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Magnetic bottles on the Poincaré half-plane:
spectral asymptotics

By

Abderemane MORAME and Francoise TRUC

Abstract
We consider a magnetic Laplacian —Aa = (id + A)*(id + A)
on the Poincaré upper-half plane H, when the magnetic field dA is infi-
nite at the infinity such that —A 4 has pure discret spectrum. We give
the asymptotic behavior of the counting function of the eigenvalues.

1. Introduction

In this paper we study the asymptotic distribution of large eigenvalues
of magnetic bottles on the hyperbolic plane H. Magnetic bottles on H are
Schrédinger operators of the form

(1.1) Ay = y2(Dw - A1)2 + y2(Dy - A2)2,

where the magnetic field dA is infinite at the infinity. This property ensures
that —A 4 has a compact resolvent. The precise formulation is given below.

In the Euclidean case the asymptotic distribution of large eigenvalues of
magnetic bottles in R? has been given by Yves Colin de Verdiere [Col], using
partition in cubes and estimations for constant magnetic fields in the cubes.
This method can still be used here, but cubes are replaced by rectangles adapted
to the hyperbolic geometry and the formula we get is of the same type, taking
into account the hyperbolic volume and the hyperbolic definition for magnetic
fields.

The hyperbolic framework we recall below has been used mainly for study-
ing the Maass Laplacian, which corresponds to the constant magnetic field case.
This case has been studied by many authors (see [Gro], [Els], [Com] [Ki-Le]).
In [In-Sh1] the authors consider asymptotically constant magnetic fields and
in [In-Sh3] they deal with Pauli operators. See also [Tk-Ma] for relationship
between Maass Laplacian and Schrodinger operators with Morse potentials.

From an other point of view, the asymptotic distribution of large eigenval-
ues in the hyperbolic context has already been studied for Schrédinger operators
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(without magnetic field) (see [In-Sh2]). The method is based on Feynman-Kac
representation of the heat kernel and the Tauberian theorem. As already men-
tioned our own method involves only min-max techniques so it does not require
to study properties of the evolution semigroup. It is also local, so our result is
valid for many surfaces of infinite area with fundamental domain HI.

Let us now set up the hyperbolic framework of our problem.

In a connected and oriented Riemannian manifold (M, g) of dimension n,
for any real one-form A on M, one can define the magnetic Laplacian

—Ay=(id+A)*(i d+ A),

(1.2) (i d+ A)u=1idu+uAd, VueCy(M)).

The magnetic field is the exact two-form pg = dA.
The two-form pp is associated with a linear operator B on the tangent space
defined by

(1.3) pp(X,Y)=g(B.X,Y); VX,YeTMxTM.

The magnetic intensity b is given by

(1.4) b= %tr ((3*3)1/2) .

Let us assume that dim(M) = 2, and denote by dv the Riemannian
measure on M; then pgp = b dv, with |b| = b.

In this case, we can say that the magnetic field is constant iff b is constant.
Now, we consider the case where M = H is the hyperbolic plane:

2 2
H= R0, +ocl, 9= LU0 A= Ay(op)do + Aa(a, )y
We will assume that
(1.5) Aj(z,y) € C*(H;R), V.

Let us define D, = %5} and D, = %ay. Then we have

(1.6) —Aa =y (D — A1) + 47 (Dy — A2)?,
b =12 (8,4, —9,A1) b=b|, and dv =y dzdy.
It is well known that —A, is essentially self-adjoint on L?(H), see for
example [Shu].

As we are only interested on the spectrum of sp(—A ), we will use that it
is gauge invariant:

(1.7) sp(—A4) = Sp(—AA+d¢); Yo € 02(H;R).

For an operator H, sp(H), sp.,(H), sp,(H), sps(H) and sp,(H) denote
its spectrum, its essential part, its absolutely continuous part, its discret part
and its ponctual part.
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We will denote —A 4 by P(A).

2. The constant magnetic Laplacian on the hyperbolic plane

In this section, we explain how to get the well-known properties of the spec-
trum of a constant magnetic Laplacian on the hyperbolic plane. The original
study was done by J. Elstrodt in [Els].

