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Mod 2 cohomology of 2-compact groups of low
rank

By

Shizuo KAJr*

Abstract
We determine the mod 2 cohomology algebra over the Steenrod
algebra As of the classifying space of loop groups LG where G = Spin(7),
Spin(8), Spin(9), Fy and DI(4). Then we show they are isomorphic as
algebras over As to the mod 2 cohomology of the 2-compact groups of
type G.

1. Introduction

Kuribayashi [Ku] considered the cohomology algebra of free loop spaces by
developing “module derivation.” Generalizing his method, Kishimoto and Kono
[KK] have developed a method to calculate cohomology of certain free loop
spaces and p-compact groups over the Steenrod algebra. Using their method
we calculate the mod 2 cohomology over the Steenrod algebra Ay of BLG,
the classifying space of loop groups and 2-compact groups of type G with
G = Spin(7), Spin(8), Spin(9), Fy and DI(4), the finite loop space at prime 2
constructed by Dwyer and Wilkerson [DW].

Here we summarize the result [KK] necessary for our purpose. Let ¢ be
a based self-map of a based space X. The twisted loop space of X, LsX is
defined in the following pull-back diagram:

LyX — xlo.1]

le leoxel
1x¢p

X——XxX
where e; (i = 0, 1) is the evaluation at i. The twisted tube of X, T X is defined
by
[0,1] x X
(0,2) = (1, ¢(x))

There is a canonical inclusion ¢ : X — TyX.

TyX =
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Remark 1. When ¢ is the identity map, then LgX is merely the free
loop space of X and TyX = St x X.

The relation between the cohomology of T4X and X can be obtained by
the Wang exact sequence

(1.1)
CHPUXGR) S B TY(XG R) S HY(TX; R) s H™(X;R)

idgm()(;]{)...7

where R is any commutative ring. Especially this exact sequence splits off to
the short exact sequence when H*(¢; R) is the identity map.
The twisted cohomology suspension is a map

6y H (TyX; R) — H* (L4 X; R).

This together with the Wang sequence above relates the cohomology of X to
that of L¢X.
We consider the case when

(1.2)
H*(X;Z/2) is a polynomial algebra Z/2[x1,xa, ..., z],
H*(¢;7/2) is the identity map,
and H"(¢;Z/4) is the identity map for all odd n and n = 4m (m € Z).

Under this condition, the result in [KK] specializes to the following Proposition:

Proposition 1.1.  Suppose that there is a section r : H*(X;Z/2) —
H*(TyX;Z/2) of v*, which commutes with the Steenrod operations. Then we
have

1. H*(]L¢X;Z/2) = Z/2[e*(z1), e*(x2),...,e*(x,)] ® A(5'¢ o ’I“(l‘l),a'¢ o
7’(1’2), B 6(;5 © r(xn))

2. 65 0 r(ay) = Go(r(@)(t o &) (y) + Go(ry) o €)*(x) for v,y €
H*(TyX;Z/2).

3. 64 commutes with the Steenrod operations.

Let G be either Spin(7), Spin(8), Spin(9), Fy or DI(4), and X be BG.

When ¢ is the identity map, Ly BG is merely LBG, the free loop space
LBG, which is homotopy equivalent to BLG. Now (1.2) is trivially satisfied.
The projection S* x X — X is a section of . Hence we can calculate the
cohomology of BLG by above Proposition.

For G = Spin(7), Spin(8), Spin(9), F4 and a odd prime power g and ¢ = ¢
the Adams operation of degree g [W], (1.2) is also satisfied. The Bousfield and
Kan 2-completion [BK] of Ly X is known to be homotopy equivalent to that of
the classifying space of Chevalley group of type G(q) [F].

For G = DI(4) and a odd prime power ¢, there is a self homotopy equiv-
alence 7 of BDI(4) also called the Adams operation of degree ¢ [N]. When
¢ =%, (1.2) is again satisfied. L,BDI(4) is called BSol(q) defined in [B].
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In the following sections, our main observation is to construct the section
r when ¢ = 9% and to show the following:

Theorem 1.1.  Let G = Spin(7), Spin(8), Spin(9), Fy or DI(4). Then
H*(LBG;Z/2) ~ H*(Ly«BG;Z/2) as the algebras over the Steenrod algebra
Ao, where q is an odd prime power.

