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The phase space of coupled Painlevé III system
in dimension four

By

Yusuke SASANO

Abstract
We find and study a 3-parameter family of coupled Painlevé III
systems in dimension four, which can be obtained by a degeneration
from the system of type Aél). We also give the phase space for this
system.

1. Introduction

In 1998, Noumi and Yamada [2] proposed a system of autonomous ordinary
differential equations for /41 unknown functions fy, f1, ..., f; involving complex
parameters «q,aq,...,q; satisfying ag + a3 + -+ + oy = 1. This system’s
salient feature is that it has the symmetry under the affine Weyl group of
type Al(l), where g, a1, ..., q; are considered as simple roots of the affine root

system of type Al(l). When [ = 3, this system of type Agl) is equivalent to the
fiftth Painlevé equation Pyy,. When [ > 3, the higher order Painlevé equations
corresponding to these systems are not known to satisfy the Painlevé property,
but it is widely believed that this is the case. They are considered to be higher
order versions of Py (resp. Pry) when [ is odd (resp. even).

It is well-known that Py has a confluence to the third Painlevé equation
Prrr, where two accessible singularities come together into a single singularity.
This suggests the possibility that there exist higher order versions of Pjr; as
well, and furthermore, suggests a procedure for searching for such higher order
versions. In this vein, the goal of this work is to find a fourth-order version
of the Painlevé III equation. The purpose of this paper is to present a 3-
parameter family of fourth-order algebraic ordinary differential equations that
can be considered as a coupled Painlevé I1I system in dimension four, and which

2000 Mathematics Subject Classification(s). 34M55, 34M45, 58F05, 32565
Received March 25, 2005
Revised November 11, 2005



224 Yusuke Sasano

is given as follows:

dv 222y + 222w — 22 + (1 — 2012

& +1,

dt t

dy  —2xy® — 2yzw + 2zy — (1 — 2a1)y + ap
(L1) dt ] K

dz  2z°w +2wyz — 2° + (1 — 2a1)2 1

dt t ’

dw  —2zw? — 2zyw 4 2zw — (1 — 2a1)w + By

d t '

Here z,y, z and w denote unknown complex variables, and ag,@; and Gy are
complex parameters.
Our differential system is equivalent to a Hamiltonian system given by

?y(y —1) +x((1 = 2a1)y — o) + ty
t
(1.2) + Zw(w —1) +2((1 = 2a1)w — fo) +tw L 2xyzw
t t
2xyzw
t

H =

= Hypr(x,y, t;a0,00) + Hrpp(z,w,t; Bo, 1) +

Here Hyr1(q,p,t; ap, 1) denotes the Hamiltonian of the second-order Painlevé
IIT equations.
Our system (1.1) has the following symmetry.

Theorem 1.1.  The system (1) is invariant under the following trans-
formations defined as follows: with the notation (x) = (x,y, z, w, t; ag, a1, Bo)

«
S1: (*) - (l’+ ?07y727w7t§ —Qp, 01 +O[0,ﬁ0) ’

Bo
S2¢ (*) - ((E,y,2+ anﬂf;a()yal +5077/60 9

1—ap—2a1 — By 1—ap—2a1 — By
S3 1 \x) — T+ ) 7Z+ ,’lU,t;
0= (o A s+

ap, 1 —ap —ag —ﬁoaﬁo) ;
t z(zy+ag) t  z(zw+ G 1

ﬂ—l:(*)_) T ( Y 0)7_7_ ( 0>7t;a07__a1_a0_ﬁ0760 )
T t z t 2

T2 - (*) - (z»w7$7yat§5070417010)~

Lemma 1.1.  The transformations described in Theorem (1.1) satisfy

the following relations:

s% = sg = sg = 71% = 715 = (5152)2 = (5183)% = (8283)2 = (mm)? =1,

7T1(81782) = (31782)7T17 7T2(81782783) = (52781753)7T2'
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Remark 1. The transformation (s3m;)? acts on the parameter as its
translation:

(1.3) (s3m1)? : (ao, a1, Bo) — (ao, ai, Bo) + (0, —1,0).
Moreover, we show that the system (1.1) has the following first integral.
Theorem 1.2.  The system (1.1) has the following first integral I.
I =(z—2)(xyw — yzw + agw — Boy).

Theorems 1.1, 1.2 and Lemma 1.1 can be checked by a direct calculation.
As the fourth-order analogue of Py, — Pjr;, we consider a degeneration

from the system of type Aél). Here, we recall the system of type Aél) (see [2])

(1.4)
ﬁ:2x2y+2x2w+x2_2xy+2,zw_ 1+a1+51+a3 x+a1+ﬂl,
dt t t t t
dﬁ__2xy2+2yzw ay + 0+ as .
at t t v
dz  22%w + 2zyz 22w + 2yz ay+ 01+«

_ Y 422 yz 14 B 3 z+&

y2

dat ¢ i ¢ ¢ £

dw 2zw? + 2zyw  w? 2yw a1 + 01 + a:
—y+t—2zw+i+(1+lﬁ;d>w—ﬂg,

dt t

where a1, s, a3 and (1, B2 are complex parameters.

Theorem 1.3.  For the system (1.4) of type Aél), we make a change of
parameters and variables

oy =0, as = Ao, a3 =2A; -, Br=et, B2 = By,

X Z
t=—€eT, z=14+—, y=cTY, z=14+—, w=elTW,
eT eT

from a1, a9, as, B1, B2, t,x,y, z,w to Ag, A1, Bo,e, T, X, Y, Z, W. Then the sys-
tem (1.4) can also be written in the new variables T, X, Y, Z, W and parameters
Ag, A1, By, e as a Hamiltonian system. This new system tends to the system
(1.1) as e — 0.

