
J. Math. Kyoto Univ. (JMKYAZ)
48-2 (2008), 239–263

Malliavin calculus on extensions of abstract
Wiener spaces

Dedicated to Wilfried Buchholz on the occasion of his 60th birthday

By

Horst Osswald

Abstract

Malliavin calculus is developed in a uniform way for (possibly non
separable) extensions of Lp(WCF

), where WCF
is the Wiener measure

on the space CF of continuous functions from [0, 1] into any abstract
Wiener Fréchet space F over a fixed separable Hilbert space H. Since
the continuous time line is available in CF, we can prove the Clark-
Ocone formula for these extensions, we study time-anticipating Girsanov
transformations and prove that Skorohod integral processes for finite
chaos levels have continuous modifications.

We use a rich probability space with measure bΓH, which only de-
pends on H, such that for any p ∈ [0,∞[, Lp (WCF

) can be canonically

embedded into Lp
“bΓH

”
for any abstract Wiener Fréchet space F over H.

1. Introduction

This article studies in a uniform way Malliavin calculus for closed subspaces
of the space L2(Γ̂) of square integrable functions on a rich probability space(
Ω, LΓ(B), Γ̂

)
, which depends only on a fixed separable Hilbert space H. These

subspaces of L2(Γ̂) have to fulfill certain closure conditions, characterized by
so called “admissible sequences”. They are given by sub σ-algebras of LΓ(B).

One of these subspaces, denoted by L2
W , is canonically (i.e., independent

of the basis) isometric isomorphic to the L2-space over any abstract Wiener
Fréchet space F, for which H is the Cameron Martin space. Another one, de-
noted by L2

CW is canonically isometric isomorphic to the L2-space over the
abstract Wiener space CF of continuous functions, defined on [0, 1] with values
in F. The Cameron Martin space now is the Hilbert space CH of absolutely con-
tinuous functions f : [0, 1] → H, see Bogachev [5] or Kuelbs and Lepage [18]).
We use an F-valued Brownian motion to construct the mentioned isometries.
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Moreover, Malliavin calculus is developed for nonseparable extensions L2
H

of L2
W and also of L2

CW , which have not been studied yet in the standard
literature as far as I know. It should be also indicated that the underlying
probability space only depends on the fixed separable Hilbert H and not on
the abstract Wiener space over H. There are many non-isomorphic abstract
Wiener spaces over H. We prove a chaos decomposition simultaneously for all
these L2-spaces. The σ-algebra in L2

H is not generated by Brownian motion, in
contrast to the σ-algebra of L2

CW .
The chaos decomposition is used to define simultaneously the Malliavin

derivative, the Skorohod integral and Skorohod integral processes (in the cases
of L2

CW and L2
H). We have the following applications:

(A) Skorohod integral processes for finite chaos levels have continuous mod-
ifications. This is an extension of a result of P.Imkeller [15] for the classical
Wiener space CR. Whence we can replace the real numbers by any Fréchet
space F. Our prove is different from Imkeller’s proof.

(B) The Clark Ocone formula holds for L2
H. Now the notion “non-time-

anticipating” is needed and we use a filtration, which is larger than the Brow-
nian filtration.

(C) Anticipating Girsanov transformations are studied in the manner of
finite dimensional analysis similar to [26]. Let bF : Ω × [0, 1] → F be a Fréchet
space valued Brownian motion and define σ : Ω → CF by

σ(X)(r) := bF(X, r) +
∫ r

0

ϕ(X, s)dν̂(s),

where ϕ is an almost surely square integrable process with values in H. We
want to find conditions on ϕ, as mild as possible, under which σ follows the
law of Brownian motion under a measure which is equivalent to Γ̂: it is not
necessary to assume, like in [26], that ϕ is measurable with respect to the σ-
algebra generated by the Brownian motion, thus, σ is not necessarily a shift
on CF. Moreover, we do not need that ϕ fulfills certain smoothness conditions
like, for example, in the work of Nualart [23]. The reason is the following.
Since our probability space Ω is finite dimensional in the sense of a highly
saturated model and since it is possible to represent ϕ by a smooth function
(a consequence of the chaos decomposition), we only need conditions, which
imply the transformation rule in elementary finite dimensional analysis. In
particular the Carleman Fredholm determinant becomes a determinant in a
finite dimensional setting.

2. Preliminaries

In order to construct the probability space Ω, we shall use a highly satu-
rated model V of mathematics (see [2]).

In this model there exists an extension ∗N of the positive integers, con-
taining a number H such that each standard natural number divides H. Set
T := {1, ..., H}. Fix a standard n ∈ N. On the algebra of internal subsets
A ⊆ Tn we define an internal probability measure νn : A �→ |A|

Hn , where |A| de-
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notes the internal number of elements of A. It is well known that the Lebesgue
measure λn on [0, 1]n is the image measure of the Loeb measure ν̂n over νn

under the standard part map (t1, ..., tn) �→ st (t1, ..., tn) :=
(◦ t1

H , ...,◦ tn

H

)
. If

(t1, ..., tn) ∈ Tn, we set ◦ (t1, ..., tn) := (◦t1, ...,◦ tn) :=
(◦ t1

H , ...,◦ tn

H

)
. Denote

the associated Loeb space by (Tn, Lνn(Tn), ν̂n).

Fix a separable real Hilbert space H. Recall from [26] that in the model V
there exists a finite dimensional Euclidian space L (in the sense of this model)
with the following two properties:

(1) H is a subspace of L.
(2) Let ω be the internal dimension of L. Fix an internal orthonormal basis

(ei)i≤ω of L and an orthonormal basis (bi)i∈N of H. Then for all n ∈ N and all
f, g in the n-fold tensor product H⊗n of H, the Hilbert Schmidt scalar
product 〈f, g〉Hn :=

∑
i1,...,in∈N (f · g) (bi1 , ..., bin

) of f and g is infinitely close
to 〈∗f,∗ g〉Ln :=

∑
i1,...,in≤ω (∗f · ∗g) (ei1 , ..., ein

). The corresponding norms are
denoted by ‖·‖Hn , ‖·‖Ln , respectively. If n = 1, we drop the index 1.

Let F, G ∈ L⊗n ∪ ∗H⊗n . Then F is called infinitely close to G, written
F ≈Ln G, if ‖F − G‖Ln ≈ 0; F is called nearstandard if there exists a g ∈ H⊗n

such that F ≈Ln
∗g. Then g is called the standard part of F and is denoted

by ◦F .

Let Γ be the internal H · ω-fold product of the internal centered Gaußian
distribution of infinitesimal variance 1

H on the internal Borel algebra B =

B (LH
)

of LH . Our basic probability space is the Loeb space
(
Ω,D, Γ̂

)
over(

LH ,B, Γ
)
, where Ω := LH , D := LΓ (B) is the completed Loeb σ-algebra over

B and Γ̂ is the Loeb measure over Γ.

The following result (Theorem 2.1) says that there exists a standard part
map in the form of a Brownian motion bF, which is a surjective mapping from
Ω = LH onto the space CF of continuous functions from [0, 1] into F. Moreover,
bF (·, 1) is a standard part map from LH onto F. It is left to the reader to prove
Theorem 2.1, which is a straightforward extension of the corresponding result
for Banach spaces in [25] and [26]. Banach and Fréchet space valued Brownian
motions are well established in the literature (see [12], [11], [19]). In these
articles the probability space depends on the Fréchet space F, in our approach
the probability space only depends on the underlying Hilbert space H; there
exists uncountable many abstract Wiener Fréchet space over H. Moreover, the
Brownian motion is pathwisely constructed as a continuous process.

Theorem 2.1 is an extension of Cutland’s [8] construction of finite dimen-
sional Brownian motion to the infinite dimensional setting. The process bF is
the standard part ◦B (with respect to the locally convex topology on F) of the
internal Brownian motion

B : Ω × T → L, (X, n) �→
∑

s≤n,s∈T

Xs.

Note that this internal process B only depends on the underlying Hilbert space
H.
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Theorem 2.1. Fix an abstract Wiener Fréchet space F over H. The
mapping bF : Ω × [0, 1] → F, defined by

bF (·,◦ n) := bF

(
·,◦ n

H

)
:= ◦ B(·, n),

is well defined Γ̂-a.s. and a Brownian motion. If bF(X, ·) is not well defined or
not continuous, we may set bF(X, ·) := 0.