2. The case G = Spin(7), Spin(8), Spin(9) and Fy
The mod 2 cohomology over Ay of BSpin(7), BSpin(8) and BSpin(9) are

well known [Q, K].
H*(BSpin(7);Z/2) = Z[ws, wg, wr, ws] and the action of Ay is determined

by:
W4y We wy ws
Sq¢' 0 wy 0 0
Sq¢®  we 0 0 0

Sq¢* wi waws wawry  waws

H*(BSpin(8);Z/2) = Z[w,, we, wr, ws, eg] and the action of Ay is determined
by:

Wy Wg wry ws €8
Sq¢t 0 wy 0 0 0
S we 0 0 0 0

St w? wiaws wiwr wiwg wgeg

H*(BSpin(9); Z/2) = Z[ws, wg, wr, ws, e16] and the action of As is determined
by:

Wy We wr ws €16
S¢t 0wy 0 0 0
Sq¢®  we 0 0 0 0
Sq* w? waws wiwr wawg 0
S 0 0 0 w?  wseis + wies

Proposition 2.1.  H*(LBSpin(7);Z/2) = Z/2[vs, ve,v7, Vs, Y3, Y5, Y7]/
I(Jvi| = i, |y;| = i), where I is the ideal generated by {ys + vey3 + ysvr, y2 +
Y307 + V493, Y2 + yews + wryr . The action of As is determined by:

Vg Vs v7 v Y3 Ys yr
S¢' 0w 0 0 0 y3 0
S¢® ve O 0 0 s 0 0

4 2
Sq* vy vave vavr vavg 0 Y3ve +vaYs  Ysvus + vayr

Proof. We take v; = e*(w;) and y; = d4(w;) (1 = 4,6,7,8, ¢ = Id).
Then by Proposition 1.1 (1), we have H*(LBSpin(7);Z/2) = Z/2[v4, ve, v7, Us]
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® Alys, ¥s, Ys, y7]. By Proposition 1.1 (2) and (3), we have

Sq'ys = 5q'64(ws) = 64(Sq" ws) =

Sq*ys = 64(Sq°ws) = G4(we) = Y5

Sq'ys = 64(Sq we) = ye

Sq*ys = 64(Sq°we) = 0

Sq'ys = 64(Sq*we) = 64 (wiwe) = " (w4)64(we) + 64 (wa)e* (we) = vays + Y306
Sq'yr = 64(Sq'ws) =0

Sq*yr = 64(Sq’ws) =0

Sq'yr = ¢(Sq wg) = 64 (waws) = Y3vs + VaYr.

By Adem relation, we have

y§ = S¢Pys = S¢*SqPys = Sq'ys = vs
y3 = Sq¢°ys = Sq' Sq*ys = Sq' (vays + ysve) = vays + Ysvr = vay; + Ysvr
vz = Sq"yr = Sq" (S¢°Sq" + Sa*Sq*)yr = Sq' (ysvs + veyr) = yevs + vryr

ys = yg = S¢°ys = (S¢*Sq* + Sq°Sq" )ys = Sq” (vays + ysvr) = veys + ysvr.
0

Proposition 2.2.  For ¢ = ¢?, the Adams operation of degree an odd
prime power q, H*(LyBSpin(7);Z/2) is isomorphic to H*(LBSpin(7);Z/2)
as algebras over As.

Proof. By Proposition 1.1, we only have to construct a section r of the
map ¢* : H*(T,BSpin(7);Z/2) — H*(BSpin(7); Z/2) which commutes with
the Steenrod operation.

As mentioned in the first section, the Wang sequence (1.1) splits to the
short exact sequence

0 — H* ' (BSpin(7); R) LR H*(T,BSpin(7); R) L H*(BSpin(7); R) — 0,

when coefficient R have the property H*(¢; R) = 1. Let uy € H*(T,BSpin(7);
7)2) ~ 72 be the generator. Then we define ug = Sq?u4, uy = Squg. By the
Wang sequence for R = Z/4 and the Bockstein spectral sequence, we have that
ker(Sq') C (v*)"Yws) € H®(T,BSpin(7);Z/2) is isomorphic to Z/2 & Z/2.
We take ug to be a generator of ker(Sq') C (+*)~(ws) such that ker(Sq') is
generated by ug and d(wy7). Then Sq?ug = 0 since H(BSpin(7)) = 0 and
Sq*wg = 0. Moreover we have Sqtug = uqug + ed(w4wy), where e = 0 or 1.
Since §(wywr) = Sq¢*5(wr), we can assume € = 0.

