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An infinitesimal deformation of the local system
and the Beta function

By

Ko-Ki Ito

1. Introduction

Improper integrals are realized as some kinds of period integrals, that
is, pairings between cohomology and homology (in fortunate cases). In fact,
Euler’s Beta function

(1.1) B(p, q) =
∫ 1

0

tp−1(1 − t)q−1dt

can be seen as a pairing between the twisted homology H1(X,L) and the twisted
de Rham cohomology, where X is P

1 \ {0, 1,∞}, L is the local system defined
by the multi-valuedness of tp−1(1 − t)q−1 and the twisted de Rham complex
is defined by replacing a coboundary operator with d + d log(tp−1(1 − t)q−1)
instead of the exterior derivative d. This is the Aomoto theory.

One of the most impressive aspects of the Aomoto theory allows one to
regard the integration (1.1) as the pairing between the regularization of the
open interval (0, 1) and the cohomology class represented by dt. Here, the
regularization of the open interval (0, 1) is defined by

(1.2) reg(0, 1) :=
1

c0 − 1
γ0 − 1

c1 − 1
γ1,

where c0 := e2π
√−1(p−1), c1 := e2π

√−1(q−1) and γi is a loop around t = i.
However, as the formula (1.2) shows, the regularization is only possible unless
c0, c1 = 0, that is the case where p and q are integers. In principle, this
difficulty should be avoided by considering a family of twisted homologies and
cohomologies parametrized by p, q because the Beta function B(p, q) depends
holomorphically on parameters p, q. To realize the value of B(p, q) at integer
points as a pairng, we consider 1-st order derivatives at integer points with
respect to parameters p, q.

To carry out this more concretely, we introduce and calculate homology
and cohomology with coefficients in Rε := C[ε0]/(ε2

0) ⊗ C[ε1]/(ε2
1)-valued local
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system. Instead of the cycle reg(0, 1), we define an infinitesimal deformation
of (c0 − 1)(c1 − 1)reg(0, 1), that is, we introduce

Reg(0, 1) := (c1 − 1)γ0 − (c0 − 1)γ1,

where c0 := e2π
√−1(p−1+ε0), c1 := e2π

√−1(q−1+ε1). Also in case p, q ∈ Z,
Reg(0, 1) survives!

We shall describe the contents of this paper. In Section 2, we give the
definition of Rε-valued local system LRε

. In Section 3, we calculate the homol-
ogy with coefficients in LRε

. In Section 4, we give the definition of the twisted
de Rham cohomology and calculate it. In Section 5, we calculate the pairing
between the twisted homology and de Rham cohomology. Consequently, we
get Euler’s Beta function. Note that our method in this paper is valid for
hypergeometric functions associated to the configuration space of points on P

1.

2. The local system

Let Rε be C[ε0]/(ε2
0) ⊗ C[ε1]/(ε2

1). We fix a 3-tuple of complex numbers
(α0, α1, α∞) ∈ C3 with α0 + α1 + α∞ = 0. Put αi = αi + εi, where ε∞ :=
−ε0 − ε1. (Note that ε2

∞ /∈ (ε2
0, ε

2
1) ⊂ C[ε0, ε1].) We introduce the following

sheaf:

LRε
:= ker

(
d − ωε : OX ⊗CX

Rε −→ Ω1
X ⊗CX

Rε

)
,

where

ωε = α0
dt

t
+ α1

d(1 − t)
1 − t

.

Lemma 2.1. The sheaf LRε
is an Rε-valued local system of rank 1,

whose local sections are generated by tα0(1− t)α1 , where zαi := exp(αi log z) :=
zαi(1 + εi log z).

Proof. We can pick an open covering {Ui}i of X such that tα0(1 − t)α1

is single-valued on Ui. Thus we choose a branch ςi of tα0(1 − t)α1 on Ui. Note
that dςi

ςi
= ωε. We shall prove that Γ(Ui,LRε

) = Rεςi. If ς ∈ Γ(Ui,LRε
), then

0 = (d − ωε)ς = ςid(ς−1
i ς). So d(ς−1

i ς) = 0 and hence ς−1
i ς ∈ Rε. This implies

that Γ(Ui,LRε
) = Rεςi.

