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INTRINSIC ULTRACONTRACTIVITY FOR GENERAL LEVY
PROCESSES ON BOUNDED OPEN SETS

XIN CHEN AND JIAN WANG

ABSTRACT. We prove that a general (not necessarily symmet-
ric) Lévy process killed on exiting a bounded open set (without
regular condition on the boundary) is intrinsically ultracontrac-
tive, provided that B(0, Ro) C supp(v) for some constant R > 0,
where supp(v) denotes the support of the associated Lévy mea-
sure v. For a symmetric Lévy process killed on exiting a bounded
Holder domain of order 0, we also obtain the intrinsic ultracon-
tractivity under much weaker assumption on the associated Lévy
measure.

1. Introduction and main results

1.1. Dirichlet semigroup and its dual semigroup for general Lévy
process. Let X = ((X;);>0,P%) be a Lévy process on R? with Lévy triplet
(Q,b,v), such that its characteristic exponent is given by

1) al€) =360 +ilH)

+/ (176“5"2) +i<§,z>1{‘z|§1}) I/(dz), fGRd,
R4\ {0}

where Q : R — R? is a symmetric non-negative definite d x d matrix, b € R?,
and v is a Lévy measure on R?. Let X = (Xt)tzo denote the dual process
of X, which is a Lévy process with the Lévy triplet (Q,—b,?) such that
2(U) =v(=U) for any U € B(R%). Throughout this paper, we assume that the
process X has a continuous, bounded and strictly positive transition density
p(t,z,y) = p(t,0,y — x), that is, for every t >0 and f € By(R?) (here and in
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what follows, B, (R?) denotes the set of bounded measurable functions on R?)

BF(X0) = [ plt)fw)dy, o e

p(t,-,-) : R4 x R (0,00) is continuous, and there is a constant ¢(t) > 0 such
that
0<p(t,z,y) <c(t), VYr,yecR4
See [3], [18], [22], [23], [29], [31] for sufficient conditions in terms of character-
istic exponent ¢(&).
Let R R
Tof(@) =B f(X,),  Tif(x) =E"f(X).
Then for any nonnegative Borel measurable function f and g,

[ Tir@sta) s = [ f@Tiglo)da.

Hence, the (dual) Lévy process X also possesses a continuous, bounded and
strictly positive transition density p(t,z,y) such that for any ¢ >0 and z,y €
R?, p(t,z,y) = p(t,y,z) and

B f(X) = | itz (o) dy= [

A de(t,y, z)f(y)dy, weR’ feBy(RY).

Let D CR? be an open set. Define the following subprocess of X

X, ift<p,
(2) XPi=gt TP
9, ift>r7p,
where 7p :=inf{t >0: X; ¢ D} and 9 denotes the cemetery point. Then, the
process X7 := (XP);>¢ is called the killed process of X on exiting D. By the
strong Markov property and the continuity of p(t,-,-) for all ¢ > 0, it is easy
to see that the process X has a transition density (or Dirichlet heat kernel)
D . . . . . .
p” (t,z,y), which enjoys the following relation with p(¢,z,y):

(3) pD(tvxvy):p(tvxvy)_E$(p(t_TD7XTD7y)1{tZTD})7 x,yED;
pP(ta,y)=0, z¢Dory¢D.

According to (3), one can show that p”(¢,z,y), t > 0, satisfy the Chapman—
Kolmogorov equation; moreover, for every ¢ > 0 the function p”(¢t,-,-): D x
D+ [0,00) is continuous, and sup, ,cp pP(t,z,y) < sup,, ,era P(t, ,y) < 00,
see, for example, the proof of [12, Theorem 2.4]. Define

Tth(x) = wa(XtD) :/ pD(t,x,y)f(y) dy, t>0,zeD,f¢€ Lz(D;dx).
D

It is a standard result that (T;”);>¢ is a strongly continuous contraction semi-

group on L?(D;dz), which is called the Dirichlet semigroup associated with

the process X?. We further assume that p”(t,2,y) > 0 for every t >0 and
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x,y € D, which is equivalent to saying that (7} )i>0 is irreducible, that is,
TP(1y)(z) > 0 for every t >0, x € D and open set U C D with |U| > 0,
where |U| denotes the Lebesgue measure of U. We should mention that even
if the transition density p(t,z,y) is smooth and strictly positive, it is nontriv-
ial to show the strict positivity of p? (¢, z,y), see Proposition 6 below for some
mild assumption on the Lévy measure.

Let 7p :=inf{t > 0: X; ¢ D} be the first exit time from D for the dual
process X. Similar to (2), we can define the killed process X := (X);>0 of
X on exiting D. For any ¢t >0 and z € D, define

TP f(x) =Ef(XP).
Due to Hunt’s switching identity (see [1, Chapter II, Theorem 5]),

/ f@)TPg(x)de = / g(x)TP f(z) da.
D D

Then, the killed process X2 also has a transition density p2 (¢, ,y) such that
pP(t,x,y) =pP(t,y,z) for all t >0 and 2,y € D, and so

Tth(a?):/ pD(t,y,att)f(y)dy7 t>0,2€ D, feL*D;dr).
D

When the Lévy process X is symmetric, the associated Lévy measure v is
symmetric, and the characteristic exponent ¢(£) given by (1) is reduced into

09 = 3(6.09) + [ (1= cos(e. ) v(az).

Then, (T;)i>0 and (TP);>o are symmetric semigroups on L2?(R%;dx) and
L?(D;dz), respectively. In particular, T; = T; and T;” = TP for any t >0,
and pP(t,z,y) = pP(t,z,y) for any t >0 and x,y € D.
1.2. Main result. In this part, we always assume that D is a bounded open
subset of R%. Since supLyerD(t,x,y) < oo and D is bounded, both T}”
and TtD are Hilbert-Schmidt operators on L?(D;dx) for every t > 0, and so
they are compact. Noticing that p” (¢,z,y) > 0 for all z,y € D, it follows form
Jentzsch’s theorem (see [28, Chapter V, Theorem 6.6]) that the common value
—\; =supRe(o(Lp)) =supRe(c(Lp)) < 0! is an eigenvalue of multiplicity 1
! For any f,g € C°(D;da),

[ 1@Log@)de= [ g@)lioia)ds.