Take 7 to be the ring homomorphism r(w;) = u; (¢ = 4,6,7,8), then r is
a section of +* which commutes with the Steenrod operations. O

Proposition 2.3. H*(LBSpin(8);Z/2) = 7Z/2[v4,ve,v7,vs, f3,Ys3, Y5,
yr,z7)/I(|vil = 4, |ys| = i, |vs| = 8,]z7] = 7), where I is the ideal generated
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by {3 + V63 + Ysv7, Y3 + Y3vr +vay3, Y7 +y3vs +wryr, 27 +y3 fs +wrzr}. The
action of As is determined by:

Vg Vg v7 Ug fs 3 Ys Yr 27
Sqt 0wy 0 0 0 0 y3 0 0
S¢2 v O 0 0 0 w5 0 0 0

Sq* v? vvs vgvr vavg vafs 0 Y3 4+ VaYs Ysvs + vayr ysfs + vazy

Proof. Completely parallel to the case of Spin(7) since the generator
es € H8(BSpin(8);Z/2) is looks same as ws. O

Proposition 2.4.  For ¢ = ¢?, the Adams operation of degree an odd
prime power q, H*(LyBSpin(8);Z/2) is isomorphic to H*(LBSpin(8);Z/2)
as algebras over As.

Proof. We can construct a section r completely same as in the case of
BSpin(7). O

Proposition 2.5. H*(LBSpin(9);Z/2) = Z/2[vs, ve,v7, Vs, f16, Y3, Ys,
vz, z15)/I(Jvil = 4, lys| =4, | fie] = 16, |z16] = 16), where I is the ideal generated
by
{ys + vey3 + ysv7, Y5 + y3v7 + Va3, Y3 + y3ws + wryr,

215 + vrvs 215 + Wryr fi6 + Y30s fi6}-

The action of As is determined by:

(2] U7 Ug fi6 Ys Ys Yr 215
Sq¢t 0wy 0 0 0 0 y3 0 0
S¢> v 0O 0 0 0 Ys 0 0 0
Sq* v} vave vivr vavg 0 0 y3ve +vays ysvs +vayr 0O
qu 0 0 0 vg vgf16 + ’szlg 0 0 0 J1

where J, = y7 f16 + vsz15 + 02215.

Proof. In dimension lower than 9, calculation is completely same as in
the case of BSpin(7). We have only to calculate the following:

Sq®z15 = 64(Sq° fi6) = 64(vs fie + Vi fi6) = Y7 fi6 + vsz1s + Viz1s.
215 = Sq'° 215 = 645¢"° fi6 = 64 (v7vsfis) = vrvszis + wryr fie + Y3vs fie-

O

Proposition 2.6. For ¢ = ¢?, the Adams operation of degree an odd
prime power q, H*(LyBSpin(9);Z/2) is isomorphic to H*(LBSpin(9);Z/2)
as algebras over As.

Proof. In dimension lower than 9, we can construct a section r completely
same as in the case of BSpin(7).
Choose an element f{; € ker(Sq') C (:*)7!(e1s). Then by the Wang
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sequence, we have Sq? f]s = e1d(wawgwy) since H'(BSpin(9);Z/2) ~ 7Z/2 is
generated by wiwewr. Then S¢*Sq*fis = e16(S¢*(wawewr)) = €18(wiwy).
By Adem relation this must be 0 since Sq¢?Sq?> = S¢®>Sq' and Sq'fis = 0.
Therefore we have ¢; = 0.

Similarly we have Sq*f{4 = €26(wiwz) + e3d(wiwr) + e4d(wawrws). Then
we have Sq¢*Sq*fls = e20(wawdwr) + e36(wawiwr) + e4(wiwrws). By Adem
relation we have Sq*Sq*fi6 = (Sq¢"Sq* + S¢%5¢?) fig = 0. Therefore we have
€2 = €3,64 = 0. Put f156 = fig — e2wiwy, then we have Sq'fig =0 (i = 1,2,4)
since Sqtwiwr = wiwr + wiwy.