3. The twisted homology

We calculate the twisted homology H•(X,LRε
). Take a point o ∈ X. Let

γi be a loop around t = i (i = 0, 1) both of whose ends are o. The inclusion map
o∪ γ0 ∪ γ1 ↪→ X is a deformation retract. Then X is homotopic to o∪ γ0 ∪ γ1.
Let

C0(X,LRε
) := Rεo,

C1(X,LRε
) := Rεγ0 ⊕ Rεγ1.
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The boundary operator ∂ : C1(X,LRε
) −→ C0(X,LRε

) is defined by the fol-
lowing:

∂(γi) = (ci − 1)o, (i = 0, 1)

where ci := exp(2π
√−1αi) = ci(1 + 2π

√−1εi), ci = exp(2π
√−1αi). Homolo-

gies of this chain complex {C•(X,LRε
), ∂} coincide with H•(X,LRε

).

Theorem 3.1. Put Reg(0, 1) := (c1 − 1)γ0 − (c0 − 1)γ1.
1. If both α0 and α1 are integers, H0(X,LRε

) ∼= Rε/(ε0, ε1) ∼= C. Other-
wise H0(X,LRε

) = 0.
2. If both α0 and α1 are integers, H1(X,LRε

) is generated by Reg(0, 1),
ε0γ0 and ε1γ1. Otherwise H1(X,LRε

) is generated by Reg(0, 1) only.

Proof.
1. H0(X,LRε

) ∼= Rε/(c0 − 1, c1 − 1). If both α0 and α1 are integers, then
(c0−1, c1−1) = (ε0, ε1). Otherwise (c0−1, c1−1) = Rε. We have thus proved
the statement.

2. If k0γ0 + k1γ1 is a cycle, then

(c0 − 1)k0 + (c1 − 1)k1 = 0.

If both α0 and α1 are integers, then c0 − 1 = ε0, c1 − 1 = ε1. By using lemma
A.3, we get the following:

[
k0

k1

]
∈ Rε

[
ε1

−ε0

]
+ Rε

[
ε0

0

]
+ Rε

[
0
ε1

]
.

If α0 is not an integer, then c0 − 1 is invertible. Hence

k0 = −(c0 − 1)−1(c1 − 1)k1.

If α1 is not an integer, then c1 − 1 is invertible. Hence

k1 = −(c1 − 1)−1(c0 − 1)k0.

We have thus proved the theorem.

4. The twisted de Rham cohomology

We calculate the twisted algebraic de Rham cohomology H•
d+ωε

(Xalg, Rε).
Let

C0(Xalg, Rε) := Rε

[
t,

1
t
,

1
1 − t

]
,

C1(Xalg, Rε) := Rε

[
t,

1
t
,

1
1 − t

]
dt.
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The coboundary operator is defined by d + ωε. The k-th cohomology of
this cochain complex

{
C•(Xalg, Rε), d + ωε

}
is denoted by Hk

d+ωε
(Xalg, Rε)

and is said to be the k-th twisted algebraic de Rham cohomology. Note that
C1(Xalg, Rε) are generated by tk dt

t , (1 − t)k d(1−t)
1−t (k = 0,±1,±2, . . .). We

agree that ηk
0 and ηk

1 denote the cohomology classes represented by tk dt
t and

(1 − t)k d(1−t)
1−t , respectively.

Proposition 4.1. Let i be 0 or 1.
1. (k − 1 + αi)ηk−1

i = (k − α∞)ηk
i .

2. Let k be a positive integer. Then the equalities

ηk
1 = −

∑
j

(
k − 1

j

)
(−1)jηj+1

0

and

ηk
0 = −

∑
j

(
k − 1

j

)
(−1)jηj+1

1

hold.