JD D

Since the associated Lévy measure  of Lp satisfies that 2(U) = v(—U) for any U € B(R%),
we have for f € C°(D;dx)

- [ 1@Lof@do=—3 [ @)L+ Lo)fa)de
D D
=3 /Rd /Rd (Flz+2) — £(2))* (v(dz) + 2(d=)) de.
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for the operators Lp and Lp, which are L2 (D; dx)-generators of (T}P);>o and
(TtD )i>0, respectively. Moreover, according to [21, Proposition 3.8], the corre-
sponding eigenfunctions ¢; and gZ;l can be chosen to be bounded, continuous
and strictly positive on D. In the literature, this eigenfunction ¢, (resp. dA)l)
is named ground state (resp. dual ground state). We are interested in the
intrinsic ultracontractivity of (T}”);>0, which is defined that for every ¢ > 0,
there exists a constant C(¢) > 0 such that

(4) PP (tz,y) <O () (y), z.yeD.

The notion of intrinsic ultracontractivity for symmetric semigroups was
first introduced by Davies and Simon in [14] (see the book [13] for more de-
tails, and note that in symmetric setting, ¢; = ¢, in (4)), and then it was
generalized to non-symmetric semigroups by Kim and Song in [19]. It has
wide applications in the area of analysis and probability. Recently, the intrin-
sic ultracontractivity of Markov semigroups (including Dirichlet semigroups
and Feyman-Kac semigroups) has been intensively established for various
Lévy processes or Lévy type processes, see, for example, [4], [5], [9], [10], [15],
[16], [17], [19], [20], [21], [24], [25], [26]. The aim of this paper is to study the
intrinsic ultracontractivity of Dirichlet semigroup (T}”);>¢ for a discontinuous
(not necessarily symmetric) Lévy process (which may contain Brownian mo-
tion) on a bounded open set D with very mild conditions on its Lévy measures
v and the set D.

To state our first contribution, we need the following additional assumption
on the Lévy measure v.

(A1) There exists a constant Ry >0 such that

(5) B(0,Ry) C supp(v),
where B(z,r) denotes the ball with center x € R? and radius r >0, and
supp(v) denotes the support of the Lévy measure v.

Note that for Lévy process with finite range jumps, the distance between
connected components of D should not be too far away, otherwise p” (¢, ,y)
will be zero there. Therefore, to ensure the strictly positivity of pP(t,z,y),
we need the following roughly connected assumption on the open set D, for
example, see [21, Definition 4.3].

(RC) For any x,y € D, there exist distinct connected components {D;}7™,
of D, such that x € D1, y € Dy, and for every 1 <i<m — 1,
dist(D;, D;1+1) < Ro, where Ry is the constant in assumption (Al).

Now, let ¢1 be the normalized non-zero eigenfunction associated with A1. Since Lp¢ =
—A1¢1 and ¢1 =0 on D€, by the standard approximation,

M= [ a@Lon@de=1 [ [ (61+2) - 01@) (v(dz) + i) da >0

otherwise ¢ is a constant function on R, which is impossible.
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THEOREM 1. Let X be the Léuvy process as above such that assumption (A1)
holds, and suppose that the open set D satisfies (RC). Then the associated
Dirichlet semigroup (TtD)tZO 1s intrinsically ultracontractive. More explicitly,
there is a constant ¢ >0 such that for all t >0 and z,y € D,

Ce*)qt

©  Pan < ([T o @i,

where q(§) is the characteristic exponent of the process X given by (1), and
—A1 <0 is the common etgenvalue corresponding to ground state ¢1 and ¢ .

For symmetric Lévy process, [15] has established the intrinsic ultracontrac-
tivity of Dirichlet semigroup on any bounded open set D, when the associ-
ated Lévy measure has full support (i.e., (5) holds with Ry = c0). For general
Lévy process, if the Lebesgue measure is absolutely continuous with respect
to Lévy measure, the intrinsic ultracontractivity of Dirichlet semigroup on
any bounded open set D was verified in [21]. Note that in the latter set-
ting the associated Lévy measure also has full support, and the corresponding
Lévy process has full range jumps. The reader can refer to [15] for other non-
degenerate conditions on Lévy measure in the symmetric setting. On the other
hand, when Lévy measure is compactly supported and the Radon-Nikodym
derivative of absolutely continuous part of Lévy measure is bounded below by
some positive constant near the origin, Kim and Song proved in [21] that the
corresponding Dirichlet semigroup is intrinsically ultracontractive for general
(not necessarily symmetric) Lévy process provided that D is s-fat, see [21,
Assumption A4(b)]. The reader can also refer to [11] for the intrinsic ultra-
contractivity for the Dirichlet semigroup associated with a Brownian motion
on different non-smooth domains.

The new point of Theorem 1 is due to that, it gets rid of any regularity
condition on bounded open set D to ensure the intrinsic ultracontractivity
of associated Dirichlet semigroups for general Lévy process with finite range
jumps. Besides, we do not require that Lévy measure has an absolutely con-
tinuous part. See Example 12 in the end of Section 3 for an application of
Theorem 1.

1.3. Symmetric Lévy process on bounded Holder domain of order 0.
Throughout the paper, we always refer to a connected open set as a domain.
It is known that the intrinsic ultracontractivity of Dirichlet semigroups for
Brownian motion on a bounded domain D depends on the geometry of the
boundary of D (see [11]). Theorem 1 indicates that for Lévy process even
with finite range jumps, the associated Dirichlet semigroup can be intrinsically
ultracontractive without any regularity condition on the bounded domain. In
fact, for more general bounded domains including bounded Hélder domain of
order 0, we can prove the intrinsic ultracontractivity of the associated Dirichlet
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semigroups for symmetric Lévy process, whose Lévy measure satisfies weaker
assumption than (Al).

To be more explicit, we introduce the following logarithmic distance inte-
grability assumption on the domain D.

(LDI) For each 0> 0,
1
7 el
@) D pop(z)
where psp(z) = inf{|x —y| : y € 0D} denotes the distance between x
and the boundary of D.

