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On a generalization of Massey products
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Takashi Mizuno

1. Introduction

We first recall the definition of Massey products. Let A be a DGA whose
differential is of degree −1. Given homogeneous elements a, b, c ∈ H∗(A), we
suppose that

ab = bc = 0.

We first choose representatives α, β, γ ∈ A of a, b, c respectively. We next choose
X,Y ∈ A such that (−1)|α|+1αβ = dX and (−1)|β|+1βγ = dY which realize
the relation above. Then we obtain a cycle

(−1)|a|+1αY + (−1)|a|+|b|+2Xγ

of A and its representing homology class is the Massey product of a, b, c with
respect to the choice α, β, γ,X, Y , here we follow the sign convension of May [3].
Massey products are one of the most classical higher operations and generalized
by several authors. Kraines [2] generalized Massey products for ordered n-tuple
of elements of H∗(A) satisfying an analogous condition, which is called Massey
higher products. Furthermore, May [3] generalized Kraines’ construction of
Massey higher products by replacing homology classes with matrices whose
entries are homology classes. These generalizations are linear in the following
two sense. May’s generalization replaces scalar values by matrices and, in this
sense, May’s generalization is linear. On the other hand, Kraines’ generalization
deals with ordered linear sequences of homology classes satisfying conditions
on sub-linear sequences and then, in this sense, Kraines’ generalization is also
linear. However, there are many higher operations which are not linear.

The aim of this article is to generalize Massey products by using graphs
and to establish basic formulae in those higher operations such as linearity,
associativity and Jacobi identity. Actually, Kraines’ Massey higher products of
order n are described by a linear directed graph with n-arcs and May’s matrix
Massey products are described by gluing linearly special directed graphs.

In the sequel paper, we will generalize Toda brackets analogously using
graphs and give applications to the stable homotopy groups of spheres.
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2. Hammock

In this section, we introduce special graphs called hammocks by their
shapes, which form a basis of our study, and consider their decompositions.

Recall first that a directed graph D consists of the set of vertices V (D),
the set of arcs A(D) and the coincidence function ψ = (ψ1, ψ2) : A(D) →
V (D)×V (D) (See [1]). An arc a ∈ A(D) is said to join u to v if ψ1(a) = u and
ψ2(a) = v. In the usual manner, we draw a directed graph by a dot for each
vertex and a directed curve from a dot of a vertex u to a dot of a vertex v for
each arc joining u to v. A directed graph is called finite if both of the sets of
vertices and arcs are finite. We can consider a directed subgraph of a directed
graph in the obvious sense.

We introduce some notations and terminologies for directed graphs which
we will make use of. Let D be a directed graph. For vertices u, v ∈ V (D),
a directed path joining v to u in D of length n is a subgraph � of D such
that V (�) = {u = v1, v2, . . . , vn, vn+1 = v}, A(�) = {a1, . . . , an−1} such that
ψ(ai) = (vi+1, vi) for i = 1, . . . , n. We denote the union of directed paths from
v to u in D by Duv, which is a subgraph of D. We ambiguously write by Duv

the set of all directed paths from v to u in D. We write u < v for u, v ∈ D if
Duv �= ∅.

Now we define special graphs called hammocks.

Definition 2.1.
1. A quasi-hammock is a finite directed graph without loops whose set of

vertices form a poset by the above <.
2. A hammock is a quasi-hammock without isolated vertices.
3. A hammock is said to be short if each arc joins a maximal vertex to a

minimal vertex.
4. A hammock is said to be simple if the numbers of minimal vertices and

of maximal vertices are one.

Let H be a quasi-hammock. We can consider sub-quasi-hammocks or sub-
hammocks of H in the obvious sense. We denote the set of minimal vertices and
the set of maximal vertices of V (H) by Hmin and Hmax respectively. We also
denote the unions of all directed paths of length 1 starting from Hmax and of
those terminated at Hmin by H+ and H− respectively. Then H+ and H− are
short sub-hammocks of H. We write by μ(H) the set of nonextremal vertices,
that is, vertices neither minimal nor maximal. We make a convention of drawing
quasi-hammocks with arcs from right to left. Following this convention, when
we write the pair of the initial vertex and the terminal vertex of a directed
path, we put the initial vertex on right.

Let us consider decompositions of quasi-hammocks by cutting transversely
to the direction from minimal vertices to maximal vertices. To do so, we in-
troduce cutting functions on quasi-hammocks. Let H be a quasi-hammock.
A function c : A(H) → Z is called a cutting function if h(a) ≤ h(b) for
a, b ∈ A(H) such that ψ2(a) = ψ1(b). Then we can regard that a cutting
function provides a grading of arcs respecting the direction of H. For a cutting
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function c : A(H) → Z and a sequence of integers n1 < . . . < nk, we define
subgraphs c−1(−∞, n1] and c−1(nk,+∞) by the minimum sugraphs containing(⋃

i≤n1
c−1(i)

)
∪Hmin and

(⋃
i>nk

c−1(i)
)∪Hmax respectively. We also define

a subgraph c−1(ni, ni+1] for i = 1, . . . , k−1 by the minimum subgraph contain-
ing

(⋃
ni<i≤ni+1

c−1(i)
)
∪ (c−1(−∞, ni] ∩ c−1(ni+1,+∞)). Note that each of

c−1(−∞, n1], c−1(n1, n2], . . . , c−1(nk−1, nk], c−1(nk,+∞) is a quasi-hammock.

Definition 2.2. If, for sub-hammocks H1, . . . , Hk+1 of a quasi-
hammock H, there are a cutting function c : A(H) → Z and a sequence of
integers n1 < . . . < nk such that c−1(−∞, n1] = H1, c

−1(n1, n2] = H2, . . . ,
c−1(nk−1, nk] = Hk, c

−1(nk,+∞) = Hk+1, then we write

H = (H1, . . . , Hk+1).

Let H be a quasi-hammock. If H = (H1, . . . , Hn) for quasi-hammocks
H1, . . . , Hn, then all isolated vertices of H are contained in each Hi for i =
1, . . . , n. In particular, if one of H1, . . . , Hn is a hammock, then so is H.
However, even if H is a hammock, Hi needs not be a hammock. Note that, for
H− and H+, there are quasi-hammocks F1 and F2 such that H = (H−, F1) =
(F2, H

+).
The easiest case of the above decomposition is:

Proposition 2.1. Let H and G be quasi-hammocks. For each bijection
from Gmin to Hmax, there is a quasi-hammock F such that F = (H,G).

Modifying the conditions in the above proposition, we define:

Definition 2.3. Let H,H1, H2, H3 be quasi-hammocks such that H =
(H1, H2, H3).

1. Suppose that H is simple. Then H2 is called full in H is the following
conditions are satisfied.

(a) H2 is a hammock.
(b) For each directed path � joining v ∈ Hmax to u ∈ Hmin, �∩Hmax

2 �= ∅
and � ∩Hmin

2 �= ∅.
2. H2 is called locally full in H if, for each (u, v) ∈ Hmin×Hmax, H2∩Huv

is full in Huv.

