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FINITE TYPE MINIMAL ANNULI IN §2 x R

L. HAUSWIRTH, M. KILIAN AND M. U. SCHMIDT

ABSTRACT. We study minimal annuli in S? x R of finite type
by relating them to harmonic maps C — S? of finite type. We
rephrase an iteration by Pinkall-Sterling in terms of polynomial
Killing fields. We discuss spectral curves, spectral data and the
geometry of the isospectral set. We consider polynomial Killing
fields with zeroes and the corresponding singular spectral curves,
bubbletons and simple factors. We investigate the differentiable
structure on the isospectral set of any finite type minimal annu-
lus. We apply the theory to a 2-parameter family of embedded
minimal annuli foliated by horizontal circles.

Introduction

In the last decade, there has been an interest in extending minimal surface
theory to the target space S? x R [26], [22], [23], [12], [15]. A minimal surface
that is conformally immersed in S? x R is essentially described by a harmonic
map G : 2 C C — S2. There is an important subclass of such harmonic maps
that have an algebraic description, the so-called harmonic maps of finite type.
For example, all constant mean curvature (CMc) tori in R?,S3 H? have har-
monic Gauss maps of finite type [14], [24]. The description of conformally
immersed proper minimal annuli of finite type is analogous to the well known
theory of constant mean curvature tori of finite type [14], [24], [2], [4], [9], [10],
[7], [20]. Thus, periodic minimal immersions X : C — S? x R of finite type can
be described by algebraic data. Up to some finite dimensional and compact
degrees of freedom, the immersion is determined by the so-called spectral data
(a,b). This consists of two polynomials of degree 2g respectively g + 1 for
some g € N. The polynomial a()\) encodes a hyperelliptic Riemann surface
called the spectral curve. The genus of the spectral curve is called spectral
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genus. The other polynomial b(\) encodes the extrinsic closing conditions.
This correspondence is called the algebro-geometric correspondence. In par-
ticular, we characterize those algebraic curves which are the spectral curves
of minimal annuli in S x R. The spectral data is the starting point for a
deformation theory to be used in [13].

Let us briefly outline this paper. In Section 1, we provide a short introduc-
tion to the local theory of minimal surfaces in S? x R and prove a Sym-Bobenko
type formula. In Section 2, we discuss polynomial Killing fields, how these
are related to the Pinkall-Sterling iteration and define the spectral curve. In
Section 3, we invoke the Iwasawa factorization of the underlying loop groups,
mention the generalized Weierstrass representation, and briefly discuss the
Symes method [28], [5], [6]. In Section 4, we treat the spectral curve, the
isospectral action, and prove some properties of the isospectral set. In partic-
ular, we discuss singular spectral curves and how to remove singularities with
the isospectral action. The isospectral set I(a) of a minimal annulus consists
of all minimal annuli with the same spectral data (a,b). We decompose I(a)
with the help of a group action into orbits and identify each orbit smoothly
with a commutative Lie group. These orbits have different dimensions. The
lower dimensional orbits are in the closures of the higher dimensional ones.
Our main results are:

(1) The isospectral sets I(a) are compact.
(2) If the 2g-roots of a are pairwise distinct, then there is one orbit diffeo-
morphic to
I(a) = (S")”.
(3) If a has a double root o € S, then there is a diffeomorphism
I(a)=I(a) with a(\) =ag(\ — ag)?a(N).

(4) If a has a double root o ¢ S' there are two invariant submanifolds dif-
feomorphic to

I(a) = I(a)UG x I(a) with
G=CorC* and a(\)=(\—ag)*(1—Aa)a(N).

In Section 5, we turn to periodic finite type harmonic maps, spectral data and
how the closing conditions are encoded in the spectral curve. In Section 6, we
encounter bubbletons, simple factors and prove a factorization theorem for
polynomial Killing fields with zeroes. In particular, we show that changing
the line in the simple factor preserves the period, and that for some choices
of lines the nodal singularity on the spectral curve disappears. In Section 7,
we compute the spectral data of minimal annuli in S? x R that are foliated
by circles. These low spectral genus examples will play an important role in a
forthcoming paper [13]. This paper presents a mostly self-contained account
of the integrable systems approach to minimal surfaces in S? x R of finite type,
but may also serve as a companion for other integrable surface geometries.
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1. Minimal surfaces in S? x R

We study conformal minimal immersions X : Q C C — S? x R where Q is
a simply connected domain of C. We write X = (G,h) for G: Q — S? and
h:Q— R, and call G the horizontal, and h the vertical components of X. If
we denote by (C,o?(u)|du|?) the complex plane with the metric induced by
the stereographic projection of S? (02(u) =4/(1+ |u|*)?), the map G : @ — C
satisfies &

2
Gz + T |G|2Gsz =0.

The holomorphic quadratic Hopf differential associated to the harmonic map
G is given by

Q(G) = (00 G(2))*G2G-(d2)? 1= 6(2)(d2)*.

The function ¢ depends on z, whereas Q(G) does not.

By conformality the induced metric is of the form ds? = p?(2)|dz|?, and
writing z =z + iy the partial derivatives satisfy |X,|? =|X,|? and X, L X,,.
Conformality reads

|G»L|3 + (ha)? = |Gy|g + (hy)2 and  (Gy,Gy)o + (ha)(hy) =0,

hence (h,)?(dz)? = —Q(G). The zeroes of @ are double, and we can define 7
as the holomorphic 1-form 1 = £2iv/Q. The sign is chosen so that

h:Re/n.

The unit normal vector n in S x R has third coordinate
9 lg |2 -1 2 G.
<n, 8t> =ng= FEESE where g° := szg.
We define the real function w: C— R by

ns :=tanhw.

We express the differential dG independently of z by
dG=G;dz+ G, dz=

g~ tn—

200G QUong’

and the metric ds? is given in a local coordinate z by
2 1, 2
ds* = (IG-lo +G=lo)"[d2]* = 2 (I91™" + 1g1) " Inl* = 4cosh”w|Q).

We remark that the zeroes of @) correspond to the poles of w, so that the
immersion is well defined. Moreover, the zeroes of () are points where the
tangent plane is horizontal. The Jacobi operator is

1

_ 2 2 . 2
- 74|Q| oIZu (QE +09, + Ric(n) + |dn| )
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and can be expressed in terms of ) and w by

(1.1)

2|Vw|?
(6§+8§+4|Q|+ Ve >

B 4]Q| cosh? w cosh? w

Since nz = tanhw is a Jacobi field obtained by vertical translation in S? x R,
we have Ltanhw =0 and

Aw + 4|Q|sinh(w) cosh(w) = 0,

where A =92 + 85 is the Laplacian of the flat metric.

Minimal annuli. Consider a minimal annulus A properly immersed in
S? x R. If A is tangent to a horizontal plane {z3 =t}, the set AN {z3 =1t}
defines on A a set of analytic curves with isolated singularities at points where
the tangent plane of A is horizontal. Near such a singularity ¢, there are 2k 42
smooth branches meeting at equal angles, for some integer k£ > 1.

Annuli are transverse to every horizontal plane S? x {t}. To see that we
claim that A\ {z3 =t} defines at least three connected components. At
most two of them are non-compact because the immersion is proper. Hence
there is a compact disk in A with boundary in {z5 =t}, a contradiction to
the maximum principle. To prove the claim, consider A1, Ao, ..., A, distinct
local components at g of A\ {z3 =t}. We know that the A; alternate between
{z3 >t} and {x3 <t}. If A; and A3 are not in the same component of
{x3 >t}, then A, yields a third component and A\ {3 =t} has at least three
connected components. If A; and Aj are in the same component of {3 > t},
we can construct a cycle aggz in {x3 >t} which meets S? x {t} only at q. We
consider ag in {z3 > 0} joining a point = of A; and y of As. Then join x
to y by a local path a7 in A going through ¢. Let a1z =ap Nay. If A and
A4 were in the same component we could find a cycle aoy on A which meets
a13 in a single point, which is impossible since the genus of A is zero. If As
and A, are not in the same component of {x3 <t}, then A; yields a third
component.

Hence, properly immersed annuli are transverse to horizontal planes and
the third coordinate map h: A — R is a proper harmonic function on each
end of A with dh # 0. Then each end of A is parabolic and the annulus can
be conformally parameterized by C/7Z. We will consider in the following
conformal minimal immersions X : C — S§% x R with X (z 4+ 7) = X(2).

Since dh # 0, the Hopf differential @) has no zeroes. If h* is the har-
monic conjugate of h, we can use the holomorphic map i(h + ih*): C — C
to parameterize the annulus by the conformal parameter z =« + iy. In this
parametrization, the period of the annulus is 7 € R and

X(2)=(G(2),y) with X(z+7)=X(z).
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We say that we have parameterized the surface by its third component. We
remark that @ = ;(dz)? and w satisfies the sinh-Gordon equation

(1.2) Aw + sinh(w) cosh(w) = 0.

REMARK 1.1. We relax the condition 7 € R* to 7 € C*, but we will param-
eterize our annuli conformally such that @ = ¢dz? is constant, independent
of z and 4|¢| = 1. This means that the third coordinate is linear.

In summary we have proven the following theorem.

THEOREM 1.2. A proper minimal annulus is parabolic and X : C/7Z —
S? x R has conformal parametrization X (z) = (G(z),h(2)) with
1) Harmonic map G : C/7Z — S?, and h(z) = Re(—iel®/22).
2) Constant Hopf differential Q = %exp(ﬁ@) d=2.
) The metric of the immersion is ds® = cosh?(w) dz ® dz.
) The third coordinate of the unit normal vector is ng = tanhw.

(
(
E
(5) The function w: C/T7Z — R is a solution of (1.2).

3
4
5

Sym-Bobenko type formula. We use a description of harmonic maps into
the symmetric space S? ‘in terms of SUs-valued frames.
Identify suy = R3, (_i:”ﬁv 1‘:;’;’) =~ (u,v,w), so S C R3 consists of length

| X | = v/det X =1 elements in suy and (X7, Xo) = —1 tr(X;X5). Pick

— i 0 2
0'3(0 —ﬁ)GS'

Let T denote the stabiliser of o3 under the adjoint action of SUs on sy, so
that S§? 22 SU,/T. If 7: SUy — SU,/T is the coset projection, then a map
F:QcC— SU; with G(2) =mo F(z) is called a frame of G, and we have
G(2) = F(2)o3F71(2).

Harmonic maps come in S'-families (associated families), associate to the
same solution of the sinh-Gordon equation. Here A € S' parameterizes an
associated family of harmonic maps, and the frame of such an associated
family is called an extended frame.

A method to obtain an extended frame is to write down an integrable
1-form which integrates to an extended frame by solving the integrability
condition. We present a result which is similar to results in Bobenko [3]. We
next specify for a real solution of the sinh-Gordon equation (1.2) a minimal
surface in S? x R with a particularly simple vertical component.