We regard the system (1.1) as an algebraic vector field v defined on C* x B:

0 dro dyd  dz0  dvd

= 97 — 4
C=oit@war Tatoy T do: @ ow BUHUNEC B

with B = C. If we take a relative compactification P* x B of C* x B, the
extended vector field ¥ satisfies the condition:

o€ HO(P*, Ops(—log H)(H)).
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Here H is the boundary divisor in P* and Ops(—log H)(H) is the subsheaf of
Ops whose local section v satisfies v(f) € (f) for any local equation f of H.
Let us extend the regular vector field v on C* x B to a rational vector field
© on P* x B. Then ¢ has poles along the boundary divisor H. Moreover, ¥
has accessible singularities along subvarieties in the boundary divisor H. (For
the definition of accessible singularities, see Definition 2.1.) In order to explain
our main results, we recall the definition of a symplectic transformation and its
properties (see [1], [10]). Let

pra=a(X.Y,ZW,1), y=y(X,Y,Z,W,t), z = 2(X.Y, Z, W, 1),
w=w(X,Y,Z,Wt), t=t

be a biholomorphic mapping from a domain D in C® > (X,Y, Z, W,t) into
C® > (2,9, z,w,t). We say that the mapping is symplectic if

dr Ndy +dz Ndw =dX NdY +dZ N dW,

where t is considered as a constant or a parameter, namely, if, for t = t,
Oty = Pli=t, is a symplectic mapping from the tg-section Dy, of D to ¢(Ds,).
Suppose that the mapping is symplectic. Then any Hamiltonian system

dx/dt = 0H /0y, dy/dt =—-0H/0x, dz/dt=0H/0w, dw/dt=—-0H/0z
is transformed to
dX/dt = 0K/9Y, dY/dt = —0K/0X, dZ/dt = OK/OW, dW/dt = —-0K/dZ,
where
(A) dexANdy+dzANdw—dHANdt =dX ANAY +dZ NdW — dK A dt.

Here t is considered as a variable. By this equation, the function K is deter-
mined by H uniquely modulo functions of £, namely, modulo functions inde-
pendent of X,Y, Z and W. Regarding the vector field v in (1.1), we obtain the
following theorem.

Theorem 1.4.  The phase space X over B = C* = C — {0} for the
vector field v in (1) is obtained by gluing sizteen copies of C* x C*:
Uy xC* =C*x C* 3 (z,y, z,w, t),
Uj x C* = C4 x C* > (l’j,yj,Zj,’U)j,t) (j = 1,2,...715),

via the following birational and symplectic transformations:

1
1)9:1:57 = —z(xy+ap), 21 =2 w; =w,
1
2z =, Y=y, 2=, wy = —z(zw + Bo),
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2(z —z)w — 2« t zZ—x
3) x3 =z, y3:y+w+¥+—2, 23 = —5— w3 = 2w,
T T T
Tr—z 2(r — 2)y — 2 t
4).%'4:—2, y4:Z2ya 24 =z, w4:w+y+¢+_2a
z z z
1
5)335257 ys = —((y+w—1z+1—ag— 20 — o)z,
25 =2 — I, Wy = W,
1
6) x6 = —(x — 2)y?, y6:§, 26 =2z, ws=1yY—+w,
1 1
7)967:;7 y7 = —z(zy + o), 27227 wy = —z(zw + o),
1
8)1'8257 ys =—((y+w—-1z+1-ag -2 — o)z,
1
28 = , wg=—(z2—x)((z—2x)w—+ R
Il e S (z = 2)((z — 2)w + Bo)

1
9) T =, yo=—((y+w—1z+1-ag—2a1 — )z,

1
29 = —(z —z)w?, wo=—,
w
z(x — 2)(zy + ap)? 1
10) z19 = ( )y 0)7 Yyo=——>—""-,
z z(zy + )
1
210:;, w10:*$2y*a0$*22w*ﬂ02,
20z —z)w — 2« t
11) z11 =z, y11:y+w+¥+_2a
T T
x? —(z—x)((z —2)w +
e k) (et V)
Z— T

20z —z)w — 2« t
12) z19 =z, y12:y+w+¥ 5

13:
z12 = —(2 — x)xzwz, Wig = T
13) 2 = oy e = —(e = 2)(( = 2)y +o0)
sa= 2w = —5((w+y— D41 - ap - 20— ),
14) x14 = (mz_zz)y Y14 = —(x — z)((xz; Z)y—i_aO)’
214 = 2, w14=w+y+w+;—2,
1

_ 2.2 _
15) 15 = —(z — 2)y°2°, Y15 = el

2(x — 2)y — 2« t
Z15 = %, w15:w+y+%+—2.
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Because every coordinate transformation is symplectic, the Hamiltionian
system H in Uy x C* is also written as a Hamiltonian system in each U; x C*
(j =1,2,...,15). By direct calculation, we can verify the following theorem.

Theorem 1.5.  On each affine open set (x;,y;, zi, w;,t) € U; X B in
Theorem (1.4) each corresponding Hamiltonian H; on U; x B is expressed as a
polynomial in x;,y;, z;, w; and a rational function in t and satisfies the following
condition:

dr ANdy + dz Ndw — dH A dt = dz; A dy; + dz; A dw; — dH; A dt.

This paper is organized as follows. In Section 1, we recall the system

of type Aél) and prove Theorem 1.3. In Section 2, we review the notion of
accessible singularity. In Section 3, we will prove Theorems 1.4 and 1.5 by
giving an explicit birational transformation for each step.