LetH,H1, H2, H3, H4 be quasi-hammocks such thatH = (H1, H2, H3, H4).
Note that if H2, H3 are locally full in H, then so is (H2, H3).

We next consider decompositions of quasi-hammocks by cutting in the
parallel direction from minimal vertices to maximal vertices.

Definition 2.4.
1. Let H and G be quasi-hammocks. Suppose that there are bijections

Hmin → Gmin and Hmax → Gmax. Then we can glue together H and G by
these bijections and obtain a new quasi-hammocks which we denote by H ⊕G.
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Let H1, . . . , H4 be quasi-hammocks which form a quasi-hammock H =
(H1, . . . , H4). Note that if H2, H3 are full in H, then so is (H2, H3).

For the last of this section, we introduce a way to construct a new quasi-
hammock out of given one.

Definition 2.5. Let H be a quasi-hammock. A quasi-hammock Ĥ is
given by deleting arcs in H which joins v to u such that there is a vertex w
with u < w < v.

3. Hammock Massey product

In this section, we define hammock Massey product using hammocks which
generalize the classical Massey products and May’s matrix Massey products [3].

Hereafter, we fix a DGA A over a commutative ring R whose differential
d is of degree −1. For a homogeneous element a ∈ A, we put ā = (−1)|a|+1a.
We will often use the following formulae:

a = a, ab = −āb̄, dā = −da
for a, b ∈ A.

Definition 3.1.
1. An A-colored quasi-hammock H consists of a quasi-hammock H and a

function α : A(H) → H∗(A) such that:
(a) α(a) is homogeneous for each a ∈ A(H).
(b) For any u, v ∈ V (H),

∑
a∈A(�)(|α(a)|+1) is independent from choice

of a directed path � ∈ Huv.
2. An A-colored hammock is an A-colored quasi-hammock whose under-

lying quasi-hammock is a hammock.

We can consider an A-colored sub-quasi-hammock in the obvious sense.
For an A-colored hammock H, if the underlying quasi-hammock of H satisfies
some conditions such as hammock and locally full, then we say that H satisfies
those conditions.

Let H = (α,H) be an A-colored quasi-hammock. We denote H by h(H).
If α = 0, then we denote H by 0. We also denote by deg(u, v) the integer∑

a∈�(|α(a)|+ 1)− 2 for � ∈ Huv with u < v, which is independent from choice
of � ∈ Huv. We write by Huv, H− and H+ the A-colored sub-hammocks of H

whose underlying hammocks are Huv, H− and H+ respectively. If A-colored
quasi-hammocks H1 = (α1, H1), . . . ,Hn = (αn, Hn) satisfy H = (H1, . . . , Hn)
and αi = α|A(Hi) for i = 1, . . . , n, then we write

H = (H1, . . . ,Hn).

Analogously, if A-colored quasi-hammocks G1 = (β1, G1),G2 = (β2, G2) satisfy
H = G1 ⊕G2 and βi = α|A(Gi) for i = 1, 2, then we write

H = G1 ⊕ G2.
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Definition 3.2. Let H = (α,H) be an A-colored hammock and let D
be a subset of PH = {(u, v) ∈ (V (H) × V (H)) \ (Hmin ×Hmax)|u < v}.

1. A partial defining system on H over D is a function Ω : D → A such
that:

(a) Ω(u, v) ∈ Adeg(u,v)+1.
(b) If Huv is a short hammock, Ω(u, v) is a cycle representing∑

a∈A(Huv)

α(a).

(c) If Huv is not a short hammock, Ω(u, v) satisfies

dΩ(u, v) =
∑

u<w<v

Ω(u,w)Ω(w, v).

2. A defining system on H is a partial defining system over PH.

Remark 3.1. If there is a directed path from u to v in a hammock H
which is not a single arc, then there is no contribution of arcs from u to v to
any partial defining systems on an A-colored hammock (α,H). Then a partial
defining system on (α,H) is actually defined on (α|A( bH), Ĥ).

We define a higher operation in A using defining systems on A-colored
hammocks. To do so, we need the following lemma. Let Ω be a defining system
on an A-colored hammock (α,H). We define Ωuv ∈ A for u, v ∈ V (H) with
u < v, possibly (u, v) ∈ Hmin ×Hmax, by:

Ωuv =

{
0 Huv is a short hammock∑

u<w<v Ω(u,w)Ω(w, v) otherwise

Lemma 3.1. Let H = (α,H) be an A-colored hammock and let Ω be a
defining system on H. For (u, v) ∈ V (H) × V (H) with u < v, Ωuv is a cycle.

Proof. We may assume that Huv is not a short hammock. For vertices
x, z of Huv, if there is no y such that x < y < z, then dΩ(x, y) = 0 by definition.
Thus we have:

dΩuv =
∑

u<w<v

(d(Ω(u,w))Ω(w, v) + (−1)|Ω(u,w)|Ω(u,w)dΩ(w, v))

=
∑

u<w<v

( ∑
u<x<w

(−1)|Ω(u,w)|+1Ω(u, x)Ω(x,w)

)
Ω(w, v)

+
∑

u<w<v

(−1)2|Ω(u,w)|+1Ω(u,w)
∑

w<y<v

Ω(w, y)Ω(y, v)

=
∑

u<x<y<v

εuxyΩ(u, x)Ω(x, y)Ω(y, v),

here εuxy = ((−1)|Ω(u,y)|+|Ω(u,x)|+2 + (−1)2|Ω(u,x)|+|Ω(x,y)|+2). By definition of
an A-colored hammock, we have |Ω(u, x)| + |Ω(x, y)| + 1 = |Ω(u, y)| and thus
dΩuv = 0.

Now we define a hammock Massey product as follows.
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Definition 3.3. Let H = (α,H) be an A-colored hammock and let Ω
be a defining system on H. A hammock Massey product 〈H|Ω〉 is an A-colored
short hammock (αΩ, HΩ) defined by:

1. V (HΩ) = Hmin ∪Hmax, A(HΩ) = {(u, v) ∈ Hmin ×Hmax|u < v} and
ψ(u, v) = (u, v).

2. αΩ(u, v) = [Ωuv].

We denote the set of all hammock Massey products of an A-colored ham-
mock H by 〈H〉. In this sense, if there is a defining system on an A-colored
hammock H, then we say that 〈H〉 is defined. In particular, 〈S1, S2〉 is al-
ways defined when S1 and S2 are A-colored short hammocks. Note that, by
definition, 〈S1, S2〉 consists of a single element.

We give examples describing Massey products and May’s matrix Massey
products by hammock Massey products.

Example 3.1. Let H be the following hammock.