THEOREM 1.3. Let w: C — R be a solution of the sinh-Gordon equation.
Let 6,7 € S' be arbitrary but fized, and Fx(z) the solution of F/\_1 dFy =
a(w), Fx(0) =1 where

1/ 2w, iAx"1dev 1/ —2ws iye ¥ _
(1.3) ow) = 4 (ﬁve“" —2w, > dz + 4 (ﬁ)\(SeW 2wsz ) dz.



702 L. HAUSWIRTH, M. KILIAN AND M. U. SCHMIDT

Then the map Xx(z) = (Fx(2)o3Fx(2) "1, Re(—i\/vdA~12)) with A € St de-
fines an associate family of conformal minimal immersions X, : C = S% x R
with metric

ds? = cosh’wdz @ dz,

and Hopf differential
1
Q= -yoN"td22
4
REMARK 1.4 (Reality condition). For A € S', ay = a(w) in (1.3) takes
values in sus, so F takes values in SUy. For general A € C* we have F) €

SLy(C). From the relation @y 5" = —ay, the solution of F{1dF) = a(w)
satisfies the reality condition

— _
(1.4) F 5 =F "

Proof of Theorem 1.3. Decomposing a(w) = o’dz + " dz into (1,0) and
(0,1) parts, we compute

o — 1 2w, 5 iA"twsde®
24\ —dywze™ 2w,z )’
0[” _ 1 —2(4.}55 _ﬁ:ywze_w
Z 4 \ 1w, e 20,5 ’

Using F/\_ldFA = « in the integrability condition (F)).; = (F\)s. gives
o — o) = [/, "], and a direct computation shows this is equivalent to the
sinh-Gordon equation (1.2). Hence, we can integrate dF\ = F\a to obtain
a map F): C — SLy(C) and define G = F>\03F)\_1. The vertical compo-
nent is h = %(—(75)1/2)\_1/22 + (y6)~Y/2A1/2%). Its partial derivatives of are
h. =—L(70)Y/20=1/2 and h; = L(76)71/2A1/2. Then

((X2)z: (X2):) = —%tr([a’,agf) + (h.)2 =0,
((X2)z (X2)z) = —%tr([a",a;;]Q) + (hz)? =0,

and the conformal factor computes to

2((X2), (X0)z) = 2([a, 03], [0, 03] ) + 2(h.) (hz)
(w).

As Q = ((Gr):, (GA):)(d2)? = =1 tx([e/, 03)?)(dz)? = $76A "1 (dz)? is holo-
morphic, we conclude that G is harmonic. U

1 1
= cosh(2w) + 5= cosh?

REMARK 1.5 (Isometric normalisation 1). By conformal parametrization,
we can choose 4|¢| =1 (the annulus is transverse to horizontal planes). We
have constants J,y € S' which are related to the Hopf differential, namely
4Q = 0y ~'dz?. We can normalize the parametrization with § =1 and a
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constant |y| =1. For a given extended frame F)\ which satisfies the equation
F'dF) = a(w), F)(0) = 1, we consider the U(1)-gauge

(1.5) 9(6) = (510/2 -~ /2> ET.

Then Fy = g(§) "' Fyg(0) induces the immersion X which differs from X by
a rotation in S2. The third coordinate h = h is preserved while Gy(z) =
FrosFy ' = g(6)71GA(2)g(8) and for a(w) as in (1.3) with 0 =1 and 7 = v
have

FyVAEy = g(8) ta(w)g(6).

2. Polynomial Killing fields and spectral curves

We explain in this section how solutions of the sinh-Gordon equation give
rise to polynomial Killing fields as solutions of a Lax equation. Polynomial
Killing fields in turn define spectral curves, which are hyperelliptic Riemann
surfaces.

If w is a solution of the sinh-Gordon equation, we consider a deforma-
tion w; = w + tu + O(t?). If w; is a one parameter family of solutions of the
sinh-Gordon equation, then the variational function v : C — R satisfies the
linearized sinh-Gordon equation

(2.1) Au+ ucosh(2w) = 0.

DEFINITION 2.1. A solution w of the sinh-Gordon equation is of finite type
if there exist g € N such that

e a@=21() )+ Z v (e

is a solution of the Lax equation

(2.3) dd) = [<I>,\,a(w)]

for some functions wu,, 7,0, : C— C, and some v €S!, and § =1 in a(w).

PROPOSITION 2.2. Suppose ®y is of the form (2.2) for some arbitrary
w: C— R, and that ) solves the Lax equation (2.3) with a(w) as in (1.3),
0=1 and |y|=1. Then:

(1) The function w is a solution of the sinh-Gordon equation (1.2).
(2) The functions u, are solutions of the linearized sinh-Gordon equation
(2.1).
(3) The following iteration gives a formal solution of d®y =[Py, a(w)].
Let up, 00, Tn—1, with u, solution of (2.1) be given. Now solve the system
1 e~ —2w

Tniz = 5]1’}/67 Uy, Tniz = HYW U2 — 219Uy,



704 L. HAUSWIRTH, M. KILIAN AND M. U. SCHMIDT

for T,.. and T,.z. Then define up41 and opy1 by
o o 2 o
Unt1 = =217, — 4w, T, Ont1 =77 + 4ytUpy1.2.

(4) Fach 7, is defined up to a complex constant c,, o un+1 is defined up to
—4ic,w,.
(5) ug =ws,ug—1 = cws for some c € C, and )\-‘“I)l/;t also solves (2.3).

Proof. Inserting (2.2) into (2.3) and comparing coefficients yields

(2.4a) duy,, + ie* 0,1 —iym, =0,
(2.4b) .z + 170, — te?“7,_1 =0,
(2.4c) 4w, Ty + 27y, — ftp41 =0,
(2.4d) 2e“ Ty, — 17e Yuy, =0,
(2.4e) 2eop., + iye Yu, =0,
(2.41) dwzop + 20p 5 + Tup—1 = 0.
(1) Solving (2.4b) for 0,41, (2.4c) for up11, (2.4d) for 7,5, and inserting

these, and uy,+1.z and 7.z, into (2.4a) gives e**iy7,(16w,s —e ™2 +€2*) =0,
which implies (1.2) if 7,, # 0.
(2) 0(2.4a) — 3ie?(2.4f) + 3ive ' (2.4d) reads

Qg .z + %un(em +yye %) =0.

(3) The equation for 7,z is (2.4d). Taking the z-derivative of (2.4a) and us-
ing (2.4a), (2.4c) and (2.4e) gives T, = 41w, up,» — 219Up,... The equations
for w,y1,0,41 are given by (2.4c) respectively (2.4b).

(4) In the iteration (3), the function 7,, is determined up to an integration

constant. This gives an additional term w, in u,y1.
(5) Left to the reader. O

Pinkall-Sterling [24] constructed a series of special solutions of the induc-
tion of Proposition 2.2(3) via an auxiliary function ¢ as follows: For a given
solution w,, of the linearized sinh-Gordon equation (2.1), consider the function
¢ : C — C defined by

(25) ¢n;z = 4wzun;z; (bn;z = —Up sinh w cosh w.

Then 7,, = Qﬁf_y(%gbn — Un;z) and Upi1 1= (Un)zz — Wz @n. This defines a hierar-
chy of solutions of (2.1). Applying this iteration to the trivial solution ug =0
yields the sequence, whose first four terms are

uOZOv
Uy = Wy,

— —9 3
U2 = Wzzz W,

5

3 2
U3 = Wyzzzy — 10w, ,w, — 10w, w, + 6w3.
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This infinite sequence produces solutions of the linearized sinh-Gordon equa-
tion on C. These come from the iteration (2.5), and Pinkall-Sterling prove in
Proposition 3.1 [24], that ¢,, depends only on w and its kth derivatives with
k <2n+ 1. The fact that we consider on C a uniformly bounded solution of
the sinh-Gordon equation w : C — R, implies by Schauder estimates that each
Uy, is uniformly bounded on C.

PROPOSITION 2.3. A proper minimal annulus A immersed in S? x R with
bounded curvature and linear area growth has a metric ds* = cosh?w|ds|?,
where w: C/TC = R is a finite type solution of the sinh-Gordon equation.
We say that the annulus is of finite type.

Proof. A first step is to prove that the function w : C/7C — R is uniformly
bounded. Consider a sequence of points p, in A such that w(p, ) is diverging
to infinity and consider a sequence of translations t¢,e3 such that A+t,e3 is a
sequence of annuli with p,, +t,e3 points of S? x {0}. Then by the bounded cur-
vature hypothesis there is a sub-sequence converging locally to Ag, a properly
immersed minimal surface. The linear area growth assumption assure that
Ap is an annulus. But our hypothesis leads to a pole occurring at the height
t = 0 since |w| — oo. The limit normal vector ns(py,) = tanhwy, (p,) — £1 and
the annulus Ay would be tangent to the height S? x {0}, a contradiction to
the maximum principle. Thus

sup |w| < Co.

z€A
Now we apply Schauder estimates to the sinh-Gordon equation to obtain a
C*< estimate on the solution of the sinh-Gordon equation on C/7Z. There
exists a constant Cy > 0 such that for any k € N

Aka < Cp.

|w
Meeks—Perez—Ros [21] provide us with the following theorem.

THEOREM 2.4 ([21]). An elliptic operator Lu = Au + qu on a cylinder
S! x R has for bounded and continuous q a finite dimensional kernel on the
space of uniformly bounded C?-functions on S' x R.

Since solutions wug,u1,us,... of the linearized sinh-Gordon equation are
solutions depending only on w and its higher derivatives, this family is a finite
dimensional family by Theorem 2.4. Thus, there is a g € N, and there exist

a; € C such that
g
Z a; U; = 0.
i=1

This algebraic relation implies that w is of finite type, and ensures the exis-
tence of a polynomial Killing field @, of degree g. To achieve that, one has
to prescribe the right constants cg,c1,...,cq in the iteration procedure, and
set the g + 1-coefficient to zero. O
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Potentials and polynomial Killing fields. To parameterize real solutions
of the sinh-Gordon equation, we make the following.
DEFINITION 2.5. The set of potentials is

9 R . o . .
Py = {@z > ént|ée (8 o ),tr(slé())#o,

d=—1

R . ¢
Ca=—E5-1-q € sl (C) for d:—l,...,g}.
REMARK 2.6 (Isometric normalization 2). For § € S', we denote by Py (d),

potentials with residues
£ e 0 1oRT
71 0 0 .

These correspond to the normalization of Remark 1.4 and there is an isomor-
phism P,(0) — Py, given by

& g(8)HEng(0).
Each &\ € P, satisfies the reality condition

(2.6) NTIE S = 6y

In other words, for £ € P,, we have a map S! — sug, A\ — )\lngf,\. The poly-
nomial

a(N) :=—Adet &y
then satisfies the reality condition

(2.7) A9a(1/X) = a(N).

On suy the determinant is the square of a norm, thus we have for A € S' that
(2.8) A 9a(N\) <0 for AeS'.