According to the proof of [30, Theorem 2], any Holder domain of order 0
satisfies (LDI). Note that, it is shown in [30] that a Hélder domain of order
0 is bounded. John domains, in particular bounded Lipschitz domains, are
Holder domains of order 0. In fact, recall that a domain D is called Holder
domain of order 0 if there exist some constants c1,co > 0 and x¢ € D, such
that

0
dx < 00,

1
kp(zo,z) <1 log(i) +¢o, VreD.
pop ()
Here, kp(z,y) is the hyperbolic distance between x,y € D defined by

1 .
, 9(s)]
kp(z,y):= 1nf/ ————ds,
N P ICTE)

where the infimum is taken over all the rectifiable curves v :[0,1] — D such
that v(0) =« and (1) = y. On the one hand,

kp(zo,x) < csm
on

D,, ;:U{QEW: l;‘_ml <diam(Q) < 2%}

for every m > 1 and some constants cz,b > 1, where W = {Q} is a Whitney de-
composition of D into closed dyadic cubes with disjoint interiors, and diam(Q)
denotes the diameter for a cube @ € W. Then, following the argument in [30,
page 76] of [30, Theorem 2], one can see that for each 6 > 0,

/ K9 (x0,2) d < oo.
D

On the other hand, according to [30, line 17 in page 76], there is a constant
¢4 > 0 such that for every m > 1

1
10g< ) <cym, x€D,y,.
poap ()

From these, we can repeat the proof of [30, Theorem 2] and obtain that (7)
holds any Hélder domain of order 0.
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In the remainder of this subsection, we further assume that the Lévy process
X is symmetric, and adopt the following assumption on the Lévy measure v:

(A2) For each R >0, there exist two constants 0 <11 <re < R such that
S(ri,re):={z € R <|z| < 2} C supp(v).

It is obvious that (A2) is weaker than (Al).
For any 6,c,r > 0, define

Nt
/BQ,C(T) =49, <g) [ON (ec(‘bo(%)) o )7
where

(8) Bo(r) = (2) / O e, By (r) = supg(e)].

lg1<r
We have the following statement for intrinsic ultracontractivity of (T}”)i>o
under (A2) and (LDI).

THEOREM 2. Suppose that X is a symmetric Lévy process such that (A2)
holds true, and that (LDI) also holds for the bounded domain D. If there
exists a constant 0 >0 such that for any ¢ > 0,

oo g—1
s
Uy o(r) ::/ 5‘9%() ds<oo, r>1,

then the associated Dirichlet semigroup (TP )i>o is intrinsically ultracontrac-
tive, and there are constants c1,co >0 such that for allt >0 and x,y € D,

PPt y) <V, ! e (EA De 1 (z) 1 (y).
Here, we use the convention that f~1(r) =inf{s > 0: f(s) <r} and inf ) = cc.
The intrinsic ultracontractivity for Dirichlet semigroup of symmetric a-
stable process on a bounded Hélder domain of order 0 was established in [10].
Theorem 2 generalizes such result to more general symmetric Lévy process,

whose Lévy measure may be singular or may not satisfy (Al). This can be
seen from the following example.

EXAMPLE 3. Let X be a symmetric Lévy process with Lévy measure v as
follows

Z/ |Z|d+0z1{2 2i-1<|z]|<2- 21}dZ AGB(Rd)

for some a € (0,2). Let D be a bounded Hélder domain of order 0. Then, the
associated Dirichlet semigroup (T});>¢ is intrinsically ultracontractive, and
for every 6 > d/«, there exist constants c1,co > 0 such that

pP(t,z,y) < cle_’\ltexp(CQ (1 + t_ﬁ))%(x)@(y), t>0,z,y€D.
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The rest of this paper is arranged as follows. In Section 2, we present some
preliminary results. Under assumptions (A1) and (RC), we verify that for
general Lévy process the Dirichlet heat kernel pP(t,x,%) is strictly positive
for every ¢t >0 and z,y € D. In particular, Corollary 7 here also yields the
strictly positivity of the transition density p(¢,x,y), which is interesting of its
own. In Section 3, we prove Theorem 1 by making use of the methods in [15],
[21], [24] with some significant modifications. The last section is devoted to
the proof of Theorem 2. Comparing with the idea used in Section 3, here we
need establish the super Poincaré inequality for non-local Dirichlet forms and
derive explicit lower bound for ground state in term of characteristic exponent.

2. Preliminary result: The strict positivity of Dirichlet heat kernel

The following lemma, similar to [15, Lemma 2.5], is a direct consequence
of assumption (A1).

LEMMA 4. Suppose (Al) holds. Then for any 0 <r < Ry,

9) o(r) = IIFSIE%O v(B(z,r)) >0,

where Ry > 0 is the constant in (Al).

Proof. Suppose that

‘I}Q%OV(B(JC,TO)) =0

for some 0 < rg < Rg. Then there exists a sequence {z,}52, C B(0, Rg) such
that

(10) lim z,, = x¢
n—roo

and

(11) nh_}rr;o v(B(zn,r0)) =0.

According to (10) and (5), for n large enough

v(B(zn,10)) > I/(B <x0, %)) >0,

which contradicts with (11). This proves our desired conclusion (9). O

Next, we turn to the strictly positive property of the Dirichlet heat kernel
pP(t,x,y). We first recall the parabolic property of the Dirichlet heat kernel
pP(t,r,y) and the Lévy system of Lévy process X.

LEMMA 5. (1) The Dirichlet heat kernel pP(t,z,y) enjoys the parabolic
property, that is, for any 0 < s <t, x,y € D and stopping time T with
T S D,

(12) PPtz y) =E* (p”(t — 7 A 8, Xrns,y)).



INTRINSIC ULTRACONTRACTIVITY FOR GENERAL LEVY PROCESSES 1125

(2) Let f be a non-negative measurable function on Ry x R? x R? vanishing
on the diagonal. Then for every x € R% and stopping time T,

T
(13) IE”3<Z f(s,XS_,Xs)) =FE* (/ f(s,Xs,Xs—i-z)l/(dz)ds).
s<T 0 JRe

Proof. (1) We mainly follow the proof of [7, Theorem 4.5] to prove the
parabolic property for p”(t,z,y). For fixed to >0 and y € D, let ¢(s,z) =
pP(to — s,2,y) on [0,t9) x D. For every (t,z) € [0,t9) x D, define a R, x D-
valued process Y by Y, := (t + s, XP) for 0 < s <tg—t, and denote {.7?5,0 <
s < tg —t} by the associated natural filtration. The law of the space—time
process s — Yy starting from (¢,x) will be denoted by P**)_ Since for each
t >0, sup, yep pP(t,x,y) < 0o, q(Ys) is integrable for every 0 < s <t — t.
Then, for every 0 <r < s <tg—t,

ECD (q(Y,)|Fr) =B (p” (to —t — 5, X, y) | F,)
= ]EXTD (pD (to —t— SaXsD—rvy))

:/ pD(Sf’an]’jwz)pD(tO7t75327y)dz
D

:pD(tO _t_TaXrDay) :q(YT)7

where in the second equality {Fs,0 < s < to—t} denotes the natural filtration
generated by X and we have used the Markov property of X, and the
fourth equality follows from the semigroup property of the Dirichlet heat
kernel. Hence, {¢(Ys), Fs,0 < s <ty —t} is a martingale.

