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CRITICALITY AND SUBCRITICALITY OF GENERALIZED
SCHRODINGER FORMS

MASAYOSHI TAKEDA

ABSTRACT. Let € be a Dirichlet form and p a positive Kato mea-
sure. We define criticality and subcriticality for the Schrédinger
form, £(-,-) + (+,+)u, through h-transform. For a certain poten-
tial p, an analytic characterization of these properties is given in
terms of the bottom of spectrum.

1. Introduction

Let £L=—-V-(AV)+V be a Schrodinger operator on a domain D of the
d-dimensional Euclidean space R? and £V the associated Schrodinger form

5V(u,u):/(AVu,Vu)dm+/ w?Vdr, wueC(D).
D D

Suppose that £V is non-negative. Then Pinchover and Tintarev [11] prove
the following dichotomy: £V has a weighted spectral gap, that is, there exists
a positive function g > 0 such that fD u?gdr < EV (u,u), or there exist a
sequence {¢,} C C§°(D) and a positive function ¢ satisfying Lo =0 such
that ¢, converges to ¢ locally uniformly on D and &Y (p,,p,) converges
to zero. The former (resp. the latter) corresponds to that L is subcritical
(resp. critical). Moreover, they establish an inequality of Poincaré-type in the
latter case: there exist a positive function g > 0 such that for any function
1 € C§°(D) with fD Y dx # 0 there exists a constant C' > 0 such that

L[ e v :
(1.1) C/Du gdm <& (u,u)JrC(/Duwdx) .
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One of our objectives is to extend these results to more general Dirichlet
forms with non-local part. More precisely, let X be a locally compact separa-
ble metric space and m a positive Radon measure on X with full topological
support. Let M = (P,, X;) be an m-symmetric Hunt process. We assume
that M is irreducible and strong Feller. We assume, in addition, that M
generates a regular Dirichlet form (£,D(€)) on L?(X;m). Let u=pu*t —p~
be a suitable signed Radon measure such that the positive (resp. negative)
part ut (resp. 1) belongs to the local Kato class (resp. the Kato class). We
consider a Schrodinger form (£#,D(EH)):

EF(u,u) = E(u,u) —|—/ uwdp, weD(EM)(=D(E)NL*(X;uh)).
X

In this paper, we define the criticality or subcriticality for £ through h-

transform; we denote by A} the positive continuous additive functional with

Revez measure p, and define the Feynman-Kac semigroup {p}'}+>¢ by

Pl f(x) = o (e™ £(Xy)).

We denote by Dioc(E) the set of functions locally in D(€) and introduce a
function space by

HY = {h€Die(E)NC(X) : h>0,pl'h < h}.

Namely, H™ is the space of p)'-excessive functions. Suppose that HT is not
empty and take h € Ht. We then define the bilinear form (£#" D(£#")) on
L?(X;h*m) through h-transform of (E#,D(EM)):
(1.2) EWM (u,u) = EH(hu, hu),

’ D(EWM) = {u € L3(X;h®m) : hu € D(EM)}.
We see that (£ D(EM")) turns out to be a regular Dirichlet form on
L?(X;h*m). Consequently, if HT is not empty, then (E#,D(E#)) is non-
negative, £¥(u,u) > 0 for all u € D(EX). The semigroup {p""},>0 generated
by (EWM D(EMM)) is expressed as

1
P (@) = et () @)
The subcriticality, criticality and superciriticality for the Schrodinger form
(EF,D(EH)) are defined as follows: (£#,D(EH)) is said to be subcritical (resp.
critical) if HT is not empty and (£#", D(EMM)) is transient (resp. recur-
rent) for some h € HT. Besides, (£#,D(EF)) is said to be supercritical if
Ht is empty. We show that these definitions are well-defined (Lemma 4.2,
Lemma 4.3). To this end, we prove the following Poincaré-type inequality: if
(EF,D(EM)) is critical, then for any h € HT there exist a nearly Borel finely
closed set B with 0 < m(B) < oo and a suitable strictly positive function g
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such that for any u € D(E#),
(1.3) / (u— Dh(u)h)2gdm < EF(u,u), Dp(u)= ||hlB||2‘2/ uhdm
X B

(Theorem 3.2). As a result, the space HT is one-dimensional, for h,ﬁ eHT
there exists a positive constant ¢ such that h = ch. The inequality (1.3) follows
from [6, Theorem 4.8.2], which is an L2-version of Oshima’s inequality. If
the Hunt process M admits a positive, jointly continuous transition density,
we can derive from (1.3) an inequality similar to (1.1): for any bounded
Borel function ¢ with compact support and | ¢ dm # 0 there exist a strictly
positive continuous function g in L*(X;m) and a positive constant C' such
that

2
(1.4) l/u2gdm<<€'“(u,u)—|—C’</ ugodm) , ueD(EM).
CJx b'e

We further prove that if (£, D(E")) is subcritical, then there exists a
positive function g > 0 such that

(1.5) / uw’gdm < E*(u,u), u€D(E)
X

(Theorem 3.7).

The concept of extended Dirichlet spaces plays a crucial role in character-
izing the recurrence and transience of Dirichlet forms. The criticality and
subcriticality are generalized properties of the recurrence and transience re-
spectively. Thus, we can easily imagine that for characterizing the criticality
and subcriticality of Schrodinger forms, we need to introduce the concept of
“extended Schridinger spaces” of (E#,D(EH)). In fact, we define, through
h-transform, the extended Schodinger form by (2.6) and study its properties
(Lemma 2.8, Lemma 2.9). Furthermore, we can show that the inequalities
(1.4) and (1.5) hold for all functions in the extended Schrédinger space. Ow-
ing to this extension, we can show that a Schrédinger form is critical if and
only if there exists a positive function h in the extended Schrédinger space
and E#(h,h) = 0. This fact is analogous to the fact that a Dirichlet form is
recurrent if and only if the constant function 1 is in the extended Dirichlet
space and £(1,1) =0.

We denote by M#' = (PJ{.‘+ ,X¢) the subprocess of M by the multiplicative
functional exp(—AY +). We assume that if (£,D(E)) is recurrent, then the
positive part p* is non-trivial, 4+ # 0. In other words, the subprocess M~ is
always assumed to be transient. In addition, the negative part u~ is supposed
to be Green-tight with respect to M (Definition 2.2(2)). Define A(u) by

(1.6) () :inf{é‘(u,u)+/xu2du+:ueD(S),/ u2du1}-

X
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Then we can show that (£#,D(EH)) is subcritical, critical and supercritical, if
and only if A(p) > 1, M) =1 and A(p) < 1 respectively (Theorem 5.19). In
fact, if A(12) > 1, then the gauge function g"(z) = E#" (exp(Agi)) is bounded
(|2, Theorem 5.1]). Besides, we can show that g/ is an element of H* and
that (£19" D(EM9")) is transient (Lemma 5.5).

