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On a generalization of Massey products

By

Takashi M1zuNO

1. Introduction

We first recall the definition of Massey products. Let A be a DGA whose
differential is of degree —1. Given homogeneous elements a,b,c € H,(A), we
suppose that

ab = bec = 0.

We first choose representatives «, 3,v € A of a, b, ¢ respectively. We next choose
X,Y € A such that (—1)l**1aB = dX and (—1)/8+18y = dY which realize
the relation above. Then we obtain a cycle

(71)\a|+lay + (71)\a|+\b\+2X7

of A and its representing homology class is the Massey product of a, b, c with
respect to the choice a, 3,7, X, Y, here we follow the sign convension of May [3].
Massey products are one of the most classical higher operations and generalized
by several authors. Kraines [2] generalized Massey products for ordered n-tuple
of elements of H,(A) satisfying an analogous condition, which is called Massey
higher products. Furthermore, May [3] generalized Kraines’ construction of
Massey higher products by replacing homology classes with matrices whose
entries are homology classes. These generalizations are linear in the following
two sense. May’s generalization replaces scalar values by matrices and, in this
sense, May’s generalization is linear. On the other hand, Kraines’ generalization
deals with ordered linear sequences of homology classes satisfying conditions
on sub-linear sequences and then, in this sense, Kraines’ generalization is also
linear. However, there are many higher operations which are not linear.

The aim of this article is to generalize Massey products by using graphs
and to establish basic formulae in those higher operations such as linearity,
associativity and Jacobi identity. Actually, Kraines’ Massey higher products of
order n are described by a linear directed graph with n-arcs and May’s matrix
Massey products are described by gluing linearly special directed graphs.

In the sequel paper, we will generalize Toda brackets analogously using
graphs and give applications to the stable homotopy groups of spheres.
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2. Hammock

In this section, we introduce special graphs called hammocks by their
shapes, which form a basis of our study, and consider their decompositions.

Recall first that a directed graph D consists of the set of vertices V(D),
the set of arcs A(D) and the coincidence function ¥ = (¢1,19) : A(D) —
V(D) x V(D) (See [1]). An arc a € A(D) is said to join u to v if 11 (a) = u and
o(a) = v. In the usual manner, we draw a directed graph by a dot for each
vertex and a directed curve from a dot of a vertex u to a dot of a vertex v for
each arc joining u to v. A directed graph is called finite if both of the sets of
vertices and arcs are finite. We can consider a directed subgraph of a directed
graph in the obvious sense.

We introduce some notations and terminologies for directed graphs which
we will make use of. Let D be a directed graph. For vertices u,v € V (D),
a directed path joining v to u in D of length n is a subgraph ¢ of D such
that V(¢) = {u = v1,v2,...,0n,0n41 = v}, A(¥) = {a1,...,an—1} such that
¥(a;) = (Vi41,v;) for i = 1,...,n. We denote the union of directed paths from
v to w in D by D,,, which is a subgraph of D. We ambiguously write by D,,,
the set of all directed paths from v to v in D. We write u < v for u,v € D if
DU'U # @

Now we define special graphs called hammocks.

Definition 2.1.

1. A quasi-hammock is a finite directed graph without loops whose set of
vertices form a poset by the above <.

2. A hammock is a quasi-hammock without isolated vertices.

3. A hammock is said to be short if each arc joins a maximal vertex to a
minimal vertex.

4. A hammock is said to be simple if the numbers of minimal vertices and
of maximal vertices are one.

Let H be a quasi-hammock. We can consider sub-quasi-hammocks or sub-
hammocks of H in the obvious sense. We denote the set of minimal vertices and
the set of maximal vertices of V(H) by H™™® and H™?* respectively. We also
denote the unions of all directed paths of length 1 starting from H™** and of
those terminated at H™™ by Ht and H~ respectively. Then HT and H~ are
short sub-hammocks of H. We write by u(H) the set of nonextremal vertices,
that is, vertices neither minimal nor maximal. We make a convention of drawing
quasi-hammocks with arcs from right to left. Following this convention, when
we write the pair of the initial vertex and the terminal vertex of a directed
path, we put the initial vertex on right.

Let us consider decompositions of quasi-hammocks by cutting transversely
to the direction from minimal vertices to maximal vertices. To do so, we in-
troduce cutting functions on quasi-hammocks. Let H be a quasi-hammock.
A function ¢ : A(H) — Z is called a cutting function if h(a) < h(b) for
a,b € A(H) such that 92(a) = ¥1(b). Then we can regard that a cutting
function provides a grading of arcs respecting the direction of H. For a cutting
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function ¢ : A(H) — Z and a sequence of integers ny < ... < ny, we define
subgraphs ¢~!(—o00,n1] and ¢~ (ny, +00) by the minimum sugraphs containing

(Uignl c_l(i)> U H ™" and (UDM c™1(i)) U H™** respectively. We also define

a subgraph ¢ !(n;,n;41] fori = 1,...,k—1 by the minimum subgraph contain-
ing (Uni<i<m+1 c_l(i)) U (¢t (—o00,n;] N ¢ (niy1,+00)). Note that each of
cH(—o0,n1], ¢ (n1,na), ..., c Y (ng_1, nk), ¢ (ng, +00) is a quasi-hammock.

Definition 2.2. If, for sub-hammocks Hy,...,Hg41 of a quasi-
hammock H, there are a cutting function ¢ : A(H) — Z and a sequence of
integers n; < ... < ng such that ¢~ !'(—oo,ni] = Hy,c " (ny,ne] = Ho, ...,
c Y (np_1,n1] = Hg,c Y (ng, +00) = Hypy1, then we write

H=(Hy,...,Hy1).