2. The system of type Aél) and proof of Theorem 1.3

As is well-known, the second-order Painlevé III system can be obtained by
the following degeneration from the Painlevé V system (see [2], [11]):

de 2x2y+x2 2zy <1+a1+ag)x a1

dat ot t t t’
dy 2zy®  y? a1 + a3

- 2 _9 14 258, —
dt R A G R

with the Hamiltonian Hp,

Here oy, as and g are complex parameters (see [11], [13]). At first we set

ar=e"", = A, az =24, —¢,

X
t=—€T, r=14+—, y=eTY.
eT

Since the change of variables is symplectic, we obtain the following system:

dx 2X?%Y — X2 (1-24)X

d—T—#+2€XY—€X+#+1—2EA17

dYy — —2XY?42XY 1-24,)Y A
:—+—5Y2+5Y—( ) + 22

dar T T T
with the Hamiltonian H Py

{X(1 =241+ X(Y = 1))+ T(1 — 2416 + eX(Y — 1))}V — 4 X

Hp, = =
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—

Confluence of the two points
P, and P

P! x P!
Figure 1.

If we take the limit € — 0, we obtain the third Painlevé system.
The above process can be considered as the confluence of two accessible
singular points P;, P, (see Figure 1):

P, ={(u,v) =(0,0)}, P»={(u,v)=(-¢T,0)}.

Here the coordinate system (u,v) is the boundary coordinate system of P! x P
with the rational transformations (u,v) = (X,1/Y).

Let us recall the system (1.4) of type Aél). This system is equivalent to a
Hamiltonian system given by

z(z = Dy(y +1) — (a1 + B1 + az)zy + (o1 + B1)y + aotw

n z2(z = Dw(w+t) — (a1 + f1 + a3)zw + frw + Patz n 2(x — 1)yzw
t t
= Hy(z,y,t; a1 + B1,a2,03) + Hy (2,0, 51, B2, 3 + 1)
2(z — 1)yzw
LA t Jyzw

Here Hy (q,p, t; a1, as, az) denotes the Hamiltonian of the second-order Painle-
vé V equations. This system is invariant under the affine Weyl group of type
Aél) =< 80, 1, 82, 83, S4, S5 >, explicitly written as follows (see [2, 3]).

The affine Weyl group of type Aél) =< S0, S1, S2, S3, S4, S5 >
By using the notation

(x) = (2, y, z,w, t; 0, 1, 2, 3, f1, B2) (a0 + 1 +ag +az+ B + f2 = 1),
we define

s0:(x) = (2,9 —az/(z —1),z,w, ;a0 + a3, a1, 0 + a3, —as, B1, B2),

s1: (%) — <x+ %,y,z,w,t; ap, a1 + o, —ag, as +a2,ﬂl,ﬂg) ,

(831 831
S2.: (*) - <$,y— (E—Z,Z’w+ x_z7t;a07_a17a2+a1aa37ﬂ17ﬁ2+a1)a
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3

B
831 (%) — <9:,y,z+ 57w7f;06076¥1 + B2, a2, a3, b1 + B2, — B2
. B,
54(*)_) x,y,z,w—7,t,a0—|—ﬁ1,a1,a2,a3,—61,ﬁ2—|—ﬁ1 )

() = (ot =t
Sy . — X Y,z , W, T
b yrwtt Ty rwrt

— g, a1, 0, 03 + g, B + Oéoﬁz> .

We note that the generators s; satisfy the following relations:

st=sl=st=s2=s52=s2=1,

(8082)2 = (8083)2 = (8084)2 = (8183)2
= (s154)” = (s155)° = (s254)° = (s285)> = (s385)> = 1,

(3031)3 = (5152)3 = (5253)3 = (8384)3 = (5455)3 = (5550)3 =1

0”00 ¢

Q :I

S1
Figure 2. Dynkin diagram

Here let us explain Figure 2:

1. The left hand side of Figure 2 denotes the Dynkin diagram of type
Aél). The symbol in each circle denotes the invariant divisor of the system of
type Aél).

2. The process from the left side to the right side denotes the confluence

process of the system of type Aél) to the system (1.1) in Theorem 1.3.
As the fourth-order analogue of Py, — Pjrr;, we consider the following
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degeneration from the system of type Aél). At first we set
ap =0, ag = Ay, ag =24 —e ', Br=e"', p2=By,

X Z
t=—eT, xz=14+—, y=elY, z2=14—, w=eTW.
eT eT

Since the change of variables is symplectic, we obtain the following system:

@2.1)
dX 2X2Y +2X7ZW — X?
ﬁ: + T +2€X(Y+W)—€X
X —-2A4: X
+#1+1—25A17
dy  —2XY?-2YZW 9 2XY
diTi T _EY +T—2€YW+EY
-Y +2A,Y Ay
T T’
dz 272 2XYZ — 72
a7 = W+T +2eZW +2e XY —eZ
Z —2A7
+%+1_25A17
dw —2ZW? —2XYW 9  22W W +2AW By
diTi T —ecW +T+EW+#+?

with the Hamiltonian I:IAu)
5

Ao X = TY +2A1eTY — XY + 24, XY +eTXY —2sTXYW

HAél) = — T
| —X%Y —eTXY2 - X°Y2 - 2XYZW — TW + 24,eTW
T
 BoZ — ZW +2M,ZW + eTZW — eTZW? + Z°W — Z*W?
T .