Proof.
1. We have (d + ωε)

(
tk 1

t

)
= (k − 1 + α0)tk−1 dt

t + α1t
k−1 d(1−t)

1−t . This

implies that α1

[
tk−1 d(1−t)

1−t

]
= −(k − 1 + α0)ηk−1

0 , where
[
tk−1 d(1−t)

1−t

]
denotes

the cohomology class whose representative is tk−1 d(1−t)
1−t . We shall indicate

by [ ] a cohomology class in latter discussion. Since −α1η
k
0 = α1t

k−1(1 −
t)d(1−t)

1−t = α1

[
tk−1 d(1−t)

1−t

]
− α1

[
tk d(1−t)

1−t

]
= −(k − 1 + α0)ηk−1

0 + (k + α0)ηk
0 ,

we have (k − 1 + α0)ηk−1
0 = (k − α∞)ηk

0 . In a similar fashion, the equality
(k − 1 + α1)ηk−1

1 = (k − α∞)ηk
1 is proved.

2. We use the binomial expansion: (1 − t)k−1 =
∑

j

(
k − 1

j

)
(−t)j .

Theorem 4.1. Let J :=
{
j

∣∣ αj ∈ Z
} ⊂ {0, 1,∞}.

1. If J = φ, then H1
d+ωε

(Xalg, Rε) is generated by η1
0,

that is, generated by [dt].
2. If J = {j0}, then H1

d+ωε
(Xalg, Rε) is generated by η

−αj0
j0

,
where η−α∞∞ := ηα∞

0 .
3. If J = {0, 1,∞}, then one of the following statements holds:

(a) If α0 ≥ 0 and α1 ≥ 0, then H1
d+ωε

(Xalg, Rε) is generated by η−α0
0

and η−α1
1 , between which the relation ε0η

−α0
0 + ε1η

−α1
1 = 0 holds.

(b) If α0 ≥ 0 and α1 < 0, then H1
d+ωε

(Xalg, Rε) is generated by η−α0
0

and ηα∞
0 , between which the relation ε0η

−α0
0 − (−1)−α1ε∞ηα∞

0 = 0
holds.
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(c) If α0 < 0 and α1 ≥ 0, then H1
d+ωε

(Xalg, Rε) is generated by η−α1
1

and ηα∞
1 , between which the relation ε1η

−α1
1 − (−1)−α0ε∞ηα∞

1 = 0
holds.

(d) If α0 < 0 and α1 < 0, then H1
d+ωε

(Xalg, Rε) is generated by η−α0
0

and ηα∞
0 , between which the relation ε0η

−α0
0 − (−1)−α1ε∞ηα∞

0 = 0
holds.

Proof. Proposition 4.1 implies that ηk−1
i is generated by ηk

i unless k −
1 + αi is not invertible. Similarly, ηk

i is generated by ηk−1
i unless k − α∞ is

not invertible. If ηk
0 is generated for every positive integer k, then ηk

1 is also
generated for every positive integer k. The converse also holds.

ηk−1
i ηk

i

×(k − 1 + αi)(k − α∞)−1

×(k − 1 + αi)−1(k − α∞)

η•
i

1. If J = φ, then both k − 1 + αi and k − α∞ are invertible for every
integer k. Consequently η1

0 generates H1
d+ωε

(Xalg, Rε).
2. If j0 = 0, then −α0 + α0 = ε0 is not invertible. So η−α0

0 cannot be
generated by η−α0+1

0 . However k + α0 is invertible except for k = −α0. For
every integer k, both k−α∞ and k+α1 are also invertible. Consequently η−α0

0

generates H1
d+ωε

(Xalg, Rε).

η−α0
0 η−α0+1

0

×ε0(α1 + 1 − ε∞)−1

η•
0

In the same way, we see that η−α1
1 generates H1

d+ωε
(Xalg, Rε) in case of j0 = 1.