Moreover, X �→ bF(X, ·) is a surjective mapping from Ω onto the space CF

of continuous functions from [0, 1] into F.

Let WCF
and WF be the σ-algebras on Ω generated by bF, bF(·, 1), respec-

tively, augmented by the Γ̂-nullsets.

Proposition 2.2. The σ-algebras WCF
and WF do not depend on the

abstract Wiener Fréchet space F over a fixed Hilbert H.

Proof. Since the topological dual F
′

of F is dense in H
′

= H, WCF
is

generated by the random variables ◦〈a, Bn〉 with n ∈ T and a ∈ H and the
Γ̂-nullsets. Since the definition of B only depends on the Hilbert space H, WCF

only depends on H. In the same manner, WF is generated by ◦ 〈a, BH〉 with
a ∈ H and the Γ̂-nullsets, thus, WF only depends on H.

Therefore, we may set WC := WCF
and W := WF. The image measures

WCF
on CF of Γ̂ under bF and WF on F of Γ̂ under bF(·, 1) are called the Wiener

measure on CF, F, respectively. The next simple result tells us that all Lp-
spaces on abstract Wiener Fréchet spaces over a fixed Hilbert space H can be
identified.

Corollary 2.3. Fix abstract Wiener Fréchet spaces F and G over a
separable Hilbert space H and p ∈ [0,∞[.

(1) The spaces Lp
WC

(Γ̂), Lp(WCF
) and Lp(WCG

) are canonically (i.e., basis
independent) homeomorphic isomorphic (isometric isomorphic in case p ≥ 1).

(2) The same holds for the spaces Lp
W(Γ̂), Lp(WCF

) and Lp(WCG
).

Proof. (1) Since bF is a surjective mapping from Ω onto CF and WC

is generated by bF, the mapping ι : Lp(WCF
) → Lp

WC
(Γ̂) with ι(ϕ)(X) :=

ϕ (bF(X, ·)) defines a homeomorphic isomorphism (isometric isomorphism in
case p ≥ 1) from Lp(WCF

) onto Lp
WC

(Γ̂).
(2) The proof of assertion (2) is similar.

Corollary 2.3 indicates how large Loeb spaces are. Here we see that any
Lp space on any abstract Wiener Fréchet space over a fixed Hilbert space can
be canonically embedded into the Lp-space on the Loeb measure Γ̂.
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3. Chaos Decomposition for extensions of abstract Wiener space

Malliavin calculus can be founded on chaos decomposition of the Wiener
space. In order to establish chaos decomposition results for spaces different
from Lp(WCF

) (in particular, for extensions of Lp(WCF
)), we use the notion of

admissible sequence introduced in [28] for the classical Wiener space. To this
end we use internal iterated Itô integrals and their standard parts.

Let us first recall the definition of S-integrability. Fix an internal prob-
ability space (Λ, C, P ). A C-measurable function G : Λ → ∗R, is called SP -
integrable if

∫
{|F |≥K} |F | dP ≈ 0 for all unlimited K ∈∗ N, in which case we

will write F ∈ SL1(P ).
Fix an internal function F : Tn → L⊗n . The mapping In(F ) : Ω → ∗R,

simply defined by

In(F )(X) :=
∑

t1<...<tn

F (t1, ..., tn)(Xt1 , ..., Xtn
)

is called the (n-fold) internal iterated Itô integral of F . If n = 1, we set
I(F ) := I1(F ).

If F ∈ SL2(νn, L⊗n), i.e., ‖F‖2
Ln is SL1 (νn), then E |In(F )|p is limited for

all standard p ∈ R+ (see [26]). In this case ◦In(F ) exists Γ̂-a.s. and |◦In(F )|p
is Γ̂-integrable. If, in addition, F is nearstandard ν̂n-a.s, we may define

In(◦F ) := ◦In(F ).

It is easy to see that In(◦F ) is well defined. It is called the (n-fold) iterated
Ito integral of ◦F . Note that, if F ∈ SL2(νn, L⊗n) and ◦F exists ν̂n-a.s.,
then ◦F belongs to the space L2

(
ν̂n, H⊗n

)
of Bochner ν̂n square integrable

functions from Tn into the n-fold tensor product H⊗n of H. Moreover, note
that for all f ∈ L2

(
ν̂n, H⊗n

)
, g ∈ L2

(
ν̂m, H⊗m

)
E (In(f) · Im(g)) =

{ ∫
T n

<
〈f, g〉Hn dν̂n, if n = m

0, if n = m.

Now assume, in addition, that there exists a function f : [0, 1]n → H⊗n

such that f ◦st = ◦F ν̂n-a.s. (recall that any measurable function f : [0, 1]n →
H⊗n is of this shape). Then F is called a lifting of f and of f ◦ st as well. It
follows that f ∈ L2 (λn, H⊗n) and In(f) := In(◦F ) is Γ̂-a.s. well defined. Using
the standard part map bF, the integral In(f) can be converted to a standard
mapping IF

n(f) with domain CF: By Theorem 2.1, each g ∈ CF has the form
g := bF(X, ·). Then we set

IF
n(f)(bF(X, ·)) := In(f)(X).

Since In(f) is WC -measurable, IF
n(f) is well defined and is the usual standard

iterated Itô integral on L2(WCF
) (see [26]).

To establish chaos decompositions, fix a vector space H ⊆ SL2(ν, L) over
R such that the standard part ◦F : T → H of F exists ν̂-a.s. for each F ∈ H,
thus ‖∗ (◦F ) − F‖L ≈ 0 ν̂-a.s. In this case H is called an admissible set.
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Examples 3.1.
(I) H :=

{
F ∈ SL2 (ν, L) | ◦F exists ν̂-a.s.

}
is admissible.

(II) HCH
:=
{
F ∈ H | ◦F = f ◦ st ν̂-a.s. for some f ∈ L2(λ, H)

}
is admis-

sible.
(III) HH := {F ∈ L | ◦F exists} is admissible. Here we identify L with the

set of constant functions from T into L.

If a function g is M-measurable, we will often write g ∈ M. For each
admissible set H we define σ-algebras WT

H ⊆ Lν(T ) and WΩ
H ⊆ LΓ(B):

WT
H := σ {◦F | F ∈ H} ∨ Nbν ,

the σ-algebra generated by the set ◦H and the set Nbν of all ν̂-nullsets. Set

WΩ
H := σ

{
I(◦F ) | ◦F ∈ WT

H

} ∨NbΓ.

We will use the notation Wx
CH

,Wx
H if H = HCH

, H = HH.

Examples 3.2.
(I) If H = H, then WT

H = Lν(T ).
(II) If H = HCH

, then

WT
H =

{
st−1[B] | B ⊆ [0, 1] is Lebesgue-measurable

} ∨Nbν .

(III) If H = HH, then WT
H = {∅, T} ∨ Nbν .

A function f , defined on Tn or [0, 1]n with values in n-fold tensor products,
is called symmetric if f(t1,...,tn)(a1, ..., an) = f(tσ1 ,...,tσn

)(aσ1 , ..., aσn
) for all

permutations σ of {1, ..., n}.
Fix an admissible set H. A sequence (Hn)n∈N0

of vector spaces Hn over R

of symmetric nearstandard functions in SL2(νn, L⊗n) with H0 := R is called
an admissible sequence over H if
(EW 1) ◦F ∈ (WT

H

)n for each F ∈ Hn.
(EW 2) ◦In(F ) ∈ WΩ

H for each F ∈ Hn. Recall that ◦In(F ) = In(◦F ).
(EW 3) ◦Hn is a closed subspace of L2

(
ν̂n, H⊗n

)
.

(EW 4) If F1, ..., Fn ∈ SL2(ν, L) such that all ◦Fi are WT
H -measurable,

then (F1 � ... � Fn)s ∈ Hn, where Gs denotes the symmetrization of a func-
tion G : Tn → L⊗n , i.e.,

Gs(t)(a) :=
∑

σ

G(tσ1 , ..., tσn
)(aσ1 , ..., aσn

),

where σ runs through the permutations of 1, ..., n; F1 � ... � Fn denotes the
tensor product of the Fi, i.e.,

(F1 � ... � Fn) (t1, ..., tn)(a1, ..., an) := F1(t1)(a1) · ... · Fn(tn)(an).