If M() =1, the minimizer h of (1.6) is a harmonic function, £#(h,h) =
The existence of the minimizer follows from [14, Theorem 2.1]. We can show
that the function h belongs to H* and (€~ D(EF)) is recurrent; the func-
tion h belongs to the extended Schrodinger space and £#(h,h) =0 if and
only if the constant function 1 belongs to the extended Dirichlet space of
(Erh, D(EWM)) and EMM(1,1) =0.

For the proof that h € HT we prove an inequality,

(1.7) sup G*v(x) < sup G*v(x) - sup g"(z),
reX rzeK zeX

where G*(x,y) fo H(t,z,y)dt, v is a smooth measure with topological
support K. This 1nequahty7 which is of independent interest, is regarded as a
version of the maximum principle; if u~ = 0, that is, if G* is the Green kernel
of the Markov process Pgéﬁ, then sup,cx ¢g(xz) =1 and (1.7) leads us to the
equality,

sup G*v(z) = sup G*v(x).

zeX zeEK

If the measure p is negative, = —p~, then A(p) =1 implies

(1.8) /Xu2 dp < E(u,u)

and the equality in (1.8) holds for h. As a by-product of (1.3), we have a
refinement of (1.8):

(1.9) /Xu2d,u+/x(u—Dh(u)h)2gdmSS(u,u).

We see from [15, Lemma 2.1] that (E#, D(E*)) is not non-negative definite
if and only if A(u) < 1. Hence if A(u) < 1, then H* is empty and (E#,D(EH))
is supercritical.

We would like to comment on the space H* of superharmonic functions.
We define the space of superharmonic functions in another way:

T = {hE€D(E)NC(X) : h>0,"(h,p) >0,V € D(E) N CF (X))}

This definition is more preferable than that of H™ because it is directly related
to (E#,D(EM)). If the Dirichlet form (€, D(£)) is local, then the two spaces are
identical, Ht = H*t (Lemma 4.7). However, if (£,D(€)) contains a jumping
part, £(h, ) is not well-defined for h € Djoc(€) and ¢ € Co(X).
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2. Schrédinger forms

Let X be a locally compact separable metric space and m a positive Radon
measure on X with full topological support. Let (£,D(£)) be a regular ir-
reducible Dirichlet form on L?(X;m). We denote by u € Djoc(€) if for any
relatively compact open set D there exists a function v € D(E) such that
u=uv m-a.e. on D. We denote by D.(£) the family of m-measurable func-
tions u on X such that |u| < oo m-a.e. and there exists an £-Cauchy sequence
{un} of functions in D(&) such that lim,,_, o uy, = u m-a.e. We call D,(£) the
extended Dirichlet space of (£, D(E)).

Let M = (2, #,{%#:}1>0, { Ps }zex,{ X1 }1>0, () be the symmetric Hunt pro-
cess generated by (£,D(£)), where {#;};>0 is the augmented filtration and
¢ is the lifetime of M. Denote by {p;}+>0 and {Gu}a>0 the semigroup and
resolvent of M:

o0
pef () = Bo (F(X0)), ammz/ew%ﬂ@@
0
We assume that M satisfies next two conditions:

IRREDUCIBILITY (I). If a Borel set A is ps-invariant, that is, p:(14f)(x) =
Lapif(z) m-a.e. for any f € L*(X;m) N %,(X) and t > 0, then A satisfies
either m(A) =0 or m(X \ A) =0. Here %,(X) is the space of bounded Borel
functions on X.

STRONG FELLER PROPERTY (SF). For each ¢, p:(%(X)) C Cp(X), where
Cy(X) is the space of bounded continuous functions on X.

We remark that (SF) implies the following condition.

ABSOLUTE CONTINUITY CONDITION (AC). The transition probability of
M is absolutely continuous with respect to m, p(t,z,dy) = p(t,z,y)m(dy) for
eacht >0 and z € X.

Under (AC), there exists a non-negative, jointly measurable a-resolvent
kernel Gy (z,y):

<%ﬂm=/;huwﬁ@mwm,meXJe%wm.

Moreover, Go(z,y) is a-excessive in x and in y [6, Lemma 4.2.4]. We simply
write G(x,y) for Go(z,y). For a measure p, we define the a-potential of u by

cwszammmm.

DEFINITION 2.1.

(1) A Dirichlet space (£,D(€)) on L?(X;m) is said to be transient if there
exists a strictly positive, bounded function g € L'(X;m) such that for
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ueD(E)
/X [u|gdm < \/E(u,u).

(2) A Dirichlet space (£,D(€)) on L?(X;m) is said to be recurrent if the
constant function 1 belongs to D.(€) and £(1,1) = 0. Namely, there exists
a sequence {u,, } C D(E) such that lim,, ;0 E(Un — U, Up, — Up,) = 0 and
lim, o0 Uy, =1 m-a.e.

For other characterizations of transience and recurrence, see [6, Theo-
rem 1.6.2, Theorem 1.6.3].

We define the (1-)capacity Cap associated with the Dirichlet form (£, D(E))
as follows: for an open set O C X,

Cap(0) = inf{& (u,u) : u€ D(€),u>1,m-a.e. on O}
and for a Borel set A C X,
Cap(A) =inf{Cap(0O) : O is open, O D A},

where &, (u,u) = E(u,u) + a(u,u)n,. A statement depending on z € X is
said to hold g.e. on X if there exists a set N C X of zero capacity such
that the statement is true for every x € X \ N. “q.e.” is an abbreviation
of “quasi-everywhere”. A real valued function u defined g.e. on X is said
to be quasi-continuous if for any € > 0 there exists an open set G C X such
that Cap(G) < € and u|x\¢ is finite and continuous. Here, u|x\ ¢ denotes the
restriction of u to X \ G. Each function u in D.(€) admits a quasi-continuous
version u, that is, u = u m-a.e. In the sequel, we always assume that every
function u € D.(€) is represented by its quasi-continuous version.

Let Spp be the set of positive Borel measures p such that p(X) < oo and
G1p is bounded. We call a Borel measure p on X smooth if there exists a
sequence {F,} of Borel sets increasing to X such that 1g, - u € Spp for each
n and

PT( lim ox\ 5, > g) —1, VreX,
n— oo

where ox\ g, is the first hitting time of X \ E,,. We denote by S the set of
smooth, positive Borel measures. In [6], a measure in S is called a smooth
measure in the strict sense. Here we omit the adjective phrase “in the strict
sense”.