Similarly we have Sq¢®fi6 = ws fi6 + w3 fi6 + €56 (wiwr) + €60 (w3wrws) +
erd(wawiwr) + €36 (wrwd) + €96 (wr f16). By Adem relation Sq®Sq® fi6 = 0 and
we have €5 = €7 = ¢g = 0,66 = €g. Replacing fi6 by fig — €70(wrwg) we have
Sq® f16 = ws fi6 + wi f16 and Sq' f16 =0 (i < 8). U

3. The case G = F;

Denote the classifying map of the canonical inclusion Spin(9) — Fj by i.
Then by [K], H*(Fy;Z/2) = Z[x4, x6, T7, T16, T24] Where i*(x4) = wy,i*(xg) =
we, 1" (x7) = wr,i*(716) = e16 + wE,i*(v24) = wgeig. Then the action of Aj is
determined by:

Ty Te Z7 T1i6 T24
Sq¢' 0 T7 0 0 0
Sq¢?  xzg 0 0 0 0
Sq* 2% x4me  w4T7 0 T4Toy
S¢® 0 0 0 Tog + 1:4211:16 mia:m
Squ 0 0 0 :L'%6 1624 + 1’41’%%24.

Proposition 3.1.  H*(LBFy;Z/2) = 7Z/2[vs, V6, v7, V16, V24, Y3, Y5, Y15,
yas|/I(|vi| = i, |y;| = i), where I is the ideal generated by
{3 + v6y3 + Y507, Y3 + Ysvr + vay3, YTs + vrYas + V2aY3, Y3z + Y3v16V24
+ v7024Y15 + V7V16Y23 }-

The action of As is determined by:

V4 Ve U7 V16 V24
Sqt 0 v7 0 0 0
Sq¢® v 0 0 0 0
Sq* w2 V4Vg V4U7 0 V4V24
Sq8 0 0 0 Vo4 + vzvlg 1}2’024
Sq16 0 0 0 ’0%6 V16V24 + 1)41}%1)24
Ys Ys Y15 Y23
Sqt 0 y3 0 0
S¢  ys 0 0 0
Sq* 0 y3v6 + vays 0 Y3V24 + VaY23
S¢® 0 0 Y23 + ViY1s V3Y23
Sq'6 0 0 0 Jo
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_ 2 2
where Ja = va4y15 + V16Y23 + Y3V5V24 + V4V5Y23.

Proof. In dimension lower than 9, calculation is completely same as in
the case of BSpin(9).

Sq'yis = 64(Sqtvig) =0
Sq*y15 = 64(SqPvie) = 0
Sq*yis = 64(Sq'vis) =0

5 (V24 + vivig) = Yo3 + ViY15

Sq*vas) = 64(vav24) = Y3024 + Vayo3
Sq Y23 = 64(Sq v2s) = 6 (vivas) = viyas
Sq"ya3 = 64(5q " v24) = 64 (vi6v24 + VsVEV24)
= Y1524 + V16Y23 + Y3V V24 + VaV3Y23
yts = Sq"%y15 = 64(Sq"v16) = 64 (v7v24) = v7y2s + Y3v24
Yas = Sq% Y23 = 64(Sq¢*v24) = 64 (v7v16024)
= Y3v16V24 + V7v2aY15 + V7V16Y23-

|

Proposition 3.2.  For ¢ = ¢4, the Adams operation of degree an odd
prime power q, H*(LyBFy;Z/2) is isomorphic to H*(LBFy;Z/2) as algebras
over As.

Proof. By [JMO] the following diagram is homotopy commutative.