� � � �� � �
a1 a2 a3

v1 v2 v3 v4

Define α : A(H) → H∗(A) by α(ai) = xi ∈ Hni
(A) for i = 1, 2, 3. Then

H = (α,H) is an A-colored hammock. Suppose that x1x2 = x2x3 = 0. A
function Ω : PH → A is a defining system on H if and only if Xi = Ω(ai, ai+1)
is a cycle representing xi for i = 1, 2, 3 and Yi = Ω(vi, vi+2) satisfies dYi =
(−1)|xi|+1XiXi+1 for i = 1, 2. Then, by definition, a defining system Ω on H

defines

Ωv1v4 = (−1)|x1|+1X1Y2 + (−1)|x1|+|x2|+2Y1X3.

Thus 〈H|Ω〉 is an A-colored hammock such that the underlying hammock is a
simple hammock with a single arc and the Massey product [Ωv1v4 ] is put on
this arc.

Example 3.2. Let H(m,n) be a short hammock such that V (H(m,n))
= {u1, . . . , um, v1, . . . , vn} and A(H(m,n)) = {(uk, vl) ∈ V (H(m,n)) ×
V (H(m,n))|1 ≤ k ≤ m, 1 ≤ l ≤ n}. For example, H(2, 2) is:

�

�

�

�

�

�
�

�
��

� �
�

��
�

u1

u2

v1

v2(u2, v2)

(u1, v1)

(u1, v2)
(u2, v1)

In particular, we have a hammock (H(n1, n2), H(n2, n3), . . . , H(nk, nk+1)).
Note that an A-colored hammock H(m,n) = (α,H(m,n)) can be

identified with the m × n matrix (α(uk, vl))1≤k≤m,1≤l≤n. It is easy to see
that A-colored hammocks H(l,m) and H(m,n) form an A-colored hammock
(H(l,m),H(m,n)) if and only if, by the above identification, H(m,n) and
H(m, l) are multipliable in the sense of May [3]. A defining system on
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(H(n1, n2)), . . . ,H(nk, nk+1)) in our sense also coincides with that for matrices
(H(n1, n2), . . . , H(nk, nk+1)) in the sense of May [3]. Moreover, by definition,
the hammock Massey product 〈H(n1, n2), . . . ,H(nk, nk+1)〉 is identified with
May’s matrix Massey product 〈H(n1, n2), . . . , H(nk, nk+1)〉.

Let L,U be A-colored quasi-hammocks and let H be an A-colored ham-
mock. Suppose that L,U,H form an A-colored hammock (L,H,U). One of
the advantage of hammock Massey products is that we can construct a new
A-colored hammock (L, 〈H〉,U) in some cases, which produces basic formulae
in hammock Massey products.

Lemma 3.2. Let L,H,U be A-colored quasi-hammocks such that there
is an A-colored hammock (L,H,U) in which H is locally full. For each defin-
ing system Ω on H, A-colored quasi-hammocks L, 〈H|Ω〉,U form an A-colored
hammock (L, 〈H|Ω〉,U).

Proof. Note that V (h(H))∩V (h(L)) = h(H)min and V (h(H))∩V (h(U))
= h(H)max since H is locally full in (L,H,U). We construct a new hammock
out of a quasi-hammock h(L) ∪ h(U) by joining v ∈ V (h(U)) to u ∈ V (h(L))
with a single arc if u < v. Then we obtain a new hammock H ′ = h(L) ∪
h(〈H|Ω〉) ∪ h(U) hence h(〈H|Ω〉) is equal to the short hammock consists of
the joining arcs. Let c : A(h((L,H,U))) → Z be a cutting function giving the
decomposition (L,H,U) and let H = c−1(n,m]. Define a function c′ : A(H ′) →
Z by c′|A(h(L))∪A(h(U)) = c|A(h(L))∪A(h(U)) and c′(a) = m for a ∈ h(〈H|Ω〉).
Then c′ gives a decomposition H ′ = (h(L), h(〈H〉), h(U)).

Define a function α′ : A(H ′) → H∗(A) by α′|A(h(L))∪A(h(U)) =
α|A(h(L))∪A(h(U)) and α′(a) to be the homology class represented by Ωuv for
a ∈ A(〈H|Ω〉) joining v to u. Then it follows from the definition of a hammock
being locally full that α′ satisfies the degree condition and thus L, 〈H|Ω〉,U
form an A-colored hammock (L, 〈H|Ω〉,U).

The following lemma allows us to start with any choice in constructing
defining systems.

Lemma 3.3. Let H = (α,H) be an A-colored hammock such that 〈H〉
is defined and let α̃ : A(H) → A be such that α̃(a) represents α(a) for a ∈ A(H).
Then, for each x ∈ 〈H〉, there is a defining system Ω on H such that x = 〈H|Ω〉
and Ω(u, v) =

∑
a∈Huv

α̃(a) when Huv is a short hammock.

Proof. Let Ω′ be a defining system on H such that x = 〈H|Ω′〉. We
construct the desired defining system Ω on H out of Ω′. Let SH = {(u, v) ∈
PH|Huv is a short hammock}. First, we put Ω(u, v) =

∑
a∈A(Huv) α̃(a) and

Δ(u, v) = Ω′(u, v) − Ω(u, v) for (u, v) ∈ SH. Next, we inductively put, for
(u, v) ∈ PH but (u, v) �∈ SH,

Ω(u, v) = Ω′(u, v) −
∑

(u,w)∈SH

Δ(u,w)Ω(w, v) −
∑

(w,v)∈SH

Ω′(u,w)Δ(w, v).
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Then it is straightforward to check that Ω is a defining system on H. If (u, v) ∈
Hmin ×Hmax belongs to SH, we have Ω′

uv − Ωuv is a boundary by definition.
If (u, v) ∈ Hmin ×Hmax does not belong to SH, we have

Ω′
uv − Ωuv = d(

∑
(u,w)∈SH

Δ(u,w)Ω(w, v) +
∑

(w,v)∈SH

Ω′(u,w)Δ(w, v))

and then the proof is completed.

In order to consider extending partial defining systems to defining systems,
we introduce the following (See [3]).

Definition 3.4. An A-colored hammock H = (α,H) is called strictly
defined if, for each (u, v) �∈ Hmin ×Hmax, 〈Huv〉 is defined such that 〈Huv〉 =
{0}, where Huv is an A-colored hammock (α|A(Huv), Huv).

Let H be an A-colored hammock. Note that if 〈H〉 is defined, we always
have 0 ∈ 〈Huv〉 for each (u, v) �∈ Hmin ×Hmax but 〈Huv〉 = {0} is not always
true.

Lemma 3.4. Let H be an A-colored hammock such that 〈H〉 is strictly
defined. Then every partial defining system on H extends to a defining system
on H.