A stochastic process {A;}1>0 is said to be an additive functional (AF in
abbreviation) if the following conditions hold:

(i) A:(:) is F-measurable for all ¢ > 0.

(ii) There exists a set A € Foo = (U5 F¢) such that P,(A) =1, for all
reX, A CA for all t >0, and for each w € A, A (w) is a function
satisfying: Ag =0, A;(w )<oof0rt<§( ), Ar(w) = Ac¢(w) for t> ¢, and
At+s (w) = A (w) + As (etw) for s,¢ > 0.
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If an AF {A,},>0 is positive and continuous with respect to ¢ for each w € A,
the AF is called a positive continuous additive functional (PCAF in abbre-
viation). The set of all PCAF’s is denoted by AF. The family S and A}
are in one-to-one correspondence (Revuz correspondence) as follows: for each
smooth measure p, there exists a unique PCAF {4;};>¢ such that for any
f €% (X) and v-excessive function h (v >0), that is, e 7'p,h < h,

(2.1) }%ZEh.m</ f(Xs)d ) /f dx)

[6, Theorem 5.1.7]. Here, Ep.p(-) = [ E m(dx). We denote by A} the
PCAF corresponding to p € S. For a 81gned smooth measure g =put —pu",
we define Af:AfJr — A

We define some classes of smooth measures.

DEFINITION 2.2. Suppose that p € S is a positive Radon measure.
(1) u is said to be in the Kato class of M (K in abbreviation) if

lim ||Gaptlloo =0.
a—r00

o is said to be in the local Kato class (Kioe in abbreviation) if for any
compact set K, 1x - u belongs to K.

(2) Suppose that M is transient. A measure p is said to be in the class Ko
if for any € > 0, there exists a compact set K = K(¢)

sup/ G(z,y)u(dy) <e
zeX c
pin Ko is called Green-tight.

We note that every measure treated in this paper is supposed to be Radon.
Thus we see from [1, Theorem 3.9] that p € K if and only if

2.2 lim sup E,, =lim su S, x (dy)ds=0.
(22) 10 me)g ( t}0 zeg)(/ / Wldy)

We denote the Green-tight class by Koo (G) if we would like to emphasize the
dependence of the Green kernel. Chen [2] defines the Green-tight class in
slightly different way; however the two definitions are equivalent under (SF)
[8, Lemma 4.1]. We see from [13] that for &« >0 and p € K

(2.3) / P dp < ||Gaptlloo - Ea(u,u)  for any u € D(E).
X

Let p=pt — p~ € Kioe — K. We define the Schrédinger form by
(2.4) EM(u,u) = E(u,u) + [ u?dp,
’ D(EM)=D(E) N LA (X;u').

We denote by L£# = L — u the self-adjoint operator associated with the closed
symmetric form (E#,D(EH)), (—LF u,v)pm = EF(u,v).
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LEMMA 2.3. D(E*)NCu(X)=D(E) N Cy(X).
Proof. Noting that u™ is a Radon measure, we have
D(EM)NCo(X)=D(E) N L*(X;uT) NCo(X) =D(E) N Co(X). O

We will establish the criticality theory for Schrodinger forms through h-
transform. Let us introduce a function space:

HY = {h € Dioe(E) NC(X) : h>0,pl'h < h}.

Assume that H™ is not empty. Then for h € H* define the bilinear form
(EwP D(EWM)) on L2(X;h%m) by

EWM(u,u) = EH(hu, hu),
{D(E“’h) ={u€ L?(X;h®m): hu e D(EM)}.

The next lemma is proved in the manner of [6, Theorem 6.3.2].

LEMMA 2.4. For ¢ € D(E)NCy(X), the function @/h belongs to D(E) N
Co(X).

Proof. Let K be the support of ¢ and D an open set containing K. Put
c=1/(inf ek h(x)). Then, for (z,y) € D x D

(z)

(2.5)

<clep(x)],

<y>\ < 2efp() — pw)| + A [h(x)(z) — hy)e(y)].

Since ¢ and he belong to D(E), the function ¢/h also belongs to D(E) by [6,
Theorem 1.5.2(ii)]. O

LEMMA 2.5. D(EFM) N Co(X) =D(E) N Co(X).

Proof. By the definition of D(£#") and Lemma 2.3, u € D(E*") N Cy(X)
if and only if uh € D(E) N Cy(X). Moreover, it follows from Lemma 2.4 that
uh € D(E) N Cy(X) if and only if u € D(E) N Cy(X). O

LEMMA 2.6. (" D(EWM)) is a regular Dirichlet form on L?(X;h%m).

Proof. We see from Lemma 2.5 that D(E#") N Cy(X) is dense in Cp(X)
with respect to the uniform norm.

Suppose v € D(EM"). Then by the definition of D(E#H), hv € D(EF) and
by the regularity of (£,D(€)) there exists a sequence {p,} C D(E) N Cy(X)
such that ¥ (hv — @,, hv — ;) converges to 0 as n — oo. Hence, @, /h €
D(EHM) N Cy(X) and

wh ¥n Pn _cu
& Eh i =E&M"(hv — @, hv — ;) >0 asn— oo,
which implies the regularity of (£#" D(EWM)). O
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Let us denote by M#*" the Hunt process generated by the regular Dirichlet
form (£ D(EM)). By the definition of (£ D(£#")), the semigroup {p}'}
of M#" is h?m-symmetric and

P = s Beexp(— AP I (X). [ € (X).
The irreducibility of M#" follows from that of M because exp(— AL )h(X;) >
0. Moreover, M*" satisfies
(LSC) For v >0, every ~y-excessive function is lower-semi-continuous.
Indeed, let Gg’h be the 7-resolvent of M*". Then for g € %,(X),

1
h(z)

The function G%(g(h An)) is continuous on X by the strong Feller property
of p}' (see [3, Theorem 1.1]), and thus Gg’hg is lower-semi-continuous.

GE(g(h An))(z)t Gg’hg(gc), as n — oo.

LEMMA 2.7. For h € HT suppose that (E*", D(EMM)) is transient. Then
MHh satisfies (LSC). In particular, G*"g is lower-semi-continuous for each
positive Borel function g.

Let D.(£*") be the extended Dirichlet space of the regular Dirichlet form

(Ewh D(EWM)). We define the extended Schridinger space D.(EM) by
E(u,v) = EMN (3, 7),
(26) {De(é’”) = {u: &€ D (EmM)}.

We give another definition of the extended Schrédinger space similar to that
of the extended Dirichlet form, that is, the family of m-measurable functions
u such that |u[ < oo m-a.e. and there exists an £#-Cauchy sequence {u,} of
functions in D(E*) such that lim,,_ o u, = u m-a.e. Denote by D.(EH) this
family, and for u € D.(E*) and the sequence {u,} define

(2.7) EM(u,u) = Hm EX(up,uy).
n—oo
Then we see that (E/, D, (")) is well defined.
LEMMA 2.8. D (") = De(EX) and EM = EM.