It follows that H1 =
{
F ∈ SL2(ν) | ◦F ∈ WT

H

}
. Set

Lp
H(Γ̂) := Lp(Ω,WΩ

H , Γ̂) and Lp
H(ν̂n) := Lp(Tn,

(WT
H

)n ∨ Ncνn , ν̂n).
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Analogous notations and are used for Lp-spaces of Bochner p-times inte-
grable functions with values in H⊗n , which are denoted by Lp

H(y, H⊗n), with
y = Γ̂ or y = ν̂n. We will use the notation Lp

CH
(·), Lp

H(·) if H = HCH
, H = HH.

Set

SL2
s(ν

n, L⊗n) :=
{
F ∈ SL2(νn, L⊗n) | F is symmetric

}
.

Examples 3.3.
(I) Set H0 := R and for n > 0

Hn :=
{
F ∈ SL2

s(ν
n, L⊗n) | ◦F ∈ (Lν(T ))n ∨ Ncνn exists ν̂n-a.s.

}
.

Then (Hn) is an admissible sequence over H. We have Lp

H
(ν̂n) = Lp(ν̂n), where

Lp(ν̂n) := Lp(Tn, (Lν(T ))n ∨Ncνn , ν̂n),

which is a strict extension of the Lebesgue space Lp(λn). Moreover, Lp(ν̂n) is
a strict subspace of Lp(ν̂n), a result due to Y. Sun [30]).

(II) Set H0 := R and for n > 0

Hn :=
{
F ∈ SL2

s(ν
n, L⊗n) | ◦F = f ◦ st ν̂n-a.s. for some f ∈ L2(λn, H⊗n)

}
.

Then (Hn) is an admissible sequence over HCH
. Note that Lp

CH
(Γ̂) = Lp

WC
(Γ̂).

By Corollary 2.3, Lp
WC

(Γ̂) can be identified with Lp(WCF
). In a similar way,

Lp
CH

(ν̂n) can be identified with Lp(λn): ι : Lp(λn) → Lp
CH

(ν̂n), ι(ϕ)(t) := ϕ(◦t)
defines a homeomorphic isomorphism from Lp(λn) onto Lp

CH
(ν̂n).

(III) Set H0 := R and for n > 0

Hn :=
{
F ∈ L⊗n | F is symmetric and ◦F ∈ H⊗n

}
.

Then (Hn) is an admissible sequence over HH, and Lp
H(Γ̂) = Lp

W(Γ̂) can be
identified with the space Lp(WF). Note that, if F ∈ Hn, then

In(F )(X) =
∑

t1<...<tn

F (Xt1 , ..., Xtn
).

(IV) To introduce a forth example and also later on it is convenient to use
the following shorthand. For internal functions F : Tn+1 → L⊗n+1 we set

F̃ (t1, ..., tn+1)(a1, ..., an+1)

:=
n+1∑
i=1

F (t1, ..., ti−1, ti+1, ..., tn+1, ti)(a1, ..., ai−1, ai+1, ..., an+1, ai).

Note that F̃ is symmetric if F is symmetric in the first n components, and
note that F̃ ∈ SL2(νn+1, L⊗n+1) if F ∈ SL2(νn+1, L⊗n+1). Let (Hn) is an
admissible sequence over H. Define

H̃n :=
{
F ∈ Hn | ◦F̃ � G ∈ ◦Hn+1 for each G ∈ SL2(ν, L) with ◦G ∈ WT

H

}
.

It is straightforward to prove that
(
H̃n

)
is an admissible sequence over H.
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The following result is of great importance for the following investigations.
Its proof is similar to the usual proof of chaos decomposition results.

Theorem 3.4. Let (Hn) be an admissible sequence over H. Fix ϕ ∈
L2

H(Γ̂). Then ϕ has the decomposition

ϕ =
∞∑

n=0

◦In(Fn) =
∞∑

n=0

In(◦Fn) in L2
H(Γ̂),

where Fn ∈ H̃n (see Example (IV)). Moreover, ◦I0(F0) = ◦F0 = E(ϕ). We may
assume that Fn(t) = 0 if the components of t are not pairwise different.

The kernels ◦Fn of ϕ in this decomposition of ϕ are uniquely determined:
if ϕ =

∑∞
n=0

◦In(Gn) converges in L2(Γ̂) with symmetric Gn in SL2(νn, L⊗n),
then

∫
T n ‖Fn − Gn‖2

Ln dνn ≈ 0, thus

◦Fn = ◦Gn in L2
(
ν̂n, H⊗n

)
.

Proof. Let M be the set of all ϕ ∈ L2
H(Γ̂) having the claimed decompo-

sition. Since M is a closed subspace of L2
H(Γ̂), we get M = L2

H(Γ̂) if ϕ = 0,
whenever ϕ ⊥ M. Fix ϕ ⊥ M . Then ϕ ⊥ ◦In(F	n) for all F ∈ H1. Note that
in L2

H(Γ̂) (see [26] for the special case H = HCH
).

◦In(F	n) · ◦I(F ) = (n + 1) ◦In+1(F	n+1) + ◦In−1(F	n−1) · ◦
∫

T

‖F‖L dν.

It follows that Hn(◦I(F )) = ◦In(F	n) for F ∈ H1 with
∫

T
‖F‖L dν ≈ 1,

where Hn is the nth Hermite polynomial Hn(x) := (−1)n

n! e
1
2 x2 dn

(dx)n e−
1
2 x2

. Since
each polynomial is a linear combination of Hermite polynomials, we have ϕ ⊥
p(◦I(F )) for each polynomial p and each F ∈ H1. It follows that ϕ ⊥ e

◦I(F ).
Since ϕ belongs to the σ-algebra generated by the functions ◦I(F ) with F ∈ H1

and, we have ϕ = 0.
To prove the uniqueness, let ϕ =

∑∞
n=0

◦In(Fn) =
∑∞

n=0
◦In(Gn). Then,

by the pairwise orthogonality of the ◦In(Fn), n ∈ N0, and of the ◦In(Gn)

0 = E (◦In(Fn − Gn))2 = ◦E (In(Fn − Gn))2 = ◦
∫

T n
<

‖Fn − Gn‖2
Ln dνn,

where Tn
< := {(t1, ..., tn) ∈ Tn | t1 < ... < tn}. The result follows from the sym-

metry of the Fn, Gn.

This result shows that admissible sequences (Hn)n∈N over H are uniquely
determined by H in the following sense:

Corollary 3.5. Let (Hn) and (Gn) be admissible sequences over H.
Then for each F ∈ Hn there exists an G ∈ Gn with

∫
T n ‖F − G‖2

Ln dνn ≈ 0,
thus F ≈Ln G ν̂n-a.s, thus ◦F = ◦G ν̂n-a.s, thus ◦Fn = ◦Gn in L2

(
ν̂n, H⊗n

)
.
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Proof. Fix F ∈ Hn. Since ◦In(F ) ∈ L2
H(Γ̂), by Theorem 3.4, ◦In(F ) has

a chaos decomposition ◦In(F ) =
∑∞

k=0
◦Ik(Gk) with Gk ∈ Gk. By Theorem

3.4,
∫

T n ‖F − Gn‖2
Ln dνn ≈ 0.

If H = HCH
, H = HH, then, since L2

H(Γ̂) = L2(WCF
), L2

H(Γ̂) = L2(WF),
Theorem 3.4 yields a chaos decomposition of the standard spaces L2(WCF

),
L2(WF), respectively.

Our aim now is to extend the preceding results to stochastic processes. To
this end fix an admissible sequence (Hn) over some admissible set H. Define

Lp
H(Γ̂ ⊗ ν) :=

(
Ω × T,

(WΩ
H ⊗WT

H

) ∨N
Γ̂⊗ν

, Γ̂ ⊗ ν
)

.

In case H = HCH
, H = HH, we shall write Lp

CH
(Γ̂ ⊗ ν), Lp

H(Γ̂ ⊗ ν). Note that

Lp
CH

(Γ̂ ⊗ ν) can be identified with the standard Lebesgue space

Lp(WCF
⊗ λ) := Lp(CF ⊗ [0, 1],B (CF) ⊗ Leb[0, 1], WCF

⊗ λ);

the homeomorphic isomorphism is defined by ι(ϕ)(X, t) = ϕ(bF(X, ·), ◦t).
Analogous notations and results hold for Lp-spaces of Bochner p-times inte-
grable functions with values in H⊗n , which are denoted by Lp

x(y, H⊗n).