We consider the case where y? (0, A2(z,y) — 9y A1 (x,y)) is constant. We
choose a gauge such that Ay = 0, so A;(z,y) = £by~!. We can assume that
Aj(x,y) = by™!, even if we change x into —z, which is a unitary operator on
L?(H). The operator we are interested in is

(2.1) —Aue =y3(D, —by 1) 4 yzDi, with b >0 constant.
Let U be the unitary operator

(2.2) U:L*H) — L*RxRY), Uf=y'f;

R x R% is endowed with the standard Lebesgue measure dzdy. Then

(2.3) Py =U(=Ap)U* = (Dy — by )y*(Dr —by™") + Dyy’ D,

Using partial Fourier transform we get that sp(Py) = U sp(Pp(§)), where
£ER
Py (€) is the self-adjoint operator on L?(R, ) defined by

(24)  Po(©)f =W —b)*f(y) + Dy(y* Dy f)(y); Vf € C5°(Ry).
When ¢ > 0, by scaling, y — £y, we get that
sp(Pb(§)) = sp(Po(1)), (if £>0).
In the same way, we get that
sp(Po(§)) = sp(Po(—1)), if £<O0.

It is easy to see that sp.,(Pp(£1)) = b? + sp,.(Po(1)) = spu.(Po(£1)),
and, (see for example the exercise 16 p. 1573 in [Du-Sc]),

1
23) (D) =l Po(-1) = [+ 1. obo0] = s (Fh(1).
. . 9 1
Py, (1) may have some eigenvalues in |b,b* + il

For the proof, we use the method of [In-Sh1]. We define
(2.6) Kp=y—b—-1—4yD,; so Ky=y—b+iyD,.
Then

(27) K‘;Kb = Pb(l) +b and Kng = Pb+1(1) —b-—1.
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When b > 1/2, we define

2b—1/2

(2.8) ob(y) = F(T_l)yb‘le‘y, (¢b € Ker(Kp_1)),

©p is the ground state of Py(1) : Pp(1)pn = byp.
As Ky, (Pb(l) + 2b + 1) = Pb+1(1)Kb
“+o0
and K () =y Pl [ e () VS € fpna] s
Yy
1
we get that, if g+ 2b+ 1 < b? + 7 then

1 € spg(Po(1)) = pu+2b + 1 € spy(Pos1(1)),
and if A\ —2b —1 > b,
A € 5pg(Por1(1)) \{b+1} = A —2b — 1 € spy(Fp).
One gets the well-known following theorem:

Theorem 2.1.  The spectrum of Py(£1) is formed by its absolutely con-
tinuous part and its discret part, and

5D(Po(1)) = 5puclPol~1)) = 5puc(Fo(1) = b2+ 1400

N =

sp(Pp (1)) = 8pac(Pb(1)), if b <

wxaﬂ»—%%+nbﬂw1xjemj<b%}ifb>§

Corollary 2.1.  The spectrum of —A v is essential: sp(—Ayp) =
Spes(_AAb)'
Its absolutely continuous part is given by sp,.(—A4») = [b? + I, +00[.
The remaining part of its spectrum is empty if 0 < b < 1/2 otherwise it is
formed by a finite number of eigenvalues of infinite multiplicity given by

1 1
spp(—AAb):{(2j+1)b—j(j+1);jEN,j<b—§}, (if 5<b>.

3. The case of a magnetic bottle (with compact resolvent)

The following theorem deals with the case of a magnetic field which fulfills
magnetic bottles type assumptions.

Theorem 3.1.  Under the assumptions (1.5) and (1.6), if

(3.1) b(z,y) — +oo as d(z,y) — 400,
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and if 3Cy > 0 such that, for any vector field X on H,

(3.2) | Xb| < Co([b] +1)v/g(X, X);

then P(A) = —A4 has a compact resolvent.
(d(z,y) denotes the hyperbolic distance of (z,y) to (0,1)).

Proof. The standard proof for elliptic operators on the flat R™ can be
applied using the estimate given by the following Lemma. O

Lemma 3.1.  For any € €]0, 1], there exists Cc > 0 s.t.