Proof. For any u € D.(E), the function u/h is in D, (E#") by definition,
and thus there exists an approximating sequence {p,} C D(E*") of u/h.
Then {hy,} is an E¥-Cauchy sequence in D(EH) such that lim,, o he, =
h- (u/h) = u m-a.e. Hence, u belongs to De(EX).

For any u € D.(EM), there exists a £#-Cauchy sequence {p,} in D(EX)
such that lim, . ¢, = u m-a.e. Then {p,/h} is an EF"-Cauchy sequence
in D(EMM) such that lim, oo n/h =u/h m-a.e. Hence, u/h is in D.(EHN),
and thus u in D.(EF). O
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We see from Lemma 2.8 that the space D.(£#) is independent of h € H*.
We call the space D.(E¥) an extended Schrodinger space and the sequence
{un} in the definition of D, (E#) an approzimating sequence of u € Do(EM). In
the definition of D (£*), the condition for {u,} being an £#-Cauchy sequence
can be replaced by sup,, E* (uy, uy) < 00:

LEMMA 2.9. Let {u,} be a sequence of functions in D(EH) such that

sup EH (U, uy,) < 00, lim u, =u m-a.e.
n n— o0

Then u belongs to D.(EM).
Proof. The sequence {u, /h} C D(EM") satisfies

s%pc‘:“’h <%, %) < 00, nl;n;o UT" = % m-a.e.
Hence, u/h is in D.(E*") by [12, Definition 1.6], and so u in D.(EH). O

3. Poincaré-type inequalities for Schrodinger forms

First, we would like to remind the reader an inequality for recurrent Dirich-
let forms [6, Theorem 4.8.2(ii)]. A Hunt process M = (P,, X;) is said to be
Harris recurrent if for any Borel set B with m(B) >0

/ 1(Xs)ds =00, P-as. for any z € X.
0

THEOREM 3.1. Suppose M is Harris recurrent. Then there exist a nearly
Borel finely closed set B with 0 < m(B) < co and a strictly positive function
g in LY(X;m) such that for all u € D.(E)

(3.1) /X (u(x) - ﬁ /B udm) 2g(ac)m(al:lc) <E(u,u).

We apply this Poincaré-type inequality to Schrodinger forms.

THEOREM 3.2. Assume that (E#", D(EHM)) is recurrent for h € HT. Then
there exist a nearly Borel finely closed set B with 0 < m(B) < oo and a strictly
positive function g in L*(X;h?m) such that for any u € D.(EX),

(3.2) /X (u— Dh(u)h)Qg(I)m(dz) < EM(u,u),

where Dp,(u) = |hlg|5? [z u(z)h(z)m(dz).

Proof. First, remark that an irreducible, recurrent, symmetric Hunt pro-
cess satisfying (AC) is Harris recurrent [6, Lemma 4.8.1]. Since M*" is an
h?m-symmetric Hunt process with transition density:

p(t,x,y)

1,h T _
PR = )
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with respect to h?m, it is Harris recurrent. Hence, we can apply Theorem 3.1
to M/h; there exist a Borel set B with [ h?(z)m(dz) < co and a strictly
positive bounded g € L' (h?m) such that for all u € D, (E*"),

J,

2

o) ([ h2<x>m<dx>)_1 [ wn @y ganamas)

< 5“’h(u,u).
Let L(u) = ([5h*(x 1 fpu m(dzx). We then know
(3.3) / lu(z) 2 0(2)h2 () m(dz) < E* (hu, hu).
Put v = hu. Then v is an element of D.(E*) and (3.3) leads us to
(3.4 [ 0@) = Duo)h@)Pgta)m{da) < £ (w.0),
where
Du() = L(o/) = |15 [ vhm. o

We, in addition, make the next assumption:

(PC) The transition probability density p(t,z,y) is strictly positive and
jointly continuous on X x X.

Denote by %jO(X ) the set of non-negative functions on X with compact
support.

LEMMA 3.3. Assume (PC) Then the 1-resolvent density of the time
changed process by fo s)ds, ¢ € % o(X), is bounded from below by a
positive constant on the ﬁne support ofcp m,

inf  Gi(z,y)>0,
(oo CLEY)

where G is the 1-resolvent density of the time changed process and F is the
fine support of ¢ -m.

Proof. Put 1 = ¢-m and define 7, = inf{s > 0: A* >t} (A} = fo w(X

Then
Gt =B [t )

_p, (/Oo eAfﬂXt)dA#) —G(f-p), zeF,
0

and so Gi(r,y) = G*(z,y) for (v,y) € F x F. Noting that p}f(z) >
E,(exp(—Bt) f(Xe)), l|¢llooc = B, we have G*(z,y) > Gg(z,y). It follows from
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(PC) that Gg(x,y) is strictly positive and lower-semi-continuous. Therefore,
we have

inf  Gi(z,y)> inf  Gg(x,y)>0. 0

(z,y)EFXF (z,y)EFXF

Through Lemma 3.3, we can follow the argument in [6, Section 4.8] and
extend the inequality (3.2) as follows: for any ¢ € QJO(X) with [ ¢dm #0

there exist a strictly positive continuous function g in L'(X;m) such that for
any u € D(E),

(3.5) /X(qu(u))dimgé'(u,u), L(u):/Xucpdm//chdm.
For o = ot — ¢~ € B ((X) — B, ,(X), put

L+(u)—qu<‘0+dm L_( )_fxugp_dm

[y etdm’ [y dm
and
C+:fX<p+dm 7:fxgo’dm
Jx edm’ Jxedm
Note that
Liu)=c"LT(u)—c L™ (u), ¢ —c =1
and

We then have

/Xu29dm§2/X(u—L(u))29dm+2L(u)2/ gdm

X

S4(6U2j£(u—lﬁ(uDQanr+4@f)2/;@¢—lf{unzgmn
! 2”&5%2 (/. ”“"dm)Q'

c;g@ﬂ2+@j%v(zlég@;)

([x pdm)?

Letting

we see from (3.5) that

2
l/ u29dm§5(u,u)+C(/ ugodm) .
CJx X

Hence, we have the next corollary.
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COROLLARY 3.4. Assume M satisfies (PC). If (£,D(E)) is recurrent, then
for any ¢ € By o(X) with fX wdm # 0 there exists a strictly positive function
g in LY(X;m) and a positive constant C' such that

(3.6) é/XUQQdmgé’(u,u)—|—C(/Xu<pdm>2, u € D(E).