In order to obtain a suitable orthogonal decomposition of the spaces
L2

H(Γ̂ ⊗ ν, H), we need the following abbreviations. For internal functions
F : Tn+1 → L⊗n+1 we set

In,1(F )(X, t) :=
∑

t1<...<tn

F (t1, ..., tn, t)(Xt1 , ..., Xtn
, ·) ∈ L′ = L.

For each t ∈ T we set [1, t] := {s ∈ T | s ≤ t} and define

(1[1,t] ·i F )(t1, ..., tn+1)(·) := 1[1,t](ti) · F (t1, ..., tn+1)(·).

Theorem 3.6. Let ϕ ∈ L2
H(Γ̂ ⊗ ν, H). Then there exists a sequence

(Fn)n∈N of internal functions Fn : Tn+1 → L⊗n+1 with the following five prop-
erties:

(1) Fn is symmetric in the first n variables, Fn ∈ SL2(νn+1, L⊗n+1) and
◦Fn ∈ L2

H(ν̂n+1, H⊗n+1).
(2) In,1(Fn) ∈ SL2 (Γ ⊗ ν, L) and ◦In,1(Fn) ∈ L2

H(Γ̂ ⊗ ν, H).
(3) In+1(F̃n) ∈ SL2(Γ) and ◦In+1(F̃n) ∈ L2

H(Γ̂).

(4) In+1

(
˜1[1,·] ·n+1 F

n

)
∈ SL2 (Γ ⊗ ν), thus t → ◦In+1

(
˜1[1,t] ·n+1 F

n

)
is

in L2(Γ̂ ⊗ ν). If [0, t] ∈ WT
H for all t ∈ T , then ◦In+1

(
˜1[1,t] ·n+1 F

n

)
is in

L2
H(Γ̂ ⊗ ν).

(5) ϕ =
∑∞

n=0
◦In,1(Fn) converges in L2

H(Γ̂ ⊗ ν, H).
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We may further assume that F (t1, ..., tn+1) = 0 if the ti are not pairwise dif-
ferent.

If ϕ =
∑∞

n=0
◦In,1(Kn) in L2(Γ̂ ⊗ ν, H) and Kn ∈ SL2(νn+1, L⊗n+1) is

symmetric in the first n variables, then Fn ≈Ln+1 Kn ν̂n+1-a.s.
For H = HCH

, this decomposition also yields a corresponding decomposition
of functionals in L2(WCF

⊗ λ, H).

Proof. Let M be the set of all ϕ ∈ L2
H(Γ̂ ⊗ ν, H) such that there exists a

sequence (Fn)n∈N of internal functions Fn : Tn+1 → L⊗n+1 with the properties
(1),...,(5). Obviously, M is a linear subspace of L2

H(Γ̂ ⊗ ν, H) and M is closed.
Therefore, it suffices to prove that ϕ := 1B×C � 〈a, ·〉 = 1B � 1C � 〈a, ·〉 ∈ M
for all B ∈ WΩ

H , C ∈ WT
H and a ∈ H. According to Theorem 3.4, 1B has the

decomposition

1B = E(1B) +
∞∑

n=1

◦In(Gn) = E(1B) +
∞∑

n=1

In(◦Gn) in L2
H(Γ̂).

By Example (IV), we may assume that Gn ∈ H̃n. Since C ∈ Lν(T ), there exists
an internal subset A ⊂ T with ν̂(A � C) = 0. We set for n ∈ N and all t ∈ Tn,
s ∈ T and y ∈ L

Fn := Gn � 1A � a : (t, s, y) �→ Gn(t) · 1A(s) · 〈a, y〉 .

F0 := E(1B) · 1A � a.

If the elements in the vector r ∈ Tn+1 are not pairwise different, set Fn(r) := 0.
Note that Fn ∈ SL2(νn+1, L⊗n+1) and that Conditions (1),...,(5) are true.

The proof of the uniqueness is similar to the corresponding proof under
Theorem 3.4.

Using saturation, we obtain the following lifting theorem, which will be
important in Section 6 and follows from Theorem 3.6.

Proposition 3.7. Fix ϕ =
∑∞

n=0
◦In,1(Fn) ∈ L2

H(Γ̂ ⊗ ν, H). Then
there exists an internal extension (Fn)n∈∗N of (Fn)n∈N and an unlimited K ∈
∗N such that for each unlimited M ≤ K, M ∈ ∗N,

Φ :=
M∑

n=0

In,1(Fn) ∈ SL2(Γ ⊗ ν, L) and Φ ≈L ϕ Γ̂ ⊗ ν-a.s.

We may assume that all the Fn are symmetric in the first n variables and we
may further assume that Fn(t1, ..., tn+1) = 0 implies that the (ti) are pairwise
different.
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4. Skorohod integral processes

In this section we present a Kolmogorov continuity criterion, by which it is
possible to convert an internal process F : Ω×T → ∗R to a continuous process
f : Ω×[0, 1] → R, uniquely determined except for modifications. An application
shows that Skorohod integral processes, defined on finite chaos levels, have
continuous modifications. This is an extension of a result, due to Imkeller [15],
for the classical Wiener space CR. Our proof is distinct from his proof. While
he uses deep results on isoperimetric inequalities, our proof is elementary and
is based on a refinement of Kolmogorov’s continuity theorem.

The Skorohod integral process δpr(f) ∈ L2
(
Γ̂ ⊗ ν

)
of a process f in a

dense subspace of L2
H

(
Γ̂ ⊗ ν, H

)
can be defined to be the standard part of

the internal Riemann Stieltjes integral
∫ t

1
FΔB with respect to the internal

Brownian motion B, defined in Section 2. Here F ∈ SL2 (Γ ⊗ ν, L) is a lifting
of f and ∫ t

1

FΔB(X) :=
∫

FΔB(X, t) :=
∑

s≤t,s∈T

F (X, s)(Xs) ∈ ∗R,

where we identify L with its dual L′. Note that∫ t

1

In,1(F )ΔB(X) = In+1

(
˜1[1,t] ·n+1 F

)
,

if F (t1, ..., tn+1) = 0 implies that the ti are pairwise different and Fn is sym-
metric in the first n arguments.

To define the Skorohod integral process δpr, fix ϕ ∈ L2
H(Γ̂ ⊗ ν, H) with

ϕ =
∑∞

n=0
◦In,1(Fn) according to Theorem 3.6. We define δprϕ : Ω × T → ∗R

by Riemann Stieltjes integration under the sum and under the standard part
map:

(δprϕ)(·, t) =
∞∑

n=0

(
◦
∫ t

1

In,1(Fn)ΔB

)
=

∞∑
n=0

◦In+1( ˜1[1,t] ·n+1 Fn)

if this series converges in L2(Γ̂ ⊗ ν), i.e.,

∞∑
n=0

∫
Ω×T

(◦In+1( ˜1[1,t] ·n+1 Fn))2dΓ̂ ⊗ ν < ∞.

The densely defined linear operator δpr : L2
H(Γ̂ ⊗ ν, H) → L2(Γ̂ ⊗ ν) is called

the Skorohod integral process. The Skorohod integral δϕ of ϕ is defined
by setting δϕ := δprϕ(·, H). Then

δϕ =
∞∑

n=0

◦In+1(F̃n).
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Since δϕ is WΩ
H -measurable, δϕ exists iff

∑∞
n=0

∫
Ω
(◦In+1(F̃n))2dΓ̂ < ∞. The

densely defined linear operator δ : L2
H(Γ̂ ⊗ ν, H) → L2

H(Γ̂) is called the
Skorohod integral.

Since we may identify for H = HCH
the spaces L2

H(Γ̂) with L2(WCF
) and

L2
H(Γ̂ ⊗ ν, H) with L2(WCF

⊗ λ, H), the Skorohod integral and the Skorohod
integral process are defined for these standard spaces. In the same way, we
may identify for H = HH, the spaces L2

H(Γ̂) with L2(WF) and L2
H(Γ̂ ⊗ ν, H) with

L2
H(Γ̂, H) and L2(WF, H). Therefore, the Skorohod integral and the Skorohod

integral process are also defined for these standard spaces.