When g is even, éo, e ,é gy are independent 2 x 2 traceless complex matrices.
For odd g, &,...,¢& -3 are independent 2 x 2 traceless complex matrices and

é a1 € 5Uy. Thus the space of potentials P, of real finite type solutions of the

sinh-Gordon equation is an open subset of a 3g + 1 dimensional real vector
space. The condition tr(é_léo) # 0 implies that a(0) # 0 and by symmetry the
highest coefficient of a is therefore non-zero. Thus, A — a(\) is a polynomial
of degree 2g with complex coefficients, and we denote such by C29[\]. Define

My ={aeC¥N|a(\) = —Adet &, with &y € P, }

= {a € C*[A]|a(0) #0,\*a(1/A) = a(A) and
A7 9a(X) <0 for AeS'},
/\/lg ={ae My | A %a(N) <0 for [\|=1}.

(2.9)
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Thus, /\/12 is an open subset of the 2g + 1 dimensional real vector space M,.

DEFINITION 2.7. Polynomial Killing fields are maps (y : C = P, (see Def-
inition 2.5) which solve the Lax equation

iy = [Orsa(w)]  with €5 (0) =&\ € Py

We use solutions @, of the Lax equation to construct polynomial Killing
related to a finite type solution w : C — R of the sinh-Gordon equation.

LEMMA 2.8. For a solution ®x of (2.3) with § =1 in a(w) (see formula
(1.3)), there exists constants v € St and k € R* such that

—_—
OA(2) =k®x(2) = kATI@ 5(2)  and  (A(0) =&,
is a polynomial Killing field.
Proof. The map (), satisfies the reality condition (2.6) so that

M AG) = —G(z).

It remains to prove that the residues CA,l and é,l are upper triangular with
purely imaginary non-zero coefficient and tr(£_1&y) # 0. We use the following.

REMARK 2.9 (Isometric normalization 3). We write a5 (w) := a(w) for
the 1-form (1.3) and @) 5,(2) := ®»(2) the associate solution (2.2) of the Lax
equation (2.3). We use the unitary matrix ¢(0) defined in (1.5). Now ®xs1,~
solves (2.3) with axs,(w) = ays-1.,(w), s0 g(6)Prs1,49(8)"" solves (2.3)
with a(w) = g(8)ay -1 ,9(6) ™1 = @y 1.56-1,. We conclude that

Dy 1514 =9(6)Prs1.,9(6) "

In particular, if {x € Py(d), then a solution of the Lax equation of Defini-
tion 2.7 satisfies (5 : C — P,4(d). This can be deduced from Proposition 2.2,
where 7_1(z) = 7-1(0).

Remark 2.9 proves that changing v by d 'y changes the highest coefficient
of ®, by

0g(071) = 6971y (7).
We compute the residue 5_1 at z =0 with ¥ = !, and choose a unimodular
number §, such that
iﬁe“’ —G4()e” = iﬁe‘” —6179G5,(y)e” € iRT.

We choose k to normalize the residue with k~! = 1+4i§'795,(y) € RT. There
remains to compute with g = iye =2 /4,

tr(f,léo) = (iﬁew) (iﬁve‘“) =—v/16 #0.

Since & € Py, the Lax equation assures that (\(z) € P, (see Remark 3.3). O
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Spectral curve. Suppose £, € P, and () is the polynomial Killing field with
¢x(0) = &,. Suppose further that the polynomial a()\) = —Adet&y has 2g-
pairwise distinct roots. Define

(2.10) $*={(r,A) €C?|det(vl — ()) =0}
={(r,\) eC?|v?=—det&x =2 ""a(N)}.

By construction, we have a map A : X* — C* of degree 2, which is branched
at the 2g simple roots of the polynomial a. By declaring the points over
A =0, 00 to be two further branch points, we then have 2g + 2 branch points.
This 2-point compactification X is called the spectral curve of the polynomial
Killing field (.

The Riemann—-Hurwitz formula gives that the spectral curve X is a hyper-
elliptic Riemann surface of genus g, and its genus is called the spectral genus.
It has three involutions

o: (Av)—= (A —v),
(2.11) o: (\v)— (AT =A1T9D),
n:(Av) = (AL ATID).
The involution o is called the hyperelliptic involution. Note that 1 has no

fixed points (a(1) € R™) and g fixes S! pointwise. In particular, roots of a are
symmetric with respect to inversion across the unit circle so that a(e;) =0<

a(l/a;)=0
3. Harmonic maps and Weierstrass representation

The generalized Weierstrass representation [8] gives a correspondence be-
tween harmonic maps, extended frames and potentials. To formulate the
generalized Weierstrass representation for harmonic maps into S? we need
various loop groups and a loop group factorization.

For real r € (0, 1], denote the circle S, = {A € C | |A\| =7}, the disk I, = {\ €
C||A < r} and the annulus A, ={A € C|r < |\ <1/r}. The loop group of
SL(C) is the infinite dimensional Lie group A,SLs(C) = O(S;,SLy(C)) of
analytic maps S, — SLy(C).

We need two subgroups. The first is

A,.SU; = {F,\ S O(AT,SLQ((C> | F)\eSl S SUQ}
Thus
(3.1) FA€ASU, <= F5 =F L

The second subgroup that participates in the Iwasawa decomposition is

Arsm(«:)—{BAGOUTUSMSL?(Q) |50 (3 Jp) o

p€RT and CEC}.
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The normalization that By is upper-triangular with real diagonals ensures
that

A,SU, N AFSLy(C) = {1}.

The following important result is due to Pressley—Segal [25], and generalized
by McIntosh [19].

THEOREM 3.1. Multiplication A,SUs x A;SLy(C) — A,SLy(C) is a real
analytic diffeomorphism onto. The unique splitting of ¢ € A.SL2(C) into
dx = FxBy with F\x € A.SUy and By € AFSLo(C) is called the r-Iwasawa
decomposition of ¢y or just Iwasawa decomposition when r=1.

Before specializing to the finite type theory of harmonic maps G : C — S?,
let us briefly recall the generalized Weierstrass representation [8]. Set

A% 515(C) = {gA €0(C*,51(C)) | (Ar)la=o € <8 (COX> } .

A potential is a holomorphic 1-form on C with values in A% sl5(C). Sup-

pose that we have such a potential £ dz with &, € A% sl3(C). To obtain a

corresponding extended frame F is a two step procedure:

(1) Solve the holomorphic ODE d¢y = ¢r&, to obtain a map C — A,.SLy(C),
z> Pa(2).

(2) The r-Iwasawa factorization ¢x(z) = F\(z)Bx(z) at each z € C gives an
extended frame C — A,.SUsg, 2z — F)\(2).

Note that while ¢ is holomorphic in z € C, the resulting extended frame is
not, since it also depends on z by the reality condition (1.4). It is proven
in [8] that each extended frame can be obtained from a potential &) by the
Iwasawa decomposition. Hence for any conformal minimal immersion X =
(G,h): C—S? x R there is a potential and corresponding extended frame
which frames G.

An extended frame is of (semi-simple) finite type, if there exists a g € N,
and it has a corresponding potential £, dz with & € Py C A sl5(C). Hence
harmonic maps of finite type come from constant (1, 0)-forms with values in
the finite dimensional space P4, and thus have an algebraic description. In
the finite type case, the first step in the above two step procedure is explicit,
since then ¢y =exp(z€)). Thus, extended frames of finite type are obtained
by factorizing exp(2€x) = FABy with &, € P,. This step can be made explicit
in terms of theta functions on the spectral curve (see Bobenko [2]).

Expanding a polynomial Killing field ¢y : C — P, as

B2 a@=(p )
I (CVO(Z) 50(2))) P <ag(z) 5g(z))> \o

70(2)  —ao(z T9(2)  —ag(z
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we associate a matrix 1-form defined by

(33)  alcy) = (af’(z) ﬂ“”“) g — ( e W))) gz

Y0(2)  —ao(2) 1(2)A —a(z

The following proposition is well known, and the correspondence between
potentials, polynomial Killing fields and extended frames is known as ‘Symes
method’ [5], [6], [28].

PROPOSITION 3.2. For each &\ € Py there is a unique polynomial Killing
field { : C— P, solving d(x = [Cx, (Cn)] with (x(0) =&x. The unitary factor
Fy: C— ASUy of the Twasawa decomposition exp(z€y) = F\By is a solution
of Fy 1 dFy = a(¢y) with initial value F\(0) =1 and (\(z) = BA(2)6\B; ' (2) =
FH(2)6FA(2).

Proof. Clearly ¢\ = By(2)6 By '(z) = Fy'(2)é\F\(2) uniquely solves
d¢y = [y, Fiy P dFy] with ¢\ (0) = &y, so it remains to show Fy ' dFy = a((y).

Now F)\_1 dF = BAQBgl - dBAB)Tl, so by the reality condition (1.4) we
have Fy 'dFy =a_;A\"' +ap + a1 A. If we decompose a; = a’dz + aj dz into
(1, 0) and (0, 1) parts, then we have in addition that

o= . af=-a",, a’i=-a.

Now Fy '(F\). =C — (By).By', and (By).By"' is holomorphic at A = 0.
Hence o/ ; = (_;. Further, FyY(Fy): = —(By):By " implies a”; =0. It re-
mains to determine ag.

Expand By = Bo+ BiA+---. Now ap =Co— (BO)ZB(;I. Since By is upper-
triangular, then so is (BO)ZBO_ !, Hence the lower-diagonal term of a, is 7o,
and the upper-diagonal term of aj is —%p. Also afj = _(Bo)géal is upper-
triangular, so the lower-diagonal entry of ajj is zero, and consequently also the
upper-diagonal entry of aj, is zero.

Finally, writing B(0) = By = (5 1;;;)’ and aj = (2 ° ), then u=p~'p:
and u =g — p~!p.. These two equations, and since p is real analytic, give
2u= ap. [l

REMARK 3.3. With initial data $_1(0) € iRT, the Lax equation gives
B_1(z) € iRT. For a given potential £, and polynomial Killing field ¢y : C —
P, we define w: C — R by setting 48_1 := ie*. The iteration implies that
2ap = w,. To express vy in terms of oy and S_1, we consider the Lax equa-
tion and find (v9); = —2&07Y. Then 79 = ge™® where ¢ is a holomorphic
function. The term ¢ is constant. The reason is that along the parameter
z, we have a(A) = —Adet(y(z) = —Adet&y and a(0) = S_170 = ¢/4. Coef-
ficients of (), depend only on higher derivatives of w point wise in z, and

a(Cy) = a(w).
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REMARK 3.4 (Isometric normalization 4). With initial data 3_1(0) € i6R™"
(i.e., &x € Py(0)), the Iwasawa decomposition gives a solution of the Lax equa-

tion ¢y : C — Py(8) given by (i (2) = Fy ' (2)6\F\(2).
4. TIsospectral set

The set I(a) consists of all initial conditions £, which give rise to the same
spectral curve ¥ and the same off-diagonal product a(0) = 8_170.