Applying Corollary 3.4 to (£#" D(E#"M)), we have

COROLLARY 3.5. Assume M satisfies (PC). If (E¥,D(EM)) is critical, then
for any p € By o(X) with [ hdm #0 there exist a strictly positive bounded
function g and a positive constant C such that

2
(3.7) %/ uzgdmgé'”(u,u)JrC(/ ugadm) , veED(EM).
X X

Proof. By Corollary 3.4, for any ¢ € B, (X) with fX ®h?dm # 0 there
exists a function g in L'(X;h?m) a positive constant C' such that

2
(3.8) é/ v29h2dm§5“’h(v,v)+0(/ v¢h2dm> , uEDe(S“’h).
X bl

Putting v = vh € D.(E*) and ¢ = ¢ph € By 0(X), we have (3.7). Note that
[x #h*dm # 0 is replaced by [ ¢hdm #0. O

The inequality (3.7) is established in [11] for critical Schrodinger differential
operators. We would like to emphasize that (3.7) is derived from (3.2).

LEMMA 3.6. If (€M, D(EWN)) is transient for h € HT, then there exists a
strictly positive continuous function g such that |G*"(g)|lee < 1.

Proof. First, note that M*" satisfies (I) and (LSC). Applying [7, Corollary
(2.3)], we can show by the same argument as in [14, Lemma 2.4] that there
exists a strictly positive continuous function f such that the measure fh?m
belongs to the Green-tight Kato class associated with M*", and consequently
|G*" ()|l < oo by Chen [2, Proposition 2.2]. Hence, g:= f/||G*"(f)| is
a desired one. O

THEOREM 3.7. Let h € H' and suppose (E" D(EHM)) is transient. Then
there exists a strictly positive continuous function g such that for u € D(EW)

(3.9) / u?gdm < E*(u,u).
X
Proof. Let g be the function in Lemma 3.6. We see from (2.3) that

/vQQthmgé’“’h(v,v), vE’De(E”’h).
b'e
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Putting u = hv € D.(E), we obtain

2 AU WY
/Xu gdm < &EH (h,h)—é'“(u,u). O

We would like to emphasize that the inequalities (3.2), (3.9) hold for all ele-
ments in the extended Schrodinger space D.(E#). In particular, this extension
is crucial for defining the criticality of Schrédinger forms.

4. Criticality and subcriticality

LEMMA 4.1. Suppose that (EM" D(EWM)) is recurrent for a function h in
HT. Then the function h belongs to D.(EF) and EF(h,h) = 0.

Proof. We see from [6, Theorem 1.6.3] that the constant function 1 be-
longs to D, (M) if and only if (£#", D(E#M)) is recurrent. Hence, there
exists an approximating sequence {¢,} C D(E#") of 1. Then {hy,} C D(£)
becomes an approximating sequence of h, and thus this lemma follows from
the definition of extended Schrédinger form. 0

LEMMA 4.2. Suppose HT is not empty. If (EM" D(EMM)) is transient for
some h € HT, then so is for any h€ H™T.

Proof. First, note that by (I), (£#" D(E#")) is either transient or recur-

rent. Suppose that for h and h in Ht, (E#", D(EW)) and (E* h D(é’“’ )) are
transient and recurrent respectively. Then it follows from Theorem 3.7 there
exists g > 0 such that

(4.1) / u’gdm < E*(u,u), for u€ D (EH).
p'e
Since h belongs to D, (&),
(4.2) / h2gdm < E"(h,h) =0
X

by (4.1) and Lemma 4.1. Consequently, h=0 m-a.e., which is contradictory.
O

LEMMA 4.3. Suppose H' is not empty. If (5“’h D(EWM)) is recurrent for

some h € HT, then each heH*t can be written as h = ch. Here ¢ is a positive
constant.

Proof. By Theorem 3.2 and Lemma 4.1,
/ (7 — Du(i)h) g (@)m(de) < €8 (7,7 =0,
X

and thus h = ch, ¢ = Dy, (h). O
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On account of Lemma 4.2 and Lemma 4.3 we define the subcriticality,
criticality and supercriticality for Schrédinger forms as follows.

DEFINITION 4.4. Let p € Kjoc — K and (E#,D(EH)) the Schrodinger form
defined by (2.4).

(1) (E*,D(EM)) is said to be subcritical if (%" D(E#")) is transient for some
heHt.

(2) (E*,D(EM)) is said to be critical if (E#" D(EHM)) is recurrent for some
heH™.

(3) (E*,D(EM)) is said to be supercritical if HT =0.

REMARK 4.5. Suppose H* is not empty. Then for h € H™T,
U U
EM(u, = Emh —,—]>o0.
() (h h) =
Hence, if £# is not positive definite, then HT is empty, i.e., (E#,D(EF)) is
supercritical by definition.

A Dirichlet form (€,D(£)) is said to be local, if £(u,v) =0 for any u,v €
D(E) with supp[u] N supp[v] = 0.

LEMMA 4.6. If (£,D(E)) is local, then so is (W D(EWM)).
Proof. Since
supp[u] Nsupp[v] =0 <= supp[hu] Nsupp[hv] =0,
this lemma follows from the definition of (£#" D(E#h)). O
Assume that (£,D(E)) is local. We set
HY = {h € Dipe(E) NC(X) : E¥(h, ) >0 for any ¢ € D(E) N CF (X)}.
LEMMA 4.7. If (€,D(E)) is local, then
HE=H".
Proof. (i) (H* CH*). Let ¢ € D(E) N Co(X). Then
Emh <u, %) =E&H(hu,p), ue€ D(é‘”’h).

By Lemma 4.6, the Dirichlet form £#"(u,v) is written as

1, -
5u,h(u,v):§/x d,u<u1v>+/Xuvdk,

where ﬁ? ) is the energy measure of w and v associated with the strongly

U,v

local part of %P and k is the killing measure (see [6, Theorem 5.3.1]).
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For uw € D(E) N Cy(X) such that =1 on supp|e],

eﬂvh< —) /duw/h /ufd'/%
_2/ djiSy o m + /“Pdk /‘pdk
In addition,

EM(hu,p) = /duhus& /hugpdu— /dﬂh¢ /hcpdu EX(h, ),

where uf (u,0) is the energy measure of the strongly local part of £. Hence for
any non-negative function ¢ in D(€) N Cy(X)

£ (h,) = " (i) =" (/1) = [ £dE =0,
X
(i) (HT D HT). Let £L=D(E)NCo(X). Then L is a Stone vector lattice,
if f,ge L, then fVvgeL, fA1€L. For heH™, define the functional I by
(4.3) I(p)=&"(h,¢), peL.