Let H be a quasi-hammock. If H = (Hy,...,H,) for quasi-hammocks
H,,...,H,, then all isolated vertices of H are contained in each H; for i =
1,...,n. In particular, if one of Hy,...,H, is a hammock, then so is H.
However, even if H is a hammock, H; needs not be a hammock. Note that, for
H~ and HT, there are quasi-hammocks F; and Fj such that H = (H™~, F}) =
(Fy, HT).

The easiest case of the above decomposition is:

Proposition 2.1.  Let H and G be quasi-hammocks. For each bijection
from G™ to H™®  there is a quasi-hammock F such that F = (H,G).

Modifying the conditions in the above proposition, we define:

Definition 2.3. Let H, H{, Hy, H3 be quasi-hammocks such that H =
(Hy,Hs, H3).
1. Suppose that H is simple. Then H, is called full in H is the following
conditions are satisfied.
(a) Hy is a hammock.
(b) For each directed path ¢ joining v € H™8 tou € H™1 (NHF> #£ ()
and £ N H3M £ ().
2. Hj is called locally full in H if, for each (u,v) € H™® x H™8 HyN H,,
is full in H,,.

Let H, Hy, Ho, H3, Hy be quasi-hammocks such that H = (Hy, Ho, Hs, Hy).
Note that if Hy, Hs are locally full in H, then so is (Ha, H3).

We next consider decompositions of quasi-hammocks by cutting in the
parallel direction from minimal vertices to maximal vertices.

Definition 2.4.

1. Let H and G be quasi-hammocks. Suppose that there are bijections
Hmin . Gmin gnd ™3 — G™a% Then we can glue together H and G by
these bijections and obtain a new quasi-hammocks which we denote by H & G.
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Let Hy,...,Hs be quasi-hammocks which form a quasi-hammock H =
(Hy,...,Hy). Note that if Hy, Hs are full in H, then so is (Ha, H3).

For the last of this section, we introduce a way to construct a new quasi-
hammock out of given one.

Definition 2.5. Let H be a quasi-hammock. A quasi-hammock H is
given by deleting arcs in H which joins v to u such that there is a vertex w
with © < w < v.

3. Hammock Massey product

In this section, we define hammock Massey product using hammocks which
generalize the classical Massey products and May’s matrix Massey products [3].

Hereafter, we fix a DGA A over a commutative ring R whose differential
d is of degree —1. For a homogeneous element a € A, we put a = (71)|“‘+1a.
We will often use the following formulae:

=aq, ab= —ab, da = —da

|

for a,b € A.

Definition 3.1.
1. An A-colored quasi-hammock H consists of a quasi-hammock H and a
function o : A(H) — H,(A) such that:
(a) a(a) is homogeneous for each a € A(H).
(b) For any u,v € V(H), >_,c () (|a(a)|+1) is independent from choice
of a directed path ¢ € Hy,.
2. An A-colored hammock is an A-colored quasi-hammock whose under-
lying quasi-hammock is a hammock.

We can consider an A-colored sub-quasi-hammock in the obvious sense.
For an A-colored hammock H, if the underlying quasi-hammock of H satisfies
some conditions such as hammock and locally full, then we say that H satisfies
those conditions.

Let H = (o, H) be an A-colored quasi-hammock. We denote H by h(FH).
If « = 0, then we denote H by 0. We also denote by deg(u,v) the integer
> acellala)|+1) =2 for £ € H,, with u < v, which is independent from choice
of £ € Hy,. We write by Hy,, H~ and HT the A-colored sub-hammocks of
whose underlying hammocks are H,,, H~ and H™T respectively. If A-colored
quasi-hammocks H; = (ay, Hy),...,H, = (an, Hy) satisty H = (Hy, ..., Hy)
and o; = ala(g,) for i =1,...,n, then we write

H = (Hy,...,Hn).

Analogously, if A-colored quasi-hammocks G = (81, G1), G2 = (B2, G2) satisty
H = G1 ® Gy and B; = alaq,) for i = 1,2, then we write

H=G 5.
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Definition 3.2.  Let H = («, H) be an A-colored hammock and let D
be a subset of PH = {(u,v) € (V(H) x V(H)) \ (H™® x H™)|y < v}.
1. A partial defining system on H over D is a function Q : D — A such
that:
(a’) Q(’LL, ’U) € ‘Adcg(u,v)—‘rl-
(b) If Hy, is a short hammock, Q(u,v) is a cycle representing
Z ala).
a€A(Hyy)
(c) If Hyy is not a short hammock, Q(u, v) satisfies

dQ(u,v) = Z Qu, w)Q(w, v).

u<w<v

2. A defining system on H is a partial defining system over PJH.

Remark 3.1. If there is a directed path from u to v in a hammock H
which is not a single arc, then there is no contribution of arcs from u to v to
any partial defining systems on an A-colored hammock («, H). Then a partial
defining system on (o, H) is actually defined on (Q|A(ﬁ)a H).

We define a higher operation in A using defining systems on A-colored
hammocks. To do so, we need the following lemma. Let € be a defining system
on an A-colored hammock (o, H). We define Q,, € A for u,v € V(H) with
u < v, possibly (u,v) € H™n x ™3 by:

a0 — 0 H,, is a short hammock
“ Y ucwes 2w, w)Qw,v)  otherwise
Lemma 3.1.  Let H = («a, H) be an A-colored hammock and let Q2 be a
defining system on H. For (u,v) € V(H) x V(H) with u < v, Qyy 18 a cycle.