Proof. Let H = (α,H) and let Ω be a partial defining system on H over
D ⊂ PH. For (u, v) �∈ D such that Huv is a short hammock, we put Ω(u, v) to
be an arbitrary representative of

∑
a∈A(Huv) α(a). Suppose that we can extend

Ω to all (u, v) ∈ PH such that each directed path joining v to u is of length
less than n. For (u, v) ∈ PH such that each directed path joining u to v is of
length less than or equal to n, we can define Ωuv and, by Lemma 3.1, dΩuv = 0.
Then it follows from 〈Huv〉 = {0} that there exists x ∈ A such that Ωuv = dx.
We put Ω(u, v) = x. Thus the proof is completed by induction on n.

Corollary 3.1. Let H be an A-colored hammock such that 〈H〉 is
strictly defined. Then 〈H〉 is defined.

Proof. Let H = (α,H) and SH be as in the proof of Lemma 3.3. By
putting Ω(u, v) to be an arbitrary representative of

∑
a∈A(Huv) α(a) for (u, v) ∈

SH, we have a partial defining system on H over SH. Then the proof is
completed by Lemma 3.4.

It is easy to check that:

Corollary 3.2. Let H1 and H2 be A-colored hammocks such that H =
(H−,H1) = (H2,H

+). Suppose that 〈H1〉 (resp. 〈H2〉) is strictly defined and
〈H1〉 = {0} (resp. 〈H2〉 = {0}). Then every defining system Ω2 on H2 such
that 〈H2|Ω2〉 = 0 (resp. Ω1 on H1 such that 〈H1|Ω1〉 = 0) extends to a defining
system on H.
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4. Indeterminacy

As ordinary higher operations, hammock Massey products are defined with
some ambiguity which is called the indeterminacy. In this section, we consider
the indeterminacy of hammock Massey products. Let us first introduce an
operation in A-colored short hammocks.

Definition 4.1. Let H = (α,H) and G = (β,H) be A-colored short
hammocks such that |α(a)| = |β(b)| for each α ∈ A(H). For r, s ∈ R, we define

rH + sG = (rα+ sβ,H).

Now we define the indeterminacy of hammock Massey products.

Definition 4.2. Let H be an A-colored hammock such that 〈H〉 is de-
fined. The indeterminacy of 〈H〉 is

In〈H〉 = {x− y|x, y ∈ 〈H〉}.
We give a lower bound for the indeterminacy of hammock Massey products

when the underlying hammocks are simple.

Proposition 4.1. Let H = (α,H) be an A-colored simple hammock
such that Hmin = {u} and Hmax = {v}. Suppose that Hmin and Hmax are
separated, that is, H− ∩Hmax = H+ ∩Hmin = ∅. Then we have

In〈H〉 ⊃
∑

w∈V (H−)\Hmin

⎛⎝ ∑
a∈A(Huw)

α(a)

⎞⎠Hdeg(w,v)+1(A)

+
∑

w∈V (H+)\Hmax

Hdeg(u,w)+1

⎛⎝ ∑
a∈A(Hwv)

α(a)

⎞⎠ .

Proof. Let Ω be a defining system on H and let Ax and By be arbitrary
cycles in Adeg(x,v)+1and Adeg(u,y)+1 respectively for x ∈ V (H−) \ Hmin and
y ∈ V (H+) \Hmax. Define a function Ω′ : PH → A by:

Ω′(x, y) =

⎧⎪⎨⎪⎩
Ω(x, y) +Ax x ∈ V (H−) \Hmin, y = v

Ω(x, y) +By y ∈ V (H+) \Hmax, x = u

Ω(x, y) otherwise

Then it is obvious that Ω′ is a defining system on H such that

〈H|Ω′〉 − 〈H|Ω〉 = ±
∑

w∈V (H−)\Hmin

⎛⎝ ∑
a∈A(Huw)

α(a)

⎞⎠Aw

±
∑

w∈V (H+)\Hmax

Bw

⎛⎝ ∑
a∈A(Hwv)

α(a)

⎞⎠ .
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Thus the proof is completed.

Let H = (α,H) be an A-colored hammock. In order to give an upper
bound for hammock Massey products, we construct a new A-colored hammock
out of H. This is a generalization of Proposition 2.3 in [3]. Define a hammock
H⊕ by deleting H− and all arcs in Ĥ terminated at V (H−)\Hmin from Ĥ, here
we do not delete the initial vertices of arcs terminated at V (H−)\Hmin. We also
define H� by deleting H+ and all arcs in Ĥ terminated at V (H+)\Hmax from
Ĥ , here we do not delete the initial vertices of arcs terminated at V (H+)\Hmax

as well. We construct a new hammock H̃ by attaching to the disjoint union
H⊕ � H� the arcs joining u ∈ H⊕ to v ∈ H� if there is a directed path
joining u to v of length 2. Define an A-colored hammock H̃α̃ = (α̃, H̃) by
α̃|A(H⊕) = α|A(H⊕), α̃|A(H�) = α|A(H�) and α̃(a) being an arbitrary element
in Hdeg(u,v)+1(A) for a �∈ A(H⊕ �H�).

Proposition 4.2. Let H = (α,H) be an A-colored hammock such that
〈H〉 is defined. Then we have

In〈H〉 ⊂
⋃

eHα̃ is defined.

〈H̃α̃〉.

Proof. Let Ω be a defining system on H. Since 〈H|Ω〉 = 〈(α|A( bH), Ĥ)|Ω〉,
we assume that H = Ĥ. Let Ω′ be another defining system on H. It fol-
lows from Lemma 3.3 that we can put Ω(u, v) = Ω′(u, v) when Huv is short.
Then Ω′(u, v) − Ω(u, v) is a cycle if v is joined to u only by length 2 di-
rected paths in Ĥ. Consider the set of vertices Wuv = {w ∈ V (H)|u < w <
v,H(u,w) and H(w, v) are short}. Then we can choose α̃ such that

α̃(a) =

[ ∑
w∈Wuv

{Ω′(u,w)Ω′(w, v) − Ω(u,w)Ω(w, v)}
]

for a �∈ A(H⊕ �H�). Define a function Ω̃ : P H̃ → A by:

Ω̃(u, v) =

⎧⎪⎨⎪⎩
Ω(u, v) u ∈ V (H⊕)
Ω′(u, v) v ∈ V (H�)
Ω′(u, v) − Ω(u, v) (u, v) ∈ V (H�) × V (H⊕)

Let us check that Ω̃ is a defining system on H̃ . We only have to check Ω̃(u, v)
for (u, v) ∈ V (H�) × V (H⊕).

dΩ̃(u, v) = d(Ω′(u, v) − Ω(u, v))

=
∑

w∈V (Huv)

(Ω′(u,w)Ω′(w, v) − Ω(u,w)Ω(w, v))

=
∑

w∈V (Huv)