Using saturation we have the following lifting theorem for the Skorohod
integral:

Proposition 4.1. Fix ϕ =
∑∞

n=0
◦In,1(Fn) ∈ L2

H(Γ̂ ⊗ ν, H). Then,we
have: if δϕ exists, then we can choose Φ and an unlimited K ∈ ∗N such that
the properties of Proposition 3.7 are fulfilled and such that, in addition,

δΦ =
∫ H

1

ΦΔB =
M∑

n=0

In+1(F̃n) ∈ SL2(Γ)

for all unlimited M ≤ K and

δΦ ≈ δϕ Γ̂-a.s. in R.

Our aim is now to prove that Skorohod integral processes, defined on
finite chaos levels, have continuous modifications. It is not possible to copy the
proof of the continuity of the Itô integral, based on martingale theory. The
Itô integral is a martingale, because the integrands are non time-anticipating.
Since the Skorohod integral is also defined for time-anticipating integrands, the
martingale properties fail in general.

To obtain continuous modifications in a more general context, assume first
that F : T → ∗R is internal and that D ⊆ T is S-dense, i.e., in each ε-
neighborhood of each r ∈ [0, 1] there exists a t ∈ D with

∣∣ t
H − r

∣∣ < ε. Suppose
that F is uniformly S-continuous and nearstandard on D. Let (dn)n∈N be a
sequence in D with limn→∞ ◦dn = r. Recall that, by convention, ◦dn = ◦ dn

H .
Then

DF : [0, 1] → R, r �→ lim
n→∞

◦F (dn)

is well defined and continuous. The function DF is called a continuous modi-
fication of F . The following example shows that this concept is closely related
to the corresponding standard concept.

Proposition 4.2. Suppose that f : Ω × [0, 1] → R is a process, which
has a continuous modification g : Ω × [0, 1] → R in the standard sense. Then
for each lifting F of f there exists an S-dense subset of T such that DF = g.
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Proof. Let F be a lifting of f . Then, by Keisler’s Fubini Theorem,
ν̂
(
D̃
)

= 1, where

D̃ :=
{

t ∈ T | ◦F (·, t) = f(·,◦ t) Γ̂-a.s
}

,

thus, D̃ is S-dense in T . Note that there exists a countable S-dense subset
D ⊂ D̃ in T . Therefore, there exists a set Ω̃ ⊂ Ω of Γ̂ measure 1 such that for
all X ∈ Ω̃ and all t ∈ D,

◦F (X, t) = f(X,◦ t) = g(X,◦ t).

Note that F is uniformly S-continuous and nearstandard on D and DF = g
Γ̂-a.s.

In general, there may exist many continuous modifications of F . In order
to obtain uniqueness, fix an internal process F : Ω × T → ∗R which is Γ̂-a.s.
uniformly S-continuous and nearstandard on an S-dense D ⊆ T . A continuous
modification DF : Ω× [0, 1] → R of F is called a uniquely determined mod-
ification of F if each other continuous modification EF of F is a modification
of DF in the standard sense.

Let us call an internal process F : Ω × T → ∗R weakly S-continuous
on T if for all s, t ∈ T with s

H ≈ t
H there exists a set Us,t ⊆ Ω of Γ̂-measure 1

such that F (X, s) ≈ F (X, t) for all X ∈ Us,t.

Proposition 4.3. Suppose that F is a weakly S-continuous process on
T and D is an S-dense subset of T such that F is uniformly S-continuous
and nearstandard on D Γ̂-a.s. Then DF is a uniquely determined continuous
modification of F.

Proof. We have already seen that DF is a continuous modification of F .
To prove uniqueness, fix a second continuous modification EF of F . We have
to prove that for all k ∈ N and all r ∈ [0, 1]

Γ̂
{∣∣DFr − EFr

∣∣ ≥ 1
k

}
= 0.

To this end let (dn) , (en) be sequences in D, E, respectively, with lim ◦dn =
r = lim ◦en. It suffices to prove that for all N ∈ N

Γ̂
{
∀n ≥ N |Fdn

− Fen
| ≥ 1

3k

}
= 0.

Let (dn)n∈ ∗N , (en)n∈ ∗N be internal extensions of (dn) , (en), respectively, with
dn, en ∈ T for all n ∈ ∗N. Then there exists an unlimited M ∈ ∗N such that
dK

H ≈ r ≈ eK

H for all unlimited K ∈ ∗N, K ≤ M . It suffices to prove that for
all unlimited K ∈ ∗N, K ≤ M

Γ
{
|FrK

− FsK
| ≥ 1

3k

}
≈ 0.
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This equality follows from the weak S-continuity of F and from dK

H ≈ eK

H .

The following result is relevant for finding uniquely determined continuous
modifications of internal processes. To prove it one may use a suitable time
transformation (see [23]). Here we prefer a slight refinement of Kolmogorov’s
Continuity Theorem (see I. Karatzas and S. Shreve [16]).

Theorem 4.4. Suppose that F : Ω × T → ∗R is an internal process.
Set F (·, 0) := 0. Suppose that there exists a continuous monotone increasing
function α : [0, 1] → R+

0 with α(0) = 0 and a constant c ∈ R+ such that for all
t, s ∈ T ∪ {0}

◦E
(
(Ft − Fs)

4
)
≤ c (α(◦t) − α(◦s))2

(
◦t := ◦ t

H

)
.

(We may replace 4 by any number p ≥ 1 and 2 by any number q > 1.)
Then F has a uniquely determined modification.

Proof. By normalization, we may assume that α(1) = 1. For all n ∈ N

and all i = 0, ..., 2n choose tni ∈ T ∪ {0} such that α(◦tni ) = i
2n . Set tn0 = 0 and

tn2n = H. We further assume that tn+m
2m·k = tnk for each k ∈ {0, ..., 2n}. Set

Dn := {tni | i = 0, ..., 2n} ∪
{

i · H
m

| 1 ≤ m ≤ n, i = 1, ..., m − 1
}

.

Since each n ∈ N divides H, Dn ⊆ T ∪ {0}. Let Dn = {bn
i | i = 0, ..., n} with

0 = bn
0 < ... < bn

n. Note that Dn ⊆ Dn+1. Since α is monotone increasing,
0 ≤ (

α(◦bn
i ) − α(◦bn

i−1)
) ≤ 1

2n . Set

D :=
⋃
n∈N

Dn.

Since D is countable, there exists a set U1 ⊆ Ω of Γ̂-measure 1 such that
Fa(X) ≈ Fb(X) is limited for all X ∈ U1 and all a, b ∈ D with α(◦b) = α(◦a).
By Tschebyschev’s inequality, we obtain

Γ̂
{∣∣∣Fbn

i
− Fbn

i−1

∣∣∣ ≥ 2−
1
8 n
}
≤ c · 2− 3

2 n.

Since, by a very rough estimate, n ≤ 2n + n2, we obtain

Γ̂
{

max
i=1,...,n

∣∣∣Fbn
i
− Fbn

i−1

∣∣∣ ≥ 2−
1
8 n

}
≤ c

(
2−

1
2 n + n22−

3
2 n
)

.

Since the last term is the general term of a convergent series, by the Borel
Cantelli Lemma, there exists a set U2 ⊆ Ω of Γ̂-measure 1 and a function
g : U2 → N such that for all X ∈ U2 and all n ≥ g(X)

(1) max
i=1,...,n

∣∣∣Fbn
i
(X) − Fbn

i−1
(X)

∣∣∣ < 2−
1
8 n.
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Set U := U1 ∩U2. Fix X ∈ U and n ≥ g(X). We will prove by induction on m
that for all m > n and for all s, t ∈ Dm, with |α(◦t) − α(◦s)| < 1

2n :

(2) |Ft(X) − Fs(X)| < 2
m∑

j=n+1

j22−
1
8 j .

Suppose that s, t ∈ Dn+1 with s < t and α(◦t)− α(◦s) < 1
2n . Let tni ≤ s < tni+1.

Then t < tni+2. Since between tni and tni+2 there are less than 2(n+1)2 elements
of Dn+1, we obtain from (1)

|Ft(X) − Fs(X)| < 2(n + 1)22−
1
8 (n+1).