Proof. We may assume that H,, is not a short hammock. For vertices
x, z of Hy,, if there is no y such that x < y < z, then dQ(x,y) = 0 by definition.
Thus we have:

dQuy = Z (d(Q(u, w))Q(w, v) + (—1)'52(“’“’)‘9(11,w)dQ(w,v))

u<w<v

Z ( Z (—1)9(“’“’)+1Q(u,x)Q(x,w)> Q(w, v)

u<w<v \u<zr<w
+ Y (=)AEIHw) Y Ow, y) Ry, v)

u<<w<v w<y<v

= Z euzyQ(u,x)Q(x,y)Q(y,v),
u<r<y<v
here €,y = ((—1)IH@IFQ@)+2 4 (1)210w2)[+|2@9)[+2) By definition of
an A-colored hammock, we have |Q(u, z)| + |Q(z,y)| + 1 = |Q(u, y)| and thus
dQy, = 0. d

Now we define a hammock Massey product as follows.
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Definition 3.3. Let 3 = (o, H) be an A-colored hammock and let Q
be a defining system on H. A hammock Massey product (H|Q?) is an A-colored
short hammock (o}, H%!) defined by:

L V(H?) = H™ny ™ A(H?) = {(u,v) € H™ x H™|y < v} and
Y(u, 7)) = (u7 v).
2. o} (u,v) = [Quo)-

We denote the set of all hammock Massey products of an A-colored ham-
mock H by (H). In this sense, if there is a defining system on an A-colored
hammock H, then we say that (H) is defined. In particular, (81, 82) is al-
ways defined when 8; and S5 are A-colored short hammocks. Note that, by
definition, (81, 82) consists of a single element.

We give examples describing Massey products and May’s matrix Massey
products by hammock Massey products.

Example 3.1. Let H be the following hammock.

V1 (%) V3 V4
P <+—— 0@ ———<+—— 0 <0
ay az as

Define o : A(H) — H.(A) by a(a;) = z; € H,,(A) for i = 1,2,3. Then
H = (o, H) is an A-colored hammock. Suppose that z1zes = xsx3 = 0. A
function 2 : PH — A is a defining system on K if and only if X; = Q(a;, ai+1)
is a cycle representing x; for ¢ = 1,2,3 and Y; = Q(v;,v;42) satisfies dY; =
(=1)l=+1X; X, 1 for i = 1,2. Then, by definition, a defining system € on 3
defines

Qv1v4 = (_1)|961\+1X1Y2 + (_1)‘x1‘+‘xz‘+2Y1X3.

Thus (H|Q) is an A-colored hammock such that the underlying hammock is a
simple hammock with a single arc and the Massey product [€,,,,] is put on
this arc.

Example 3.2.  Let H(m,n) be a short hammock such that V(H(m,n)
= {u1,. ., Um,01,...,0n} and A(H(m,n)) = {(ug,v)) € V(H(m,n)) x
V(H(m,n))|1 <k <m,1<I<n}. Forexample, H(2,2) is:

U2 (u2,v2) Vg

(u1,v2)
(uz,v1)

U1 (u1,v1) U1
In particular, we have a hammock (H(n1,ns), H(ng,n3),..., H(ng, ng41))-
Note that an A-colored hammock H(m,n) = («,H(m,n)) can be
identified with the m x n matrix (a(uk,v))i<k<m,i<i<n. It is easy to see
that A-colored hammocks H(l, m) and H(m,n) form an A-colored hammock
(H(l,m),H(m,n)) if and only if, by the above identification, H(m,n) and
H(m,1l) are multipliable in the sense of May [3]. A defining system on
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(H(nq,n2)), ..., H(nk, k1)) in our sense also coincides with that for matrices
(H(ny,n2), ..., H(ng,nks1)) in the sense of May [3]. Moreover, by definition,
the hammock Massey product (H(ni,ns),...,H(ng, ngy1)) is identified with
May’s matrix Massey product (H(ni,na),..., H(ng, nk+1))-

Let £,U be A-colored quasi-hammocks and let H be an A-colored ham-
mock. Suppose that L, U, H form an A-colored hammock (L,H,U). One of
the advantage of hammock Massey products is that we can construct a new
A-colored hammock (£, (H),U) in some cases, which produces basic formulae
in hammock Massey products.

Lemma 3.2.  Let L,H,U be A-colored quasi-hammocks such that there
is an A-colored hammock (L, H, W) in which H is locally full. For each defin-

ing system Q on H, A-colored quasi-hammocks L, (FH|Q), U form an A-colored
hammock (L, (H|Q),U).

Proof. Note that V(h(H))NV (h(L)) = h(H)™" and V (R(H))NV (h(U))
= h(H)™** since H is locally full in (L,F,U). We construct a new hammock
out of a quasi-hammock h(L) U h(U) by joining v € V(h(U)) to u € V(h(L))
with a single arc if w < v. Then we obtain a new hammock H' = h(L) U
h((H|2)) U h(U) hence h((H|2)) is equal to the short hammock consists of
the joining arcs. Let ¢ : A(h((L,H,U))) — Z be a cutting function giving the
decomposition (£, 3, U) and let H = c¢~!(n, m]. Define a function ¢’ : A(H') —
Z by |ameyvam)) = clanmeyvamy) and ¢(a) = m for a € h({H|)).
Then ¢’ gives a decomposition H' = (h(L), h((H)), h(U)).

Define a function o' : A(H') — H.(A) by &|ameyvamu)y) =
a| A(h(e)uAah)) and o'(a) to be the homology class represented by €2, for
a € A({(H|)) joining v to u. Then it follows from the definition of a hammock
being locally full that o' satisfies the degree condition and thus L, (H|Q), U
form an A-colored hammock (£, (3|Q), U). O

The following lemma allows us to start with any choice in constructing
defining systems.

Lemma 3.3. Let H = (o, H) be an A-colored hammock such that ()
is defined and let & : A(H) — A be such that &(a) represents a(a) fora € A(H).
Then, for each x € (K), there is a defining system Q on H such that x = (H|Q)
and Q(u,v) =3 ey &(a) when Hy, is a short hammock.