((Ω′(u,w) − Ω(u,w))Ω′(w, v) + Ω(u,w)(Ω′(w, v) − Ω(w, v)))
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When Huw is short, we have Ω′(u,w) = Ω(u,w) and then the above sum∑
w∈V (Huv)(Ω′(u,w)−Ω(u,w))Ω′(w, v) is assumed to be taken over w ∈ V (Huv)

∩V (H⊕). Analogously, the above sum
∑

w∈V (Huv) Ω(u,w)(Ω′(w, v)−Ω(w, v))
is also assume to be taken over w ∈ V (Huv) ∩ V (H�). Thus we have:

dΩ̃(u, v) =
∑

w∈V (Huv)∩V (H⊕)

(Ω′(u,w) − Ω(u,w))Ω′(w, v)

+
∑

w∈V (Huv)∩V (H�)

Ω(u,w)(Ω′(w, v) − Ω(w, v))

=
∑

w∈V (Huv)∩V (H⊕)

Ω̃(u,w)Ω̃(w, v) +
∑

w∈V (Huv)∩V (H�)

Ω̃(u,w)Ω̃(w, v)

=
∑

u<w<v

Ω̃(u,w)Ω̃(w, v)

Then Ω̃ is a defining system on H̃. Now we have:

〈H̃|Ω̃〉 =
∑

u<w<v

Ω̃(u,w)Ω̃(w, v)

=
∑

w∈V (H�)

Ω(u,w)(Ω′(w, v) − Ω(w, v))

+
∑

w∈V (H⊕)

(Ω′(u,w) − Ω(u,w))Ω′(w, v)

= −
∑

w∈V (H�)

Ω(u,w)Ω(w, v) +
∑

w∈V (H⊕)

Ω′(u,w)Ω′(w, v)

−
∑

w∈V (H⊕)\V (H�)

Ω(u,w)Ω′(w, v)

+
∑

w∈V (H�)\V (H⊕)

Ω(u,w)Ω′(w, v)

Note that Ω(w, v) = Ω′(w, v) for w ∈ V (H⊕) \ V (H�) and Ω(u,w) = Ω′(u,w)
for w ∈ V (H�) \ V (H⊕). Therefore we obtain

〈H̃|Ω̃〉 =
∑

u<w<v

Ω′(u,w)Ω′(w, v) −
∑

u<w<v

Ω(u,w)Ω(w, v) = 〈H|Ω′〉 − 〈H|Ω〉

and this completes the proof.

We can give a stronger lower bound for hammock Massey products by
imposing strictly definedness.

Proposition 4.3. Let H,L,G,U be A-colored hammocks such that H =
(L,G,U) in which G is locally full. Suppose that :

1. 〈H〉 is strictly defined.
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2. For each (u, v) ∈ h(G)min × h(G)max, Guv is not short.
Given a defining system Ω on G, we define an A-colored hammock (α′,H′)
by defining H′ = (h(L), h(〈G|Ω〉), h(U)), α′ : P (L, 〈G|Ω〉,U) → H∗(A) such
that α′(a) = α(a) for a /∈ A(h(〈G|Ω〉) and α′(a) is arbitrary element in
Hdeg(ψ1(a),ψ2(a))+1(A) for a ∈ A(h(〈G|Ω〉)). Then 〈H′〉 is strictly defined and

〈H′〉 ⊂ In〈H〉.

Proof. As in the proof of Lemma 3.2, H′ is an A-colored hammock. We
proceed the proof by induction on the number of vertices of H. If the number
of vertices of H is three, then H′ = 〈G〉 is short so that 〈H′〉 = {0} ⊂ In〈H〉.
Suppose that, for H with vertices less than n which satisfies all conditions,
〈H′〉 ⊂ In〈H〉. Let the number of the vertices of H be n and let u, v ∈ V (h(H))
such that (u, v) ∈ h(H)min × h(H)max. Note yhat Huv = (Huv ∩ L,Huv ∩
G,Huv∩U) satisfies all the above conditions. Then, by hypothesis of induction,
we obtain 〈H′

uv〉 ⊂ In〈Huv〉 = {0}. Thus 〈H′〉 is strictly defined. Let Ω′ be a
defining system on H′. Then Ω′|PL∪PU extends to a defining system Λ on H.
Define a function Λ′ : PH → A by:

Λ′(u, v) =

{
Λ(u, v) − Ω′(u, v) u ∈ V (h(L)), v ∈ V (h(U))
Λ otherwise

then we can easily verify that Λ′ is a defining system on H and 〈H|Λ〉−〈H|Λ′〉 =
〈H′|Ω′〉.

5. Linearity and associativity

In this section, we consider linearity and associativity in hammock Massey
products. Before doing so, let us first give the easiest relation in hammock
Massey products. For an A-colored quasi-hammock H = (α,H), we define an
A-colored quasi-hammock H by H = (ᾱ,H), here ᾱ(a) = α(a) for a ∈ A(H).
It is easily checked that:

Proposition 5.1. Let H be an A-colored hammock such that 〈H〉 is
defined. Then 〈H〉 is defined and

〈H〉 = −〈H〉.

Now we consider linearity in hammock Massey products.

Theorem 5.1.
1. Let L, S,U be A-colored quasi-hammocks such that there is an A-colored

hammock (L, S,U) and S is short. Suppose that 〈L, S,U〉 is defined. Then
〈L, rS,U〉 is defined for r ∈ R and

r〈L, S,U〉 ⊂ 〈L, rS,U〉.
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2. Let L,U be A-colored quasi-hammocks and S1, S2 be A-colored short
hammocks such that there is an A-colored hammock (L, S1 ⊕ S2,U). Suppose
that 〈L, S1 ⊕ S2,U〉 is defined and 〈L, S1,U〉 is strictly defined. Then 〈L, S2,U〉
is defined and

〈L, S1 ⊕ S2,U〉 ⊂ 〈L, S1,U〉 + 〈L, S2,U〉.
3. Let L,U be A-colored quasi-hammocks and let S1, S2 be A-colored short

hammocks such that there are A-colored hammocks (L, S1U), (L, S2U). Suppose
that H1 and H2 satisfy the following conditions :

(a) H1 and H2 form an A-colored hammock H by gluing together along
L and U.

(b) h(H1)uv = h(H)uv for u, v ∈ V (h(H1)) such that h(H1)uv �= ∅ with
u �∈ h(L) or v �∈ h(U).

(c) 〈H〉 is defined and 〈H1〉 is strictly defined.
Then 〈H2〉 is defined and

〈H〉 ⊂ 〈H1〉 + 〈H2〉.
Proof. 1. Let Ω be a defining system on (L, S,H). Define a function

Ωr : P (L, rS,U) → A by:

Ωr(u, v) =

{
rΩ(u, v) v ∈ h(U), u ∈ h(L)
Ω(u, v) otherwise

Then it is easily seen that Ωr is a defining system on (L, rS,U) such that
〈L, rS,U|Ωr〉 = r〈L, S,U|Ω〉. This completes the proof.