DEFINITION 4.1. Define for polynomial Killing field ¢ : C — P,4(d) as in
(3.2), and a(\) = —Adet () the set
Is(a) := {@ € P, (5) ‘ Adet €y = —a()\) and

_ _ Liage._ 1 e
B-1v0 =a(0) = 6¢ =-16C [

When 6 =1, we write I(a). The set I(a) is called the isospectral set of the
polynomial Killing field (.

We next define the isospectral action 7 : C9 x I(a) — I(a).
DEFINITION 4.2. Let &y € I(a) and t = (o, ...,ty—1) € C?, and

g—1
(4.1) exp (f)\Z)\_itZ) = F)\(t)Ba(t)
i=0
the Iwasawa factorization. Define the map = (¢) : I(a) — I(a) by
m(1)éx = Br(t)ér By (#).
Since F)\(t)B(t) commutes with £, we have
(1)6x = BA(DEBY (1) = FY (D& FA(L).

PROPOSITION 4.3. The map =(t): I(a) = I(a) defines a commutative
group action

m(t+t") =n(t)r(t') =n(t')w(t).
Proof. For t,t' € C9, we have
Ex(t+1)Ba(t+1") = Fx(t) BA(t)FA(t') BA(t') = FA(t') BA(t') FA(t) BA(2).

Hence,

exp(BA(t)&x By () EA Zt) By (t)Fy () Bx(¥) By (1)
(t)FA(t+t)BA(t+t)B (@),
exp(Ba (6B (1) 5A"0) = Ba () (0B (0B (1)
=Fy (t/)FA(t+t)B)\(t+t>B L.
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Set By(t) = By(t+1')B; ' (t') and Bx(t') = By(t +1')B; *(t). Then
m(t+1) = Ba(t+ ') By (¢ +t’)

Bx(t)BA(H)6 By

)BSH()
Bix(t')ﬂ(t)fxgil(t) m(¢)m(1)én

BA(t)BA()6xBy () By (1)
= By(t)n () By (1) = n(t)m () x. O

Removing singularities on Y. Elements of different isospectral sets may
give the same extended frame up to conjugation by g € T (see Remark 1.4
and below). This is the case in particular if an initial value &, has a root at
some A = ag € C*. Then the corresponding polynomial Killing field ¢, also
has a root at A =g for all z € C. In this case, we may reduce the order of
&y and ¢ without changing the immersion. This situation corresponds to a
singular spectral curve because then the polynomial a(A) = —Adet&, has a
root of order at least two at ag. We can remove such a singularity by changing
the surface by an isometry. We describe this change below.

PROPOSITION 4.4. Suppose a polynomial Killing field ¢ has roots in
A€ C*. Then there is a polynomial p(A) such that ¢x/p(\) has no roots
in A e Cx*. If F\ and Fy are the estended frames of Cx respectively
O /p(N), then F(p(0)z) = Fx(z). Hence, there is g(6) € T with (\ =

9(8) 716 /p(N)g(8) : C = Py and F(2) := g(8) " Fx(p(0)2)g(d) induces a
minimal surface X congruent to Xx in S? x R.

Proof. Suppose the polynomial Killing field {)(z) = F;l(z)gAF)\(z) has a
root at A = ag. Define

()\)_ \/7040A+\/7O[0 if O[()GSI,
b N ()\ — Cko)(]. — 5[0)\) if g € C* \Sl

If ¢, has a simple root at A = ag € C*, then (y/p(A) : C — A9798P5,(C)
does not vanish at ag. Then there is a map C: C — ATSLy(C) such that

Fi(2)Bx(2) = exp(2£)) = exp(p())2E)) = exp(p(0)2£,) C(2)

= I\ (p(0)2) Bx (p(0)2)
and
pe=H609) = (R 10

We consider 6 = /—ag when |ag| =1 and 6 = —ag/|ao| in the other case.
We conjugate ¢x/p(A) by g(0) € T. Hence by Remarks 1.5, 2.6, 2.9, 3.4, the
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immersion X obtained from Fy(z) = g(8) "' Fx(p(0)z)g(d) is congruent to the
immersion X . O

Hence amongst all polynomial Killing fields that give rise to an extended
frame of finite type there is one of smallest possible degree. We say that a
polynomial Killing field has minimal degree if and only if it has neither roots
nor poles in A € C*. We summarize two results by Burstall-Pedit [5], [6].

PROPOSITION 4.5. For an extended frame of finite type there exists a unique
polynomial Killing field of minimal degree. There is a smooth 1-1 correspon-
dence between the set of extended frames of finite type and the set of polynomial
Killing fields without zeroes.

Proof. We briefly outline how to prove the existence and uniqueness of a
minimal element. If the initial value &) gives rise to an extended frame F,
then the corresponding polynomial Killing field ¢, can be modified according
to Proposition 4.4 so that ¢y is of minimal degree, and still giving rise to Fi.
Hence, there exists a polynomial Killing field ¢y € P, of least degree giving
rise to F).

For the uniqueness, let ¢y and ¢\ both solve d(\ + [a(w), (] =0, with
deg () > deg Q:A. We can assume that C,\,é}\ have no roots (if not, we simplify
the polynomial Killing field using Proposition 4.4). We use the iteration of
Proposition 2.2. We prove that there is a polynomial ¢ € C¥[)\] such that

(4.2) G (2) =4V (2)-

The polynomial ¢ is constructed recursively by considering coefficients u.,,
On, Tn—1 and ,, G,, Tn_1. Since T7_1,7_1, are constant, there is gy with
T_1 =qo7—1. This implies that 4y = qoug, g9 = qooo and there is ¢; such that

To = qoTo + q17—1. By the iteration, if there are constants qq,q1,--.,q; with
Uy = qolo, U1 = qou1 + q1 o, e Ug = qoUg + - - + qeuo,
00 = qo0o, 01 =qoo1 + q100, ce 0¢=qoo¢+ -+ qeoo,
T-1=qoT-1, To=qoTo + q17-1, e Te—1=qoTe—1+ -+ qeT—1,

the iteration implies that there is ggy1 such that 7, = qo7o + - - + qe+17-1 and
this proves (4.2). Now, since (), () have no roots, the polynomial ¢(\) = g is
constant and since the residues coincide, we conclude that () = (. O

REMARK 4.6. Since the Iwasawa factorization is a diffeomorphism, and all
other operations involved in obtaining an extended frame from a polynomial
Killing field are smooth, the resulting minimal surface depends smoothly on
the entries of the polynomial Killing field, and thus also smoothly on the
entries of its initial value.
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For &) € I(a), the polynomial a(A) = —Adet ¢, has the form

(4.3) a()) :bﬁ(/\—ai)(l—)\o?i), beR™.

The condition (2.8) implies a(1) <0 so that be R™.

LEMMA 4.7. (1) If a has a double oot ag € S, then we have an isomor-
phism
I(a) 2 I(—ao(A — ap) a).
(2) If a has double root ap ¢ S*, then I(a) = {&x € I(a) | &ny 0} U {€x €
I(a)| &, =0} and there is an isomorphism

{&ne1(a)[€ay =0} =T((A—ag) (1 - ao)a).

Proof. (1) If a has a double root at ag € S! then for any &, € I(a), we

have &,, =0. We can remove this root by Proposition 4.4, with § = \/—ay,
to obtain the isomorphism

Ex= (V=o)X + V=) tg(0) " teng(6) € I(—ao()\ — ao)_Qa).

(2) Suppose a has a double root at ag ¢ S'. Then the isospectral set splits
into a part which contains potentials with a zero at «g, which we can remove,
and the set of potentials not zero at ag. But in this last case, this means

that &4, is a nilpotent matrix. We use Proposition 4.4, with § = —ag/|aol, to
obtain the isomorphism
1 1 1 1
_— g el| ————a).
A e T an /) el e </\—a01—a0)\a> m

THEOREM 4.8. Isospectral sets are compact. If the 2g-roots of the polyno-
mial a(\) = —Adet&y for &\ € P, are pairwise distinct, then I(a) = (SY)? is
a connected smooth g-dimensional manifold diffeomorphic to a g-dimensional
real torus.

The proof of Theorem 4.8 follows in several steps. The compactness is a
consequence of the next Proposition 4.9. The second statement follows from
Propositions 4.10 and 4.11. We shall prove several properties of the map

(4.4) A:Pyg— Mg, &= —Adetéy.
PROPOSITION 4.9. The map A in (4.4) is proper.

Proof. Since A is continuous it suffices to show that pre-images of com-
pact sets are bounded. Let K C M, be compact. Then the map S' x K —
R, (A,a) = A7 9%a()) is bounded. For the compactness of the pre-image it
suffices to show that all Laurent-coeflicients of a £\ € P, are bounded, if
A(éy) € K. Fix a polynomial a € K and consider the isospectral set I(a) as a
closed subset of the (3g + 1)-dimensional vector space P,. For d=(1—g)/2
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the map A9, is traceless and skew-hermitian for |A\| = 1. The determinant

of traceless skew-Hermitian 2 x 2 matrices is the square of a norm || - ||. The
Laurent-coefficients of £, = Zf:_l \E; are
- 1 o dA
== | AN '6—.
&= 9m s a5

Using the norm gives

- 1 dA

16 < 5 [ IIN9726| T < sup v/ 3valw).
2ri st )\ €St

Thus each entry of éz is bounded on S!, so A is proper and I(a) therefore

compact. O

PRoOPOSITION 4.10. Suppose &\ € Py has no roots in A € C*. Then the
map A in (4.4) has mazimal rank 2g + 1. Let a(A\) = —Adet&y. Then I(a) is
a g-dimensional sub-manifold of Py.

Proof. Since det is the square of a norm on su,, at all roots of a on S!, the
corresponding &, € I(a) has to vanish. If &, is without roots, then a € /\/lg.
We show that the derivative of the map A has rank 2g 4+ 1 at a potential
&\ without roots, and then invoke the implicit function theorem. Hence it
suffices to prove that for all roots ag of a of order n, and all g € C there exists
a tangent vector § A along P, at &y, such that the corresponding derivative of
a is equal to

fa() | A"Fa(\
()\—Olo)m (]. —O_é())\)m
with m =1,...,n. Such a vector field fixes all roots of a except cg. The set of
these vector fields form a 2g-dimensional real vector space. Besides the roots
of a(\) also the coefficient b in (4.3) can be changed by this variation. We
consider &, = t£, with

a(\) = —Adet &y tr (€ 1€y ) = —2Xt det &y

This vector field preserves all roots of a(A), but changes a(1) with variational
field a(1) =ta(1), and b € R~ is changing non-trivially. This will prove the
theorem.