VIeCEm. [ blffdo < (14 5) (~Aaflf e + Colfliae,

Proof. For the proof, one can use the unitary operator defined in 2.2
U:L*(H) — LR xRY), Uf(z,y) =y~ flz,y).
We get that
UP(A)U* = y*(D, — A1)? +y(D, — As)*y.
In this form, we can write UP(A)U* = K"K + b=K'K—b
with K = y(D, — A1) —i(Dy, — As)y and K = y(D, — A1) +i(D, — As)y. So
+b < UP(A)U*.

We cover R x R by two open sets Og, Oy, such that O is bounded and y and
1/y are bounded on Op, and 1 < b on O;.
Taking an associated partition of unity x;, (j = 0,1), and using that

+b < UP(A)U*, we get

/ bl fddy < / U P(AYU (x. £)x: Fdady.
RXR:

RxR?

The Lemma comes easily from this estimate. O

4. Spectral asymptotics for magnetic bottles

4.1. The main theorem

For a self-adjoint operator P, and for any real A < infsp,,(P), we denote
by N(); P) the number of eigenvalues of P, (counted with their multiplicity),
which are in | — oo, A[.

Theorem 4.1.  Under the assumptions of Theorem 3.1, P(A) = —A4

has a compact resolvent and, for any § E}%, %[, there exists a constant C' > 0
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such that
(4.1)
1 C “+o0 1 0
— (1 - —) b(m) {)\(1 — C’)F%H) — - —(2k+ 1)b(m)] dv
27T H am,(S =0 4 +
< N(A, —A4)
1 C +o00 1 0
< — (L+——>b@w§:{M1+cx*“4y———@k+nbmn] dv
27T H am’g =0 4 +

Um.s = (b(m) + 1)(2—55)/2
[Pl is the Heaviside function:

o [ 1, if p>0
M+{O,ﬁ p < 0.

This result can be compared to the one obtained in [Col]. The differ-
ence between the two results is the additional term f%, which comes from the
geometry of the problem. It becomes really significant in the following

Corollary 4.1.  Under the assumptions of Theorem 3.1 and if the func-
tion w(p) = / [ —b(m)]Sdv satisfies
H

(4.2) 3C; >0st. Vu>C, V7€)0,1], w((Q+7mp) —wp) <0 7wy,

then

0
(4.3) N —Ay) ~ %/ b(m) {)\ - i — (2k+1)b(m)| dv.

H keN +

The assumption (4.2) is satisfied when w(A) ~ aXIn?(A\) when
A — 400, with £ >0, or k=0 and 5 > 0.
For example this allows us to consider magnetic fields of the type

b(.y) = (g) T g(y), with j € N* and g(y) = p1(9) + pa(1/y).

where p;(s) and pa(s) are, for large s, polynomial functions of order > 1. In
this case w(\) ~ aX® In(\) when A — +o0.

For the proof of Theorem 4.1, we will establish some transformations, prove
some technical lemmas and then use the minimax technique on quadratic forms

as in Colin de Verdiere’s result to get successively a lower bound and an upper
bound for N(X;—Ay4).
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4.2. Technical transformations
4.2.1. Change of variables
Let us consider the diffeomorphism

¢:R? = H, (2,9) = d(x,t) = (z,¢")
which induces a unitary operator
U : L*(H; dv) — L*(R?; dadt)
(Uf)(x,t) := e V2 f(z,e") for any f € L*(H).
U maps C§°(H) onto C5°(R?) and the inverse U~ is given by
(T/J\_lg)(x,y) = y1/2g(x, Iny) for each g € L?(R?).

The quadratic form related to the operator P(A) = —A 4 is given, for any
u € L?(H), by

o) i= [ (D2 = Ar)ul? + (D, — Aa)ul?]

N /]R2 Det(D“; — A)u(@)] + ¢! (e Dy — Az)u(ﬂb)ﬂ e~ tdadt

:/ [1€/2(D, = A )u(@)2 + |e/2(e ™Dy — Az)u(9) 2] dadt
R2
with
Ai(z,t) := Az, et), i=1,2.
After defining w := U u, the preceding form becomes
G(w) == / (€D — Ayul? +[(e7/2Dye’? —  Ay)ul?) ded
R2

SO

~ ~ ~ ~

P(A) :=UPAU " = e2(D, — A))? + (Dy — €' A3)? + 1/4.