3. Let Ω be a defining system on H. The condition (b) allows us to restrict
Ω to a partial defining system on H1 over {(u, v) ∈ PH1|v �∈ h(U) or u �∈ h(L)}.
Since 〈H1〉 is strictly defined, the above partial defining system extends to a
defining system Ω1 on H1. Define a function Ω2 : PH2 → A by

Ω2(u, v) =

{
Ω(u, v) − Ω1(u, v) v ∈ h(U), u ∈ h(L)
Ω(u, v) otherwise.

It is easy to verify that Ω2 is a defining system on H2 and 〈H|Ω〉 = 〈H1|Ω1〉+
〈H2|Ω2〉. This completes the proof of 3. The case 2 follows from 3.

We next show associativity of hammock Massey products.

Theorem 5.2. Let S1, S2 be A-colored short hammocks, let H1,H3 be
A-colored quasi-hammocks and let H2 be an A-colored hammock such that there
is an A-colored hammock H = (S1,H1,H2,H3, S2) in which (S1,H1,H2) and
(H2,H3, S2) are locally full. Suppose that there is a partial defining system on
H over P (S1,H2,H3)∪P (H1,H2,H3)∪P (H2,H3, S2). Then 〈〈S1,H1,H2|Ω〉,
H3, S2〉 and 〈S1,H1, 〈H2,H3, S2|Ω〉〉 are defined and

0 ∈ 〈〈S1,H1,H2|Ω〉,H3, S2〉 + 〈S1,H1, 〈H2,H3, S2|Ω〉〉.
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Proof. Let G1 = (〈S1,H1,H2|Ω〉,H3, S2) and G2 = (S1,H1, 〈H2,H3,
S2|Ω〉). Define a function Ω1 : PG1 → A and Ω2 : PG2 → A by

Ω1(u, v) =

⎧⎪⎨⎪⎩
∑

w∈μ(h(S1,H1,H2))

Ω(u,w)Ω(w, v) u ∈ h(G1)min

Ω(u, v) u �∈ h(G1)min

and

Ω2(u, v) =

⎧⎪⎨⎪⎩
∑

w∈μ(h(H2,H3,S2))

Ω(u,w)Ω(w, v) v ∈ h(G2)max

Ω(u, v) v �∈ h(G2)max.

If u �∈ h(G1)min, then Ω1 obviously satisfies the condition of partial defining
systems on G1. For u ∈ h(G1)min, we have:

dΩ1(u, v) =
∑

u<x<w
w∈μ(h(S1,H1,H2))

Ω(u, x)Ω(x,w)Ω(w, v)

+ (−1)|Ω(u,w)| ∑
w<y<v

w∈μ(h(S1,H1,H2))

Ω(u,w)Ω(w, y)Ω(y, v)

=
∑

u<w<v
w 
∈μ(h(S1,H1,H2))

∑
u<z<w

z∈μ(h(S1,H1,H2))

Ω(u, z)Ω(z, w)Ω(w, v)

=
∑

u<w<v

Ω1(u,w)Ω1(w, v)

Then we have obtained that Ω1 is a defining system on G1. Analogously, we
obtain that Ω2 is a defining system on G2. Define an element Δuv ∈ H∗(A) for
(u, v) ∈ h(G1)min × h(G1)max = h(G2)min × h(G2)min by

Δuv =
∑

w∈μ(h(H2))

Ω(u,w)Ω(w, v).

Then we have:

dΔuv =
∑

w∈μ(h(H2))

(dΩ(u,w))Ω(w, v) + (−1)|Ω(u,w)|Ω(u,w)dΩ(w, v))

=
∑

w∈μ(h(H2))

(
∑

u<x<w

Ω(u, x)Ω(x,w))Ω(w, v) − Ω(u,w)
∑

w<y<v

Ω(w, y)Ω(y, v))

=
∑

u<x<v
x
∈μ(h(H2,H3,S2))

Ω(u, x)
∑

x<w<v
w∈μ(h(H2,H3,S2))

Ω(x,w))Ω(w, v)

+
∑

u<y<v
y 
∈μ(h(S1,H1,H2))

∑
u<w<y

w∈μ(h(S1,H1,H2))

Ω(u,w)Ω(w, y))Ω(y, v)

= Ω2
uv + Ω1

uv.
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Thus the proof is completed.

Corollary 5.1. Let S be an A-colored short hammock and let H1,H2

be A-colored hammocks.
1. Let S,H1,H2 form an A-colored hammock (S,H1,H2) in which H1 is

locally full. Suppose that 〈(S,H1)uv〉 = {0} for each vertices u, v such that u
is not minimal. Then each defining system Ω on (H1,H2) induces a defining
system Ω′ on (S,H1) such that 〈〈S,H1|Ω′〉,H2〉 is defined and

〈S, 〈H1,H2|Ω〉〉 ⊂ −〈〈S,H1|Ω′〉,H2〉.

2. Let S,H1,H2 form an A-colored hammock (H1,H2, S) in which H2 is
locally full. Suppose that 〈(H2, S)uv〉 = {0} for each vertices u, v such that v
is not maximal. Then each defining system Ω on (H1,H2) induces a defining
system Ω′ on (H2, S) such that 〈H1, 〈H2, S|Ω′〉〉 is defined and

〈〈H1,H2|Ω〉, S〉 ⊂ −〈H1, 〈H2, S|Ω′〉〉.

Proof. We only prove 1 since 2 is quite analogously done. Note first that,
since H1 is full in (S,H1,H2), so is H2. Then (H1,H2) is also locally full in
(S,H1,H2). It follows from Corollary 3.2 that Ω|H1 extends to a partial defining
system Ω′ on (S,H1,H2) over P (S,H1) ∪ P (H1,H2). Then, as in the proof of
Proposition 5.1, we have a defining system Ω′′ on (〈S,H1|Ω′〉,H2) such that
〈S, 〈H1,H2|Ω〉〉 = 〈〈S,H1|Ω′〉,H2|Ω′′〉, here the left hand side is always defined
and its indeterminacy is 0.

We abbreviate the formulae in Corollary 5.1 by

〈S, 〈H1,H2〉〉 ⊂ −〈〈S,H1〉,H2〉, 〈〈H1,H2〉, S〉 ⊂ −〈H1, 〈H2, S〉〉.

We also have the following associativity of hammock Massey products.

Theorem 5.3. Let Si be an A-colored short hammock for i = 1, 2, 3 and
let H be an A-colored quasi-hammock.

1. Let Si,H form an A-colored hammock (S1, S2, S3,H) in which (S1, S2)
and (S2, S3) are locally full. Then each defining system Ω on (〈S1, S2〉, S3,H)
induces a defining system Ω′ on (S1, 〈S2, S3〉,H) such that

〈〈S1, S2〉, S3,H|Ω〉 + 〈S1, 〈S2, S3〉,H|Ω′〉 = 0.