If we take the limit ¢ — 0, we obtain the system (1.1) with the Hamiltonian
(1.2). The proof of Theorem 1.3 is now complete.

3. Accessible singularities

Let us review the notion of accessible singularity in accordance with [6].
Let B be a connected open domain in C and 7 : W — B a smooth proper
holomorphic map. We assume that H C W is a normal crossing divisor which
is flat over B. Let us consider a rational vector field © on W satisfying the
condition

o€ H'W, Oy (—log H)(H)).

Fixing to € B and P € W, we can take a local coordinate system (x1, za,. ..,
Zy) of Wy, centered at P such that Hgmooth can be defined by the local equation
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z1 = 0. Since 0 € HO(W, ©yy(—log H)(H)), we can write down the vector field
0 near P = (0,0,...,0,%) as follows:

0 0 ay O a, O

ot al(“)—xl 1 OTa 1 0%y

This vector field defines the following system of differential equations

dl’l
—_— ... t
dt Cll(l’l,fz, y Lny )a
dry  as(wy1,T2,...,2Tn,t)
(3.1) dt &
dr,  an(x1,22,...,2p,1)
dt o T1 ’
Here a;(x1,22,...,2n,t), ¢ = 1,2,...,n, are holomorphic functions defined

near P = (0,...,0,tp).

Definition 3.1.  With the above notation, assume that the rational vec-
tor field ¥ on W satisfies the condition

o€ H'(W, Ow(—logH)(H)).
We say that ¢ has an accessible singularity at P = (0,0,...,0,%p) if
xz1 =0 and a;(0,0,...,0,%) = 0 for every ¢, 2 <i < n.

If P € Hgmootn is not an accessible singularity, all solutions of the ordinary
differential equation passing through P are vertical solutions, that is, the solu-
tions are contained in the fiber Wy, over t = to. If P € Hgmooth is an accessible
singularity, there may be a solution of (3.1) which passes through P and goes
into the interior W — H of W.

Let us recall the notion of local index. When we construct the phase
spaces of the higher order Painlevé equations, an object, called the local index,
is the key to determining when we need to make a blowing-up of an accessible
singularity or a blowing-down to a minimal phase space. In the case of equations
of higher order with favorable properties, for example the systems of type Afll)
[2], the local index at the accessible singular point corresponds to the set of
orders that appears in the free parameters of formal solutions passing through
that point [12].

Definition 3.2. Let v be an algebraic vector field which is given by
(3.1) and (X,Y, Z, W) be a boundary coordinate system in a neighborhood of
an accessible singularity P = (0,0,0,0,¢). Assume that the system is written
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as
dX
E:a"_fl(XavaZ,I/Vvt)v
dY bY + fo(X,Y, Z, W,1)
dt X ’
d_Z—CZ+f3<X7Y72aWt)
dt X ’
dW _ dW + fu(X,Y, Z, W,1)
dt X

near the accessible singularity P, where a, b, ¢ and d are nonzero constants. We
say that the vector field v has the local index (a,b,c,d) at P if f1(X,Y, Z, W,t)
is a polynomial which vanishes at P = (0,0,0,0,¢) and f;(X,Y,Z, W,t), i =
2,3, 4, are polynomials of order 2 in X,Y, Z,W. Here f; € C[X,Y, Z,W,t] for
i=1,2,3,4.

Remark 2. We are interested in the case with local index (1,b/a,c/a,
d/a) € Z*. If each component of (1,b/a,c/a,d/a) has the same sign, we may
resolve the accessible singularity by blowing-up finitely many times. However,
when different signs appear, we may need to both blow up and blow down.

4. Proof of Theorems 1.4 and 1.5

Comparing the resolution of singularities for the differential equations
of Painlevé type, there are important differences between the second-order
Painlevé equations and those of higher order. Unlike the second-order case,
in higher order cases there may exist some meromorphic solution spaces with
codimension 2. In 1979, K. Okamoto constructed the spaces of initial con-
ditions of Painlevé equations, which can be considered as the parametrized
spaces of all solutions, including the meromorphic solutions (see [1], [4], [5], [7],
[8], [9], [10]). They are constructed by means of successive blowing-up proce-
dures at singular points. For second-order Painlevé equations, we can obtain
the entire space of initial conditions by adding subvarieties of codimension 1
(equivalently, of dimension 1) to the space of initial conditions of holomorphic
solutions. However, in the case of fourth-order differential equations, we need
to add codimension 2 subvarieties to the space in addition to codimension 1
subvarieties (see [12]). In order to resolve singularities, we need to both blow
up and blow down. Moreover, to obtain a smooth variety by blowing-down, we
need to resolve for a pair of singularities (see [8], [9], [12]). In this section, we
will give the canonical coordinate systems of the system (1.1). Each of them
corresponds to a 3-parameter or 2-parameter family of meromorphic solutions.

4.1. Accessible singularities of the system (1.1)

In order to consider a family of phase spaces for the system (1.1), let us take
the compactification ([29 : 21 : 29 : 23 : 24],t) € P* x B of (7,y,2,w,t) € C*x B
with the natural embedding

(z,y,2,w) = (21/20722/20723/20724/Zo)~
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Moreover, we denote the boundary divisor in P* by H. Fixing the parameters
ag, a1, Bo, consider the product P* x B and extend the regular vector field on
C* x B to a rational vector field & on P* x B. It is easy to see that P* x B is
covered by five copies of C* x B:

UO XB:C4 XB9 (m7y7zaw7t)7
Ujx B=C"x B> (X;,Y;,Z;,W;,t) (j =1,2,3,4),

via the following rational transformations

Xy =1/, Yi=ylz, Zi=2z/z, W;=w/z,

2) Xy =2a/z, Y =y/z, Zy=1/z, Wy =w/z,

3)X3:$/y, Y’3:1/y7 Z3:Z/y> W3:w/y7
)

) Xy=z/w, Yi=y/w, Zy=z/w, W,;=1/w.