Then I(p) is a pre-integral, that is, I(¢,) {0 whenever ¢,, € L and ¢, (z) ] 0
for all x € X. Indeed, let ¢ € D(E) N Cy(X) such that ¢ =1 on supplp:].
Then ¢, < ||@nlloo? and

I(Son) < H‘Pn”oo 'I(@ZJ)iO, n — 00.

Noting that the smallest o-field generated by L is identical with the Borel
o-field, we know that there exists a Borel measure v such that

I(p) = /X v

[5, Theorem 4.5.2]. Moreover, we see that the measure v is smooth. Indeed,
let K be a compact set of zero capacity, and take a relatively compact open
set D such that K C D. Then there exists a sequence {¢,} C D(E) N Cy(D)
such that ¢, >1 on K and & (¢n,pn) — 0 as n — co. For ¢ € D(E) N Cy(X)
with ¢y =1 on D,

I(pn) = EX (W), o) < EX (M, )2 - E* (0, 00) V2.
Since

/ 2 dp < [Gatlloe - €1 (s 9n) =0, 1= 00,
X

EM(on,ypn) — 0 as n — co. Consequently,

V)= / P dv=1(pn) < E* (I, )/ - € (g, 0n) /2 = 0.
X
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The equation (4.3) is equivalent to

5(h,s0)=—/Xaphdu+/x<pdu=/x@(—hdu+du).

On account of [6, Theorem 5.5.5], we have

t
h(X,) = h(Xo) + M™ + / h(X,)dA" — AV, Py-as. qe. .
0

Hence, by It6’s formula

t t
e R(X,) = h(Xo) + / e~ A% a4 / e h(X,) dAY
0 0

t t
— / e 4 dAY — / e h(X,) dA
0 0

t t
= h(Xy) +/ e A% dMé[h] —/ e A8 dA? Pj-as. q.e. .
0 0

Since fot e A% dMS[h] is a local martingale, there exists a sequence {o,} such

that lim,_,¢ 0, = co and foa

At AL dMs[h] is a martingale. Hence,
E, (€7A57lAt’h(Xo-n/\t)) <h(xz) qe x

and thus, by Fatou’s lemma, p}'h(x) < h(z) for q.e. z. Note that p}'h is lower-
semi-continuous. Then the set B :={x € X : p{'h(x) > h(zx)} is open and of
zero capacity, and so empty. U

5. Existence of superharmonic functions

In this section, we discuss the existence of a function in H* if (E#, D(EF))
is subcritical or critical. Assume that p is non-trivial, p= # 0. Define

(5.1) Ap) ::inf{g(u,u) —l—/ u?dut i ue D(S),/ u?dy~ = 1}.
X b
Owing to [15, Lemma 2.2], we have the following lemma.

LEMMA 5.1.
(5.2) Ap)>1 = inf{E(u,u)+/ u? dp / qum:1}zo.
X X

For v € Kioe, let MY = (PY, X;) be the subprocess of M Kkilling at rate v,
PY(At< ()= Em(exp(fA;’)lA;t < C), A e F,.
Let {p{ }+>0 and {G}3}s>0 be the semigroup and resolvent of M”,

v C v
PI) = Ba(e M (X)), G4f(e) = E, ( [ e dt).
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We write G¥ for Gj simply. Denote by G¥(x,y) the Green kernel of M, the
integral kernel of G¥,

E, ( / fear f(Xt)dt> - [ 6" ) dmy)

In the sequel, we suppose that (5“+,D(5“+)) is transient and g~ is a non-

trivial measure in ICOO(G’ﬁ), the set of Green-tight measures associated with
+

Y

5.1. Subcritical case. In this subsection, we treat the case that A(u) > 1.
Let g#(x) be a so-called gauge function defined by

(5.3) g'(x) = Eg‘fr (eAlCF ).
Then it is known in [2, Theorem 5.1] that g is bounded function if and only
if A(p) > 1.

LEMMA 5.2. The function g* is p} -excessive, pi'g"(x) 1 g*(x) as t 0.
Proof. By the Markov property of Me
By (674 (X)) = Bu (e g"(Xu)it <€) = B (e g"(X)5t <)
+ [ + no
=FE" (eA‘ EY (eAC )it <)

=B (BT (M AL 001, | F)).

x

The right-hand side equals E#" (eA,CF it < ¢) because AL + A’{ 6y) =
A¢ on {t <(}. Therefore, as t |0
pigt (o) =B (M
LEMMA 5.3. It holds that
(5.4) g (2) =1+ G (¢"u") ().
Proof. Define a uniformly integrable martingale M; by

M, = E* (e |.7).

it < Q)T EE (e4) = g*(a). 0

Then + t
/gu(xs)dA';’z/ e MydAL, t<(
0 0
because
M Mylyegy =e 4 B (M 14cF1)

— AN E;j+ (eA’f +ALT (gt)]_{t<<} EAD)

ot K
= B, ("¢ )peqy = 9" (Xe)lji<cy-
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By Ito’s formula,
_ t _ t _
oAl Mt:MoJr/ e A8 dMsf/ e~ A MydA" |
0 0
and thus

_ ¢ _ -
EE (Mo) = B (e74¢ M) + B </ e M, dA" )
0

n ©

Noting that E&" (M) = g#(x), e~ My =e ¢ ¢4 =1 and

+ ¢ n - + ¢ - +
e ([ anan ) =p ([ roe)aar ) =0 (g o)
0 0
we have this lemma. O
LEMMA 5.4. The function g* belongs to Dioc(E) N Cp(X).

Proof. On account of Lemma 5.3, we have only to prove that GH* (gHu~) €
Dioc(€) N Cy(X). First note that ghu~ € ICOO(G“+). Hence, GH" (g"p~) €
By(X) by [2, Proposition 2.2] and p*(G*" (g#u™)) € Cy(X) by the strong
Feller property of M*+" . Since

16+ (g"u™) =P (G (g"u7)) || = sup B (/0 9"(Xs) dAé“)

.
< 19"l (sup B (457)) L0, t10

by p~ € K(G*") and (2.2), G*" (g"u~) also belongs to Cy(X). By the same
argument as in [9, Theorem 3|, we can prove el (g" 1) € Dioe(E). O

LEMMA 5.5. The Dirichlet form (E%9" D(EM9")) on L?*(X;(g")*m) is
transient.

Proof. Since for u € D (€M)
& () 2 M) [ wtdum A > 1
X
we have
Alp) —1
0

Since (5"+,D(5“+)) is transient, there exists a bounded function g+ > 0 such
that

EM(u,u) = ent (u,u) — /

u?dp~ > <
X

) EM (uy ).