For every t > 0, choosing tg =t in the definition of ¢ above and using the
optional sampling theorem, we find for every 0 < s <t and stopping time
T<TD

PP (t,2,y) = q(0,2) =EODq(Yn,) =E* (pP (t — s AT, XD y)).

This finishes the proof of (12).
(2) We can follow the argument of [8, Section 5] (in particular [8, (5.3)]) to
get (13), and the details are omitted here. O

The main result of this section is the following.

PROPOSITION 6. Let X be a (not necessarily symmetric) Lévy process sat-
isfying (A1), and let D be an open (not necessarily bounded) set such that
(RC) holds true. Then,

(14) pP(t,z,y) >0, Vt>0,z,y€D.

As a direct consequence of Proposition 6, we have the following statement,
which is interesting of its own.
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COROLLARY 7. Let X be a (not necessarily symmetric) Lévy process sat-
isfying (A1). For any connected (not necessarily bounded) open set D,
pP(t,z,y) >0, Vt>0,z,y€D.
In particular,
p(t,z,y) >0, Vt>0,zyecR
where p(t,z,y) is the transition density for the process X.
Proof of Proposition 6. The proof is split into three steps, and the first two
steps are devoted to the proof of Corollary 7.
(1) We show that for any connected open set D, TP (1y)(z) > 0 for every

x € D, connected open set U C D and t > 0. According to [3, Theorem 5.1],
there is a constant cg > 0 such that for every r,¢ >0 and x € R?

P (Tp(zry > 1) > 1 —cot sup |q |

lgl<+

In particular, for any r > 0, we can find a constant ¢(r) > 0 such that
1
P (7 > HUr) 2 5, Vae R%.

Let Ry be the constant in assumption (A1). Since D is connected, for every
x € D, connected open set U and t > 0, there exist constants ¢; :=t1(z,U,t) >
0, 0< 7 :=7(x,U,t) < & and a sequence {.’L‘l}NJrl C D with N > [ ] >3,
such that the following propertles hold:

(i) forevery 1 <i< N, B;C D, By11 CU, and B,NB; 11 =&, where B; :=
B(x;,271) and x; = . (Note that we do not require that B; N B; =@
for any i # j, and so it may happen that B; = B; for some j #i+1.)

(i) For every 1 <i< N and y; € By, |yi — yir1| < 52

(iii) For every z € R¢,

. 1
(15) ]P)Z(TB(Zﬂ:l) > 2t1) > 5
Below, define a sequence of stopping times {75, }}¥, as follows

B, =0, TB, "= TB,,
Fp,., =inf{t >7p : X, ¢ Bi}, 1<i<N-—1,
and let B; := B(x;,71) for 1 <i < N + 1. Then, we have
(16) TD<1U><x>
TP (1py,,)(x)
—Ex(lBNH( )
1

ZIP’””<<1N)751<TB — 7, , <t for each 1 <i < N,
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dVee:, nXPeB
an SE[TBy t]<Ys N+1
. 1\, . 3 5 _
>P 1_N t1<TBi_TB¢,1<t1andX%BiEBi-q—l
for each 1 <i <N, and Vyepz, g X2 € BNH)

1) - -
:PQU((]_ — N)tl <7TB, <t17X7'Bl EBQ;

. 1)~ - =
']PXTBl <<1 — N)tl < TB, <t17X7'B2 €B3a

_ - 1\~ - -
.]P)XrBz <...[[DXTBN_1 ((1 — N)tl <TBy <t1,X7—BN S BN+1§

Py (Vse[o,t—75, 1 Xs € BNH)) )))a

where in the last equality we used the strong Markov property.
Note that, if for any 1 <i¢< N,

- . N
(1_N)t1<TBi_TBil<tl7

then

1) - - -
t—f‘BNSt—N(l—N)h:t—Ntl—f—tlSztl,

where the last inequality follows from the fact t — N t1 <t;. Thus, when
X;BN € By41 and (1 — %)tl <7Tp, —Tp,_, <t1 for all 1 <i< N, we have

X7
P~ BN (st[O,t—%BN]XS € BN+1)
> inf PY (Xt € B(y,7) for all 0 <t < 2t~1)
YEBN 41

> inf Py(TB(y 1) > 2t1)
yEBN 11

1
> 57
-2
where the last inequality we used (15).
On the other hand, for any 1 <i <N, if X7, € B;, then, according to
the Lévy system of the process X (see Lemma 5),

: 1)\~ - -
PXTBY;71 ((1 — N)tl <7B;, < t17XTBi S Bi+1>

> inf / (s,y,2 (/ V(du;)) dzds
y€B; J(1-+)iy Bii1—z
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> £—1< inf PY(7p, > fl)) ( inf v(B(wiy1 — z,fﬂ))
- N yeB; ‘ z€B;

t

N

> (ylenlg Py > 1?1)) (zleng v(B(ziy1 — Z7f1))>.

By (15),

~ 1
inf PY(7g(y.7) >1t1) > =.
nf (TB(y.m) > 1) > 5
For every z € By, since |z;41 — 2| < % and 71 < %, B(xi41—2,7) C B(0, Rp).
Then, assumption (A1) and Lemma 4 yield that

zlengl V(B(J?H_l — Z,’I:l)) > 0.

Therefore, for any 1 <7< N and X;BFl S Bi,

]P)X%Bj—l ((1 — %)El <7B; < fl,XTBj S Bi+1) > 0.
Combining all the estimates above with(16), we obtain that T (1) (z) > 0.
(2) For any connected open set D, we have proved that TP (1¢7)(z) > 0 for

any x € D, t >0 and open connected subset U C D. So, pP(t,x,z) > 0 for

almost surely z € D with respect to the Lebesgue measure (the exceptional
set may depend on x € D and ¢ > 0). Furthermore, it is obvious that if
assumption (A1) holds for v, then it also holds for the Lévy measure © of the
dual process X. Then, following the arguments in step (1), we can obtain

that for every z € D and t > 0, p”(¢,z,2) > 0 for almost surely z € D.