If j0 = ∞, then α∞−α∞ = −ε∞ is not invertible. So ηα∞
0 cannot be generated

by ηα∞−1
0 . However k − α∞ is invertible except for k = α∞. For every integer

k, both k + α0 and k + α1 are also invertible. Consequently ηk
0 is generated by

ηα∞
0 for each integer k. We shall prove that ηk

1 is generated by ηα∞
0 for each

integer k. It is sufficient to prove that ηα∞
1 is generated by {ηk

0}k=0,±1,±2,....
In case α∞ < 1,

ηα∞
1 = (1 − ε∞)(2 − ε∞) · · · (−α∞ + 1 − ε∞)

× α1
−1(1 + α1)−1 · · · (−α∞ + α1)−1η1

1

= (1 − ε∞)(2 − ε∞) · · · (−α∞ + 1 − ε∞)

α1
−1(1 + α1)−1 · · · (−α∞ + α1)−1(−η1

0).

In case α∞ ≥ 1,
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ηα∞
1 = −

α∞−1∑
j=0

(
α∞ − 1

j

)
(−1)jηj+1

0 .

Consequently ηα∞
0 generates H1

d+ωε
(Xalg, Rε).

3. For j = 0, 1, −αj + αj = εj is not invertible. So η
−αj

j cannot be
generated by η

−αj+1
j . Similarly, ηα∞

0 (resp. ηα∞
1 ) cannot be generated by

ηα∞−1
0 (resp. ηα∞−1

1 ).
(a) In case α0 ≥ 0, α1 ≥ 0:

In this case, α∞ ≤ −α0, α∞ ≤ −α1. So ηα∞
j is generated by η

−αj

j .
In fact, if α∞ < −αj ,

ηα∞
j = (α∞ + 1 + α∞)(α∞ + 2 + α∞) · · · (−αj + α∞)

× (α∞ + αj)−1(α∞ + 1 + αj)−1 · · · (−αj − 1 + αj)−1η
−αj

j .

If α∞ = −αj , then ηα∞
j coincides with η

−αj

j . We shall prove the
relation: ε0η

−α0
0 + ε1η

−α1
1 = 0.

η1
j = εj(εj + 1) · · · (εj + αj)

× (−αj + 1 − α∞)−1(−αj + 2 − α∞)−1 · · · (1 − α∞)−1η
−αj

j .

(4.1)

Then

ε0(ε0 + 1) · · · (ε0 + α0)

× (−ε∞ + α0 + 1)(−ε∞ + α0 + 2) · · · (−ε∞ + α0 + α1 + 1)η−α0
0

+ ε1(ε1 + 1) · · · (ε1 + α1)

× (−ε∞ + α1 + 1)(−ε∞ + α1 + 2) · · · (−ε∞ + α0 + α1 + 1)η−α1
1

= 0,

that is,

ε0 ((α0 + α1 + 1)! + b0) η−α0
0 + ε1 ((α0 + α1 + 1)! + b1) η−α1

1 = 0,

where b0, b1 ∈ (ε0, ε1). By applying lemma A.2 we can complete
the proof.

(b) In case α0 ≥ 0, α1 < 0:
For each integer k, ηk

0 is generated by η−α0
0 and ηα∞

0 . Then ηk
1

is generated for each positive integer k. So η−α1
1 is generated. If

α∞ > 0, then ηα∞
1 is also generated. If α∞ < 0, then

ηα∞
1 = −ηα∞

0 × (−α1 + ε0)(−α1 + 1 + ε0) · · · (α0 + ε0)

× (−α0 + ε1)−1(−α0 + 1 + ε1)−1 · · · (α1 + ε1)−1.
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Hence ηα∞
1 is generated. We shall prove the relation: ε0η

−α0
0 +

ε∞ηα∞
0 = 0.

(−α0 + α0)(−α0 + 1 + α0) · · · (α∞ − 2 + α0)

× (−α0 + 1 − α∞)−1(−α0 + 2 − α∞)−1 · · · (α∞ − 1 − α∞)−1η−α0
0

= (α∞ − α∞)(α∞ − 1 + α0)−1ηα∞
0 .

Then

ε0(ε0 + 1) · · · (ε0 − α1 − 1)η−α0
0

= (−ε∞)(−ε∞ − 1) · · · (−ε∞ + α1 + 1)ηα∞
0 ,

that is,

ε0 ((−α1 − 1)! + b0)) η−α0
0 −(−1)−α1ε∞ ((−α1 − 1)! + b∞) ηα∞

0 = 0,

where b0, b∞ ∈ (ε0, ε1). By applying lemma A.2 we can complete
the proof.