4.2.2. Gauge
We want to work with a gauge such that A, = 0. Since
b = y? (9,42 — 8,4;)

we can take

which gives

Ay(x,t) = 7/ b(xZ, S)ds
1 S
(4.4) b o~ 2
DA 2t  b(z,s) 2
and P(A)=e" |D, + =2 ds| +Dj;+1/4.
1
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The associated quadratic form is
7 (w) :/ [1€(Da — Avywf? + 1Dyl +1/4wf?) dad.
]RZ

An application of the assumption (3.2) is the following Lemma.

Lemma 4.1.  For any a > 0 and any €9 > 0 small enough

1 1
(Eo < min {5, m}) , there exists C1 > 1 such that,

if (x0,y0) € H and b(xo,y0) > 1, then

1
C_lb(x07y0) S b(ﬂ%y) S Clb(x07y0); v (3379) S Q(x05y07a550)

where (w0, Yo, a,€0) = {(x,y)/|x — w0| < ago yo, |y — yol < coyo}-

Proof. The proof comes directly from the assumption (3.2). Performing
Taylor expansion, we get

|uaw—bmmmnsUx—mrwy—mwigmﬁun+@£@m

=~ ~ b(z)+1
50 [B(2.4) Bl )| < oCila+ g sup L
ze
and the proof follows easily. O

4.3. Technical lemmas
4.3.1. Localization in a suitable rectangle in R?

Let ap > 1 be given.

Any nonnegative constant depending only on ag, will be denoted invariably
C.

Let Xo = (z0,t0) € R? such that b(z) > 1; (20 = (20, e)); | Xo| can be
very large.

Let us choose ¢y €]0,1[, ¢ can be very small.

For a €]—, ag), let

1
ap’

(4.5) K :=Xo+ Ko, Ko=|—c00—4, c0a—[x] -+, &

6t0 eto o €o
2 2 27 2

We consider the Dirichlet operator Pr(A) on K associated to the quadratic
form

Gk (w) = / [1€(Ds — Avywf? + | Dpwf? + 1/4jwf?| dudt ¥ w € W3 (K).
K

We are interested only by the spectrum of Pk (A). It is gauge invariant,

(4.6) sp(Prc(A)) = sp(Pr(A + V),
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so by taking ¢(z,t) = — [ Ai(s,to)ds, we can assume that

t

~ b ~

Az, t) = —/ @ds (and As =0).
eto S

Let us define the magnetic potential related to a constant magnetic field

(4.7) A%z, t) = (AY,0) with AV := —(t — tg) e~ b(xzo, e').

We want to compare N(\; Pr(A)) to N(\; P%(A%)) for A > 1, where P%(A°)
is the Dirichlet operator on K, associated to the quadratic form

q“;f”(w) = / [le" (D, — ADw|? + |Dyw|? + 1/4|w[?] dzdt ¥V w € W (K).
K

We begin with comparing the associated magnetic potentials.

Lemma 4.2. Under the above assumptions there exists a constant C,
depending only on ag in (4.5), such that for any (x,t) € K :

|14~11 (x,t) — A?(m,t)| <C 5% e ' b(zg, e").

Proof. As
- b
(4.8) Aq(z,t) = —/ (xés)ds,
eto S
there exists 7 = 7(z) €]to, t[ such that
. b(z, e b(z, e
49)  Aya,t) = —(e' — ) (:éf ) et 1) (Z;f )

Writing
A to b(z,e”)  b(xg,e")

627' eto

we get from the definition (4.7)
| A (,t) — AQ(,1)] < Clt — to||A] < C &0 |Al.

But from the lemma 4.1, we get the following estimate for any (z,7) € K:

b(z,e”)  b(xg, e’
A = oo 22T PO o emto (g, o).

627' eto

To see this we decompose A in 3 parts
Ay =€~ (b(x,e") — b(zo, 7))
Ay = €727 (b(zg,€7) — b(z, "))

As = e"b(zg, ™) (1 1 > .