Now we construct vector fields &y. If o is a root of a of order n, then
det &,, vanishes, and &,, is nilpotent. For a non-zero nilpotent 2 x 2-matrix
€ao there exists a matrix @Q € suy such that &, = [@,&q,]- To prove this
remark, observe that it holds if & = (8 (1)), by setting Qo = (é Bl). The
general statement now follows since there exists g € SUy with &,, = g7 &g,

and setting Q = g~ ' Qog.
We need the following basic fact: For A, B € sl5(C) and A # 0, we have

(4.5) tr(AB)=0 <= B=][C,A] with some C € sl3(C).

a(\) = —Adet &y tr(¢516)) =
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For any &, € P,, we have £ = —det(£,)1 and at a root o of a(A) of order n,
there exists for any m=1,...,n, a matrix

Qa(m) = Qo+ Q1(A —ag) + -+ Qm-_1(A — ag)™

with Qo,...,Qn—1 € slo(C), such that &, — [Q,\(m),f,\] has at «ag a root of
order m. The matrix @ (m) is constructed inductively using (4.5). We remark
that at ap, the function A — tr(£%) has aroot of order n. Then there is Qg such

that &) — [Qo, 6] = (A — )61 and tr(€x(6n — [Qo,62])) = (A — ap) tr(€xéx1)
has a root at ag of order n. Then there is a matrix Q1 with {x 1 — [@1,6)\] =
(A — ap)Q2. Now we define for m=1,...,n

Qa(m)=—="Qo —"Q1(1 — @)X ™" — - = Q1 (1 — @A™ A",
Then & — [QA (m),&,] has at 6451 a root of order m. Now we define

B . A"
()\—ao)m (]. —OZUA)m’

B - N
WQA(W) + WQA(m)-

There exists some P € suy such that
Ex=qm(\)ér — [Qx(m),&x] + [P,&)] € Te, Py.

To see that we need to check é_l € ﬁR*(g E‘)) and |a|(0) = 0. Note that if

A€ suy and B = (8 (1)), then [A, B] = (g‘ i”;) with a € C,x € R. Then we
can choose P € suy such that

_ BE_1 — B[Qo(m), & 1] i 0 1
= (-Olo)" + [P,f_l] € RT <0 0) .

For the second condition we have (aa -+ aa)(0) = |a|?(0)(—ao) (B8 + 3), and
we can choose 8 € C such that the variational field keeps |a(0)| unchanged
along the deformation. This proves that &, € T¢, Py, and such vector fields
span a 2g + 1 dimensional real vector space of vector fields in the complement
of the kernel of the map. This proves that around &, without zeroes, I(a) is
a real g-dimensional manifold. O

Qm()\) -

Qx(m) =

=

PROPOSITION 4.11. For all £ € P, without roots the vector fields of the
isospectral group action generate at &\ a real g-dimensional subspace of the
tangent space Py at &y.

Proof. The vector field (to,...,ty—1) of the isospectral action at &, takes

the values
) g-1 + g—1 -
= [(Z )\_itiﬁ,\> 75/\] =- [(Z /\_itif,\> afxl -
i=0 i=0
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Here

g-1 g-1 + g-1 -

Z A8 = (Z )\_itif,\> + (Z /\_itzf)\)

i=0 i=0 i=0
is the Lie algebra decomposition of the Iwasawa decomposition. For A € sl5(C)
with A # 0 we have that {B € sl(C) | [A,B] =0} = {zA |2 € C}. Hence the
vector field corresponding to (to,...,ts—1) vanishes at &, if and only if there

exists a decomposition of the polynomial >9-J A~t; = f(\) + f~()\) into
complex functions such that

g—1 ‘ + g—1 A -
<Z AZQfA) =ft¢ and (Z AzfiﬁA) =[x
=0 1=0

Hence f+(A=1)=Af*+()\) and f~(0) =0.

The polynomial Zf:_ol A", is a linear combination of such functions if and
only if t4_1_; =t;. The subspace of such ({g,...,t;—1) is a real g-dimensional
subspace of C9. This implies the proposition. O

Recall M, from (2.9), and define
./\/lsli = {a € M, | a has 2g-pairwise distinct roots},
Py ={& €Py|a(N) =—Adet&n e M, )

PROPOSITION 4.12. For all a € M}, the isospectral action w: RY x I(a) —
I(a) acts transitively on I(a) and the mapping A : 79; — ./\/151] is a principal
bundle with fibre I(a) = (S*)9.

Proof. At all roots of &, € Py, the determinant det{, has a higher order
root. Hence all &) € P; have no roots on C*. Proposition 4.10 implies that
A: Pgl — M; has maximal rank 2¢g + 1 and induces a fibre bundle, whose
fibres are real g-dimensional manifolds. The isospectral action preserves the
determinant and thus the fibres. Proposition 4.11 implies that for all £ € P;
the corresponding orbit of the isospectral action is an open submanifold of the
corresponding fibre. If 7(t,)&\ converges to N ’Pg1 for a sequence (t,)nen
in RY, then the orbit of £, is again an open submanifold of the corresponding
fibre. Thus 7(t,,)&x belongs to the orbit of &, for sufficiently large n € N. Then
T(tn)Ex = w(t,)Ex and €y = 7(t, —t!,)€y is in the orbit of &y. This shows that
the orbits of the isospectral set I(a) are open and closed submanifolds of the
fibre. Due to Proposition 4.9, the fibers are compact. Therefore all orbits
are compact as well. Due to Proposition 4.11, for all £y € 7391 the stabilizer
subgroup

(4.6) Le, = {teR? | m(t)er =En}

is discrete and RY9/T¢, is diffeomorphic to the connected component of the
fibre of £5. We conclude that I'¢, is a lattice in RY isomorphic to Z9. This
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shows that A : 7391 — M; is a fibre bundle, whose fibres have connected com-
ponents all isomorphic to (S*)9.

It remains to prove that I(a) has only one connected component. We first
show that M (see (2.9)) is path connected: If a,a € M satisfy

(4.7) ta(0) + (1 — t)a(0) £ 0 for all t € [0,1]

then ta+ (1 —t)a € M for all t € [0,1]. If a,a € MY do not satisfy (4.7), then
modifying A — a(\) by the rotation A — e~19%a(el?\) for some suitable § € R
we can ensure that (4.7) holds. Hence, /\/12 is path connected.

Since ./\/151] is an open subset of ./\/lg, whose complement Mg \M}] has
codimension at least 2, we conclude that M} is connected and A : P} — M,
has maximal rank 2g + 1 at any point. Hence it remains to show that there
exists at least one a € M}, for which I(a) has only one connected component.

Denote the entries of £, € P, by polynomials «, 3,7 so that

- (am BV ) |
YA —a(d)
Then a()\) = —Adet &y = Aa? + A\3y. Here « is a polynomial of degree at most
g — 1. For |A] =1 the polynomial M a iR and M9a2 < 0, and therefore
A93y eR.

Now we consider a potential £, with A3 =, and v has only roots on
|A| =1. We claim in this case that I(a) is connected. This condition on
implies that a()\) = Aa? ++2 and My(A~1) = —AB()\) = —y()). Now observe
that A7992 <0 and A %a()\) < M1 7902 <0.

Let €\ € I(a) with entries &,3,7. We construct a family &y ; = (:Z fzt)
with oy =ta+ (1 —t)&. We prove that there exist polynomials 5, uniquely
defined such that &, € I(a) for all t € [0,1], with 81 =8, 1 =~ and fy = B,
Yo =7-

Since A'79a2 <0 for |A\| =1 we have A1 79a7 <0 for all t € [0,1]. Now we

consider the polynomial p;(\) = a(A) — M ~9a3. If ag is a root of p;(\), then
; "

@y is a root of p(A). For t =0, we know that py = A\B35 where roots of /3
are symmetric to the roots of 4. At roots of p; we can define 8; and ~; with
B1 € IRT. At t =1, we have p =2 and all the roots of p; are double roots on
the unit circle. Then + is defined uniquely, and I(a) is connected, if we can
find such a path with a € M_(ll.

Therefore, we consider v = A9 +1 and a = ik(A\9~! +1) with ¥ € RT. Then
0=X +1=X"1+1 implies A7 1(1 — X\) =0. Then the polynomials v and
« do not have common roots. Hence at k=0 we have A™9a(\) = A1 79a? +
A79~4% <0 for |A| =1, and a has only double roots on the unit circle. For k>0
small enough, the roots change. But there are no roots on the unit circle and
the roots are simple and conjugate, so that a € M}]. O
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5. Periods

Suppose X = (Gx,hy) is an associated family of minimal surfaces in
S? x R. For one member of this family to be periodic, say for A =1 with
period 7 € C*, this means that X;(z + 7) = X;(z) for all z € C, or equiva-
lently G1(z+7)=G1(z) and hi(z + 7) = hi(z) for all ze€ C. If Gi(z) =
F\(2)03Fx(2)"" and hy(z) = Re(—4i\/B_170A"12) = Re(—iel®/2/A~1z)

(where @ = 1¢!©(d2)?) then periodicity reads
[Fy Y (2)Fi(2 +7),03] =0 and Re(—ﬁeﬁQ/QT) =0.

The monodromy of an extended frame F with respect to the period 7 is the
matrix

M)\(T) = F)\(Z)_lF)\(Z + T).
Thus periodicity of the horizontal part reads [My(7),03] = 0. Due to (1.3), the
monodromy C* — SLy(C), A — M (7) is a holomorphic map with essential
singularities at A =0, co.

For a periodic immersion its conformal factor w is periodic, and hence
also a(w) in (1.3) is periodic. This in turn implies that dM(7) =0 so that
M) (1) does not depend on z. Hence, My(7) = F\(0)"'F\(7) = F\(7) since
F,(0)=1.

Let ¢ be a periodic solution of the Lax equation (2.3) with initial value
&\ € Py, with period 7 so that (\(z+ 7) = (x(2) for all z € C. Then also the
corresponding () in (3.3) is T-periodic. Let dF)\ = Fya(¢y), FA(0) =1 and
M\ (1) = Fx(7) be the monodromy with respect to 7. Then for z =0 we have
& =G (0) = O (1) = Fy H(7)EFA(T) = My (1)6\ M (1) and thus

[M)\(T)7§)\] =0.
The monodromy takes values in SUs for |A| = 1. The monodromy depends on
the choice of base point, but its conjugacy class and hence eigenvalues j, ="
do not. The eigenspaces of M (A, 7) depend holomorphically on (v,A). The
eigenvalues of £, and M, (7) are different functions on the spectral curve X.

PROPOSITION 5.1. Let M) = (g g) € ASU, and &, = (j‘ _’Ba) € P, with
[My,£6\] =0. Assume v#0 and p? #1. Then My and &, have same eigen-
vectors ¥y, = (1, (v — a)/B), 1 = (1, —(v + ) /B) with

200 =vpr and My = pypy,
Qo =-vp_ and Mo =p .
The involution n: (\,v) — (A1, A\179D) acts on p by n*p = [i.

Proof. From the reality condition )\9*151/;\’5 = =& or equivalently & /5 =

—\9€," and with ¢_ = (1, —(7 + @) /7) we have

Q

€13t = —A10 ( : ja) b= X
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Since Ml/,’\t_1 = My, and Mty = by, and ¢; = (L, (v — a)/B) =
(1,7/(v 4+ «a)), we obtain the system

v v v
A+C = d B+D = )
+ V+a proan + vVt Mu + o
- E— -
This implies by direct computation that M, 54— = M;l Yo =p_. O

At A=0 and A = co a monodromy M) (7) has essential singularities. Next,
we study the behavior of u = p(\,7) at these two points.