Assume that M > n + 1 and (2) is true for all m < M . Suppose that
s, t ∈ DM with |α(◦t) − α(◦s)| < 1

2n . We may assume s < t. Set s0 :=
min {a ∈ DM−1 | s ≤ a} and t0 := max {a ∈ DM−1 | a ≤ t}. Assume first that
s0 ≤ t0. Since |α(◦t0) − α(◦s0)| < 1

2n and between t0 and t and s and s0 there
are at most M2 many elements of DM , we obtain from (1) and the induction
hypothesis:

|Ft(X) − Fs(X)| ≤ 2
M∑

j=n+1

j22−
1
8 j .

If t0 < s0, the proof is similar.
To prove our final result, fix s, t ∈ D with 0 ≤ α(◦t) − α(◦s) < 1

2g(X) . If
α(◦t) = α(◦s), then the inequalities under (3) below become true. Now assume
0 < α(◦t) − α(◦s). We select n such that 1

2n+1 ≤ α(◦t) − α(◦s) < 1
2n . Then

n ≥ g(X) and
(

1
2n+1

) 1
16 ≤ (α(◦t) − α(◦s))

1
16 . We obtain

◦ |Ft(X) − Fs(X)| ≤ 2
∞∑

j=n+1

j22−
1
16 j ( α(◦t) − α(◦s))

1
16

≤
⎛⎝2

∞∑
j=0

j22−
1
16 j

⎞⎠ (α(◦t) − α(◦s))
1
16 .

(3)

We have proved that there exists a countable dense subset D ⊂ T , a constant
d, a set U ⊆ Ω of Γ̂-measure 1 and a function g : U → N such that for all
X ∈ U and all s, t ∈ D with 0 ≤ α(◦t) − α(◦s) < 1

2g(X)

◦ |Ft(X) − Fs(X)| ≤ d · |α(◦t) − α(◦s)| 1
16 .

It follows that F is uniformly S-continuous and nearstandard on D Γ̂-a.s. From
the hypothesis we have immediately that F is weakly S-continuous. Now apply
Proposition 4.3.

Corollary 4.5. Fix F ∈ SL2
(
νn+1, L⊗n+1

)
and assume that F is sym-

metric in the first n arguments. We assume that F = 1T n+1
�=

· F = 0. Then the
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internal integral of F ,

t �→
∫ t

1

In,1(F )ΔB,

has a uniquely determined continuous modification. It follows that δpr(ϕ) can
be defined as a continuous process if ϕ belongs to finite chaos levels.

Proof. Fix a symmetric G ∈ SL2 (νn, L⊗n). We introduce the following
notation: we identify n ∈ N with {1, ..., n}. If p ∈ n ∪ {0}, and σ : (n − p) ↗
2(n − p) is strictly monotone increasing, then σ : (n − p) ↗ 2(n − p) denotes
the enumeration of 2(n − p) \ {σ1, ..., σn−p}. If t = (t1, ..., tn−p) , then we set
tσ :=

(
tσ1 , ..., tσn−p

)
. Now define QG

p,σ : T 2(n−p) → L⊗2(n−p) by setting

QG
p,σ(t)(a) :=

∫
T p

<

〈G(tσ, s)(aσ, ·), G(tσ, s)(aσ, ·)〉Lp dνp(s).

It is proved in [26] that QG
p,σ ∈ SL2

(
ν2(n−p), L⊗2(n−p)

)
and

E

⎛⎝(In(G))2 −
n∑

p=0

∑
σ:(n−p)↗2(n−p)

I2(n−p)(QG
p,σ)

⎞⎠2

≈ 0.

Now, by the properties of Gaußian measures, we obtain for σ, ρ : (n − p) ↗
2(n − p):∣∣E (I2(n−p)(QG

p,σ) · I2(n−p)(QG
p,ρ)
)∣∣2

=

∣∣∣∣∣
∫

T
2(n−p)
<

〈
QG

p,σ , QG
p,ρ

〉
L2(n−p) dν2(n−p)

∣∣∣∣∣
2

≤
∫

T
2(n−p)
<

∥∥QG
p,σ

∥∥2

L2(n−p) dν2(n−p) ·
∫

T
2(n−p)
<

∥∥QG
p,ρ

∥∥2

L2(n−p) dν2(n−p)

≤
(∫

T n

‖G‖2
Ln dνn

)2

·
(∫

T n

‖G‖2
Ln dνn

)2

.

It follows that
∣∣E (I2(n−p)(QG

p,σ) · I2(n−p)(QG
p,ρ)
)∣∣ ≤

(∫
T n ‖G‖2

Ln dνn
)2

and
therefore,

E

⎛⎝ n∑
p=0

∑
σ:(n−p)↗2(n−p)

I2(n−p)(QG
p,σ)

⎞⎠2

≤ cn ·
(∫

T n

‖G‖2
Ln dνn

)2

with cn :=
∑n

p=0

(
2n − 2p
n − p

)2

. This proves that

◦E
(
In(G)4

) ≤ cn ·
(

◦
∫

T n

‖G‖2
Ln dνn

)2

.
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In order to finish the proof, we define

α(◦t) :=
n+1∑
i=1

◦
∫ t

1

∫
T n

∥∥F(t1,...,ti−1,ti+1,...,tn+1,ti)

∥∥2

Ln+1 dνndν(ti).

Since ‖F‖2
Ln+1 ∈ SL1(νn+1) , by Keisler’s Fubini Theorem, α : [0, 1] → R is

well defined and a monotone increasing continuous function. Now we obtain

◦E

((∫ t

s

In,1(F )ΔB

)4
)

= ◦E

((∫
In,1(1]s,t] ·n+1 F )ΔB

)4

(·, H)

)

≤ cn+1

⎛⎝◦
∫

T n+1

∥∥∥∥∥
n+1∑
i=1

1]s,t](ti) · F(t1,...,ti−1,ti+1,...,tn+1,ti)

∥∥∥∥∥
2

Ln+1

dνn+1

⎞⎠2

≤ (n + 1)2cn+1

(
◦
∫

T n+1

n+1∑
i=1

1]s,t](ti)
∥∥F(t1,...,ti−1,ti+1,...,tn+1,ti)

∥∥2

Ln+1 dνn+1

)2

= (n + 1)2cn+1

(
n+1∑
i=1

◦
∫ t

s

∫
T n

∥∥F(t1,...,ti−1,ti+1,...,tn+1,ti)

∥∥2

Ln+1 dνndν(ti)

)2

= (n + 1)2cn+1 (α(◦t) − α(◦s))2 .

Now apply Theorem 4.4.

5. The Malliavin derivative and the Clark Ocone formula

The Clark Ocone formula here is a martingale representation theorem for
functionals ϕ ∈ L2

H

(
Γ̂
)
. In case ϕ is Malliavin differentiable, then ϕ is the Itô

integral of the conditional expectation of the Malliavin derivative of ϕ. In order
to state the Clark Ocone formula one needs the time line to be able to define
the notion “non time anticipating”. The Clark Ocone formula has important
applications in finance mathematics (see Aase et al. [1] or Di Nunno et al.
[10]).

This formula has been proved by Clark [7] and more general by Ocone
[24] for the classical Wiener space CR. In this case, a simple proof, using
saturated models of mathematics, can be found in Cutland and Ng [9]. Berger
[4] proved the Clark Ocone formula for the abstract Wiener space, using the
Üstünel-Zakai-Itô integral, based on a resolution of the identity on H. In [27]
there is a proof of this formula for the space CF. Recently, Mayer-Wolf and
Zakai [22] extended the Clark Ocone formula to Banach space valued random
variables, defined on L2(WF). Using Cutland and Ng’s approach, we will now
prove the Clark Ocone formula for functionals, defined on the non separable
space L2

H

(
Γ̂
)
.

In order to define the Malliavin derivative in our setting, we use the fol-
lowing admissible sequence. The proof is straightforward.
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Lemma 5.1. Fix an admissible sequence (Hn) over H. Set H′
0 := R

and for n ≥ 1 let H
′
n be the set of all F ∈ Hn such that for Γ̂ ⊗ ν-almost all

(·, t) ∈ Ω × T and

In−1,1(Fn) ∈ SL2 (Γ ⊗ ν, L) and ◦In−1,1(Fn) ∈ L2
H(Γ̂ ⊗ ν, H).

Then (H′
n) is an admissible sequence over H.