Proof. Let Q' be a defining system on 3 such that z = (H|Q). We
construct the desired defining system € on H out of . Let SH = {(u,v) €
PH|Hy, is a short hammock}. First, we put Q(u,v) = 3, ca(y,,) &(a) and
Au,v) = Q(u,v) — Qu,v) for (u,v) € SH. Next, we inductively put, for
(u,v) € PH but (u,v) ¢ SH,

Qu,v) = Q (u,v) — Z A(u, w)Q(w,v) — Z  (u, w)A(w, v).

(u,w)eSH (w,v)eSH
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Then it is straightforward to check that €2 is a defining system on H. If (u,v) €
H™™ x H™2* helongs to SH, we have 2, — ., is a boundary by definition.
If (u,v) € H™® x H™2% does not belong to SH, we have

U — Qo =d( > Aw,w)Qw,v)+ Y Q' (u,w)A(w,v))
(u,w)eSH (w,v)eSH

and then the proof is completed. 1

In order to consider extending partial defining systems to defining systems,
we introduce the following (See [3]).

Definition 3.4. An A-colored hammock H = («, H) is called strictly
defined if, for each (u,v) ¢ H™" x H™* (3(,,) is defined such that (H,,) =
{0}, where 3y, is an A-colored hammock (a|a(s,,), Huv)-

u,v)’

Let H be an A-colored hammock. Note that if () is defined, we always
have 0 € (H,,) for each (u,v) & H™" x H™* but (},,) = {0} is not always
true.

Lemma 3.4.  Let H be an A-colored hammock such that (H) is strictly
defined. Then every partial defining system on H extends to a defining system
on J.

Proof. Let H = (a, H) and let  be a partial defining system on H over
D c PH. For (u,v) ¢ D such that H,, is a short hammock, we put Q(u,v) to
be an arbitrary representative of > a€A(Huy) a(a). Suppose that we can extend
Q to all (u,v) € PH such that each directed path joining v to u is of length
less than n. For (u,v) € PH such that each directed path joining u to v is of
length less than or equal to n, we can define €, and, by Lemma 3.1, d€2,,, = 0.
Then it follows from (H,,) = {0} that there exists x € A such that Q,, = dz.
We put Q(u,v) = z. Thus the proof is completed by induction on n. a

Corollary 3.1.  Let 3 be an A-colored hammock such that (H) is
strictly defined. Then (H) is defined.

Proof. Let H = (a,H) and SH be as in the proof of Lemma 3.3. By
putting )(u,v) to be an arbitrary representative of 3, 4z, ) () for (u,v) €
SH, we have a partial defining system on H over SH. Then the proof is
completed by Lemma 3.4. O

It is easy to check that:

Corollary 3.2.  Let Hy and Hy be A-colored hammocks such that H =
(H~,31) = (Hao, HT). Suppose that (Hy) (resp. (Hz)) is strictly defined and
(Hy) = {0} (resp. (Ha) = {0}). Then every defining system Q2 on Ho such
that (Hz|Q2) = 0 (resp. Q' on H; such that (H,|QY) = 0) extends to a defining
system on H.
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4. Indeterminacy

As ordinary higher operations, hammock Massey products are defined with
some ambiguity which is called the indeterminacy. In this section, we consider
the indeterminacy of hammock Massey products. Let us first introduce an
operation in A-colored short hammocks.

Definition 4.1. Let H = (o, H) and § = (8, H) be A-colored short
hammocks such that |a(a)| = |3(b)] for each o € A(H). For r, s € R, we define

rH + sG = (ra+ sp, H).
Now we define the indeterminacy of hammock Massey products.

Definition 4.2.  Let H be an A-colored hammock such that (K) is de-
fined. The indeterminacy of (J() is

In(H) = {z —ylz,y € (3)}.

We give a lower bound for the indeterminacy of hammock Massey products
when the underlying hammocks are simple.

Proposition 4.1.  Let H = (a,H) be an A-colored simple hammock
such that H™ = {u} and H™* = {v}. Suppose that H™™ and H™>* are
separated, that is, H— N H™> = H+ N H™" = (. Then we have

In<9‘f) D) Z Z a(a) Hdeg(w,v)+1(‘A)

weV (H-)\Hmin \a€A(Hyw)

+ Z Hdeg(u,w)+1 Z Oé(a)

weV (H+)\ Hmax a€A(Hyy)

Proof. Let €2 be a defining system on } and let A, and B, be arbitrary
cycles in Ageg(z,0)+120d Adeg(uy)+1 respectively for z € V(H™) \ H™™ and
y € V(HT)\ H™>. Define a function ' : PH — A by:

QUz,y)+Ae € VH)\H™, y=v
Q(x,y) =< Uaz,y)+ B, yeV(HT)\H"™ z=u
Y

Q(z,y) otherwise

Then it is obvious that ' is a defining system on H such that

(HQ) — () =+ Y. ala) | A,

weV (H-)\H™in \ a€A(Hyqy)

+ Z B, Z a(a)

wEV (H+)\ Hmax a€A(Huyw)
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Thus the proof is completed. O

Let H = (a, H) be an A-colored hammock. In order to give an upper
bound for hammock Massey products, we construct a new A-colored hammock
out of H. This is a generalization of Proposition 2.3 in [3]. Define a hammock
H® by deleting H~ and all arcs in H terminated at V(H™)\ H™™ from }AI, here
we do not delete the initial vertices of arcs terminated at V (H )\ H™®. We also
define H® by deleting H* and all arcs in H terminated at V(H+)\ H™ from
H, here we do not delete the initial vertices of arcs terminated at V (HT)\ H™ax
as well. We construct a new hammock H by attaching to the disjoint union
H® 1 H® the arcs joining u € H® to v € H® if there is a directed path
joining u to v of length 2. Define an A-colored hammock ﬂ-f~ = (@&, H) by
alagey = alame), &lame) = alamey and @(a) being an arbitrary element
in Haeg(u,v)+1(A) for a ¢ A(H® UH®).