2T e2to
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According to the assumption (3.2) and to the Lemma 4.1 we have
|b(z,e7) — b(zo,e7)| < Cagg b(xg, €'),
so |A| < e*t°C|g(x,eT) - B(xo,eT)| b(zg,e™) < Cagpe " b(xg,e™).
In the same way

|Az| < e Cle™ — efo|eT0 b(xg,e')
< Ce |1 — to| b(wg, e') < Cege™b(zg, €'°).

The third term is also bounded by the same expression
|A3] < C gp e b(x,e™),

so we finished the proof. O

4.3.2. Quadratic forms on K
Let us define

A0 (w) = / 160Dy — ApwP? + [ Dewf? + 1/4hf?) dudt, Y € W3 (K).
K

Lemma 4.3.  There exists a constant C' depending only on ag of (4.5),
ERA

(1-c0C) G (w) < Th(w) < (1+aC)° (w).

Proof. Write

T (w) = / [eQ(t_t°)|et° (D, — Ay )w|? + | Dyw|?dzdt| + 1/4|w|2} dxdt
K

and use that [t —tg] < 1in K. O

Lemma 4.4.  There exists a constant C' depending only on ag of (4.5),
such that, for any T €]0, 1], (with zo = (xq,e')),

40 1 ;
(-7 3w + (1- 5 ) € b Vo)l < 72°w)

0 1
<@+ ) + (145 ) © & Boul

Proof. This is a straightforward application of lemma 4.2, when we write

e (Dy — Apw = e (D, — AD)w — e (A; — AD)w.

4.3.3. Spectral asymptotics for a rectangle
An immediate application of Theorem B.1 in the appendix is the following
Lemma.
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Lemma 4.5.  For any real A,
K|b(zg, e'0) <X 1 0
0 ( A0Y) < | 0, - to
(4.10)  N(\ Pgr(4°) < Sroto ,;:0 A 1 (2k 4+ 1)b(zo, ™) N

Moreover, there exists a constant Cy depending only on ag of (4.5), such that,

if 52 /Co < b(zg, e*) < A, then ¥V 7 €]0, 1],

0
1—7

any T e 2

< N(A, PY(AY)).

to) +o°
2| K|b(zo, ) {A 1 G (2k + 1)b(:co,et°)]

+

Proof. Change variables (x,t) — (£,0) = (e '(x — z0),t — to)
and apply (B.1) to get (4.10), and (B.2) to get (4.11). O

Taking into account (4.6), Lemmas 4.3-4.5, we get the following proposi-
tion.

Proposition 4.1.  There exists a constant C7 > 1 depending only on ag
of (4.5), such that for any ey €]0,1/(2C1)], for any real X > 1 and for any
n €]0,1/2],

K|b(xo, ') 12 ! i
|K[b(zo, €™) > [AMQ) — = 2k + Dbz, e) |
k=0 4 *

(4.12) N(A, Px(4)) <

2meto

: 2\—1 A
Moreover, there exists a constant Cqy depending only on ag of (4.5), such
that for any g9 €]0,1/(2C4)[, for any real X\ > 1 and for any n €]0,1/2[, if
£52/Co < b(zg, e™), then ¥ 1 €]0,1],

€0 v p2 t
+ ?Clb (z9,€e)].

K‘b(l‘o eto) = |: 1 Co 0
12! ’ ApN) = = — % (2k + 1)b(a0, €
(413) ( ) 2reto — ( ) 4 (760)2 ( ) ( 0 ) N
< N(\, P (A)),
with Ap(N) = (14+5%)7" _A 50 b? (o, €0)
m 1+5001 772 1 0

Without the condition that e52/Co < b(xo,e'), we have in the same way that

[ K |b(o, ')

4meto

(4.14) {Am()\) - i — CoVA(1 + b(zo,eto))l/ﬂ < N, Px(A)).