The following Lemma 3.1 shows that this rational vector field v has six acces-
sible singular loci on the boundary divisor H x t C P* x ¢ for each t € B.

Lemma 4.1.  The rational vector field © has the following accessible sin-
gular loci:

P’i = {(X“YMZZ;W’L)'X'L = }/; = Zi == Wl = O} (1 = 17273’4)7
Py ={(X,,)"1, 2, W)| X1 =Y1 =W, =0,7Z; =1},
P6 = {(X37}/3a Z37W3)|X3 - Y3 - Z3 == O,Wg = —1}

This lemma can be proven by a direct calculation. O
Remark 3. By the symmetry
T2 1 (2, Y, 2, wi a0, a1, Bo) — (2, w,2,y; o, 1, ),
it is easy to see that
7T2(P1) =D, 7T2(P2) = P, 7T2(P3) = Py, 7T2(P4) = Ps.

Let us explain Figure 3. This figure denotes the four-dimensional projective
space P* = C* U P3. P* is covered by five open sets C* around the points
P; (i = 0,1,2,3,4). We also remark that the figure spanned by the points
P; (i =1,2,3,4) denotes the three-dimensional projective space P3 = C3 LI P2.

Now we are ready to prove Theorems 1.4 and 1.5.

4.2. Resolution of the accessible singular point P,
In this subsection, we give an explicit resolution process for the accessible
singular point P; by giving a convenient coordinate system at each step.
By the following steps, we can resolve the accessible singular point P;.
At first, we take the coordinate system centered at {(X1,Y1, Z1, W1)|
X, =Y1 =2, =W, =0}
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P,

LA
Py C

Figure 3. Four-dimensional projective space

Step 1: We blow up at the point

Pl = {(X17Y17ZIaW1)|X1 = Yl = Zl = Wl = 0} :

zZ W
CO n_ M

Y;
oW =x, yn®=21~1 w; ¢

X’
Step 2: We blow up along the surface
{(m1(1)7y1(1)721(1)7w1(1))|y1(1) =2,V = 0} :

1
o_n? o

2@ =2,y Ok

Step 3: We blow up along the surface

{(21@, 5., 2@ @)y, @ + g = 2, =0} :

(2)
@ _Nn~tx

2 ® =, ®) = ,,@

Xy X,

w0, @ = 19, D,

=" ) w1 ®) = w,

235

P4

We have resolved the accessible singular point P;. The coordinate system
(213 =3 2,3 w;B)) corresponds to the coordinate system (1,41, 21, w)
in Theorem 1.4. By a direct calculation, it is easy to see that the differential
system with respect to the coordinate system (x1,y1,21,w1) is a Hamiltonian

system, whose Hamiltonian H; satisfies the following condition:

dry Ndy; + dzy ANdwy — dHy ANdt =dx ANdy + dz A dw — dH A dt.

Let us explain Figure 4. The first picture denotes the boundary divisor
H = P of P4. By Step 1, the point P; is transformed to P3. By Step 2, each
point on the surface {(z1™M, y1 (M, 21D w; M) ]y; O = 2,V = 0} is transformed

to PL.
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Figure 4. Resolution process from Step 1 to Step 3

4.3. Resolution of the accessible singular locus S7

By using the coordinate system (z1, y1, 21, w1 ), we now make a coordinate
system associated with small meromorphic solution spaces. Let us explain our
approach [12]. At first, we can take the coordinate system (x1,y1,21,w1) =
(1/z, —z(zy+ap), z,w). As a boundary coordinate system of this system (x1, y;
,21,w1 ), we can take the coordinate system

(X77 Y77 Z77 W7) = (xla Y1, 1/217 wl)'
It is easy to see that there is an accessible singular locus along the surface
St ={(X7,Y7,Z7,Wo)|Z7 = W7z = 0}.

Now we blow up along the accessible singularity S7.
Step 1: We blow up along the surface S7:

Wz

M =X,y M =Yy, %W =27, w= 7

Step 2: We blow up along the surface

{(@7 ™,y 220w ) Jwr W + B = 2 =0}

(1)
w +
1‘7(2) _ 1'7(1), y7(2) — y,?(l), 27(2) — 2;,7(1)7 ’UJ7(2) — %

We have resolved the accessible singular locus S7. The coordinate system
(x7(2), yr ), 2, —w7(2)) corresponds to the coordinate system (x7,yz, 27, wr)
in Theorem 1.4. By a direct calculation, it is easy to see that the differential
system with respect to the coordinate system (x7,yr, 27, wr) is a Hamiltonian
system, whose Hamiltonian H; satisfies the following condition:

dx7 Ndy7 + dzy A dwy — dH7 ANdt = dx ANdy + dz A dw — dH A dt.

Remark 4. By the following blowing-ups and blowing-down, we can
take the canonical coordinate system (X7, Y7, Z7, W7) of the coordinate system
({El, Y1, Zl,U)l).
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0%

Figure 5.

Step 1: We blow up at the points Py, P> (see Figure 5 for each step).

Step 2: We blow up along the curve C; = P!.

Step 3: We blow down the 3—fold V; = P? x P! along the P! —fiber.

Step 4: We blow up along the surface.

Step 5: We blow up along the surface.