Proposition 4.2.  Let H = (a, H) be an A-colored hammock such that
(H) is defined. Then we have

m) c () (Ha).
iJTCd is defined.
Proof. Let Q be a defining system on H. Since (H|Q2) = ((a\A(ﬁ),ﬁ)|Q>,

we assume that H = H. Let € be another defining system on H. It fol-
lows from Lemma 3.3 that we can put Q(u,v) = Q' (u,v) when H,, is short.
Then Q'(u,v) — Q(u,v) is a cycle if v is joined to w only by length 2 di-
rected paths in H. Consider the set of vertices Wy, = {w € V(H)|lu < w <
v, H(u,w) and H(w,v) are short}. Then we can choose & such that

> AL (u,w) (w,v) — Qu, w)w, v)}
WEW o
for a ¢ A(H® LU H®). Define a function € : PH — A by:
Q(u,v) u€V(H®?)

Qu,v) = < V(u,v) v e V(H®P)
V' (u,v) — QUu,v) (u,v) € V(H®) x V(H®)

Let us check that € is a defining system on H. We only have to check Q(u, v)
for (u,v) € V(H®) x V(H®).

dQ(u, v) = d(Q (u,v) — Q(u,v))
= Z (Q (u, ) (w, v) — Qu, w)Qw, v))

= Z (Y (u, w) — Qu, w))Q (w, v) + Qu, w)(Q (w,v) — Qw,v)))
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When H,,, is short, we have Q'(u,w) = Q(u,w) and then the above sum
Do wev (i) (U, w)—=Q(u, w))Y (w, v) is assumed to be taken over w € V/(Hyy)

NV (H®). Analogously, the above sum Dwev (i) S w)( (w,v) —Qw,v))
is also assume to be taken over w € V(Hy,) N V(He) Thus we have:

dQ(u,v) = > (' (u, w) — Q(u, ) (w, v)
WEV (Hyy)NV (H®)

+ Z Qu, w) (Y (w,v) — Q(w, v))

WEV (Hyuw )NV (HS)

= Z Q(u, w)Q(w, v) + Z Q(u, w)Q(w, v)

wEV (Hyo)NV (H®) wEV (Houy)NV (HO)

Z Q(u, w)Q(w, v)

u<<w<v

Then © is a defining system on H. Now we have:

(H|Q) = ZQuw , V)

u<w<v
= > Quw)(@(w,v) - Qw,v))
weV(HS)
+ Z (Y (u, w) — Q(u, w))Q (w,v)
weV(H®)
=— Z Qu, w)Q(w,v) + Z ' (u, w)Q (w, v)
weV (HS) weV (H®)

- Z Qu, w)Q (w,v)

weV (HP)\V(HO)

+ Z Q(u, w)Q (w,v)

weV (HS)\V (HE)

Note that Q(w,v) = Q' (w,v) for w € V(H®)\ V(H®) and Q(u, w) = Q' (u, w)
for w € V(H®)\ V(H®). Therefore we obtain

(FHQ) = > V(ww) (w,v) = > Qu,w)Qw,v) = (H|Q) — (H|Q)
u<w<v u<w<v
and this completes the proof. O

We can give a stronger lower bound for hammock Massey products by
imposing strictly definedness.

Proposition 4.3. Let H, L, G, U be A-colored hammocks such that H =
(L£,9,W) in which G is locally full. Suppose that:
1. (H) is strictly defined.
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2. For each (u,v) € h(G)™™ x h(G)™**, G, is not short.
Given a defining system Q on G, we define an A-colored hammock (o', H")
by defining H' = (h(L), h({S|2)), h(W)), o = P(L, (S|, U) — H.(A) such
that o'(a) = «(a) for a ¢ A(h((G|Q)) and &'(a) is arbitrary element in
Haeg (v (a),15(a))+1(A) for a € A(R((3]Q2))). Then (H') is strictly defined and

(') C Tn(5).

Proof. As in the proof of Lemma 3.2, H’ is an A-colored hammock. We
proceed the proof by induction on the number of vertices of H. If the number
of vertices of K is three, then H’' = (G) is short so that (H') = {0} C In(XK).
Suppose that, for H with vertices less than n which satisfies all conditions,
(H'") C In{FH). Let the number of the vertices of H be n and let u,v € V (h(H))
such that (u,v) € h(H)™® x h(H)™**, Note yhat Hyp = (Hup N L, Hyy N
G, HuwNU) satisfies all the above conditions. Then, by hypothesis of induction,
we obtain (H,) C In(3,,) = {0}. Thus (H') is strictly defined. Let €’ be a
defining system on H’. Then Q'|prupu extends to a defining system A on K.
Define a function A’ : PH — A by:

N(u,v) = Au,v) — Q(u,v) uweV(h(L)),veV(hU))
7 A otherwise

then we can easily verify that A’ is a defining system on H and (H|A)—(FH|A')
(301).

ool

5. Linearity and associativity

In this section, we consider linearity and associativity in hammock Massey
products. Before doing so, let us first give the easiest relation in hammock
Massey products. For an A-colored quasi-hammock H = (o, H), we define an
A-colored quasi-hammock H by 3 = (&, H), here a(a) = a(a) for a € A(H).
It is easily checked that:

Proposition 5.1.  Let H be an A-colored hammock such that (J) is

defined. Then (H) is defined and
(30) = —(30).
Now we consider linearity in hammock Massey products.
Theorem 5.1.
1. Let £L,8,U be A-colored quasi-hammocks such that there is an A-colored
hammock (L,8,U) and 8 is short. Suppose that (L,8,U) is defined. Then
(L,78,U) is defined for r € R and

r(L,8,U) C (L,r8,U).
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2. Let L,U be A-colored quasi-hammocks and 81,82 be A-colored short
hammocks such that there is an A-colored hammock (£,81 & 82, U). Suppose
that (£,81 ® 82, U) is defined and (L,81,U) is strictly defined. Then (L, 82, U)
1s defined and

(L,81 ® 82, U) C (L,81,U) + (L,85,U).