For the lower bound (4.14), use the same method as for (4.13), by using
the lower bound in (B.3) instead of (B.2).
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4.4. Lower bound and upper bound for the N(\;—A,)
4.4.1. A partition adapted to b

Let ag and dp be given such
e*? e? 1 1
(4.16) K(a) = ] R +eMar, eMag + T[X] -3 + oo, o+ B {

(S U V)

3

W =

(415) 1<ag and §p € :|

For any o € Z?, we denote the rectangle

So R? = U, K (a) and K(a) N K(B) = 0 if a # 3. Taking into account Lemma
4.1, each K(«) can be parted, (if necessary), into M («) rectangles:

(4.17)
_ Mla) e
K(a) = Uj:(l )Kam
€q,jeto €q,jelo €a,j €a,j
Kw:}— S5+ Ty Ty + 5 X = 5 ey, tw*Tj{’
with
1 ag
4.18 <egi < ,
W9 T b (eag, ) =9 = T b0 {20y, o))
and such that Ko, N K, ; =01if k # j.
We will denote T' = {(«,5); a € Z*, j€{l,...,M(a)}},
X, = (z4,t,) the center of K., (y €T), and z, = (z,€").
4.4.2. The lower bound estimate
Proposition 4.2. Under the assumptions of Theorem 3.1 and on &y in
(4.15), there exists a constant Cy > 0 such that
(4.19)

1 CO +oo 1 0
7 (1 — ) b(m) [)\(1 — CoA 3%y _ 1 (2k + 1)b(m)| dv
H am,5o k—0 +

<N, —Ay).

Proof. Any constant depending only on the assumptions will be denoted
invariably by C.

AsR? = | J K, and K, N K, =0 if v # p,

yel’
we get that Y N(X, P (A)) < N(A, —Ay).
yel

Case of large |y|, when b(z,) > \3~1/%,

For such large ||, we use the lower bound estimate (4.13), with

g0 =0"%(z2,), n*=b"%(z,) and 7 = p%~2/2(2 ).
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Then

| K |b( Zv —50 2-3680 1 0
(1-Cr) == zk: = Cb™%(2y)) = CO* 2% (2;) — 7 = (2k + 1)b(z,) .
As b(zy) < CX when N (A, P (A)) # 0, then using that b(z,) > A3~1/%  we
get that

(1-— Cb‘(2‘550)/2(z7))w > {Au — OA13%) i —(2k + l)b(zv)]o
wer " +

Ason K., |b(z,e') —b(z,)| <O 7% (2,), and |e! ™" — 1| < Cb~%(z,), using
that (2 — 5dg) < do, we get

1

Py ( — Cb=2=500)/2(g e!))b(x, et)

1-38 1 0]’
XZ[ CAIT%0) — & = (2k + D)b(z, ¢)

Case of small ||, when b(z,) < A\371/%,
For such small ||, we have b(z,) < A'/2, this allows us to use (4.14) instead of
(4.13), with
g0 =A"2(1+b(z,))"%  and n* = A2 (1+0(z,)7%.
Then we get also
| K5 1b(2)
4met~

AL = CAY2(14+0(2,))' ] < N(A, P (A)),

which implies that
| Ky |b(zy)

AL = CALV(200] < N(\, P, (A)).
)y | < NO P, (4))
Using the same arguments as for large |y|, we get that

AL = CAIZ1/E00)] / (1 —C(14b(z,e'))~%)b(z, e )M < N(\, Pg, (A)).
4m K ¢

~

Taking into account the Remark 1, and using that
1—-1/(260) <2—1/5p <1—3Jp and that o9 > (2 — 509)/2, we have

1

or [ (1= C(+ba, )~ 2o, )

x> [/\(1 — CA\I3%0) i — (2k + 1)b(z, €") — < N(X, Px, (A)).
k
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The proof of the lower bound (4.19) is achieved. O

4.4.3. The upper bound estimate
Proposition 4.3. Under the assumptions of Theorem 3.1 and on gy in
(4.15), there exists a constant Cy > 0 such that

(4.20)
N\, —Ay)
0

< _/ (1 b 50) b(m )f {/\(1 L CoA0ty i —(2k+1)b(m)| dv.

k=0 +

Proof. Any constant depending only on the assumptions will be denoted
invariably by C.

We keep the partition and the notation used in the lower bound.