(c) In case α0 < 0, α ≥ 0:
In exactly the same way as case (b), we can obtain the desired
result.

(d) In case α0 < 0, α1 < 0:
For each integer k, ηk

0 is generated by η−α0
0 and ηα∞

0 . Then ηk
1

is generated for each positive integer k. So both η−α1
1 and ηα∞

1

are generated. In exactly the same way as case (b), we obtain the
relation between η−α0

0 and ηα∞
0 .

5. The euler type integral

We shall consider the euler type integral.

Definition 5.1. Let γ be a singular 1-simplex, ς ∈ Γ(γ,LRε
) and η ∈

Γ(X, Ω1
X). We pick C-valued functions a, a0, a1, a01 over γ such that ςη =

adt + ε0a0dt + ε1a1dt + ε0ε1a01dt. We define

∫
γ⊗ς

tα0(1 − t)α1η :=
∫

γ

adt + ε0

∫
γ

a0dt + ε1

∫
γ

a1dt + ε0ε1

∫
γ

a01dt.

For Ξ =
∑

γi ⊗ ςi, we define

∫
Ξ

tα0(1 − t)α1η :=
∑ ∫

γi⊗ςi

tα0(1 − t)α1η.
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Example 5.1.
∫

Reg(0,1)

tα0(1 − t)α1ηk
0

=
[
(c1 − 1)

∫
γ0

tα0+k−1(1 − t)α1dt − (c0 − 1)
∫

γ1

tα0+k−1(1 − t)α1dt

]

+ ε0

[
(c1 − 1)

∫
γ0

tα0+k−1(1 − t)α1 log tdt

− (c0 − 1)
∫

γ1

tα0+k−1(1 − t)α1 log tdt

− 2π
√−1c0

∫
γ1

tα0+k−1(1 − t)α1dt

]

+ ε1

[
(c1 − 1)

∫
γ0

tα0+k−1(1 − t)α1 log(1 − t)dt

+ 2π
√−1c1

∫
γ0

tα0+k−1(1 − t)α1dt

− (c0 − 1)
∫

γ1

tα0+k−1(1 − t)α1 log(1 − t)dt

]

+ ε0ε1

[
(c1 − 1)

∫
γ0

tα0+k−1(1 − t)α1 log t log(1 − t)dt

+ 2π
√−1c1

∫
γ0

tα0+k−1(1 − t)α1 log tdt

− (c0 − 1)
∫

γ1

tα0+k−1(1 − t)α1 log t log(1 − t)dt

− 2π
√−1c0

∫
γ1

tα0+k−1(1 − t)α1 log(1 − t)dt

]
.

(5.1)

We shall consider the case α0, α1 ∈ Z in latter discussions.

Lemma 5.1. Let a, b be integers.
1. If rest=0t

a(1 − t)bdt = 0, then there exists a meromorphic function
F (a, b; t) over P

1 \ [1,∞] such that dF = ta(1 − t)bdt, F (a, b; o) = 0, and the
following formula holds:

(5.2)
∫

γ0

ta(1 − t)b log tdt = −2π
√−1rest=0

F (a, b; t)
t

dt.

2. If rest=1t
a(1 − t)bdt = 0, then there exists a meromorphic function

F (a, b; t) over P
1 \ [−∞, 0] such that dF = ta(1 − t)bdt, F (a, b; o) = 0, and the

following formula holds:

(5.3)
∫

γ1

ta(1 − t)b log(1 − t)dt = −2π
√−1rest=1

F (a, b; t)
t − 1

dt.
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3. If rest=0t
a(1 − t)bdt = 0 and rest=1t

a(1 − t)bdt = 0, then there exists
a meromorphic function F (a, b; t) over P

1 (and holomorphic on X) such that
dF = ta(1 − t)bdt, F (a, b; o) = 0, and two formulae (5.2), (5.3) hold.

Proof.
1. Let lt be a path in P\ [0,∞] whose initial point is o and whose terminal

point is t. Put

F (a, b; t) :=
∫

lt

ta(1 − t)bdt.