/ wgtdm < g (u,u), uwe€D, (5”+)
X
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and thus for v € D (EM9")
/ vigT (g“)2 dm = / (g“v)zg+ dm < grt (g“v,g“v)
X X
A(p) > < A(p) ) "
< | ——— ] -&¥(¢g"v,g"v) = ——— | - EMI (v,v),
(g 27) et = (5 ) & )
which leads us to this lemma. O
Note that if pT is non-trivial, u* # 0, then M*9" is not conservative,
P9 1(x) < 1. Indeed, we show in the proof of Lemma 5.2 that
bopy et (AR
ptg (1’) _Ex (6 < 7t<<)'
Since Pt (¢ =o0) < 1 for all z € X,
C ol T (LA m
tligroloptg (.1?) _Ex (6 < 74_00) <g (l‘),

and thus p/“?"1(z) < 1. As a result, the Dirichlet form (£%9", D(Em9")) is
transient.
Lemma 5.5 leads us to the next theorem.

THEOREM 5.6. If A(u) > 1, the Schrddinger form (E#,D(EF)) is subcritical.

Next two lemmas are used to show the existence of a bounded function in
Ht(p) when (E#,D(EH)) is critical.

LEMMA 5.7. Let pu= p™ — = € Kioe — Koo (G ). If M) > 1, then for any
compact set K,
sup GH1g(x) < 0.
reK

Proof. Let g* be the gauge function in (5.3). The Markov semigroup p}' 9"
is strong Feller. Indeed, for f € %,(X), pi'(g"f) belongs to Cp(X) by the
strong Feller property of pl'. Hence p/?" f € B,(X) N C(X) = Cy(X). As a
result, pf’gu is a transient semigroup with (LSC). We now see from [7, Corol-
lary 2.3] that for any compact set K, G*9"1x is bounded, ||G*9" 1|00 < 00.
Noting

inf " (z) - Gk (2) < G* (1xg") (x) = ¢ () - G L ()
<[l6" " 1kl - 9" (@),

we have by Lemma 5.4

u supgek 9" (%)
GH1 <llgm9"1 i <%
21612 Kx(7) < H KHOO infge i g*(2) >~ H
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LEMMA 58. Let p=pt — p~ € Kioe — /COO(GM) with AM(u) > 1. Let v
be a smooth positive Radon measure and K the fine support of v, K ={x €
X:Py(t"=0)=1} (¥ =inf{t >0: Ay >0}). Then

(5.5) sup G*v(z) < sup G*v(z) - sup E“ (e i7p < (),
zeX zeK rzeX

where D is the complement of K and Tp is the first exit time from D.

Proof. Noting that dAY =0 on {t < 7p}, we have

9 ¢
(5.6) Gtv(z)=E, (/ e~ A dA;’) =FE, (/ e M dAY:Tp < C).
0 D

Because ( =7p 4+ ((0;,) on {rp <(}, A¥ ., =At + A{(0,,) and AY ., =
AY  + AY(0;,), the right-hand side of (5.6) equals

C((#D) A
E, (/ Ut dAY s Tp < C)
0

Op)
—E, ( / e Ao A O) gAY (0, )i < g)
0

L C n
=F, (eA‘rD Ex,, ( / e~ At dAg);TD < <>
0

by the strong Markov property. Therefore, the right-hand side is less than or
equal to

sup GHv(x) -Em(efAﬁD;TD < () =sup G*v(z)- E“ (e ;71 < ()
zeK reK

because 7p equals the first hitting time of K on {7p < (}. O

Lemma 5.8 tells us that if A(p) > 1

(5.7) sup G*v(x) < sup G*v(z) - sup g (z) < C sup G*v(x)
zeX zeK zeX rzeK

because

+ - + -
sup E¥ (eA‘TLD ;D < C) < sup E¥ (eAZ ) < 0.
rzeX rzeX

If 4~ equals zero, p= T, then
sup G’ﬁu(a:) < sup G#+V($) - sup P;ﬁ (tp < ¢) < sup G“+V(x).
zeX rzeK zeX zeK
Consequently, sup,¢y G u(z) = SUP,c G*"u(z), which is known as the
maximum principle (e.g., [10, Theorem 1.10]). Hence, the inequality (5.5)

is regarded as a version of the maximum principle for Green functions of
Schrédinger operators.
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5.2. Critical case. In this subsection, we treat the case that A\(u) =1.

LEMMA 5.9. Let v € Kioc. Then G¥ ¢ belongs to D.(EY) for ¢ € @;0 , and

5”(G”<p,f):/xgofdm, f€D(E) N Cy(X).

Proof. The function G%¢, 8> 0, belongs to D(£”) and G T GV as 3. 0.
Moreover,

EY (G, Ghp) < E5 (Gl Ghp) = (9, Ghp) < (9,GYp) <

by Lemma 5.7. Hence, GY¢ belongs to D.(E¥) from Lemma 2.9. Using
Lemma 5.7 again, we have

EY (G p, f) =Um&” (Ghe, f) = (¢, flm —imB(Gho, f),, = (¢: lm-
B0 B0
We see from [14, Theorem 2.1] that the minimizer v in (5.1) exists:
(5.8) Ap) =E(v,v) +/ v duT, / viduT =1.
X

X
We now show that a version of v belongs to H™ by the arguments in [15,
Section 4]. The function v is the first eigenfunction corresponding to the

generator of the time changed process of M+ by Al . We see that the time
changed process is irreducible and thus v >0 p~-a.e. by [4, Theorem 7.3].

LEMMA 5.10. The measure v-u~ is of finite energy integral with respect to
I

A
Proof. Let f € De(E"). Then

1/2 1/2
< (fea) (fra)
b's b's X
and the right-hand side is dominated by C - 4" (f, £)? by (2.3). O
The function v is also characterized by
(5.9) ew )+ [ efdut= [ ofdw, fep.(er)
X X

Hence, we see from Lemma 5.10 that

+

£ (v, f) = /X of dp= =5 (G (o). f).
and thus

(5.10) v(x)G“+(vu)(o:)Em( /0 Cexp(A;”)p(xt)dA;‘), m-a.e.
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We now define
¢ _
(5.11) h(z):=E, (/ exp(—Aer)v(Xt)dAf )
0

LEMMA 5.11. The function h is finely continuous.

Proof. By the Markov property,

h(X,) = Ex. (/Cexp(_Ag‘*)v(Xt)dAg‘>

0

¢ _
= exp(Afj+)E$ </ exp(fAéﬁ)v(Xt)dAf ’fg)
0

¢ . .
5, ( [ e (-t @)uxin a0,

—exp(Ar”) / exp(— AL )u(X;) dAL .
0

Since the first term of the right-hand side is right continuous because of the
right continuity of .%s, h is finely continuous by [6, Theorem A.2.7]. d

Noting that h =wv q.e. by (5.10) and [6, Lemma 4.1.5], we have the next
lemma from [6, Theorem 4.1.2].