We consider the covering of R? by open rectangles:

= UKy Ky=X, 4+ (1/m) 5, - X)),

yel’

with 7, € b=(3%=2)/2(2 )[ag', ag). Then there exists a partition of unity (- (z,t))
satisfying

Y=
support Xv)
4.21
(4.21) Do e o)
|Dixy| < C/(eyTy)

We erteq Z Xvw / V|X7w|2dxdt],
Y Ky
with V(z,t) — z 1D, (2, O + Doy (. 1)
%l

Thus on K., V(z,t) < C/(ey7y)?, and it follows easily from the min-max
principle that

(4.22) N\, -A4) <> N </\ + ﬁ Py, (A)) .

Then we get (4.20) from (4.22), as for (4.19), but using only (4.12), (instead of
(4.13) and (4.14)). 0

Appendix A. The density of states for the euclidian constant mag-
netic field

Let us consider on L?(R?) the Schrédinger operator with a constant mag-
netic field Hy = (D, — b %)2 + (D, +b §)2; (b > 0 is a constant).
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The density of states of Hy, N(\, Hp), is defined, (see [D-I-M]), by

. N\ HR)
Al Hy) = 1 270 /.
( ) N()\, 0) Rllll |QR| )

Qg is any bounded open domain of R?, with Lipschitz boundary, containing
(- £, £))2, and H" is any self-adjoint operator on L?(Qg) associated to the
quadratic form of Hy, with domain included in the Sobolev space W (Qg).

Theorem A.1.  The Colin de Verdiére formula holds for any A > 0 :
b
(A.2) N(A,H@)Zgﬁ{TLEN; (2n+1) b< A}

Proof.  Tts comes easily from THEOREME 1.6 of [Dem)].

Let us sketch a proof.

By scaling and dividing A by b, we need only to establish the formula when
b=1.

We take Qg = (] — &, £[)2, the Dirichlet boundary conditions on z = +£
and the Floquet conditions: e**¥/2u(z,y) is R-periodic in .

As u — ue™¥/? is a unitary operator, by performing this gauge transform,
H§'" becomes Hy = D2 + (D, + x)?, with the Dirichlet boundary conditions
on x = j:% and the periodic ones on y = j:g.

H* and Hy have the same spectrum.

Using discret Fourier expansion, we get that N(\, H§'?) = Z N\, Hi r),

keZ
where Hy, g is the Dirichlet operator on Ip =] — %, %[, associated to the har-

monic oscillator D2 + (25 4 )2,

As N(\, Hy g) = 0 when |k| > L (RVA+ R;), we get

) 1 R?
N\ Hy) <tg{neN; 2n+1<A}x1{1£rlmw—m<R\/X+7),

1
or equivalently N(A, Hy) < o f{neN; 2n+1 <A}

v

Now, for any fixed e €]0, 1, (for example ¢ = 1/v/R), and for any k such
that k| < (1 — 6)%;, the exponential decreasing of the eigenfunctions of the
harmonic oscillator on R? leads to
> - O
N(A;Hk,R)_ﬁ TLGN, 2n+1<)\7@ 5

where C\ depends only on .

To see this, with e chosen as previously and R > X\ + 1, just use the fact
that, for any u € y(4x/vR)Ex(Hy.o0)[L2(R)],

R/2

R/2
/ Hyo g wit do < (0 + C/R)/ luf2da.
—R/2 —R/2



612 Abderemane Morame and Frangoise Truc

Hy, o denotes the harmonic oscillator D2 + (252 4+ )2 on L*(R), x is a cut-off
function, supported in [—1,1] and equal to 1 in [-1/2,1/2], and Ex(Hp o)
denotes the spectral projection on | — 0o, A[ of the self-adjoint operator H, .

Then, with the same € and using the left-hand side continuity of the func-
tion A — #{n € N; 2n+ 1 < A}, we get also that

1
O

Appendix B. Eigenvalues estimate in the euclidian rectangle for a
constant magnetic field

Let us consider the Dirichlet problem Hg% associated to the Schrodinger
operator with a constant magnetic field Hy = (D, — b%)? + (D, + b%)?

(b> 0 is a constant), in a rectangle Qp =] — &, fr[x] - B2 o

R= (Rl,Rg) S (Ri)2
Theorem B.1.  The Colin de Verdiére upper bound holds for any A >

< 02&|

Qr
(B.1) N HEE) < 7

H{n e N; 2n+1)b < A}.