F (a, b; t) is well-defined, that is, defined independently of the choice of lt be-
cause rest=0t

a(1 − t)bdt = 0.
∫

γ0

ta(1 − t)b log tdt =
∫

γ0

log tdF =
∫

γ0

(
d(F (a, b; t) log t) − F (a, b; t)

dt

t

)

= [F (a, b; t) log t]∂γ0
− 2π

√−1rest=0
F (a, b; t)

t
dt

= 2π
√−1F (a, b; o) − 2π

√−1rest=0
F (a, b; t)

t
dt

= −2π
√−1rest=0

F (a, b; t)
t

dt.

2. In exactly the same way as 1., we can obtain the proof.
3. In exactly the same way as 1., we can obtain the proof.

By using this lemma, we get the Beta function:

Theorem 5.1. Let α0, α1 be integers. We assume that rest=0t
α0(1 −

t)α1dt = 0 and rest=1t
α0(1 − t)α1dt = 0. Then there exists a meromorphic

function F (α0, α1; t) over P1 (and holomorphic over X = P1 \ {0, 1,∞}) such
that dF = tα0(1 − t)α1dt, F (α0, α1; o) = 0, and the following formula holds:

∫
Reg(0,1)

tα0(1 − t)α1η1
0

= −ε0ε1 · (2π
√−1)2

(
rest=0

F (α0, α1; t)
t

dt − rest=1
F (α0, α1; t)

t − 1
dt

)
.

(5.4)

Especially in case α0 ≥ 0, α1 ≥ 0,

(5.5)
∫

Reg(0,1)

tα0(1 − t)α1η1
0 = ε0ε1 · (2π

√−1)2B(α0 + 1, α1 + 1),

where B(α0 + 1, α1 + 1) is a classical Beta function of Euler.

Proof. Because α0, α1 ∈ Z, we have c0 = c1 = 1. By the assumption,∫
γ0

tα0(1 − t)α1dt =
∫

γ1

tα0(1 − t)α1dt = 0.
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Then we get the following by formula (5.1):∫
Reg(0,1)

tα0(1 − t)α1η1
0

= ε0ε1 · 2π
√−1

[∫
γ0

tα0+k−1(1 − t)α1 log tdt

−
∫

γ1

tα0+k−1(1 − t)α1 log(1 − t)dt

]
.

By using lemma5.1, we can get (5.4). In case α0 ≥ 0, α1 ≥ 0,

rest=0
F (α0, α1; t)

t
dt = F (α0, α1; 0) =

∫
l0

tα0(1 − t)α1dt,

rest=1
F (α0, α1; t)

t − 1
dt = F (α0, α1; 1) =

∫
l1

tα0(1 − t)α1dt.

Then

rest=0
F (α0, α1; t)

t
dt − rest=1

F (α0, α1; t)
t − 1

dt

=
∫

l0

tα0(1 − t)α1dt −
∫

l1

tα0(1 − t)α1dt

= −
∫ 1

0

tα0(1 − t)α1dt

= −B(α0 + 1, α1 + 1).

Example 5.2. We assume that both α0 and α1 are non-negative inte-
gers. We can calculate B(α0+1, α1+1) by using generators of H1

d+ωε
(Xalg, Rε)

which are given by theorem 4.1. By the formula (4.1), we get

(−ε∞ + α1 + 1)(−ε∞ + α1 + 2) · · · (−ε∞ + α1 + α0 + 1)η1
0

= ε0(ε0 + 1) · · · (ε0 + α0)η−α0
0 .

(5.6)

We shall consider the pairing between Reg(0, 1) and each side of (5.6). By the
formula (5.5), we get

(−ε∞ + α1 + 1)(−ε∞ + α1 + 2) · · · (−ε∞ + α1 + α0 + 1)
∫

Reg(0,1)

tα0(1− t)α1η1
0

= ε0ε1 · (2π
√−1)2(α1 + 1)(α1 + 2) · · · (α1 + α0 + 1)B(α0 + 1, α1 + 1).