BSpin(9) — BSpin(9)} .

lBi |

wq
(BFy)y ——— (BFy)3

By the naturality of the construction of the twisted tube, there is a map
TyBSpin(9) — TyBF, and we have the Proposition. O

4. The case G = DI(4)

In [DW] they constructed a space called BDI(4) with the cohomology iso-
morphic to the mod 2 Dickson invariant of rank 4, that is, H*(BDI(4);Z/2) =
Z/2[zs, x12, 14, T15), where |z;| = j. The action of A is determined by:

Zs T12 T14 Z15
Sql 0 0 T15 0
Sq2 0 14 0 0
Sq4 T12 0 0 0

8 2
Sq Ty Tgr12 IT8XL14 T8X15
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Notbohm [N] shows there is a self homotopy equivalence ¢? of BDI(4) for
odd prime power ¢ called the Adams operation of degree g with the property
H?"(¢%;Q,) is multiplication by ¢". Using this, Benson [B] defined an exotic
2-compact group BSol(q) as LyaBDI(4) which can be called “the classifying
space” of Solomon’s non-existent finite group [S].

Recently Grbic [G] calculated the mod 2 cohomology of BSol(g) over Az by
using Eilenberg-Moore spectral sequence. Here we calculate it by the method
of Kishimoto and Kono.

Proposition 4.1. H*(LBDI(4);Z/2) = Z/2[vs,v12,v14,V15,Y7,Y11,
y13]/I(|vi| = i, |y:| = i), where I is the ideal generated by

{y? + y13v15 + v1ay3, i1 + VY15 + sy, Yis + Y11v1s + Vi2y5 ).

The action of As is determined by:

Ug V12 V14 V15 Y7 Y11 Y13
Sq¢t 0 0 V15 0 0 0 Y2
Sq2 0 V14 0 0 0 Y13 0
Sq4 V12 0 0 0 Y11 0 0

8 2
Sq¢® vy wvgviz vsvia vgV1is 0 y11vs +Vi2yr  Y13U8 + ViaYr

Remark 2. Kuribayashi has also this result in [Ku].

Proof.
Y2 = SqTyr = 64(Sq7vs) = 64 (v15) = Y4

Sq'yi = 64(Sq'vip1) =0 (i =7,11)
Sq'y1s = 64(Sqtvis) = 64(vi5) = y1a = 92

S¢*y; = 64(Sq*vig1) =0 (i =7,13)
Sq*y11 = 64(SqPv12) = 64(v14) = Y13

Sqtyi = 64(Sq vis1) =0 (i = 11,13)

Sq'yr = 64(Sq"vs) = G4(v12) = yn

Sq®yr = 64(Sq°vs) =0
Sq®y11 = 64(9¢%012) = 64 (vsv12) = Yrv12 + Vsy11

Sq®y1s = 64(SqP014) = 64 (vsv14) = Y714 + VsY13
9%1 = Sqllyll = &45(5(111”12) = &¢(Sq15q25q81112) = 04 (vsv15)
= vsyF + Y v1s
Ytz = Sq"%y13 = 64(Sq" Pv1a) = 64((S¢°Sq® + Sq'' S¢*)v1a)
= 64(Sq°vsv1a) = G (V12015) = Y1115 + V12Y7

Y7 =yt = Sq"y14 = 64(Sq" v15) = 64 (viavis) = Y13v1s + Viay2.
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Now we proceed to show that mod 2 cohomology of BSol(q) over Aj is
isomorphic to that of LBDI(4).

Proposition 4.2.  For ¢ = ¢?, the Adams operation of degree an odd
prime power q, H*(LyBDI(4);Z/2) tis isomorphic to H*(LBDI(4);Z/2) as
algebras over As.

Proof. Choose an element vg € ker(S¢*)Nker(Sq'Sq*) C (v*)~!(xs). Put
v12 = Sq'vg,v14 = S¢via and vis = Sqlvis. Then we have Sqlv; = 0 (i =
8,12,15). By dimensional reason

Sq*vg = 0, Sqgtvg = v1a.

Sqtvia = Sq*Sqtvg = 0. SqPvia = vgvia since H9(BDI(4);Z/2) = 0 in the
Wang sequence. Other operations are calculated as follows.

SqPvis = Sq*SqPv12 = 0

Sqtvia = Sq*Sqtvs = S¢?SqPvs =0

Sq®via = S¢°SqPvia = (Sq*Sq° + Sq*Sq%)v12 = vsv1a

Sq*v1s = Sq*Sq vs = S¢°vs =0

Sqtvis = Sq*Sq vg = Sqttug =0

Sq*vis = S¢°Sq via = (S¢° + S¢*Sq ) v1a = Sq' ¢ v1a = vsvis

Hence we can construct the section r by x; — v;. O
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