For the lower bound, we will need to precise Colin de Verdiére’s one as
follows.
There exists a constant Cy > 0 s.t., if 0 < b < XA and 1 < \/EminRj, then
v e €]0,1],

Co

b|Q
(B.2) (1- E)Q%ﬁ {n eN; 2n+1)b< A~ (emin ;)

} < N(XHPE).

The classical Weyl estimate is the following. There exists a constant
Co > 0 such that, if 1 <b< X and 1 < v/bmin R; then

0
LA N\ HER) < 1251

vV 47

1+Coﬁ

VA

|Qr|
(B.3) )

(The condition 1 < vbmin R; is just needed to have a cut-off function
with bounded gradient in Q 7z .).

Proof. The upper bound (B.1) and the lower bound (B.2) come from the
density of state using the same proof as in Colin de Verdiere’s paper [Col].

We sketch the proof of the lower bound (B.2).

We set : R(b) = RVb. By scaling, we change Qg, b and X into Qrey, 1
and A/b.
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M

Then we take a large rectangle Qp) a7, = U Q(j, €) where
j=1
Qj,€) = z; + (1 — €)Qpp) are open rectangles with center z; such that

Qo) [\ Uk e) =0 if j # k.

M
We consider the large rectangle Qg pr = U Q(j) where Q(j) = z; + Qr).-
j=1
So there exists a constant Cy and a partition of unity (x;) s.t

Co
support(x;) C Q ZXJ =1lon Qprp)me and [Vy;| < emTRk(b)
We can write, for any u € Wol(QR(b),M,e)v

[ o= dxdy—z/ (D — Ag)xzul? — Vixsul?] dady,
QR(b),M,e

where D — Ag = (Dy — §, Dy + §) and V(2 Z IV xe(2))%

so we get that for any real p,

C 2
N(M’ng%l(b),zvf,e) § Mx N <M+< : 0 (b)> , Hgi(b)) .

emin Ry
By the density of states formula, we have

Q e
N(MaHDﬁ(b)’M’ ) _ leRz

lim =(1—e?——t{neN; 2n+1<pu},

M—o0 M

and we get the lower bound (B.2) by taking p = 2 — m)Q.

(
For the proof of the classical Weyl estimates (B.3), by scaling, we change

Qr, band X into Q /5, 1 and A/b.
M

Then we take a partition Q_ s, = U Q(j) where €(j) are open rectangles with

sides in [1/2,1] such that Q(j ﬂQ =0if j # k.

So ZN( ><N(>\ HpR).
()

We change gauge in each (j) in order to consider Hp, 5" as the operator
(D= A(j))* = (D — £54)? + (D, + Z52)?, where (z,y;) is the center
of Q(j).
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Now, it is easy to get the uniform Weyl formula:
JCy >0 st. Vji=1,....M,

Vb <N (/\ Hg(;)) < |Q(J)|%

SV

Vb

1+ Co—

VA

2] A
b

47 b’ ~ dr

To be convinced, see that 3 Cy > 0 s.t. V 7 €]0,1], V u € W3 (Q(4)),

C , C
(1=7)[Vul® = Zllul® < (D~ AG)ul® < (1 +7)[Vul® + = ul,

55
&

and take 72 =

b A A ; A ;
(1_C1 /\> (b_cl b’ gfé)>§N<b’ 39)
b A A ;
< <1+Cl\/:> N <b +Cl\/;Hg%)>.

Then use the Weyl formula with remainder, for Dirichlet Laplace operator,

b 00) |
N 159) - w52 < ci0G)l v

with a constant C' independent of p and (), provided that p > 1, (the sides
of the rectangle Q(j) are in [1/2,1]).
So we get the lower bound of (B.3). We get in the same way the upper

bound by considering the Neumann operators Hﬁ({) instead of the Dirichlet
ones Hg({). O

s

Remark 1. Noticing that

) A+b
< . < -
5 <t{neN; 2n+1)b< A} < 55

we get that the upper bound (B.1) in Theorem B.1 is sharp compared to the
one in (B.3), and that the lower bound (B.2) is sharp compared to the one in

(B.3), when € < /(b/ ).
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