3. Let L, U be A-colored quasi-hammocks and let 81,85 be A-colored short
hammocks such that there are A-colored hammocks (L, 81U), (L, 8U). Suppose
that Hy and Ho satisfy the following conditions:

(a) Hy and Ha form an A-colored hammock H by gluing together along
L and U.
(b) h(H1)ww = h(H)ow foru,v € V(h(H1)) such that h(Hq)we # O with
u e h(L) orv ¢ h(U).
(c) (H) is defined and (Hy) is strictly defined.
Then (H3) is defined and

() C (FH1) + (Ho).

Proof. 1. Let Q be a defining system on (L,8,3). Define a function

Q:P(L,r8,U) — A by:
Q
O (u, ) = rQu,v) v e h('l.l),u € h(L)
OQ(u,v)  otherwise

Then it is easily seen that Q" is a defining system on (£,r8,U) such that
(L,r8,UIOQ") = r(L, 8, U|N). This completes the proof.

3. Let Q be a defining system on . The condition (b) allows us to restrict
 to a partial defining system on H; over {(u,v) € PHi|v & h(U) or u & h(L)}.

Since (H;) is strictly defined, the above partial defining system extends to a
defining system Q' on 3(;. Define a function Q2 : PH, — A by

U P

It is easy to verify that Q2 is a defining system on Hy and (H|Q) = (H;|Q!) +
(H2|9?). This completes the proof of 3. The case 2 follows from 3. O

We next show associativity of hammock Massey products.

Theorem 5.2.  Let 81,82 be A-colored short hammocks, let Hi, Hs be
A-colored quasi-hammocks and let Ho be an A-colored hammock such that there
is an A-colored hammock H = (81, Hi,Ha, Hs, 82) in which (81,Hi,Hz) and
(Ha, Hs, 82) are locally full. Suppose that there is a partial defining system on
H over P(Sl, Ho, g‘fg) UP(g‘fl, Ho, g‘fg) UP(U{Q, Hs, 82) Then <<81, Hq, %2‘Q>,
Hs, 82) and (81,31, (Ha, Hs, 82|Q)) are defined and

0e <<81’}C1’%2‘Q>7J{3582> + <S_1a:}(_17 <:}C27J{3a82‘9>>-
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PTOOf- Let 91 - (<81’5}C17:}C2|Q>7g{3’82) and 92 - (871,9{71’ <9‘C2,5}C37
82|€2)). Define a function Q' : PG; — A and Q2 : PGy — A by

Z Qu, w)Qw,v)  u € h(Gy)™in
Ql(u,’U) = § wep(h(81,H1,H2))
) u g (G

and

Z Q(u, w)Qw,v) v € h(Gg)max
QQ(u, U) = § wepu(h(Hz,Hs3,82))
Q(u,v) v & h(Gg)™max,
If u & h(G1)™", then Q! obviously satisfies the condition of partial defining
systems on G;. For u € h(G1)™", we have:

dQ (u,v) = Z Qu, z)Q(z, w)Q(w,v)

u<zr<w
wep(h(81,31,H2))

+ (el T 0w w) 2w y)9(y, v)
w<y<v
wep(h(81,H1,Hz))

= g g Q(u, 2)Q(z, w)Qw, v)
u<w<v u<z<w
w@p(h(81,91,72)) z€pu(h(81,3(1,5(2))

= Z QL (u, w)Q (w, v)

u<w<v

Then we have obtained that Q' is a defining system on G;. Analogously, we
obtain that 2 _is a defining system on Go. Define an element A, € H.(A) for

Ay = Z Qu, w)Qw, v).

wepn(h(Hz))
Then we have:
dA ., = Z (d2(u, w))Qw, v) + (=1, w)dQ(w, v))
wepn(h(Hz))
= Z ( Z Q(’U,,LE)Q(LC,H)))Q(’LU,’U) - Q(u7w) Z Q(w,y)Q(y,v))
wep(h(Hs)) u<z<w w<y<v
= > Q(u, z) > Q(z, w))Qw,v)
u<r<v r<<w<v
rZp(h(H2,Hs3,82)) wep(h(H2,33,82))
+ > > Qu, w)Q(w, y)) 2y, v)
u<y<v u<w<y

yZu(h(81,31,32)) weu(h(81,H1,3(2))
= Qo + Q-
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Thus the proof is completed. O

Corollary 5.1.  Let 8§ be an A-colored short hammock and let Hq, Ho
be A-colored hammocks.

1. Let 8,H1,Hs form an A-colored hammock (8, Hy, Hs) in which Hy is
locally full. Suppose that (8, H1)uw) = {0} for each vertices u,v such that u
is not minimal. Then each defining system Q on (Hy,Hsy) induces a defining
system Q' on (8, Hy) such that ((8,H;1|Q), Hy) is defined and

(8, (H1, Hal2)) C —((8,31[), Ha).

2. Let 8, Hy,Hy form an A-colored hammock (Hq,Ho, 8) in which Hs is
locally full. Suppose that {(Ha, 8)y,) = {0} for each vertices u,v such that v

is not mazimal. Then each defining system Q on (Hy,Hsa) induces a defining
system Q' on (Ha, 8) such that (Hy, (Ha, 8|QY)) is defined and

<<:}(1’%2|Q>’ 8> C *<W1a <U—f2’ S‘Q/»

Proof. We only prove 1 since 2 is quite analogously done. Note first that,
since Hy is full in (8, H;,Hs), so is Hy. Then (Hq, Hs) is also locally full in
(8, H1,Ho). It follows from Corollary 3.2 that Q|4¢, extends to a partial defining
system Q' on (8, H;, Hs) over P(8,H;) U P(Hy,Hsy). Then, as in the proof of
Proposition 5.1, we have a defining system Q" on ({8, H;|Q'), H2) such that

(8, (H1, Ha|2)) = ((8, H1|V), H2 |2}, here the left hand side is always defined
and its indeterminacy is 0. O

We abbreviate the formulae in Corollary 5.1 by
<g7 <j{13 9-(:2>> - _<<8a :}C1>7 j-(:2>7 <<j{13 9{2>a 8> C _<j{_17 <j{23 8>>
We also have the following associativity of hammock Massey products.