Let us explain Figure 5. The first picture denotes the boundary divisor
H = P3 of P*. The resolution process from Step 2 to Step 3 is well-known as
P2—flop. By Step 1, each of points P;, P, is transformed to P3. By Step 2,
each point on C; is transformed to P2. The 3-fold V; is isomorphic to P2 x P!.
By Step 3, we blow down the 3-fold V; along the P'—fiber. After Step 5, we
take the boundary coordinate system (X7, Y7, Z7, W7) = (1,91, 1/21, w1).

4.4. Resolution of the accessible singular point P;
In this subsection, we give an explicit resolution process for the accessible
singular point P5; by giving a convenient coordinate system at each step.
By the following steps, we can resolve the accessible singular point Ps.
Step 0: We take the coordinate system centered at Ps:

w50 =X, 3O =V, xY=2 -1, w?=w.
Step 1: We blow up at the point
Ps = {(335(0),3/5(0),z5(0),w5(0))|x5(0) = ys(o) = zs(o) = w5(0) = O} :

(©) 25(© w5
o5 = 5 (1) Y5 W (W ¥s

T 0 BT T o

Step 2: We blow up along the surface
{(335(1),y5(1),z5(1),w5(1))|x5(1) = y5(1) +wsM —1= 0} :

@ _ 4D +ws -1
- Y

25 = 2Dy D@ D @ gy ()



238 Yusuke Sasano

Step 3: We blow up along the surface

{(25@,y5@, 25 w5 @) |25® = 0,45 = —1 + ap + 201 + fo}

ysP +1—ag — 201 — fo
pRE)

53 2@ ) Ly @)

= 1175(2)7 95(3) =

We have resolved the accessible singular point Ps. The coordinate system
(253, —y5®) | 253 w5 3)) corresponds to the coordinate system (zs, s, 25, ws)
in Theorem 1.4. By a direct calculation, it is easy to see that the differential
system with respect to the coordinate system (x5, ys, 25, ws) is a Hamiltonian
system, whose Hamiltonian Hj satisfies the following condition:

dxs N\ dys + dzs N\ dws — dHs Adt = dx Ady + dz A dw — dH A dt.
Remark 5. Taking the boundary coordinate system centered at the
accessible singular point P; as (f5(0),g5(0), 25(0),155(0)) = (Xo —1,Ys, Z5, W),
we can resolve the accessible singular point Ps by the following steps.
Step 0: We take the coordinate system centered at Ps:
50 =X, -1, 39 =Yy, 50 =2, w0 =w,
Step 1: We blow up at the point
Ps = {(£59, 55, %O 155 ] = 5@ = %O = 55O =0} :

- (1) _ T5 - o
T = —, = , Z
5 275(0) Ys (0) 5

(@D, 55D, 2D ;WY 5D = ;@ 45D —1 =0}

55D 4 1
P C G N N ot - Mt

-f5(2) = f5(1)7 ZU~5(2) = ?j5(1) =2Z5 7, ~ (1)
Zs

)

Step 3: We blow up along the surface

{(#®, 5@, 5%,w5)5® = 0,05®) = 1+ ap + 201 + o} :

f5(3) — f5(2)7 7]5(3) — 7]5(2)
1175(2) + 1-— o — 2051 — ﬂo
BAe) :

55(3) — 275(2)7 uj5(3) _

We have resolved the accessible singular point Ps. The transition function
between (‘%57 g5a 25a ’1215) = (‘,55(3)’ ?JS(S)a 25(3)a —’1175(3)) and (JT, Y, =z, U}) is sSym-
plectic, which is explicitly written as follows:

(i'57175,257'l[)5) = ((E -z, 1/2’7—((’[1} +y - 1)2 + 1- Qo — 2&1 - /80>Z)
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4.5. Resolution of the accessible singular point F;
In this subsection, we give an explicit resolution process for the accessible
singular point Pg by giving a convenient coordinate system at each step.

By the following steps, we can resolve the accessible singular point Fg.
Step 0: We take the coordinate system centered at Pg:

26 = X3,y =Ys, 2" =75, we'® =Ws+1.
Step 1: We blow up along the surface

{269, 16, 26, we @) |26 = 6@ = 26(® = we® =0} :

26" (1) _

(0) (0)
Z6 Weg
Y60’ Yol = ?JG(O), Zﬁ(l) @ =

(1) — _ _ W
T IRTIA yel™

Step 2: We blow up along the surface
{(966(1),3/6(1),26(1),w6(1))|$6(1) — 26D =gV = 0} :

1 _ (1)

T P

1;6(2) _ %’ y6(2) _ y6(1), z6(2) = Zs(l), w6(2) = wﬁ(l)_
Ye

Step 3: We blow up along the surface

{($6(2)7y6(2)736(2)7w6(2))|x6(2) _ y6(2) — 0} .
(2)
Te

_ 2)
- y6(2) ’ Ye .

@ = y6(2)7 26(3) = 26(2)3 wa(?’) = ’lU6(

z6®)
We have resolved the accessible singular point Ps. The coordinate system
(=263, 46, 26 we®)) corresponds to the coordinate system (g, yg, 26, W)
in Theorem 1.4. By a direct calculation, it is easy to see that the differential
system with respect to the coordinate system (x¢, ys, 26, we) is a Hamiltonian
system, whose Hamiltonian Hg satisfies the following condition:

dxg N\ dyg + dzg N\ dwg — dHg AN dt = dx ANdy + dz N dw — dH A dt.

4.6. Resolution of the accessible singular point P;

In this subsection, we give an explicit resolution process for the accessible
singular point P; by giving a convenient coordinate system at each step.