2. Let Si,H form an A-colored hammock (H, S1, S2, S3) in which (S1, S2)
and (S2, S3) are locally full. Then each defining system Ω on (H, S1, 〈S2, S3〉)
induces a defining system Ω′ on (H, 〈S1, S2〉, S3) such that

〈H, S1, 〈S2, S3〉|Ω〉 + 〈H, 〈S1, S2〉, S3|Ω′〉 = 0.
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Proof. Since 2 is analogous, we only show 1. Fix a defining system Λ on
(S1, S2) such that Λuv = Ω(u, v) for (u, v) ∈ h(S1)min × h(S2)max. Let Ω be a
defining system on (〈S1, S2〉, S3,H). Define a function Ω′ : P (S1, 〈S2, S3〉,H) →
A by:

Ω′(u, v) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Λ(u, v) v ∈ h(S1)max∑
w∈V (h(S2))∩V (h(S3))

Λ(u,w)Ω(w, v) u ∈ h(S1)max

−Ω(u, v) u ∈ h(S1)min

Ω(u, v) otherwise

Then we can easily see that Ω′ is a defining system on (S1, 〈S2, S3〉,H). Let
(u, v) ∈ h(S1, 〈S2, S3〉,H)min × h(S1, 〈S2, S3〉,H)max = h(〈S1, S2〉, S3,H)min ×
h(〈S1, S2〉, S3,H)max. For u ∈ h(S1)min, we have:

Ω′
uv =

∑
u<w<v

Ω′(u,w)Ω′(w, v)

=
∑

u<w<v
w∈V (h(S2))

Λ(u,w)
∑

x∈h(S2)max

Λ(w, x)Ω(x, v) +
∑

u<w<v
w∈h(S3)

max

−Ω(u,w)Ω(w, v)

= −Ωuv

and the proof is completed.

Generalizing the above theorem, we have:

Theorem 5.4. Let L,U be A-colored quasi-hammocks and let S1, . . . ,
S2k+1 be A-colored short hammocks. Suppose that L,U, S1, . . . , S2k+1 satisfy
the following conditions.

1. L,U, S1, . . . , S2k+1 form an A-colored hammock H = (L, S1, . . . ,
S2k+1,U) in which S1, . . . , S2k+1 are locally full.

2. There is a partial defining system Ω on H over
⋃k+1
q=1 PGq, where Gq =

(Sq, . . . , Sq+k) for q = 1, . . . , k + 1.
3. 〈L, S1, . . . , Sq−1, 〈Gq|Ω〉, Sq+k+1, . . . , S2k+1,U〉 is strictly defined for q =

1, . . . , k + 1.
Then we have

0 ∈
k+1∑
q=1

〈L, S1, . . . , Sq−1, 〈Gq|Ω〉, Sq+k+1, . . . , S2k+1,U〉.

Proof. We abbreviate (L, S1, . . . , Sq−1, 〈Gq|Ω〉, Sq+k+1, . . . , S2k+1,U) by
Hq. Since 〈H1〉 and 〈Hk+1〉 are strictly defined, so are 〈L, S1, . . . , Sk〉 and
〈Sk+2, . . . , S2k+1,U〉 such that 〈L, S1, . . . , Sk〉 = {0} and 〈Sk+2, . . . , S2k+1,U〉 =
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{0}. Then it follows from Proposition 5.1 that 〈E〉 and 〈F〉 are strictly de-
fined such that 〈E〉 = {0} and 〈F〉 = {0}, where E = (L, S1, . . . , Sk) and
F = (Sk+2, . . . , S2k+1,U). Thus we can extend Ω to a partial defining system
over {(u, v) ∈ V (E)× V (E)|u < v} ∪ {(u, v) ∈ V (F)× V (F)|u < v} ∪⋃k+1

q=1 PGq
which we denote also by Ω.

Put Vi for i = 0, . . . , 2k + 2 as:

Vi =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
V (h(L)) i = 0
V (h(Si)) ∩ V (h(Si+1)) i = 1, . . . , 2k
V (h(U)) ∩ V (h(S2k+1)) i = 2k + 1
V (h(U)) \ V (h(S2k+2)) i = 2k + 2

Let V (i, j) = Vi∪ . . .∪Vj for i < j. Define a function Ω1 : D1 → A for a subset
D1 ⊂ PH1 by:

Ω1(u, v) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ω(u, v) v ∈ V0

Ω(u, v) u ∈ V (k + 1, 2k + 2)∑
w∈μ(h(S1,...,Sk+1))

Ω(u,w)Ω(w, v) v ∈ V (h(G1)) ∩ V (h(Sk+2))

It is easily seen that Ω1 is a partial defining system on H1 over D1 and then it
extends to a defining system Ω̃1 on H1 since 〈H1〉 is strictly defined. Suppose
that we have obtained a defining system Ω̃r : PHr → A for r = 1, . . . , q − 1.
Define a function Ωq : Dq → A for a subset Dq ⊂ PHq by:

Ωq(u, v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω(u, v) v ∈ V (0, q − 1)
Ω(u, v) u ∈ V (q + k, 2k + 2)∑
w∈μ(h(Sq,...,Sk+i+1))

Ω(u,w)Ω(w, v)

−
q−1∑
r=i+1

Ω̃r(u, v)

v ∈ V (h(Gq)) ∩ V (h(Sq+k+1))
u ∈ Vi, i = 0, . . . , q − 1

(1)

Let us verify that Ωq is a partial defining system so that Ωq extends to a defining
system Ω̃q on Hq. Put v ∈ Vq+k and u ∈ L. Then we have:
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dΩq(u, v) =
∑

w∈V (q,q+k−1)

(
∑

x∈V (0,q−1)

Ω(u, x)Ω(x,w)Ω(w, v)

−
∑

y∈V (k,q+k−1)

Ω(u,w)Ω(w, y)Ω(y, v))

−
∑
r<q

z∈V (0,r−1)∪V (r+k,q+k−1)

Ωr(u, z)Ωr(z, v)

=
∑

x∈V (0,q−1)
w∈V (q,q+k−1)

Ω(u, x)Ω(x,w)Ω(w, v)

−
q−2∑
i=0

∑
z∈Vi

∑
i+1≤r<q

Ωr(u, z)Ωr(z, v)

−
∑

w∈V (q,q+k−1)
y∈V (k,q+k−1)

Ω(u,w)Ω(w, y)Ω(y, v)

−
∑
r<q

z∈V (r+k,q+k−1)

Ωr(u, z)Ωr(z, v)

=
∑

u<w<v

Ωq(u,w)Ωq(w, v).

By a quite analogous calculation, we can see that Ωq is a partial defining system
on Hq over Dq.