Using Theorem 3.4, we define the Malliavin derivative d on a dense sub-
space of L2

H(Γ̂) with values in L2
H(Γ̂ ⊗ ν, L), where H is an arbitrary admissible

vector space. Fix ϕ ∈ L2
H(Γ̂) with chaos decomposition

ϕ = Eϕ +
∞∑

n=0

◦In(Fn) with Fn ∈ H′
n.

Now the Malliavin derivative d of ϕ is nothing but finite dimensional differen-
tiation under the standard part map and the sum, i.e., d is defined on a dense
subspace of L2

H(Γ̂) by

d(ϕ)(X, t) :=
∞∑

n=0

◦ ∂

∂Xt
In(Fn) :=

∞∑
n=0

◦In−1,1(Fn)(X, t)

if
∑∞

n=0
◦In−1,1(Fn) converges in L2

H(Γ̂ ⊗ ν, Hn), which is the case if and only
if
∑∞

n=1

√
n · ◦In(Fn) converges in L2

H(Γ̂). Therefore, d is densely defined.
Then the Malliavin derivative is also defined for standard spaces:

Examples 5.2.
(I) In case H = HH, d is a densely defined operator from L2(WF) into

L2(WF, H).
(II) In case H = HCH

, d is a densely defined operator from L2(WCF
) into

L2(WCF
⊗ λ, H).

(III) In case H = H, the Malliavin derivative is an extension of the standard
Malliavin derivative.

In order to define the Itô integral
∫

fdbF, one needs non time-anticipating
integrands f , and therefore, we take an admissible vector space H such that

[1, t] ∈ WT
H for each t ∈ T.

We use the internal filtration (Bn) := (Bn)n∈T on the internal Borel algebra B
on Ω = LH , where Bn is the family of cylinder sets

Bn :=
{
A × LH−n | A ∈ B (Ln)

}
, B0 := {∅, Ω} .

Set t− := t − 1 for each t ∈ T .
Fix a (Bn−)-adapted F ∈ SL2(Γ ⊗ ν, L). Using the fact that

∫
FΔB is a

(Bn)-martingale, it is shown in [27], following Anderson’s approach to the Itô
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integral [3] for finite dimensional Brownian motion, that (X, t) �→∑
s≤t Fs(Xs)

is S-continuous Γ̂-a.s, thus this function can be converted to a continuous pro-
cess on the time line [0, 1], setting

∫
FdbF(·, ◦t) = ◦ ∫ FΔB(·, t) for all t ∈ T

Γ̂-a.s.
If, in addition, F is a lifting of f : Ω × T → H then we may set∫

fdbF :=
∫

FdbF.

This integral is called the Itô integral of f . Note that the Itô integral inte-
grates Hilbert space valued processes under a Fréchet space valued Brownian
motion. In the work of Duncan (see Duncan [11]), for example, there is a stan-
dard approach to this integral. The following continuity result for

∫ · dbF is a
simple consequence of saturation:

Lemma 5.3. Let (fn) be a sequence of functions fn, converging to f in
L2

H(Γ̂ ⊗ ν, H). If each fn has a (Bn−)-adapted lifting Fn ∈ SL2(Γ⊗ ν, L), then
f has a (Bn−)-adapted lifting in SL2(Γ ⊗ ν, L) and

lim
n→∞

∫
fndbF =

∫
fdbF in L2(Γ̂ ⊗ λ).

In order to find relevant examples of an H-valued process having a (Bn−)-
adapted lifting, we define a filtration (fn) = (fn)n∈T∪{0} on D, setting

fn :=
((Bn ∨ NbΓ

) ∩WΩ
H

)
.

note that the Loeb σ-algebra LΓ (Bn) over Bn is a subset of Bn ∨ NbΓ.
The following admissible sequence is used, the proof is straightforward.

Lemma 5.4. Let (Hn) be an admissible sequence over H. Set H′′
0 := R

and for n ≥ 1, let H′′
n be the set of all F ∈ H′

n (H′
n is defined in Lemma 5.1)

such that
◦EBt− (In−1,1(F ))(·, t) = Eft− ◦In−1,1(F )(·, t),

thus
(
EBt− (In−1,1(F ))t

)
is a (Bn−)-adapted lifting of

(
Eft− ◦In−1,1(F )t

)
. Then

(H′′
n) is an admissible sequence over H.

Theorem 5.5. Let ϕ ∈ L2
H(Γ̂) Then

(1) ϕ = Eϕ +
∫ (

t �→ Eft−
∑∞

n=1
◦In−1,1(Fn)(·, t)) dbF(·, 1).

(2) If ϕ is Malliavin differentiable, then

ϕ = Eϕ +
∫ (

Eft− dϕ (·, t)) dbF(·, 1).

Proof. By Theorem 3.4, ϕ = Eϕ +
∑∞

n=1
◦In(Fn) with Fn ∈ H′′

n. Note
that In(Fn) =

∫ (
t �→ EBt− In−1,1(Fn)(·, t))ΔB(·, H). Using this fact and Lem-



258 Horst Osswald

mata 5.4 and 5.3, we obtain in L2
H(Γ̂),

ϕ − Eϕ =
∞∑

n=1

◦ (In(Fn))

=
∞∑

n=1

◦
(∫

t �→ EBt− In−1,1(Fn)(·, t)ΔB

)
(·, H)

=
∞∑

n=1

(∫ (
t �→ Eft− ◦In−1,1(Fn)(·, t))) dbF(·, 1)

=
∫ (

t �→ Eft−
∞∑

n=1

◦In−1,1(Fn)(·, t)
)

dbF(·, 1) =

in case, ϕ is Malliavin differentiable∫ (
t �→ Eft− dϕ (·, t)) dbF(·, 1).

This proves the result.

6. Anticipative Girsanov transformations

In this part we apply the decomposition result for stochastic processes
(Theorem 3.6) and the resulting finite dimensional representation (Propositions
3.7 and 4.1) to time-anticipating Girsanov transformations σ : Ω → CF given
by

σ(X)(r) := σ(X, r) = bF(X, r) +
∫ r

0

ϕ(X, s)dν̂(s),

where ϕ : Ω×T → H is WΩ
H⊗WT

H -measurable and ϕ (X, ·) ∈ L2 (ν̂) for Γ̂-almost

all X ∈ Ω. Then the mapping ◦t �→ ∫ ◦t

0
ϕ(·, s)dν̂(s) is a Γ̂-a.s. continuous

mapping from [0, 1] into H if we define
∫ ◦t

0
ϕ(·, s)dν̂(s) :=

∫
[1,t]

ϕ(·, s)dν̂(s). We
demand from H that [1, t] ∈ WT

H for each t ∈ T . Let us address the following
question:

When does there exist a probability measure P on LΓ(B), absolutely con-
tinuous or equivalent to Γ̂, such that the process σ follows the law of Brownian
motion with respect to P ?

If ϕ is time-anticipating, then it is impossible for σ to become a Brownian
motion, because the martingale property fails.

Example 6.1. If H = HCF
, then σ defines a shift on CF: fix f ∈ CF.

Then there exists an X ∈ Ω with bF(X, ·) = f . Set σ(f) := σ(X). Then, since
ϕ(·, t) is measurable with respect to the Brownian motion, σ is a well defined
mapping from CF into CF (see [26]).
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Answers to related questions are given for example in the work of Buckdahn
[6], Kusuoka [20], Enchev [13], Ramer [29]. It is often presumed that the kernel
ϕ of the Girsanov transformation is Skorohod integrable or locally L1,2 or it
is H-continuously differentiable (see also Nualart [23]). (The space L1,2 is a
subspace of the domain of the Skorohod integral, consisting of the Malliavin
differentiable integrands.)

In our approach we use the fact that the probability space Ω is finite di-
mensional in the sense of a highly saturated model of mathematics set-up and
that each L2-functional on Ω is infinitely close to a continuously differentiable
function (see Propositions 3.7 and 4.1). Therefore, it is not necessary to de-
mand any smoothness conditions from ϕ. Moreover, we are able to apply the
elementary transformation in finite dimensional analysis. Some of the results
in [26] will be extended.