Theorem 5.3.  Let §; be an A-colored short hammock fori=1,2,3 and
let H be an A-colored quasi-hammock.
1. Let 8;,H form an A-colored hammock (81, 82,83, H) in which (81, 82)
and (82,83) are locally full. Then each defining system Q on ({81,82), 83, H)
induces a defining system ' on (81, (82,83),H) such that

((81,82), 83, H[Q) + (81, (82, 83), H|Q') = 0.
2. Let 8;, H form an A-colored hammock (3,81, 82,83) in which (81,82)
and (82,83) are locally full. Then each defining system Q on (3, 81, (82, 83))
induces a defining system Q' on (H, (81, 82),83) such that

<fH7 81, <82v S3>|Q> + <fH7 <S_1a 82>’ S3|Ql> =0.
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__ Proof. Since 2 is analogous, we only show 1. Fix a defining system A on
(81,82) such that Ay, = Q(u,v) for (u,v) € h(81)™" x h(82)™**. Let Q be a
defining system on ({81, 82), 83, H). Define a function Q' : P(81, (82,83),H) —
A by:

A(u,v) v € h(8y)™ax
Z Alu, w)Q(w,v)  u € h(81)™ma
Q' (u,v) = { weV (h(82))NV (h(Ss))
—Q(u,v) u € h(8;)™in
Q(u,v) otherwise

Then we can easily see that Q' is a defining system on (81, (82, 83),H). Let
(u,v7) S h(Sl, <82, 83), g_()mm X h(81>'<827 83>, j_c)max = h(<81, 82>, 83, g_()mm X
h({81,82), 83, H)™**. For u € h(81)™", we have:

Q= S Wlww) (w,v)

u<w<v
= Z A(u, w) Z A(w, 2)Q(x,v) + Z —Q(u, w)Q(w, v)
u<w<v 1eh(52)max u<w<v
weV (h(82)) wEh(83)™M**
= _qu
and the proof is completed. O

Generalizing the above theorem, we have:

Theorem 5.4. Let L, U be A-colored quasi-hammocks and let Sq,.. .,
Sak+1 be A-colored short hammocks. Suppose that L, U, 81, ...,82,41 satisfy
the following conditions.

1. L,U, 81, ..., 82541 form an A-colored hammock H = (L,84,...,
Sok+1, W) in which 81,...,8ak+1 are locally full.

2. There is a partial defining system Q on H over Usii PS,, where G, =
(8qy---s8q4k) forq=1,...,k+1.

3 (L, 81,y 84-1,(5q]Q), Sqiktts - Sanr1, W) is strictly defined for g =
1,...,k+1.
Then we have

k+1
0¢€ Z<Z7§17 vy 8qfla <9q|Q>7 8q+k+17 v 782k+17u>'
g=1

Proof. We abbreviate (L,81,...,8,-1, (G4, Sqtkats .-+ 8211, U) by
H,y. Since (Hy) and (Hyy1) are strictly defined, so are (£,8;,...,8;) and
<8k+2, ey 82k+1,u> such that <L, S1,... ,8k> = {0} and (Sgio,- .- ,82k+1,u> =
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{0}. Then it follows from Proposition 5.1 that (£) and (F) are strictly de-
fined such that (£) = {0} and (F) = {0}, where & = (L£,81,...,8k) and
F = (Sk+2,.-,82k+1, U). Thus we can extend ) to a partial defining system
over {(u,v) € V(&) x V(&)|ju < v}U{(u,v) € V(F) x V(F)|ju < v}U U];i% PS,
which we denote also by €.

Put V; for i =0,...,2k + 2 as:

V(h(L)) i=0
o JVREDOV(S) =12
T VW) NV (A(Sakt1) i=2k+1
V(R(W)\ V(h(82k42)) i=2k+2

Let V(i,j) = V;U...UVj for i < j. Define a function Q' : D' — A for a subset
D' c P, by:

Q(u,v) v eV
Ql(u ’U): Q(U,'U) u e V(k+1,2k+2)
’ 3 Qu, w)Qw,v) v € V(h(G1)) NV (h(Sks2))

’LUG;L(h(Sl,...,Sk+1))

It is easily seen that Q' is a partial defining system on J; over D! and then it
extends to a defining system Q' on H; since (JH;) is strictly defined. Suppose
that we have obtained a defining system Q" : PH, — A for r = 1,...,q— 1.
Define a function Q4 : D9 — A for a subset DY C P3, by:

(1)
Q(u,v) veV(0,q—1)
Q(u,v) ueV(g+k,2k+2)
i 0) > 0w w)w,)
wen(h(SySeri) v € V(h(S,) NV (h(S41s1))
q-= .
~ ) = gee ey - ].
—ZQT(u,v) ueVy,i=0 q
r=i+1

Let us verify that Q7 is a partial defining system so that 29 extends to a defining
system Q9 on H,. Put v € Vg1, and uw € L. Then we have:
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dQ (u,v) = Z ( Z Qu, 2)Q(z, w)QUw, v)
weV (q,q+k—1) zeV(0,q—1)
- Z Q(u7 w)Q(wvy)Q(yﬂ)))
yeV (k.q+k—1)
_ > O (u, 2)Q" (2, v)

r<q
zeV(0,r—1)UV (r+k,q+k—1)

= Z Qu, 2)Q(z, w)Q(w, v)
z€V(0,q—1)
weV(g,g+k—1)