LEMMA 5.2. Let = ¢(\ z) = (1,h(N\, 2)) be an eigenvector of (\(z) =
F)\(2)7Y\Fx\(2). Then there exists a complex function f = f(\,z) such that
(5.1) FO 2P0 2) = B (2)$(0,0)
which satisfies
(1) f~rdf = —2X"12exp(i1©/2)dz + O(1) in a neighborhood of A =0,

(2) fldf = —%)\1/2 exp(—10/2)dz 4+ O(1) in a neighborhood of A = co.

Proof. Note that h(), z) and f(A, 2) are 2-valued in A because they depend
on the choice of eigenvalue. By Proposition 5.1, an eigenvector of

_fa(Nz) BN 2)
C’\(Z)_(*y(/\,z) oz(/\,z)>

associate to the eigenvalue v = y/a(A)A~1 is given by ¥(\, 2) = (1, (v — «)/B).

Now using ¢ (2) = Fy ' (2)é\F)(2) we see that Fy ' (2)1(),0) is an eigenvector

of ¢x(z) and it is collinear to (), z). This defines the function f(A, z).
Differentiating (5.1) reads dft + f dyp = —a(C)) Fy '1|.—0, and then

(5.2) = —a(G)Y — dip.
In a neighborhood of A = 0, we have v? = —det (), = M = B_TWO +0(1) =
% + O(1). Expanding at A=0
ag B!
= dz+0(1),
o= (30 ) axvon)
and considering the first entry of the vector equation (5.2) yields
L = —apdz — g2 0L on
[7df = —apdz— By B02) z+0(1)

7]36“@/2

4v/\

= —vdz+0(1) = dz + O(1).

In a neighborhood of A\ = oo, we have

a6r) = (_ o —%> 42+ 0(1)

Qo
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and we obtain (ii) by considering the eigenvector ¢ = (=2~ 1) and looking at

v—a’
the second entry gives

Fldf = B_lAlfa dz+0(1) = %%‘glﬁdw()(l)

e 102X

= —————dz+0().

Further, £ = —€'_,_, implies 8,1 = =50 and asy = —By_179 = —Fof-1 =
e~19/16. O
0

Using these properties, we compute the local behavior of p(A, 7) near A =
and A = oo.

PROPOSITION 5.3. Let X : A — S x R be an immersed finite type min-
imal cylinder with spectral curve X. Then there exists a meromorphic dif-
ferential dlnp on X with second order poles without residues at A = 0,00
so that dlnp — iﬁ’l’ exp(ﬁ@/?)d\/x_1 extends holomorphically to A =0, and
dlnp— LiFexp(—10©/2)dvV/X extends holomorphically to A = <.

This differential is the logarithmic derivative of a function p: ¥ — C
which transforms under the involutions (2.11) as c*p=p""t, o*u=p"1 and
n*w=pn. Further u= =1 at each branch point of X.

Proof. If v # 0, the eigenspace of () is a complex 1-dimensional vector space
and since [M)y,(\] =0, every eigenvector ¢ of () with associated eigenvalue
v # 0 is an eigenvector of M) with eigenvalue p which depends only on (v, \).
If v=0 then = +1. Note that p is a non-zero holomorphic function on
¥*. At A=0 and XA = oo, the monodromy has essential singularities and
we thus need the local analysis of Lemma 5.2. If 7 is the period of the
annulus, we have (1) = (0) and f(7)(0) = Fy '4(0). Then u= f~1(7).
This proves that at A=0, dlnpu — % exp(1©/2)7 d\/X_1 is holomorphic, and at
A = oo the differential dlny — Lexp(—10©/2)7dv/\ extends holomorphically.
The differential dIn p has second order poles without residues at A =0 and at
A= o0.

If o4 and ¥ _ are eigenvectors associated to eigenvalues v of (y, the corre-
sponding eigenvalues py of M)y satisfy puipu_ =1. To see how the involution
7 acts on p, we note that since M), satisfies (1.4), we have that i is the

corresponding eigenvalue of M, /5 associated to p by Proposition 5.1. Thus,
n*p = fi. Similarly o*pu =1

If v =0, then det(y =0, so let (é1,é2) € C? such that (\(¢1) =0 and
(x(é2) = 0€é;. Since My € SLy(C), let (e1,e2) be a basis of eigenvectors of M)
associate to g and p~1 and (\(e1) = k1061, (x(e2) = Kodé;. Inserting this in
M(x(e;) = (xMy(eq) proves that p = p~t. This proves that the holomorphic
function p takes values +1 at each branch point of X. O



722 L. HAUSWIRTH, M. KILIAN AND M. U. SCHMIDT

Next, we relate the eigenvalues p to the isospectral action. We prove in
particular that the existence of such a holomorphic function is a sufficient
condition to close the period of a polynomial Killing field with any initial
potential.

PROPOSITION 5.4. The stabilizer I'¢, in (4.6) depends only on the orbit of
Ex. If yeT¢, satisfies Fx(y) = %1 for some &\ € Py then the same is true for
every element in the orbit of £\. The period T is related to t = (1,0,...,0) €
Le

A*

Proof. This follows from the commuting property of the isospectral action,
since

m()m()x = m(O)7(7)En = T ()Ex. U

PROPOSITION 5.5. Assume &\ € Py has no roots. Then v €', if and only
if there exists on X a function p which satisfies the following properties:

(1) p is holomorphic on ¥* and there exist holomorphic functions f,g on C*
with p= fv+g.

(2) o*u=p" Y o*'u=p"tn*u=p and p =41 at branch points of .

(3) dlnp is a meromorphic 1-form with dln p — d(Zf;ol YA~ holomorphic
in a neighborhood of A= 0 and dln p+d(3"9—y 7N 19v) is holomorphic
at A= oo.

Proof. For v € RY, we write exp( f;ol YATHEY) = F(7)Ba(y) for the Twa-
sawa decomposition. Then v € I'¢, if and only if [F)\(y),&] = [Ba(7),6:] =0.
Hence, F)(y) and Bx(y) act trivially on &, and & = (\(0) = ((y) =
F (EF () = Ba(1)&xBy (7). Since Fy () and By (1) commute with &,
we have by (4.5) that Fx(y) = f(\)éx + 5 tr(FA(7))1 and Ba(y) = e(M\)éx +
%tr(B,\('y))]l with functions e, f depending only on A. In this case we define
on the spectral curve 3 the eigenvalue function p(\) of Fy(y) by

B = T+ gN) = v+ 3 tr(Fa (7).

We prove that p satisfies properties (1), (2) and (3). Since A+ F)(7) is holo-
morphic, the function A +— tr(Fy(v)) is holomorphic on ¥*. Since Fy(y) and
& commute, can write f&y = F(y) — 3 tr(Fx(7))1), and since &\ has no ze-
roes conclude that A — f()) is holomorphic. Hence, z : 3 — C is holomorphic
and f, g have no poles on C*, proving (1).

Property (2) follows since p is the eigenvalue of F(y) and F) satisfies (1.4).

At A =0, the eigenvalue of the matrix By(7) = e(A\)&x + 5 tr(By(7))1 is
holomorphic, so e(0) =0 (£, has a pole at A=0). Hence, By(y) =1. Since

g—1
exp <Z %/\_iu>
i=0
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is the product of eigenvalues of the product Fy(v)Bx(7), then at A =0, this
is precisely the value of u, which proves (3). Similarly, using o* dInp = dln
allows to deal with the point A\ = co.

Conversely, assume 4 : ¥ — C satisfies conditions (1), (2) and (3). Assume
there are two holomorphic function f,g: C* — C with u= fr + ¢. Hence,
F = f&, + g1 is holomorphic on ¥* and belongs to the first factor of the
Iwasawa decomposition (a consequence of (2)). Due to (3), the matrix

g—1
By =Fy"exp (Z %)\_Zf,\>
i=0
is holomorphic in a neighborhood of A =0 and [By,£{)\] =0. Since By —
%tr(BA)]l is at A =0 proportional to (8 (1)), B), belongs to the second fac-
tor of the Iwasawa decomposition. This shows that F)\B) is the Iwasawa
decomposition of

=0
Since [F(77),6x] =0, we conclude that v € T, . O

g—1
exp <Z ’YMZS,\) = I\B.

REMARK 5.6. Holomorphic functions f,g: C* — C are given by

1/pu—0o*p 1 N
= 2( - >1/+ 2(u+0 p) = fr+g.
Theorem 8.2 in Forster [11] assures that f,g extend to holomorphic functions
on C*. At fixed points of the involution o (zeroes of v), the function u—oc*u
has zeroes.

In case v has higher order roots, the function (1 —o*u)/v may have a pole.
Then the condition that = fv + g with f, g holomorphic is stronger than p
being holomorphic on ¥*.

The 1-form dln y is meromorphic on 3, and changes sign under the hyper-
elliptic involution.

The closing conditions for regular spectral curves. In the following, we
restrict to the case where a has only simple roots. Then the spectral curve %
is a hyperelliptic curve without singularities. The closing condition is simplest
as we only need to check the existence of the holomorphic v by Remark 5.6.

PROPOSITION 5.7. Let a € C?9[\] satisfy (2.7) and (2.8). Then on X there
exist for all T € C* a unique meromorphic differential ¢ such that
(1) U*¢ = 7¢7 Q* = 75)7 77*¢: d_)v
(2) & has second order poles at 0 and oo without residues, and no other poles,
(3) ¢ =1irel®/? d\/X_1 +0(1) at A=0 and ¢ = 2i7e~19/2 dvVA+0(1) at
A =00,
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(4) fl/a’ ¢=Re (fl/a‘ @) =0 for all roots ov; of a where the integral is com-
puted along the line segment [, 1/&;].

In conclusion, there exists a unique b € CITL\] with ¢ = /\2 which satisfies
NFTIH(ATY) = —b(N).

Proof. We make the Ansatz that ¢ = 293, The conditions (1), (2) and
(3) fix the highest and lowest coefficient of b, so there remain g real free
coefficients of b. These coefficients correspond to holomorphic differentials
satisfying condition (4) Re( f 1_/ % ¢) =0. The first equality comes from the
reality condition (1) and reads

a;/|aql 1/&;
Lo e
a; a;/laql

Concerning uniqueness, holomorphic differentials whose integrals along cycles
are imaginary, are zero by Riemann’s bilinear relations. U

DEFINITION 5.8. We define a compact Riemann surface with boundary by
> =%\ Uy where v; are closed cycles over the straight lines connecting the
branch points «; and 1/a;.

COROLLARY 5.9. Let a € C?9[)\] satisfy (2.7) and (2.8).