Since ϕ can be approximated by functions ϕn ∈ L2
H(Γ̂ ⊗ ν, H), and each

ϕn has a smooth lifting according to Proposition 3.7, by saturation, one can
find a lifting Φ of ϕ such that Φ(X, ·) ∈ SL2 (ν, L) for Γ̂-almost all X ∈ LH

and Φ is given by

Φ(X, t) =
M∑

k=0

∑
t1<...<tk

Fk(t1, ..., tk, t) (Xt1 , ..., Xtk
, ·) ∈ L′ = L,

where M is an unlimited natural number.
If ϕ has a (Bn−)-adapted lifting, we may assume that all Fk are non-

anticipating, thus, Φ is (Bn−)n∈T -adapted.

Define the function Φ̃ : LH → FH by setting:

Φ̃(X) :=
(

Xt + Φ(X, t)
1
H

)
t∈T

.

Since bF(·, ◦n) ≈F B(·, n) and
∫ ◦n

0
ϕ(·, s)(a)dν̂(s) ≈ ∫ n

1
Φ(·, s)(a)dν(s) for all

a ∈ H Γ̂-a.s., and since the dual space F′ can be identified with a subspace of
H, we have an internal representation of σ:

Proposition 6.2. For Γ̂-almost all X,

a(σ(X)(◦n)) ≈ 〈Bn ◦ Φ̃(X), a〉 for each a ∈ F′ and each n ∈ T.

Since Φ̃ : LH → LH is a ∗finite sum of multi-linear forms, Φ̃ is continuously
differentiable. In analogy to the standard theory we call an internal function
Φ̃ : LH → LH regular if it is possible to apply the usual finite dimensional
transformation rule: for each internal B-measurable function G : LH → LH

and each B ∈ B we have∫
B

G ◦ Φ̃ ·
∣∣∣det Φ̃′

∣∣∣ dΓ =
∫

eΦ[B]

GdΓ,

if the integral of one of both sides exists. For example, Φ̃ is regular, if
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(1) Φ̃ bijective and
(2) det Φ̃′

X = 0 for all X ∈ LH .
Note that the derivative Φ̃′

X of Φ̃ at X is an endomorphism on the finite dimen-
sional Euclidean space LH . The associated matrix corresponds to the Carle-
man Fredholm matrix in the standard theory.

Now we shall give necessary and sufficient conditions for positive answers
to our question: Define first the internal Cameron Martin Girsanov func-
tion ΘΦ : LH → ∗R by setting

ΘΦ(X) := e−
P

s≤H(Φ(X,s)(Xs)+ 1
2 ‖Φ(X,s)‖2

L

1
H )
∣∣∣det Φ̃′

X

∣∣∣ .
The function Φ is called adequate, if the following 3 conditions hold:

(A) Φ̃ is regular.
(B) det Φ̃′ ≈ 0 Γ̂-a.s..
(C) ΘΦ ∈ SL1(Γ).

If, in addition to (A), (B) and (C), we also have
(D) e−

P
s≤H(Φ(X,s)(Xs)+ 1

2‖Φ(X,s)‖2
L

1
H ) ≈ 0 for Γ̂ almost all X ∈ LH , then

Φ is called strongly adequate.
It is easy to see that, if Φ is (Bn−)-adapted, then conditions (A) and

(B) are true, in fact, det Φ̃′ = 1. By Prop. 4.1, if ϕ is Skorohod integrable,
then we can choose Φ such that (D) holds and the internal function X �→
e−

P
s≤H(Φ(X,s)(Xs)+ 1

2 ‖Φ(X,s)‖2
L

1
H ) is a lifting of X �→ e−δϕ− 1

2

R
T
‖ϕ(X,s)‖2

H
dbν(s).

Now we obtain the following result, using transfer of the finite dimensional
transformation rule (see [26]):

Theorem 6.3. Assume that Φ is (strongly) adequate. Then Θ̂ΦΓ is
(equivalent) absolutely continuous to Γ̂.

Fix r, t ∈ [0, 1] with r < t. Then a(σ(·, t)−σ(·, r)) is N (0, t−r)-distributed
with respect to the measure Θ̂ΦΓ for each a ∈ F′ with ‖a‖F = 1.

Proof. The proof of the first part of the Theorem can be found in [26].
Now fix a ∈ F′ with ‖a‖F = 1. We extend a = e1 to an internal orthonormal
basis E = (ei)i≤ω of L. Choose n, m ∈ T such that n

H ≈ t and m
H ≈ r. Then

we have for each λ ∈ R,∫
Ω

eλa(σ(·,t)−σ(·,r))dΘ̂ΦΓ ≈
∫

Ω

eλ〈Bn◦eΦ−Bm◦eΦ,a〉dΘΦΓ

=
∫

Ω

eλ〈Bn−Bm,a〉dΓ ≈
∫

Ω

eλa(b(·,t)−b(·,r))dΓ̂.

Since a(b(·, t)−b(·, r)) is N (0, t−s)-distributed, also a(σ(·, t)−σ(·, r)) is N (0, t−
s)-distributed.
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la Rochelle (1999).

[2] S. Albeverio, J. E. Fenstad, R. Høegh Krohn and T. Lindstrøm, Nonstan-
dard methods in stochastic analysis and mathematical physics, Academic
Press, 1986.

[3] R. M. Anderson, A nonstandard representation of Brownian motion and
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[11] T. Duncan, Fréchet-valued Martingales and Stochastic Integrals, Stochas-
tics 1 (1975), 269–284.

[12] T. Duncan and P. Varaiya, On the solutions of a stochastic control system,
SIAM J. Control 13 Nr. 5 (1975) 13 Nr. 5 (1975), 1077–1092.

[13] O. Enchev, Nonlinear transformations on the Wiener space, Ann. Prob.
21 (1993), 2169–2188.

[14] L. Gross, Measurable functions on Hilbert space, Trans. Amer. Math. Soc.
105 (1962) 372–390.

[15] P. Imkeller, Regularity of Skorohod integral processes based on integrands
in a finite Wiener chaos, Probab. Theory Rel. Fields 98 (1994).



262 Horst Osswald

[16] I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus,
Graduate Text in Mathematics, Springer Verlag (1988).

[17] H. J. Keisler, An infinitesimal approach to stochastic analysis, Memoirs
Amer. Math. Soc. 48 (1984).

[18] J. Kuelbs and R. Lepage, The law of the iterated logarithm for Brownian
motion in a Banach space, Trans. Amer. Math. Soc. 185 (1973) 253–264.

[19] H. H. Kuo, Gaussian measures on Banach spaces, Lecture notes in Math.
463 (1975).

[20] S. Kusuoka, The nonlinear transformation of Gaussian measure on Banach
space and its absolute continuity, J. Fac. Sci. Univ. Tokyo Sec 1A Math.
29 (1982) 567–597.

[21] P. A. Loeb, Con modification from nonstandard to standard measure spaces
and applications in probability theory, Trans. Amer. Math. Soc. 211 (1975),
113–122.

[22] E. Mayer-Wolf and M. Zakai, The Clark-Ocone formula for vector valued
random variables in abstract Wiener space, preprint Technion I.I.T., Haifa,
September 2004.

[23] D. Nualart, The Malliavin Calculus and Related Topics, Springer Verlag,
(1995).

[24] D. Ocone, Malliavin Calculus and stochastic integral representation of dif-
fusion processes, Stochastics 12 (1984) 161–185

[25] H. Osswald, Infinitesimals in abstract Wiener spaces, in Stochastic pro-
cesses, physics and geometry: new interplay, II (Leipzig, 1999) (A volume
in honor of Sergio Albeverio, eds. F. Gesztesy et al), pp. 539–546, CMS
Conf. Proc. 29, Amer. Math. Soc., Providence, RI, 2000.

[26] , Malliavin Calculus in Abstract Wiener Spaces using infinitesimals,
Adv. Math. 176 (2003) 1–37.

[27] , On the Clark Ocone formula for the abstract Wiener space, Adv.
Math. 176 (2003) 38–52.

[28] H. Osswald and Y. Sun, Probability Theory, P. A. Loeb M. Wolff, eds
Nonstandard-Analysis for the working mathematician, Kluwer Scientific
(2000).

[29] R. Ramer, On linear transformation of Gaussian measures, J. Funct. Anal.
15 (1974), 166–187.

[30] Y. N. Sun, A theory of hyperfinite processes: the complete removal of
individual uncertainty via exact LLN, J. Math. Econom. 29 (1998), 419–
503.



Malliavin calculus on extensions of abstract Wiener spaces 263
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