Assume that p”(¢,z,y) =0 for some x,y € D and ¢t > 0. Then,

t t
[ (L 0 (L
—/Dp (2,9672 P\ o2 ) de

On the other hand, by the conclusions above, pP(%,z,2)p"(%,y,2) > 0 for
almost surely z € D, which is a contradiction with (17). Therefore, the as-
sumption above is not true; that is, p”(¢,z,y) > 0 for every z,y € D and
t>0.

(3) Now we consider an open set satisfying (RC). It is easy to see that
in this case for every z,y € D, there exist an integer m > 1, some constants
0<e<land0<ry< = (here Ry is the constant in (A1)) and points z; € D
for 1 <j <m, such that

(i) = € B(z1,70), y € B(zm,T0)-
(ii) For every 1<j<m—1, |x; —2;41| < (1 —¢€)Ro.
(iii) For every 1 <4,j <m with i # j, K; N K; = @, where K, := B(x;,19).
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For every t >0, 1 <j <m —1 and z; € Kj, by the parabolic property of
Dirichlet heat kernel p”(¢,z,7) and the Lévy system of the process X, see
Lemma 5,

(18)  p"(t,zj,2j41)

. t
=% <pD (t -3 /\TKj’X%/\TK].’Zj+1>>

>E* (pD(t — TK'7XTK'7Zj+1)1{TKjS%}1{XTKj €K_,-+1})

/ / (s,25,2 / pP(t—s,2+ 2,2j41)v(dZ) dzds
Kjt1—=
/ / (5,2, 2

X / pP(t —s,2+ 2, 2j41)v(dZ) dz ds,
B(TJ+1 IJ7T0/2)

where the last inequality follows from the fact that B(zj41 — 2j,70/2) C
Kji1—zforany z€ K;:=K;/2=B(z;,70/2).
By the conclusion in step (2), for every connected set U C D,

(19) pP(t,x,y) > pY (t,2,y) >0, Vt>0,z,y€U.

According to (19) and the fact that for every t >0, pP(t,-,-): D x D — [0, 00)
is continuous, we know that

(20) i inf pP(t—s,242,2j41)
2€K;,2€B(zj41—2;,m0/2)
>  inf pP(t—s,2+2,2j41)

ze€K;,zeKj11—=2

> inf t—s,2,2;
_zEK9+1p ( 3 <y j+1)

=:C(t—s,70,%j4+1,%j+1) > 0.

Next, we suppose that pP(t,zj,zj11) =0 for some t >0, z; € K; and 1 <
j <m—1. Then, by (18) and (20),

3
/ C(t—8,7“()733]41,,2]41)/~ pKf(s,zj7z)/ v(dz)dzds =0,
i K; B(zjt+1—z;5,m0/2)

which, along with (20), (A1) and the fact that B(x;41 — 2;,70/2) € B(0, Ro)
due to |zj41 — 2;] < (1 —€)Ro and ro < =22 in turn implies that

(21) pfi (s,25,2)=0
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holds for (s,z) € [£, 5] x K almost surely under the measure dsdz. However,
according to (19), for every s >0 and Z,y € K;

(22) p™i(s,7,9) > 0.

This is a contradiction with (21), whence

(23) pP(t,2j,2j41) >0, Vt>0,2, € K;,1<j<m—1.
Finally, for every t >0 and =,y € D,

twy

t t
/ / ( y L Zl)pD<Eazl7Z2) pD(EaZ’ﬂuy) ledZm
t t
/ / (_ €T Zl>pD (_721322> "'pD<_7Zm7y) dZ]dZm
K m m
Lol
s Ly21 | P —H 21,22 |
Ky Km m
t
Xp ( s Am— 172m)me<_aZmay>le"'dZm
m m

This along with (22) and (23) gives us that p”(¢,z,y) > 0 for every x,y € D
and t > 0, which proves our desired assertion. U

We conclude with two remarks on Proposition 6 and Corollary 7.

REMARK 8. (1) When Lévy process X is symmetric and D is a bounded
connected open set, the strict positivity of Dirichlet heat kernel p”(t,x,y)
was proved in [15, Proposition 2.2(i)] without any additional condition on
the Lévy measure. However, the proof heavily depends on the symmetric
property, and it does not work for Corollary 7. An interesting point for
Corollary 7 is due to that it is concerned about non-symmetric Lévy processes.
Based on Proposition 6, some arguments for examples in [21, Section 4] can
be shortened. Furthermore, according to the proofs of Proposition 6 and
Lemma 16 below (in particular, see the construction of a sequence of subsets
{D;}?_, here), we can verify that, under the weaker assumption (A2) on the
Lévy measure v, for any connected (not necessarily bounded) open set D,

P(t,x,y) >0 for any ¢ >0 and x,y € D. The details are left to readers.

(2) The proof of Proposition 6 is only based on the probability estimate of
the first exit time and the Lévy system of Lévy process X, both of which are
available for general Lévy type processes, see, for example, [3], [8]. Therefore,
Proposition 6 and so Corollary 7 still hold true for a large class of Lévy type
jump processes.
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3. Proof of Theorem 1

Throughout this section, we always assume that assumption (A1) holds
true, and the ground state ¢, and its dual ground state (51 are bounded,
continuous and strictly positive. To prove Theorem 1, we mainly use the
methods in [15], [21], [24] but with non-trivial modifications. Since D is a
bounded set, there exist finite open subsets {D;}?_, such that

(i) D= U?:1 D;.
(ii) For any 1 <i<mn and Z;,9; € D;, we have |Z; — 7:] < %.
(ili) There are 0 <7y < £ and finite points {z;}7_, such that B(z;,2r)
C B(x;,2r9) C D; for every 1 <i<n.

Below, we define

A= CJ B(zi, %0) B:=JB(xim), C:= U B(z;,2r0).
i=1 i—

For every open set U C R, let

GU(x,y)=/ pY(t,z,y) dt, @U(ﬂf,y)=/ Ytz y)dt, Va,yeU
0 0

be the Green functions for the Dirichlet semigroup (T )¢>o and (T} );>o re-
spectively, see, for example, [21]. Define

nu =inf{t>0,X, ¢ U}, f]U:inf{tZO,Xt¢U}-
We first provide the following estimate, which is crucial for the proof of The-

orem 1.