(1) IfthereisT € C andb which satisfies (1)—(4) of Proposition 5.7, then there
exists a unique meromorphic function h(\): ¥ — C such that o*h()\) =
—h()\) and dh =293

(2) I(a) corresponds to minimal annuli in S* x R if and only if there ezx-
ists T € C* with 7e!®/2 € R*, and such that the polynomial b defining
the function h()\) : ¥ — C, satisfies 0*h(\) = —h(\) and dh = %. This
function continuously extends to boundary segments connecting «; and
1/a; and then takes values on inZ at all roots of (A — 1)a(\).

Proof. (1) In a small neighborhood of ¥ over A =0, the function h is

uniquely determined by dh = I;g\”‘ up to some additive constant. This constant

is determined by o*h(A) = —h(A) in this small neighborhood. By conditions
on b, we have fvx dh =0, so

/ bdx /1/“1 b _

A2 o A2

Now we can uniquely extend the function h to .
(2) For an immersed annulus

X1(2) = (Fu(2)o3Fy ' (2), Re(~1e19/22))

in S? x R the extended frame F(z) admits a period 7 € C* with 7¢1®/2 € R,
and periodic Killing field ¢(z + 7) = (x(z). This implies that dlny is a
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meromorphic differential with second order pole at 0 and oo without residues
and no other poles and satisfies condition (1)—(3) of Proposition 5.7. The
integrals of dlnpu along closed cycles are integer multiples of 271, since the
function p is globally single-valued by condition (4). Since the extended frame
Fi(2) is periodic then pu(1) = 41. Since p? =1 at branch points ay, it is
equivalent to the condition Inu(cy;) € inZ. Hence, there is a polynomial b
associated to 7 € C such that dlnp = 2%

Conversely, consider (a b) such that on the spectral curve ¥ the mero-

morphlc differential ¢ = 293 satisfies [ ¢ € 7iZ and f I ¢ € miZ. While

= fl is a multiple-valued function on X, the functlon e ¥ - Cis
again holomorphic. It is described in Proposition 5.5 where 7 is given by the
residue of ¢ at 0 and co. Then (\(z+7) =(\(z), and we can integrate the ex-
tended frame F. There remains to prove that Fy(7) = +1. We remark that a
solution of the characteristic equation of a solution of Fy ' dFy = a((y) defines
a meromorphic differential dIn p which satisfies (1)—(3) of Proposition 5.7. By
uniqueness of such differentials, dlnp = ¢ and p(1) = eM1) = +1 so that F} is
T-periodic. O

DEFINITION 5.10. The spectral data of a minimal cylinder of finite type in
S? x R with sym point at A =1 is a pair (a,b) € C29[\] x C9T1[)\] such that
(i) )\zga(j\rl) =a(\), A79(X) <0 for all A€ S* and a(0) = —L€'©,
(i) AIHLp(A=1) = —b(N),

)
(iii) b(0) = 329 € e!®/2R (closing condition of the third coordinate),

) Re( f;/ o bd2) =0 for all roots a; of a where the integral is computed
along the straight segment [, 1/a;],

(v) the unique function h: % — C, where ¥ =X\ |7 and ~; are closed

cycles over the straight lines connecting «; and 1/&;, satisfies

bdA

A2

This function continuously extends to boundary segments connecting «;
and 1/a; and then takes values on inZ at all roots of (A — 1)a(A),

(vi) when a has higher order roots then e = fv + g for holomorphic
fig: C* = C with f(1)=

(iv

o*h(N\) =—h(\) and dh=

6. Bubbletons

The term ‘bubbleton’ is due to Sterling—Wente [27]. They are the solitons
of the theory, and finite type solutions of the sinh-Gordon equations with
bubbletons have singular spectral curves. For more details on the relation-
ship between bubbletons, Bianchi-Backlund transformations, simple factors
and cMC surfaces we refer to [17], [16], [18] and the references therein. By
Proposition 4.4, we can discard roots of a potential £, without changing the
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surface, but it remains to discuss higher order roots of det &) where £, is not
semi-simple.

We now consider potentials £, for which the polynomial a(A) = —Adet &y
has higher order roots. Roots of £, come in symmetric pairs «g,1/ap € C*
and we set in this section § = —ag/|ag|. Because the polynomial A +— a()) is
homogeneous of degree 2, such roots generate even roots of order at least 2 in
the polynomial a. Then there exists a polynomial a with

a(A) = (A —ap)®(1 — agA)?a(\).
We study such £, and show that they can be factored into a product of simple
factors (see below) and a potential &y € I(a). If &, # 0 but ord,, det&y > 2,
then the matrix £,, is nilpotent and defines a complex line
L =ker&,, =imé,, € CP'.
Let v; € C? be a unit vector which spans L, and complement v; to an or-
thonormal basis (v, vs) of C2. Set
P(A) = (A = ag)(1 — aoA)
and let Q, € SU, with Qr,(e1) =v1. The entries of £, in the basis (v1,v9) are
given by

o, (AW AN -GN
e aremen= (e "Nn )

where A@(A\)2 — AB(A)F(N) = a(N).  If (up,up) € ker&,, then (—is, ;) €
ker &y /a,-
Simple factors. Define for A # ag,ag ' the SLy(C)-valued maps

A*ﬁO&O 0
e ()\) — \V 1—aoA

1—aoA
0 )\70(0

and 7= QLwaonl.

At A =0, we apply the @ R-decomposition to get
72(0) = QL7ae (0)QL" = Qo..Ro.L = R1,.Q1.1,
where Qo.r, @1, € SUs and Ry 1, Ry, are upper triangular matrices of the

form (4§ pfl) for p € R* both depending on ag and L.

DEFINITION 6.1. Let L € CP! and ag € C with r < min{|ag|,1/|ao|}. A left
simple factor is a map
9L.00(N) =77 (M) Qo,L-
Then H. ={gr,a, | L € CP*} = CP*, and Hf, C AFSLy(C).
A right simple factor is a map
hL,Oéo(/\) = Ql,LT‘-Zl()‘)'
Then H], ={hr.a,| L €CP'}=CP!, and H], C ASLy(C).
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LEMMA 6.2. There is a one-to-one correspondence between HY, and HI,
via
(62) 9L,ap = 7'rleO,L = C)?O,LT"Z/1 = hL’,am
where

= Q()_,};L and Q1,1r = Qo,L-
Conversely, if L' is given then we can define a QR-decomposition wp =
Ry Q1,1 with
L=Qi vl

Proof. For any A € SUy and L' = AL we have QAL = AQyr. Hence 7y,
QALTayQ a1 = AT A™!. Now we define L' = QO’LL and we have gg’lao
Q&}:Tr,; = WL/Q(;}J. With 7,(0) = Qo,rRo, 1., we observe that

71/(0) = Qo 1 7L(0)Qo.. = Ro,..Qo.r. = R, Q1.1

and hence Q1,17 = Qo,r. Then gz}ao()\) = ﬂL/QalL = WL/QilL, = hZ/l,ao (N). If
ZQ(IILL, so that L=Qo L =Q1,/ L. 0

Now we consider the matrix fv,\ =pt(N)g, aof,\gL oo -

PROPOSITION 6.3. Let &) € I(a) with €4, # 0 and ord,, detéy > 2. Let
0 =—ap/|ag|. Then &\ uniquely factorizes as

5)\ = ( )gL aogkgL Qg

with L = ker&,, and & € Py(6) with £ = g(o §)"1eng(0) € I(a) (ie., & €
Is5(a)).

Proof. The matrix £,, uniquely defines the line L. Consider

&=p"Ngg o EAIL o
We need to prove that 5/\ has no poles at «ay, 076 and 5)\ € Is(a). First, define

e aP0) B —aoN)?
QL 60L:= (wm —ao)  —a(\p(N)

The following matrix has neither pole nor zero at A = g, & L

—1 -
-1 -1 _ Tao -1 Toy _ (@A) BN )
QL QO,LgAQO,LQL \/EQL L \/ﬁ (5’()\) 64()\)
The residue of &, at A= 0 is Ry, o6 1RglL As Ry € ATSLy(C),
that the residue takes values in 116R+(8 (1)) Therefore £, € Py—2(6). By

Remark 2.6 on Isometric normalization, we conclude that £, = g(8) ~1£,g(8) €
1(a). O

we conclude

Using the relation (6.2) between left and right factors immediately yields
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COROLLARY 6.4. Let &y € I(a) with £4, #0 and ordy, a(N) > 2. Then &)
uniquely factorizes as

5)\ - ( )hLl (J‘Og)\hL/ ,QQ
with (I',€,) € CP! x I5(a) where L' = QO’LL and L =Xkeré&,,.

REMARK 6.5. The factorizations of Proposition 6.3 and Corollary 6.4 give
rise to pairs in (L', €,) € CP! x I5(a@), and we say that we decompose such &y
into (L,&x) or (L',&5) or into (L, &) or (L',€5) where £, = g(0) ~'€xg(9) € I(a)
and L=g(6) 'L, L' = g(§)~*L’ depending on the context.

A special situation occurs when L't is an eigenline of &, .

PROPOSITION 6.6. Suppose &, decomposes into (L', 5)\) and §(X0L’J‘ L'+,
Then &y has zeroes at A = oy, 1/ag. Furthermore the singularity of the spectral
curve is removable and up to a conformal change of coordinate the potentials
&x and & induce the same extended frame Fy(p(0)z) = Fx(2).

Proof. We prove that
dimc ker &,, = dim¢ kerp(ozg)ﬂz,l(ozo)gaoﬂy (ag) =2.

If L't = (vy) is an eigenline of fao, then 7r (A)vg = 1)\*_6‘(;’:‘ v9 and

71'2/1 (Oéo)gaoﬂL/(Oéo)’UQ =puvy and &, v2=0.

If L' = (v1), we have 71, (M)vy = 1/ £-2%v; and

plao)mp} (00)Eng L (cg)v1 = 0.
Then &) has a zero at A = oy and we can remove it without changing the
extended frame by Proposition 4.4. O

Terng—Uhlenbeck formula. Let &, € P, with ., # 0,0rdy, a(A) > 2 for
some ag € C* \ St. Suppose &, decomposes into (L’,f,\), and let 0 <r <
min{|ag,1/|ag|}. Now consider the unitary factor Fy : R? — A,.SU3(C) of the
r-Iwasawa decomposition

exp(z€)) = F\ B
and define F) : R? — A,SUy(C) to be the unitary factor of the r-Twasawa
decomposition

exp(zp()\)«f,\) = F\B,.
Terng—Uhlenbeck [29] obtained a relationship between F and F and found
Fa(2) = hiy oo A ()R o with L(2) = Foy (2)L.

We provide a proof of this in the Appendix. We next show that closing
conditions are preserved when changing the first factor in the factorization

(Llag)\)'
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PROPOSITION 6.7. If there is (Lj,£x) € CP! x I5(a), such that
o, ZP(A)th,aogAhZE)ao

induces a minimal annulus with period T, then for any Ly € CP!, the extended
frame associate to &z :p()\)thlyaoﬁAhZ,ll o produces a T-periodic minimal
annulus.