By the following steps, we can resolve the accessible singular point P3. At
first, we take the coordinate system centered at {(X3,Y3, Z5,W3)|X3 = Y3 =
Z3 = W3 =0}.

Step 1: We blow up along the curve

{(X3$Y33Z33 W3)|X3 = Y3 = 23 = 0} :
X3

Z
V=22 V=Y 0= F w® =Wy
3
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Step 2: We blow up along the curve

{(mg(l),yg,(l),z3(1),w3(1))|x3(1) - yg(l) =23V = 0} :

) (1)
(2 _ Y3 (2 _ %3 ws® = ws!

1)
) Ys 583(1) ; Z3 333(1) ) .

2@ = 25

Step 3: We blow up along the curve

{(553(2),y3(2),z3(2),w3(2))|$3(1) = ys(l) = 0723(1) =1}:

2 2
@2 Pl

903(3):933(2), Y3 —mv

Cws® = @,

230

Step 4: We blow up along the surface

{($3(3),y3(3),23(3),w3(3))|y3(3) = wy® = 0} :

(4) 3) (4) (3) (4) (3) (4) ws®
x3 =3, Y3 =Y, 23 =2z3 7, Ws = .
Y33

Step 5: We make a change of variables

1
N RO € R C SN

)
e :

25 = @ ) =

Y

This change of variables is necessary for making the transition functions in the
description of X symplectic [1].
Step 6: We blow up along the surface

(25,55, 2P, 105 2s® = 45 4 105® 1 ¢ = 0} -

5 5
0w twO b 6

(6) — o ®
1‘3(5) 5 w3 = W3 .

173(6) = 1’3(5)7 Ys

)

Step 7: We blow up along the surface

(259, 5@ 25 13y ® + 225 _ 90, — 6 — 1,
Ys - (6)
T3

5 = 25 (D 6,

25 = 250,
= w3(

We have resolved the accessible singular point P;. The coordinate system
(237,43, 23 w3(M) corresponds to the coordinate system (z3,ys, 23, ws3)
in Theorem 1.4. By a direct calculation, it is easy to see that the differential
system with respect to the coordinate system (x3,ys, 23, w3) is a Hamiltonian
system, whose Hamiltonian Hj satisfies the following condition:

1
dxg/\dyg—l—dzg/\dwg—ng/\dt:dx/\dy+dz/\dw—d(H+E)/\dt.
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4.7. Resolution of the accessible singular locus Sg

By using the coordinate system (x5, ys, 25, w5 ), we now make a coordinate
system associated with small meromorphic solution spaces. At first, we can take
the coordinate system (x5, ys, 25, ws) = (1/z, —z((y+w—1)z+1—ap — 201 —
Bo),z — x,w). As a boundary coordinate system of this system (x5, ys, 25, ws),
we can take the coordinate system

(Xs,Ys, Zs, Ws) = (w5, ¥5,1/25, ws).
It is easy to see that there is an accessible singular locus along the surface
S = {(Xs,Ys, Zs, Ws)|Zs = Ws = 0}.
Now we blow up along the accessible singularity Ss.
Step 1: We blow up along the surface Sy:

s = Xg, yeW =Yg, V=2 w® =20

Step 2: We blow up along the surface
{(18(1),%(1),28(1),11/8(1)”28(1) = ws + 3 = 0} :

zs? = 968(1), y8(2) = ys(l), 2 = 38(1)7 wg " =

We have resolved the accessible singular locus Sg. The coordinate system
(28®)ys?), 25(®) —wg(?)) corresponds to the coordinate system (s, ys, 28, ws)
in Theorem 1.4. By a direct calculation, it is easy to see that the differential
system with respect to the coordinate system (xg,ys, zs, ws) is a Hamiltonian
system, whose Hamiltonian Hg satisfies the following condition:

dxg N dys + dzg N\ dwg — dHg A dt = dx Ady + dz N dw — dH A dt.

4.8. Resolution of the accessible singular locus Sy

By using the coordinate system (x5, ys, 25, ws), we now make a coordi-
nate system associated with the small meromorphic solution spaces other than
(3,ys, 28, ws). At first, we can take the coordinate system (x5, ys, 25, ws) =
(1/z,—z((y+w—1)x+1—ag—2a1 — ), z—x,w). As a boundary coordinate
system of this system (s, ys, 25, 1/ws), we can take the coordinate system

(Xo, Yy, Zg, Wy) = (25, Y5, 25, 1 /ws).
It is easy to see that there is an accessible singular locus along the surface
S = {(Xo, Yy, Zg, Wy)| Zg = Wy = 0}.

Now we blow up along the accessible singularity Sg.
Step 1: We blow up along the surface Sy:
Zog

zoM = Xo, yoV =Yy, 20V = Wo' weM = Wy.
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Step 2: We blow up along the surface

{(2o™), 5o, 20, wg ™M) 20" = wo™ =0} :

20

1) 5 we® = wg®.

20® = 200 4o =y 5@ =

We have resolved the accessible singular locus Sg. The coordinate system
(9?9, —29) wy(?)) corresponds to the coordinate system (g, g, 29, W)
in Theorem 1.4. By a direct calculation, it is easy to see that the differential
system with respect to the coordinate system (xg,yo, 29, wg) is a Hamiltonian
system, whose Hamiltonian Hg satisfies the following condition:

dxg A\ dyg + dzg A dwg — dHg A dt = dx Ndy + dz A dw — dH A dt.