—ZZ Z Q" (u, 2)Q"(z,v)
i=0 2€V; i+1<r<q
— Y )@ )

weV (q,q+k—1)
yeV (k,q+k—1)

— Z Qr(u, 2)Q"(z,v)
r<q
2€V (r+k,q+k—1)

= Z Q9 (u, w) Q9 (w, v).

u<w<v

By a quite analogous calculation, we can see that €29 is a partial defining system
on H, over DY.
Finally, we define a function Q¥+ : PH, ., — A by

Z Qu, w)Q(w, v)
WEU(R(Sk+1se-58k+it1)) v € Vopy1,u €V
k .
~ i=0,....k
QF L (u,v) = - ZQT(u, v)
L R r=1
- Z O (u,v) v € Vapo
r=1

This is also seen to be a defining system on Hy 1. By definition, we have

k+1

> a1, =0
q=1

for (u,v) € h(L,81,...,8p11, W)™ x h(L,81,..., 841, U)™ and the proof
is completed. O

We can show the following associativity in hammock Massey products by
constructing defining systems as in (1) and using A, as in the proof of Theorem
5.2.
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Theorem 5.5.  Let 81,...,89, be A-colored short hammocks and let G
be an A-colored hammock. Suppose that S1, ..., 89, G satisfy the following con-
ditions.

1. 81,...,82k, G form an A-colored hammock H = (81,...,8k,9, Sk+1,-- -,
Sak) in which all 81,...,82, G are locally full.

2. There is a partial defining system Q on H over Ugill PS,, where G4 =
(Sq,...,SﬁS, 8k+1,...78q+k_1) forq=1,... k+ 1.

3. (81538415 (Gq2), Skt1s - - -, Sqr—1) 18 strictly defined forq =1,...,
k+1.
Then we have

k+1
0e€ Z<8_17 ceey 8qfla <9q|Q>7 8k+17 ceey Sq+k71>-
g=1

6. Jacobi identity

In this final section, we consider Jacobi identity in hammock Massey prod-
ucts. let us first recall from [3] an n-homotopy permutative algebra.

Definition 6.1. The DGA A is called n-homotopy permutative if there
is a sequence of R-module maps {h; : ®l A — A}aci<p in which hy is of degree
1 — [ and satisfies:

l
dhl(”l@"'@“l):Zhl(u_1®"'®uk—l®duk®uk+1®"'®ul)
k=1

-1
—th—l(u_l®"'®uk—1 @ UpUk4+1 @ Upt2 @ -+ - ® uy)
k=1

— (—1)(|u1‘+1)Ek=2(‘uk|+l)hl,1(u_2® S @U@ Uuy)

for uq,...,u; € A. If a DGA A admits an infinite sequence of the above
R-module maps {h; : ®l A — A}p>2, then we simply call A homotopy permu-
tative.

Let H be an A-colored simple hammock with h(3)™" = {u} and h(JH)™ax
= {v}. Then, for v < w < v, we have A-colored simple hammocks H,,, and
Hww, and, by Proposition 2.1, we obtain an A-colored simple hammock

j{w - (g{wva j{uw)

Jacobi identity in hammock Massey products are described using H,,.

In order to state Jacobi identity in hammock Massey products, we pre-
pare some function which will be convenient for sign calculation. Put s(w) =
(deg(u, w) + 2)(deg(w,v) +2) + 1 for v < w < v and s(u) = 1. Then for a
defining system on H, we have

[Q(u, ), Qw, v)] = Q(u, w)Q(w,v) — (—1)*Q(w, v)Q(u, w)
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and
s(w) = (|Qu, w)[ + 1)(|Q(w, v)[ +1) + 1,

where [—, —] stands for the commutator in A.

Theorem 6.1.  Let the DGA A be homotopy permutative and let H
be an A-colored simple hammock with h(H)™" = {u} and h(H)™>* = {v}.
Suppose that () is defined and (H,) is strictly defined for each u < w < v.
Then we have

(0 D (=1,

u<w<v

Proof. Let € be a defining system on H. We first extend §2 to a function
V(h(H)) x V(h(H)) — A which restricts to a defining system on 3, for each
u < w<wv Letu<ax <y < v such that the number of V(h(H,,)) and
V(h(Hyy,)) are smallest among v < z and y < v. Then we obtain an A-
colored hammock (3., Hye) which is an A-colored sub-hammock of 3, for
some r < w < y so that <3’Cyv,f}fuz> is strictly defined. Then we have a
defining system on (Hy,, Hyz). Then by proceeding induction on the number of
V(h(Hyy)) and V(h(H,,)), we get the desired function on V(h(H)) x V(h(H))
minus the diagonal set. Thus, finally, we obtain the desired function A by
putting A(z,z) = 0.

For z,y € V(h(H)), we have:

(—1)*@[A(2, y). Aly, )] = (—1)*“A(2, y)Aly, 2)
+ (=1 @HIAED DAL D Ry YA (2, 1)
= (=1)*@A(z, ) Ay, ) + (=1)* P Ay, 2)A(z,y)

Then we obtain:

Yo DO = Y (1) A w, 0)Afu,w)

u<w<v u<w<v

+ Y, DA y), Aly, 2)]

u<zr<y<v

Z (71)S(M)A(ua w)A(wa ’U)

ulzy<v

Y (10w, w)Qw,0)

u<w<v

+ Y U @[A(z,y), Ay, 2)]

ulzy<v

HD+ > (D) [Alz,y), Ay, o))

ulz<y<v
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Hence it only remains to show that Zu<z<y<v(—1)s(w) Az, y),Aly,z)] is a
boundary. It follows from a straightforward calculation that

> S (=)0 (Afvo, v1) @ -+ ® Avi—1,v0)))

=2 u<vg<--<v 1<V

= Y )@@, Aly, )

ulr<y<v

and then the proof is completed. O
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