LEMMA 9. There exists a constant ¢; > 0 such that for every x € R,

(24) Px(X”]D\B EB) ZClEx(’I’]D\B), P:C(XWD\B EB) ZClEac(’f]D\B)

Proof. For every x ¢ D or x € B, we have P*(np\ g = 0) = 1, which imme-
diately implies that the estimate for X in (24) holds true. Now we assume
r € D\ B, and so np\p = Tp\ B, P*-a.s. By the Ikeda-Watanabe formula, see
(15, (2.1)],

(25) P*(Xppp €B) 2P (X, € A)= [ GP\P(a,y) / v(dz) dy.
D\B A-y

For every y € D\ B, there exists an integer 1 <4 <n such that y € D;. Then,
by the definition of A, we obtain

(26) B(xiy,if)gfly-
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Moreover, since y, z; € D;, by the property of D, we know that |z —y| < %.

Combining (26) with (9) yields that for every y € D\ B

(27) Z/(A—y)ZV(B(a:i—y,%o>>25(%0)>0.

According to (27) and (25),

which arrived at the first desired assertion in (24) with ¢; =d(%).
Following the arguments above, we can also obtain the estimate in (24) for
the dual process X. O

LEMMA 10. There exists a constant co >0 such that for every x € D

(28) /GD(x,y)dyZCQ/ GP (z,y) dy,
c D\C

/GD(z,y)dy262/ GP (x,y) dy.
c D\C

Proof. The proof is mainly based on Lemma 9 and the argument of [21,
Lemma 3.5] (see also [15], [24]). We present the sketch here for the sake of
completeness. It suffices to show the first estimate in (28), since the second
one for the dual process X can be proved similarly.

Let 6, denote the t-time shift operator for the process X. Define a sequence
of stopping times as follows

S1:=0, Ty 3:Sk+77D\BOGSk7 Sky1:=Tx +ncobp,, k>1

According to (24) and the strong Markov property, we immediately have that
for every x € R? and k > 1,

(29) PI(XTk S B) > Cl]Ex(Tk — Sk)
By [21, Lemma 3.4],

(30) kllngo T = kILI& Sy =7p, P%a.s.

Therefore, we have

(31) /CGD(x,y) dy=FE" (/OTD 10(Xy) dt)

/S T 1o(X,) dt + /T S+ 1C(Xt)dt>>



INTRINSIC ULTRACONTRACTIVITY FOR GENERAL LEVY PROCESSES 1133

0 Sk+1
>E” Z/ 1o(Xy)dt
k=17 Tk

=Y E*(Sk41 — Th),

k=1

where the first step follows from the relation X; = X for every ¢t < 7p, and
in the last step we have used the fact that X, € C for every T} <t < Sk11.
It is well known that Lévy process enjoys the Feller property, that is, its
semigroup T} maps Cuo(R?) into Cuo (R?) for every ¢ > 0. By the separation
property of Feller process,
lo
inf BY7¢ > —
yeB c= 2
for some constant to > 0, see [21, (3.2)]. Hence, due to the strong Markov
property again, for every € R% and k> 1,

E*(Sk+1 — Ti) = E*(E*" (7¢); Th < 7p)
> Pz(XTk S B) inf EY7o
yeB

> 01;01[*3 (Ty, — Sk)
=: cE*(Ty, — Sk),

where the last inequality follows from (29). Combining this estimate with
(31) yields that

/GD (z,y) dy>cZ]E”” (T}, — Sk)

k=1

> cE” <Z/ 1D\C Xt dt)

R <§ ( / o (X)dt+ /T S+ 1oye(X0) dt))

Sk

= E* (/OTD 1p\o(Xy) dt)

=c GP(z,y) dy,
D\C

where in the forth step we have used again the fact that X; € C for every
Ty <t < Sk41. This proves the desired conclusion. O

According to Lemma 10, we can give lower bound estimates for ground
state ¢ and dual ground state ¢;.
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LEMMA 11. There exists a constant cs > 0, such that for every x € D,
(32) E*(tp) < cs¢1(z), E*(7p) < csdr(x).

Proof. We only verify the first estimate in (32) here. By (28), we have for
every v € D

(33) E? (rp) = /C Pyt [ Gy

< (Hé)/cGD(:c,y)dy.

Since C' is a precompact subset of D and ¢ is strictly positive and continuous
on D, there is a constant C7 > 0 such that inf,cc ¢1(2) > C1. Hence, for every
zxeD

/C a%,y)dyscil /C GP (2,y)é1(y) dy

1 1
<— [ GP dy =
<& [ G awnt =g,
where in the equality we have used the fact that ¢1)\(f) = [, GP(z,y)¢1(y) dy,
see, for example, [9]. Combining this with (33), we arrive at the conclusion
(32). O

Now, we are in a position to present the following proof.

Proof of Theorem 1. According to (32), for any t >0, x,y € D,

(34) pD(t,x,y):/DpD(%,x,z)/DpD(%,z,w)pDG,w,y) dwdz
() (L (o) ) (77 (o) )

IN
o

where in the first inequality we used the facts that p?(t,w,y) = p”(t,y,w)
and sup, ,cpp” (£, 2z,w) < (%), and the second inequality follows from the
Chebyshev inequality. Hence, from (34) we know that the semigroup (T}”);>0
is intrinsically ultracontractive.

Furthermore, according to [23], we know that for every ¢ >0,

c(t) < (2m)~¢ / e tReal®) ge
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which together with (34) yields the desired assertion (6) for ¢ > 0 small enough.
The estimate in (6) for large ¢ follows from [19, Theorem 2.7]. By now we
have finished the proof. O

To show the power of Theorem 1, we take the following example about
the truncated strictly a-stable process. In particular, comparing with [21,
Example 4.5], we do not require that D is x-fat.

EXAMPLE 12. Let X be a Lévy process on R? with Lévy measure as follows

(35) V(A) > ¢ /S /O memﬁ dru(d6), A B(RY),

where « € (0,2), rg,co > 0 and p is a finite non-degenerate (not necessarily
symmetric) measure on the unit sphere S in the sense that its support is not
contained in any proper linear subspace of R%. Let D be a bounded open
set satisfying assumption (RC) in Section 2 with Ry to be the constant rg
in (35). Then, the associated Dirichlet semigroup (T});>¢ is intrinsically
ultracontractive, and for all £ >0 and z,y € D,

PP (t,2,y) <cre ML+ t72 ) ¢y ()1 (y)
holds for some constant ¢; > 0.