4.9. Resolution of the accessible singular locus Sig

By using the coordinate system (x7, y7, 27, wy), we now make a coordinate
system associated with small meromorphic solution spaces. At first, we can take
the coordinate system (x7,y7, 27, wr) = (1/x, —x(xy + ag), 1/2, —2z(zw + [p)).
As a boundary coordinate system of this system (x7,yr, 27, wr), we can take
the coordinate system

(X410, Y10, Z10, Who) = (27, 1/y7, 27, w7).
It is easy to see that there is an accessible singular locus along the surface
S10 = {(X10, Y10, Z10, W10)| X10 = Y10 = 0}.

Now we blow up along the accessible singularity Sig.
Step 1: We blow up along the surface Sig:

X
z10V = Wl(?’ y10 = Yig, 210M = Z1g, w1 = Wio.

Step 2: We blow up along the surface

{(3310(1)73110(1),210(1)7w10(1))|x10(1) =y0M = 0}:

710" (2 — 4y0M

K Yi0m " =Yo7, 210(2)

=210, wie® =wyM.

3310(2) =

We have resolved the accessible singular locus Sig. The coordinate system
(—210@,510®), 210?, w10?) corresponds to the coordinate system (19, y10,

210, w10) in Theorem 1.4. By a direct calculation, it is easy to see that the
differential system with respect to the coordinate system (19, y10, 210, W10) 18
a Hamiltonian system, whose Hamiltonian Hy satisfies the following condition:

dx1g N dyro + dz19 A dwig — dHig Adt = dx ANdy + dz ANdw — dH A dt.
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4.10. Resolution of the accessible singular locus S,

By using the coordinate system (x3, ys, 23, w3), we now make a coordinate
system associated with small meromorphic solution spaces. At first, we can take
the coordinate system (z3, ys, 23, ws) = (z, y+w+ 2(z—x)+2a1 + ;—2, =, zw).
As a boundary coordinate system of this system (z3,ys, z3,ws3), we can take
the coordinate system

(X11, Y11, Z11, Wi1) = (w3, 3,1/ 23, w3).
It is easy to see that there is an accessible singular locus along the surface
S11 = {(X11, Y11, Z11, Wn1)|Z11 = Wi = 0},

Now we blow up along the accessible singularity Sii.
Step 1: We blow up along the surface S1;:

Wi

e =X, yu®W =Y, =24, wy®= 7
11

Step 2: We blow up along the surface
{(z11 511 ®, 201wt Moy D = win W + o = 0} -

(2 1)

=T11 7, y11(2)

1
(1)7 211(2) = Z11(1)7 ’lU11(2) = M

T11
211D

=Yn
We have resolved the accessible singular locus S1;. The coordinate system
(211, 511@, 211, —wy1 ) corresponds to the coordinate system (11,911,

z11,w11) in Theorem 1.4. By a direct calculation, it is easy to see that the
differential system with respect to the coordinate system (z11,y11, 211, w11) is
a Hamiltonian system, whose Hamiltonian Hy; satisfies the following condition:

1
dl‘ll/\dyll +dz11 AN dwyr — dHqq /\dt:dz/\dy+dz/\dw—d<H+x> Adt.

4.11. Resolution of the accessible singular locus S2

By using the coordinate system (xs,ys, 23, w3), we now make a coordi-
nate system associated with the small meromorphic solution spaces other than
(211,Y11, 211, w11)- At first, we can take the coordinate system (z3, ys, 23, w3) =
(r,y +w+ W + &, %%, 2%w). As a boundary coordinate system of
this system (3, ys, 23, ws), we can take the coordinate system

(X12, Y12, Z12, W12) = (23,93, 23, 1 /w3).
It is easy to see that there is an accessible singular locus along the surface
S12 = {(X12, Y12, Z12, W12)| Z12 = W12 = 0}.

Now we blow up along the accessible singularity Sis.
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Step 1: We blow up along the surface Sis:

A
r12M = Xig, y12™M =Yia, 22 = W—11227 wip™ = Wia.

Step 2: We blow up along the surface

{($12(1),y12(1)7212(1),w12(1))|212(1) =wppM = 0} :

@ _ 2190

(€))
? wlz(l) )

$12(2) = Cﬂlz(l)a 912(2) = Y12 212 w12( ) = U/12(1)~

We have resolved the accessible singular locus Si2. The coordinate system
(12@), 5153, —215®) w15?) corresponds to the coordinate system (12, Y12,
z12,w12) in Theorem 1.4. By a direct calculation, it is easy to see that the
differential system with respect to the coordinate system (z12,y12, 212, wi2) is

a Hamiltonian system, whose Hamiltonian H;, satisfies the following condition:

1
d3312/\dy12+d212/\dW12—dle/\dtZdLE/\dy—FdZ/\dw—d<H+E)/\dt.

4.12. Resolution of the remaining accessible singular points

Each procedure is the same as that given in the preceding sections 3.2
through 3.11, provided the variables and parameters z,y, z, w, g, a1, By are
replaced by the transformation

T2 - (xvyvzawvt5a07a1aﬂo) — (z,w@,y,t;ﬂo,al,ao).

Each coordinate system (x;,y;, 2;, w;) for j = 13,14, 15 is explicitly given as
follows:

(25,5, 25, wj) = 72Tk, Yy 2, W), k =8,11,12, respectively.
Each Hamiltonian H; for j = 13,14, 15 is explicitly given as follows:
Hy3 = my(Hg), Hyg = ma(H11), His = mo(Hiz).

In Sections 3.2 through 3.12, we have resolved all the accessible singu-
larities for the system (1.1), thus completing the proof of Theorems 1.4 and
1.5.
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