ s a homeomorphism and coy_ =1_o F on W.

Finally, we set

X:VDW\DG”UQ

n=0

Then, Proposition 2.1 together with the definitions of V' and W gives the fol-
lowing:

Lemma 4.15. X is an invariant set of F and G. Moreover, F and G
are bijective self-mappings of X.

Let us now consider the space of bi-infinite symbol sequences
3= {s =(s_,54) €L XX |s= (...,8,1780781,...)}
and its subset
E= {s ey ’ there is an integer ny such that s, =0 for n > no}.

And, define a function p : ¥ x ¥ >R by

oo

—t .
p(s,t) = Z %TM for s,t€X.

n—=—oo
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Then, it is easy to verify that p is a metric on 3 and
(4.7) p(s,t) <27%1 ifand only if s; =t; forall |i| <k.

In the following, we will always consider )y equipped with the topology induced
by this metric p.

From the construction of X, one can define the mappings U:X >3 \ E
and o: 3 — 3 by

\I](:E7y) = (¢—($ay),¢+($ay)) and U(' . '751a8A07517' . ) = ( . '7807SA1a827~ - )

~ Lemma 4.16. A\i/ : X — 2\ E is a homeomorphism such that o o ¥ =
VoG ando toW =VoF onX.

Proof. To show that U is bijective, we claim that:
(4.8)  For every (s_,s.) € S\ E, T'(sy)NT(s_) consists of one point.

Indeed, if s # (0,0,---), then v, (x) # 0 for all z € A,,. So, the mapping
bs_ 0s, + Apy — Ay is well-defined and ¢s_ o s, (Ar) C A, /2. Hence,
there exists a unique fixed point zg € A, of ¢5_ o, (x) and I'(s4) NI (s_) =
(20, s, (70)), required in (4.8). O

By Lemma 4.16, there exists a one-to-one correspondence between the sets
of periodic points of F' and ¢. On the other hand, it is well-known that the set
of periodic points of ¢ is dense in . Hence, the periodic points of ' accumulate
at I;. Therefore, the proof of Main Theorem is completed.

Remark. The set 3 \ E is neither closed nor open in 33, and both 3 \E
and E are dense in 3. More precisely, by \ E is a residual set, that is, it can be
represented as the intersection of at most countably many open dense subsets
in 3. Indeed, putting

U, = {5 e | there ezists an integer mo > n such that s, # O}

for every n, we see that U, are open dense subsets of 3 by (4.7) and by \E =
ﬂ?O‘LO:—OO Un'

5. Examples

We have already known from Section 3 that there exists a homoclinic point
qo of Iy such that g9 € C3 \ {Ig}. In this section, we give an example such
that G has a homoclinic point ¢o € C3 \ {[a/b: 0:1],I¢}. To construct such a
mapping, it is enough to find a condition on the parameter (a,b) which implies
that [a/b: 0 : 1] is not a homoclinic point.

On the chart {[:C cy:t] e P? ‘ x # 0}, F can be written in the form

bt bt?
1+at? —yt2’' 1+ at? — yt2

F(y,t) = ( ) and [a/b:0:1]=(0,b/a).
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Put (y1,t1) = F(y,t). A direct calculation shows that [1: 0: 0] = (0,0) is an
attracting fixed point of F'. Moreover, we can prove the following:

Lemma 5.1.  Assume that the parameter (a,b) satisfies the inequality
64|b| < 63 — 4|a|. Then, we have:
(1) For each fized (a,b), there exists a constant 0 < eg < 1 such that

lyil < (1 —€o)lt], |t1] < (1 —eo)|t|/4  for every (y,t) € A%M;
(2) For every (y,t) € A§/4’ F*(y,t) — (0,0) as n — oo.

Proof. Let (y,t) € A§/4' Then, it is easily seen that

0l < || < g OBl and. 1] <
n
n 1+ at? — yt? 1— |at?| — |yt?| = 63 — 4]a] S
from which we have (1). Applying (1) to (y,t) € A?/Zl inductively, we have the
assertion (2). O
Put

A= {(a,b) € C* |0 < 64[b| <63 —4lal, |b/a|] <1/4, |a|>1}.

Then, it follows from Lemma 5.1 that F™(0,b/a) — (0,0) as n — oo for every
(a,b) € A. Hence, if we choose a parameter (a,b) € A, then [a/b : 0 : 1]
cannot be a homoclinic point of G; and there must be a homoclinic point gg in
Cs\ {la/b:0:1],Is}, as required.
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