Proof. Let v be the Lévy measure given by (35), and let D be the open set
satisfying (RC). According to Proposition 6, Corollary 7 and (the proof of)
[29, Example 1.5], both the transition density p(¢,z,y) and the Dirichlet heat
kernel p? (¢, z,y) exist and fulfill all the conditions in Section 1.1. It is obvious
that (A1) holds. Then, the desired assertion follows from Theorem 1. O

REMARK 13. (1) As mentioned in the beginning of Section 1.3, the intrinsic
ultracontractivity of Dirichlet semigroups for Brownian motion on a bounded
domain D depends on the geometry of the boundary of D. Furthermore,
by [27, Theorem 1.1] and the conclusion of Example 12, quantitative esti-
mates about C(t) in (4) are also different for intrinsically contractive Dirich-
let semigroups between Brownian motion and Lévy jump process on bounded
Lipschitz domains.

(2) The conclusion (6) can apply to get explicit upper estimates for Dirichlet
heat kernel p? (¢,z,y). For instance, consider symmetric a-stable process on
bounded k-fat domain D. Then, there is a constant ¢ > 0 such that for any
z,y €D and t € (0,1],

et (49 (40)

Indeed, it was shown in [2, Theorem 1] that for any z,y € D and t € (0, 1],
(36) PP (t,z,y) = p(t,z,y)P*(tp > )PY(1p > 1),
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where p(t,z,y) is the transition density of a-symmetric stable process, that
is,

t
= (01 )

|z —y|dte

On the other hand, according to (6), there is a constant ¢; > 0 such that

(37) pD(ta .If,y) < Cltid/a72¢1 ('r)d)l (y)a z,yeD,te (07 1]
By (36) and (37), we find that for some ¢y > 0,
IP’””(TD>t)§02<¢1T(x)/\1), x €D,

which along with (36) in turn yields the desired assertion.

4. Proof of Theorem 2

The main tool to prove Theorem 2 is different from that of Theorem 1, and
it is based on the (intrinsic) super Poincaré inequality for non-local Dirichlet
forms (this is the reason why we need require X to be symmetric in the
section). The super Poincaré inequality can be viewed as an alternative of
Rosen’s lemma, which is in the context of the super log-Sobolev inequality,
see, for example, [14, Theorem 5.1].

First, we recall some facts about Dirichlet form in our setting. Let X be a
symmetric Lévy process, and D be a bounded domain. Then, the symmetric
Dirichlet form (€2, D(EP)) for the Dirichlet semigroup (T}”);>0 on L?(D;dx)
is given by

e2r)= [ [ (1) - @) i .
p(e?) =CED)"

where C2°(D) is the set of C°° functions on D with compact support, and
D

C2°(D) ™" denotes the extension of C°(D) under the norm

1£llep = \/EP D)+ 113 Dt

Since D is connected, the Dirichlet heat kernel p” (¢, z,y) is strictly positive
for every t >0 and x,y € D, see, for example, [15, Proposition 2.2(i)], and the
associated ground state ¢; (corresponding to the first eigenvalue A1) can be
chosen to be bounded, continuous and strictly positive. The following result
is essentially taken from [27, Theorem 2.1 and Proposition 2.3], which give
us sufficient conditions for intrinsic ultracontractivity of (T;”);>¢ in terms
of (intrinsic) super Poincaré inequality for (€2, D(EP)) and lower bound of
ground state for ¢;.
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LEMMA 14. Assume that there is a decreasing function By : (0,00) — (0,00)
such that

(38) /D P2 (@) dz < sEP(f.f) + fols) ( /D If(fv)!dw)2

holds for all f € CX(D) and s> 0. Then the following intrinsic super
Poincaré inequality holds

2
[ Py <se?r. 406 ([ onolsw)ao)
for all f € CX(D) and s >0, where
= 450(%)
) STV CEY e
O(r)=sup{s>0:[{z e D:¢1(z) <s}| <r}.
If moreover

\Il(r):/roo@ds<oo7 r>1,

then the associated Dirichlet semigroup (TP );>0 is intrinsically ultracontrac-
tive, and for some constant ¢y >0,

PP (ta,y) S U (EA e Mg (2)d1(y),

where —A1 <0 s the eigenvalue associated with the ground state ¢ .

According to Lemma 14, in order to prove Theorem 2 one only need to
derive upper bound of fBy(s) in the super Poincaré inequality (38), and lower
bound of O(r) defined by (39). First, we have the following lemma.

LEMMA 15. Let X be a symmetric Lévy process given in Section 1.1. Then,
the super Poincaré inequality (38) holds with

Bo(r)=®o(r), r>0,
where ®q is given in (8).
Proof. By our assumption, the transition density p(t,x,y) satisfies that

sup p(t,z,y) <c(t), t>0.
z,ycR4

As mentioned in the proof of Theorem 1,
o(t) < 2y [0 ag = ay(0), >0,

see, for example, [23]. Then, the desired assertion follows from the estimate
above and [32, Theorem 3.3(2)] (or [33, Theorem 3.3.15]). O

Next, we turn to lower bound estimate for the ground state, which seems
to be interesting of itself.
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LEMMA 16. Let X be a (not necessarily symmetric) Lévy process such that
(A2) is satisfied, and let D be a bounded domain. Then there is a constant
c1 >0 such that

(40) o1(x) > xeD,

—
1 (nm)
where ®1 is given in (8).

If moreover (LDI) holds for D, then for any 6 > 0, there exists constants

ca,c3 >0 such that

o) >—2 >0

Py (coor )
Proof. (1) Since ¢ is continuous and strictly positive on D, it suffices to
show (40) holds outside some compact subset of D. According to [3, The-

orem 5.1], there is a constant C7 > 0 such that for every r >0, ¢ > 0 and
r € R4

1
(41) P (’I'B(qC T)>t)>1—Clt sup ‘q }:1—01#1)1 <—>
<t "

Take B(xg,2r9) C D with some xzg € D and 79 > 0. According to (A2),
there exist constants 0 < 1y < ro < % such that for every ball B(z,r) C
S(r1,r2), v(B(z,7)) > 0. Then, according to the proof of Lemma 4,

42 rr1,r2) :=1A inf v(B(z,7r)) >0.
( ) C( ! 2) z€R®:B(z,r)CS(r1,r2) ( ( ))

: s nit
Below, we write ((r) for {(r,r1,72), and let 7 := =372,

Since D is bounded and connected, for every y € D with pgp(y) <Z 167 We
can find finite points {y;}1"; := {y:(y)}’-; € D with some positive integer
n:=n(y), such that the following properties hold true:

i) v1=v.
(ii) |Yit+1 —yi| =7 for every 1 <i<n—1.
(iii) There exists a constant 0 <& < 15 A T4y independent of y such that
B(y;,2e7) C D for every 2<i<n—1, and B(yn,2e7) C B(xg,70).
(iv) There exists a positive integer N such that

SUP{n(y) 1y € D,pap(y) < i} <N.