Finally, we define a function Ω̃k+1 : PHk+1 → A by

Ωk+1(u, v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
w∈μ(h(Sk+1,...,Sk+i+1))

Ω(u,w)Ω(w, v)

−
k∑
r=1

Ω̃r(u, v)

v ∈ V2k+1, u ∈ Vi

i = 0, . . . , k

−
k∑
r=1

Ω̃r(u, v) v ∈ V2k+2

This is also seen to be a defining system on Hk+1. By definition, we have

k+1∑
q=1

Ω̃quv = 0

for (u, v) ∈ h(L, S1, . . . , S2k+1,U)min × h(L, S1, . . . , S2k+1,U)max and the proof
is completed.

We can show the following associativity in hammock Massey products by
constructing defining systems as in (1) and using Δuv as in the proof of Theorem
5.2.
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Theorem 5.5. Let S1, . . . , S2k be A-colored short hammocks and let G

be an A-colored hammock. Suppose that S1, . . . , S2k,G satisfy the following con-
ditions.

1. S1, . . . , S2k,G form an A-colored hammock H = (S1, . . . , Sk,G, Sk+1, . . . ,
S2k) in which all S1, . . . , S2k,G are locally full.

2. There is a partial defining system Ω on H over
⋃k+1
q=1 PGq, where Gq =

(Sq, . . . , Sk,G, Sk+1, . . . , Sq+k−1) for q = 1, . . . , k + 1.
3. 〈S1, . . . , Sq−1, 〈Gq|Ω〉, Sk+1, . . . , Sq+k−1〉 is strictly defined for q = 1, . . . ,

k + 1.
Then we have

0 ∈
k+1∑
q=1

〈S1, . . . , Sq−1, 〈Gq|Ω〉, Sk+1, . . . , Sq+k−1〉.

6. Jacobi identity

In this final section, we consider Jacobi identity in hammock Massey prod-
ucts. let us first recall from [3] an n-homotopy permutative algebra.

Definition 6.1. The DGA A is called n-homotopy permutative if there
is a sequence of R-module maps {hl :

⊗l
A → A}2≤l≤n in which hl is of degree

1 − l and satisfies:

dhl(u1 ⊗ · · · ⊗ ul) =
l∑

k=1

hl(u1 ⊗ · · · ⊗ uk−1 ⊗ duk ⊗ uk+1 ⊗ · · · ⊗ ul)

−
l−1∑
k=1

hl−1(u1 ⊗ · · · ⊗ uk−1 ⊗ ukuk+1 ⊗ uk+2 ⊗ · · · ⊗ ul)

− (−1)(|u1|+1)
Pl

k=2(|uk|+1)hl−1(u2 ⊗ · · · ⊗ ul−1 ⊗ ulu1)

for u1, . . . , ul ∈ A. If a DGA A admits an infinite sequence of the above
R-module maps {hl :

⊗l
A → A}n≥2, then we simply call A homotopy permu-

tative.

Let H be an A-colored simple hammock with h(H)min = {u} and h(H)max

= {v}. Then, for u < w < v, we have A-colored simple hammocks Huw and
Hwv, and, by Proposition 2.1, we obtain an A-colored simple hammock

Hw = (Hwv,Huw).

Jacobi identity in hammock Massey products are described using Hw.
In order to state Jacobi identity in hammock Massey products, we pre-

pare some function which will be convenient for sign calculation. Put s(w) =
(deg(u,w) + 2)(deg(w, v) + 2) + 1 for u < w < v and s(u) = 1. Then for a
defining system on H, we have

[Ω(u,w),Ω(w, v)] = Ω(u,w)Ω(w, v) − (−1)s(w)Ω(w, v)Ω(u,w)
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and

s(w) = (|Ω(u,w)| + 1)(|Ω(w, v)| + 1) + 1,

where [−,−] stands for the commutator in A.

Theorem 6.1. Let the DGA A be homotopy permutative and let H

be an A-colored simple hammock with h(H)min = {u} and h(H)max = {v}.
Suppose that 〈H〉 is defined and 〈Hw〉 is strictly defined for each u < w < v.
Then we have

〈H〉 ⊂
∑

u<w<v

(−1)s(w)〈Hw〉.

Proof. Let Ω be a defining system on H. We first extend Ω to a function
V (h(H)) × V (h(H)) → A which restricts to a defining system on Hw for each
u < w < v. Let u < x < y < v such that the number of V (h(Hux)) and
V (h(Hyv)) are smallest among u < x and y < v. Then we obtain an A-
colored hammock (Hyv,Hux) which is an A-colored sub-hammock of Hw for
some x < w < y so that 〈Hyv,Hux〉 is strictly defined. Then we have a
defining system on (Hyv,Hux). Then by proceeding induction on the number of
V (h(Hux)) and V (h(Hyv)), we get the desired function on V (h(H))×V (h(H))
minus the diagonal set. Thus, finally, we obtain the desired function Λ by
putting Λ(x, x) = 0.

For x, y ∈ V (h(H)), we have:

(−1)s(x)[Λ(x, y),Λ(y, x)] = (−1)s(x)Λ(x, y)Λ(y, x)

+ (−1)s(x)+(|Λ(x,y)|+1)(|Λ(y,x)|+1)Λ(y, x)Λ(x, y)

= (−1)s(x)Λ(x, y)Λ(y, x) + (−1)s(y)Λ(y, x)Λ(x, y)

Then we obtain:∑
u<w<v

(−1)s(w)〈Hw|Λ〉 =
∑

u<w<v

(−1)s(w)Λ(w, v)Λ(u,w)

+
∑

u<x<y<v

(−1)s(x)[Λ(x, y),Λ(y, x)]

=
∑

u<w<v

(−1)s(w)Λ(u,w)Λ(w, v)

+
∑

u≤x<y<v
(−1)s(x)[Λ(x, y),Λ(y, x)]

=
∑

u<w<v

(−1)s(w)Ω(u,w)Ω(w, v)

+
∑

u≤x<y<v
(−1)s(x)[Λ(x, y),Λ(y, x)]

= 〈H|Ω〉 +
∑

u≤x<y<v
(−1)s(x)[Λ(x, y),Λ(y, x)]
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Hence it only remains to show that
∑
u≤x<y<v(−1)s(x)[Λ(x, y),Λ(y, x)] is a

boundary. It follows from a straightforward calculation that

d(
∞∑
l=2

∑
u≤v0<···<vl−1<v

(−1)s(v0)+1hl(Λ(v0, v1) ⊗ · · · ⊗ Λ(vl−1, v0)))

=
∑

u≤x<y<v
(−1)s(x)[Λ(x, y),Λ(y, x)]

and then the proof is completed.

e-mail: mizuno@herb.ocn.ne.jp

References

[1] J. A. Bondy and U. S. R. Murty, Graph Theory, Grad. Texts in Math.
244. Springer, New York, 2008.

[2] D. P. Kraines, Massey higher products, Trans. Amer. Math. Soc. 124
(1966), 431–449.

[3] J. P. May, Matric Massey products, J. Algebra 12 (1969), 533–568.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