On the other hand, we can get the following by using formula (5.1):

ε0(ε0 + 1) · · · (ε0 + α0)
∫

Reg(0,1)

tα0(1 − t)α1η−α0
0

= ε0ε1 · 2π
√−1α0!

∫
γ0

(1 − t)α1
dt

t

= ε0ε1 · (2π
√−1)2α0!.
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Hence

(α1 + 1)(α1 + 2) · · · (α1 + α0 + 1)B(α0 + 1, α1 + 1) = α0!,

that is,

B(α0 + 1, α1 + 1) =
α0!α1!

(α0 + α1 + 1)!
,

which is a familiar formula.

Appendix A. Appendix

Let Rε be C[ε0]/(ε2
0) ⊗ C[ε1]/(ε2

1), and M be a Rε-module.

Lemma A.1. Let s, t ∈ M and a, b ∈ Rε.
1. There exists a unit u ∈ Rε such that ε0s + ε1t + ε0ε1(as + bt) =

u(ε0s + ε1t).
2. There exists a unit u ∈ Rε such that ε0s + ε∞t + ε0ε∞(as + bt) =

u(ε0s + ε∞t).
3. If ε0s+ε1t+ε0ε1(as+bt) = 0, then ε0s+ε1t = 0 and ε0ε1(as+bt) = 0.
4. If ε0s+ε∞t+ε0ε∞(as+bt) = 0, then ε0s+ε∞t = 0 and ε0ε∞(as+bt) =

0.

Proof.
1. Put u = 1 + bε0 + aε1. This is a unit.
2. Put u = 1 + (a + b)ε0 − aε1. This is a unit.
3. This fact immediately follows from 1.
4. This fact immediately follows from 2.

Lemma A.2. Let s, t ∈ M , aj , ak ∈ R×
ε , bj , bk ∈ Rε \ R×

ε = (ε0, ε1)
and j, k ∈ {0, 1,∞}.

1. There exists a unit u ∈ Rε such that εj(aj + bj)s + εk(ak + bk)t =
u(εjajs + εkakt).

2. If εj(aj + bj)s + εk(ak + bk)t = 0, then εjajs + εkakt = 0 and εjbjs +
εkbkt = 0.

Proof.
1. There exists an element b′i ∈ Rε such that b′iεjεk = εibia

−1
i for i = j

or k because bia
−1
i ∈ (ε0, ε1). Then

εj(aj + bj)s + εk(ak + bk)t = εj · ajs + εk · akt + εjεk(b′j · ajs + b′k · akt).

By applying lemma A.1 we can complete the proof.
2. By applying statement 1., εjajs + εkakt = 0. Hence εjbjs + εkbkt =

εj(aj + bj)s + εk(ak + bk)t − (εjajs + εkakt) = 0.
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Lemma A.3. Let a0, a1 ∈ Rε. If ε0a0 + ε1a1 = 0, then[
a0

a1

]
∈ Rε

[
ε1

−ε0

]
+ Rε

[
ε0

0

]
+ Rε

[
0
ε1

]
.

Proof. ε0ε1a0 = ε1(ε0a0 + ε1a1) = 0. This implies that a0 ∈ (ε0, ε1).
Then we can pick s, t0 ∈ Rε such that a0 = sε1+t0ε0 and hence ε1(sε0+a1) = 0.
This implies that sε0 + a1 ∈ (ε1). Consequently we can pick t1 ∈ Rε such that
a1 = −sε0 + t1ε1. We have completed the proof of the lemma.

Department of Mathematics
Faculty of Science
Kyoto University
Kitashirakawa-Oiwakechou
Sakyouku, Kyoto 606-8502
Japan
e-mail: koki@math.kyoto-u.ac.jp

References

[1] K. Aomoto, Equations aux différences linéaires et les intégrales des fonc-
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multiformes, II, Évanouissement des hypercohomologies et exemples, Proc.
Japan Acad. 50 (1974), 542–545.

[3] , On vanishing of cohomology attached to certain many valued
meromorphic functions, J. Math. Soc. Japan 27 (1975), 248–255.
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