[
[=p}

In the following, for any y € D with psp(y) < 75 Let D1 := B(y,pap(v)),

D; := B(y;,e7) and D; := B(y;, 2¢7) for every 2 <i <n. Define a sequence of
stopping times as follows

TD, :=TDy, 7-Di+1 ::inf{t>7~'Di2Xt¢Di+1}, 1> 1.

Set tg 1= m and ¢ (y) == 401<D1(pdD(u))
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For any y € D with pyp(y) < min{e, - }7, we have 1 (y) < to, and

T2?0 (1B(x0,To))(y)
> Ty, (1p,)(y)
=EY(1p, (X3,))

- - . t
Z]P””(O<TD1 <t1(y),0<7p, —Tp,_, < EO’

X%i_l € D; for each 2<i<n, and Vse[fpn,%o]XsD € Dn>

t
=PY (0 <7p, <t1(y),0 < 7p, —7p,_, < go
Xip, | € D; for each 2 <i<n, and Vsel#p, 2t0] Xs € Dn>

X5 lo .

=Py <1{0<TD1 <t1(y),X7D1 €Dy} P" "Dy (0 <Tpy, < E’XTDz € Dg,
~ X7-

.]IDXTDQ ( P T Pa—2 <O <Tp,_,

X7
PP (VSQ[O,QtO*'FDn]XS GDn)) )))7

where the last equality follows from the strong Markov property.
By (41), for every x € D,

to ~
< E’XTDn— € Dnv

1

(43) P* (X, € B(w,er) for all 0 <t < 2tg) > P*(Tp(y ) > 2to) >

N | =

which gives us that
X7
P 7Pn (v56[0,2t077"'pn]X5 € Dn)

> inf P*(X; € B(z,eF) for all 0 <t < 2t)
xeD,

>

|~

On the other hand, for any 2<:<n-—1,if X7, € D;, then, by the Lévy
system of the process X, see Lemma 5,

N ¢ -
(44) ]P)XTDi—l (0 <7p; < i’X"’Di € Di+1>

to

>t [C [ e ( [ viaw) das
yeD; JO D; Di+1*2
t 12

> go <yi€nff}]P’y (TDi > E())) (Zien[i;i V(B(yi_,_l — Z,e’:"l:))).
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For every w € B(y;+1 — 2,e7) and z € D;, it holds that
|w— (Yis1 —vi)| < Jw = (Yix1 — 2)| + |2 — yil < 3eF,
and so
1 < |yivr — il =37 < fw| <yigr — yil + 3eF <7
This implies that
B(yiy1 — z,e7) C S(r1,72).
Using (42) and (43), we find that the right hand side of (44) is bigger than

) > 3t0((5f).

mf Py(TB(%EF) > to) IN

yeD;

toCZE;f) ( .

Similarly, we can obtain that for every y € D with psp(y) < min{e, %}f,

PY(0 < 7p, <t1(y), Xrp, € Da) > t1(y)C(eF)PY (TB(y.pon () > t1(Y))
> 3t1(yi<(57:)
3¢(er)

1601(1)1(#3D(y)) '

Combining all the estimates above yields that for every y € D with psp(y) <
min{e, 3 }7,

Ca ()N ¢ (e7) Cs
Tty (Ltan.ro)) () 2 =25 > g
R ap (W) W oop (W)

Therefore, for every y € D with ppp(y) < min{e, 15 }7

B1(y) = NOTE (61) ()
Z€2A1tu( inf ¢1(z)>T£D(1B(xo,ro))()

z2€B(zo0,m0)

04
o) paD(y) )

which proves (40).
(2) Suppose that D satisfies (LDI). Then, (7) and the Chebyshev inequality
yield that for each 6,5 > 0,

HxED pop(x <s}| erD:log( L >chlogl}’
pop () s

Jp Nog(oy)|? da Cs
|log s|” ~ |logs|?”
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Therefore, by (40) and the increasing of ®;(r), we get that for any r,60 > 0,
O(r) =sup{s>0:[{zeD:¢i(z) <s}|<r}

B
Zsup{s>0: erD:p@D(x) < {@11(%”_1}‘ Sr}

> . C
>supqs>0: —p————<r
log” @ (Tl)

Cr
>z —,
@1(6087" 6)

where C7,Cs are positive constants depending on 6. The proof is complete.
O

REMARK 17. According to [6, Theorem 1.1], (40) is not optimal for sym-
metric a-stable process on bounded C''-domain. However, as stated in
Lemma 16, (40) holds for general (not necessarily symmetric) Lévy process
and bounded domain with any regularity condition.

Proof of Theorem 2. Having Lemmas 14, 16 and 15 at hand, one can im-
mediately obtain Theorem 2. O

At the end of this section, we present the following example.

Proof of Example 3. By the definition of Lévy measure v, it is clear that
assumption (A2) holds.

By some element calculations, one can get that there is a constant co > 1
such that for » > 0 small enough

2
cytrTe < 7"72/ |2[*v(dz) < /(1 A E) v(dz) < cor™®.
{121<r} "

According to [18, Proposition 1 and Lemma 5] and the inequality above, there
exists a constant ¢z > 1 such that for r > 0 large enough,

cglro‘ <Py (r) <csr?,
for r > 0 small enough
ez lrm Y < Do (r) < ezrm Ve

Furthermore, on the one hand, by [23, Theorem 1], we know that the pro-
cess X has transition density p(t,z,y) = p(t,0,y — z) such that for each ¢ >0,
(z,y) > p(t,z,y) : RT x R = [0,00) is continuous. On the other hand, [18,
Lemmas 5 and 7] and the Chapman—Kolmogorov equation for transition den-
sity p(t,z,y) yield that for any ¢t >0 and z,y € R?, p(t,z,y) > 0. Combining



1142 X. CHEN AND J. WANG

with all the conclusions above, we find that p(t,z,y) satisfies all the assump-
tions in Section 1.1. Besides, it is easy to see that all the assumptions for
pP(t,z,y) also hold true, thanks to [15, Proposition 2.2(i)].

The above estimates for &3 and ®; imply that for any 6 > 0, there are
constants ¢4, c5 > 0 such that for r > 0 small enough,

B(r) < cyexp(cs(1 +r*%)).

Whence, the desired assertions follow from Theorem 2. O
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