LEMMA 5.12. The function h is strictly positive and satisfies

¢ -
(5.12) h(z) = E, ( / exp(— AL ) h(X,) dAL >
0
forall x € X.
LEMMA 5.13. For w € %;:O with wadm >0, let v=p+w-m. Then
Av) > 1.

Proof. On account of the argument above, we have a function b/ € D, (E#")
attaining the infimum:

)\(y):inf{é’(u,u)+/Xu2(du++w~dm) : uED(S“),/

u?dp~ = 1}.
b'e

We can assume that b’ is strictly positive. Hence, if A(v) =1, then A(u) < 1.
O

LEMMA 5.14. For w € '@Ij_o with [y wdm >0, let v=p+w-m. The
function h defined in (5.11) satisfies

(5.13) h(z) =G"(hw)(x) for any x € X.
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Proof. Noting that ¥ (h, Gp) =0 by (5.9), we have for any ¢ € %’;0 and
any 5>0

5”(h»GE¢):5“(h,Ggw)+/ hGggo~wdm:/ hwG%p dm.
X X

On account of Lemma 5.9, we obtain, by letting 3] 0
/ hodm :/ hwG" pdm :/ G” (hw)pdm
X X X

h=G"(hw) m-a.e.

In the equality above we can replace “m-a.e. ” by “any z” by the same
argument as in Lemma 5.11. O

and thus

LEMMA 5.15. The function h is bounded.

Proof. Since h is quasi-continuous, there exists a compact set K with
m(K) >0 on which h is continuous. Let v =+ 1xgm. Then A(v) > 1 and
h=GY(1xh) by Lemma 5.13 and Lemma 5.14. Hence, Lemma 5.8 tells us
that

h(z) = G"(1xh)(x) < sup G¥(1xh)(x) - sup E;+ (eAZ_)
zeK rzeX

= sup h(z) - sup ¢g" (),
reK zeX

where vT = put + 1xgm and v~ = p~. The right-hand side is finite because
A(v) > 1. O
LEMMA 5.16. The function h satisfies p}'h = h.

Proof. Note that there exists a generalized compact nest {F}} associated
with g because p is a smooth Radon measure [6, p. 83]. Thus the space
Dy(EF) ={u € Dy(E) : u=0 q.e. on X \ F,,} is contained in D(EX). Hence,
it holds that E#(h,¢) =0, that is,

5(h790)=—/xgo(h-d,u) for any ¢ € UDb(an)~

n=1

We then see from [6, Theorem 5.4.2] that

h(X;) = h(Xo) + MM + / t h(X,) dA"

Y, Ppas. qe. z,
0

where Mt[h] is the martingale part of the Fukushima decomposition [6, Theo-
rem 5.2.2]. Hence, we see from It6’s formula

¢
e h(X,) = h(Xo) +/ e A5 dMM | Pyas. qe. .
0
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T

Let 7, = inf{t > O;Affr >n} (n=1,2,...). Then O"Ate‘AZ dM™ is a mar-
tingale, and

h(z) = By (e A% arth(Xp ng)) = BE (eA50nth( Xy np)).

7

Note that - B
eArnrth(Xp,ne) < ||hloo - e € LY (PET)

n

and that 7,, = 00 as n — o0 P;Jr-a.s. We then see that by the dominated
convergence theorem

h(z) = li_>m E;ﬁ (eA/TL;Mh(XTnM)) = E;ﬁ (eAf h(Xt)) =pi'h(x), q.e. =z,

and thus for all z. O

The next corollary follows from Lemma 5.16 and the strong Feller property
of pl'.

COROLLARY 5.17. The function h is in Cp(X).

We see from Corollary 5.17 that the function h is an element of Djo.(E)
because a bounded function f in D.(£) belongs to Dioc(€). Indeed, let
{fn} be an approximating function of f, that is, f,(z) — f(x) m-a.e. and
sup,, £(fn, fn) < 00. We may assume |f,(2)] < ||fllooc- Let D and G be
relatively compact open sets such that G C G C D and ¢ a function in
D(E) N Cy(D) such that ¢y =1 on G. Then f,p — fe m-a.e. and

SUpE(fups Fa2) 2 < || flloo - E(@s )2 + | @lloo - SUP E(f, ) /? < 0.

Hence, f¢ belongs to D.(€) N L*(X;m) and so to D(€) by [6, Theo-
rem 1.5.2(iii)]. Since f= fp on G, f belongs to Dioc(E).

The function h belongs to De(EM)(C De(€)) and EF(h,h) = 0. Conse-
quently, the constant function 1 belongs to D.(E#") and £#"(1,1) = 0; this
implies that (€4 D(EX")) is recurrent. Therefore, we have the next theorem.

THEOREM 5.18. If A(u) =1, then the Schridinger form (E*,D(EV)) is
critical.

We can show that A(u) <1 if and only if inf{E*(u,u); [y u>*dm =1} <0
(15, Lemma 2.2]. Namely, if A(u) <1, then £* is not non-negative defi-
nite. Hence the Schrédinger form (E#,D(E*)) is supercritical by Remark 4.5.
Therefore, we can summarize these facts above as follows.

THEOREM 5.19. Let p € Kioe — Koo (G*"). Then
(i) (&M, D(EM)) is subcritical if and only if AM(p) > 1;
(il) (E*,D(EM)) is critical if and only if AM(n) =1;
(iii) (E*,D(EM)) is supercritical if and only if A(p) < 1.
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Let us consider the symmetric a-stable process M® on R¢ with 0 < a < 2.
We assume that a < d, that is, M® is transient. Let (£(®), D(£(®))) be the
Dirichlet form generated by M“:

£ (u,v) = TA(d,a ffRded\A (u(z)— ngy)y)fv(ﬁ")—v(y)) dx dy,
D(EW) = {u e L2(RY) : ffRded\A (u@)—u()® 7. dy < o},

oyl

where A = {(z,7) : € R%} and
a24-1p(24d)
md20(1 - %)

[6, Example 1.4.1]. Let p be a measure in the Green-tight class of M®.
Suppose that the Schrodinger form £ (u, u) — fRd u?dy is critical. Then

A(d, o) =

/uzdugé'(o‘)(u,u) for any u € D.(E),
Rd

and the two sides are equal if and only if u equals the function A constructed
in Section 5.2. On account of Theorem 3.2, we can refine the inequality above
as follows:

/ u? dp + / (u— Dh(u)h)2gd:c < EW(u,u) for any u e D,(E).
R4 Rd
Note that Dy (h) =1 by the definition of Dy (u).
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