Proof. The annulus induced by Fp » is periodic at A=1, so Fy1(z+7) =
Fy1(z). In particular Fp1(7) =1 and the solution of sinh-Gordon equa-
tion is periodic wp(z + 7) = wo(z). This period condition on wy implies
Cox(z+7T)=Coa(2) for any A € C* and z € C, since entries of {p » depend
only on wq and its derivatives. Now we remark that the associate polynomial
Killing field ¢y x(2) € I(a) decomposes uniquely as (L} (), Cx(2)) € CP! x I5(a)
where Lj(z) = Q(IlLo(z)LO(Z) and Lo(z) = ker {p,q,(2). Thus, {o,q, () periodic
implies that Lo(z) and L{(z) are periodic. The decomposition of {p x(2) is
given by

€0 (2) = PN Lo(2).000 ()91 (2) 0 = P14 (21,00 (DR 2 0

and C\(z +7) = Ca(z) for any A € CX. We can recover explicitly this relation
by using the decomposition with L' = Qg ! L and the formula

Fx(2) = hpg a0 FA(2)Rg)

Ljy(2),a0’
where L (2) = F o, (z) L. Then
Coa(2) = Fa(2) & aFa(2)
= th(z),aoF,(l(Z)hzg,aoéo,,\th,agFA(Z)hzél(z),ao'

Since Lg(z 4+ 7) = Lo(z), we have L{(z + 7) = L{(z). Periodicity Fi(7)=1
implies Fy(7) =1, and then there is a 7-periodic extended frame without
a bubbleton associate to the polynomial Killing field 5 A- Now we consider
€1 associate to (L},£y) and we prove that its extended frame has the same
period 7. To see that it remains to prove that Fao (1) =1 to conclude the
periodicity Lj (7 + z) = 'Fo, (1)L} (2) = L} (2).

If Lj(7) = L}, then L = L)(7) = 'Fu, (1)L}, and L} is an eigenvalue of
LR o (T) = ﬁ’f/éo (1), hence (L))t is an eigenline of F,, (7).

Now Cx(7) = C(0) for all A € C* implies [€o.aq, Fn, (7)] = 0. Thus (L))* is
not an eigenline of EO,QO, since the polynomial Killing field £y o, would have
a zero and we could remove the singularity of the spectral curve.

Recall that if A € SL2(C) and B € sly(C), then [A, B] =0 implies A =
2B +y1l. This implies Fu, (1) = 20,00 + y1. Now &g, Li # Li implies z =0
and thus F, (1) = +1. O
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Group action on bubbletons. We prove that there is a group action which
acts transitively on the first factor L’ of the decomposition £y into (L',&y).
For £, € P, and 8 € C, define

(<2 4+ B2 )\2h,, when g =2k + 1,

A—ap 1—aopA

(,\_’Bao + 1_620/\)(/\_757 +A=8)¢,, when g = 2k.

m(B)éx = {

Let exp(m(B)¢x) = FA(B)BA(8) be the r-Iwasawa factorization for r <
min{|agl,1/|ag|}. We have a complex 1-dimensional isospectral group action
7: Cx I(a) — I(a) defined by

(6.3) E\(B) ==7(B)éx = FA(B) T Fa(B) = BA(B)EABY ' (B).

The potential £,(3) has a decomposition (IN/(B),EA(B)), and we prove that
f}(ﬁ) — ¢, is invariant under this action.

THEOREM 6.8. Suppose a potential &y decomposes into (E',éA) € CP' x
I(a). Then the action (6.3) on &x preserves the second term Ex. If det €y, #
0, then C acts on L' € CP'\ {Z/I,E’Q} transitively where (E’l)l, (Iié)L are
eigenlines of éao and fized points of the action. If det éao =0, then C acts on
L' e CP'\ {Eg} transitively where (ig)L is the eigenline of £, .

Proof. Using Remark 6.5, we prove the theorem with L' = g(8)L and &, =
9(8)éxg(8)~L. Now L’ is an eigenline of &,, if and only if L’ is an eigenline of
&x. We consider for g € C the map

1/)()\ 5) _ { <>\fag + 1?5?())\)/\1—;%?()\)5)\, when g= 2k + 1,
’ ()\—BCKO + 1—%\0,\)(}‘%9 +A2)p(A)Es, when g = 2k.

Then ¢ satisfies “(1/X,3) = —()\, B) and ¥ € A,su3. We have by the
r-Iwasawa decomposition exp(i(), 8)) = Fx(8). Further, since By (8) =1 we
have
FUHBYEEN(B) = BA(B)EB) M (B) =&

Suppose &,(8) has a decomposition (L’(ﬂ),g)\(ﬁ)). We prove next that
£x(B) = &, is invariant by the group action m(8)Ex.

From Fx(B8)Bx(8) = his .y exp(b (A, B)hL) oy = hir oo FA(B)RL! o, and by
the Terng—Uhlenbeck formula we obtain

9]

FA(B) = hirag EA(B)P L gy y» Where L'(8) ="Fo, (B)L.

Applying the action and the invariance of the conjugation of 5 A by Fy (B) we
have

E\(B) =7(B)éx = p(A)hL'm),aofkhi/l(ﬁ),a()'
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This proves that &, is invariant while L'(3) changes under the group action.
We consider now the map 3+ L'(3), and prove that this map spans CP! (if

L'(0) # Ly and L'(0) ¢ {L4, Ly, L4}).
First, we assume det §a0 #0 (so also det §1/a0 #0). We denote by vy, v

the eigenvectors of {1 /ao» and by v1,ve the corresponding eigenvalues. Since

trgA =0, we have v = —v;. Now we have for
o = &8/2_5/2(1 —|ag)?) for g odd,
0 dg/273(1 —|agl?)  for g even,

that i) (o, B) = —4(1/a0, ) = —Byoé1/a, and 'Fa,(8) = exp(=4(1/do. ).
With L' = (zv1 + yv2) we obtain
L'(B) = 1F o (B) (xv1 + yuv2) = xp(—v 1/54075))(5“)1 +yv2)
= exp(—fBrov1)zv + eXIO( Brove)yvs =
Hence, _
"Fao(B)L = (w)
and the map L' : CP! — CP! given by L'(8) = (w) is surjective since
B : CP! — <exp(—ﬂ_'youl):cv1 + exp(5701/1)y112> € CP!

is surjective.

Now assume det&,, = det{;/5, = 0. There exists a basis (vi,v2) with
gl/aovl =0 and gl/c—mvg =1, and then

exp(—1(1/ao, B)) (zv1 + yva) = (z — Broy)v1 + yvo.

For y # 0, the map 3 : CP' — ((x — Byoy)v1 + yv2) € CP! is surjective. When
y =0 then L' =v; is an eigenvector of &,,, and there is no bubbleton. U

7. Spectral curves of the Riemann family

The Riemann family consists of embedded minimal annuli in S? x R that are
foliated by horizontal constant curvature curves of S%. From [12], these annuli
can be conformally parameterized by their third coordinate with Q = %(dz)2
and the metric ds? = cosh? w|dz|? is obtained from real-analytic solutions of
the Abresch system [1]

(71) {Aw+s1nhwcoshw:0,

Way — Wawy tanhw = 0.

The second equation is the condition that the curve x — (G(z,y),y) has con-
stant curvature. This condition induces a separation of variables of the sinh-
Gordon equation, and solutions can be described by two elliptic functions

(7.2) flx) = and  g(y) = —2

coshw coshw
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of real variables = and y respectively, and for ¢ < 0,d < 0 solve the system
_(fw)2:f4+(1+c_d)f2+ca _fzw:2f3+<1+0—d)f,

We can then recover the function w by

(7.3) sinhw = (14 2+ ¢%) " (fo +gy)-

The spectral curves of members of the Riemann family have spectral genus 0,
1 or 2. The spectral genus zero case consists of flat annuli v x R, where v C S?
is a great circle. In this case, the solution of the sinh-Gordon equation is the
trivial solution w = 0. The spectral genus 1 case consists of solutions of the
sinh-Gordon equation that only depend on one real variable. The correspond-
ing minimal annuli are analogous to associate family members of Delaunay
surfaces. In particular, the spectral genus 1 case contains the rotational annuli
and helicoids, and these are foliated by circles. Amongst the spectral genus 2
surfaces, the corresponding minimal annuli are again foliated by circles, but
no longer have rotational symmetry. This condition endows the spectral curve
with an additional symmetry.

Spectral genus 0. We first study annuli with spectral curves of genus 0.
Inserting the trivial solution of the sinh-Gordon equation wy =0 into (1.3),
and setting v =1, gives

1/0 ixt 170 1 _
(7.4) a(wg) = 1 (ﬁ 0 ) dz + 1 (ﬁ)\ 0) dz.
The solution of Fyy ' dFy = a(wp), F\(0) =1 is given by

_ i 0 Xlz+z
(7.5) Fy= exp(z (z—!—)\Z 0 ))

cos(§(Z5 +2V) ﬁSin((1/4)(z\;Xﬁ+2ﬁ))
i )\sin(i(% + Zx/X)) cos(%(ﬁ + 2\/}))

The horizontal part of (Fyo3Fy ', Re(—iA71/22)) computes to

2 —1/2 —1/2 —-1/2
FroaFy ! = i cos(Re(zA ) A sin(Re(zA ))
—A2sin(Re(2A"2))  —icos(Re(zA71/2))

Identifying suy =2 R3, (ﬂiiﬂu “fﬂi:) = (u,v,w), evaluating the associated fam-
ily at A =1, and writing z =« + iy, we obtain the conformal minimal immer-

sion C — S? x R C R* given by

Xi(z,y) = (sinz,0,cosz,y).
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Restricting X7 to the strip (z,y) € [0,27] x R then gives an embedded minimal
flat annulus in S? x R. Evaluating the associated family at some other point
Ao € S!, then 7-periodicity requires that Re(T)\O_l/Z) € 21Z.

We next compute the corresponding spectral data (a,b). Since

—t i/0 xt
F,\ZGXP(Z@\—Z&/I\) for@:z<1 0)

coincides with the extended flat frame (7.5) computed above, we conclude
that &) is a potential for the flat surface. Hence, a(A) = —Adet &y = —1/16,
and the spectral curve (2.10) is the 2-point compactification of {(v,\) | v? =
—A71/16}. The flat annulus has the simplest possible spectral curve. It is
a genus zero hyperelliptic curve, so a double cover of CP! with two branch
points.

The eigenvalues of F) in (7.5) are exp(:l:’:]z(z)\_l/2 + 2ZA1/2)). Therefore,
the logarithmic eigenvalue (up to sign) of the monodromy with respect to the
translation z — z + 27 is

Inp(A) = %ﬂ()\_l/2 + )\1/2).

Then 1) 1)
Tl - ™ —
N R S TO e
since A%/2 = —4iA?y. Thus, b(A) = & (1 — \).

Spectral genus 1. We apply the Pinkall-Sterling iteration to the case where
w satisfies aw, + fwz =0 for a, § € C. The relation implies that |a| = |G| and
up to a change of coordinate we assume without loss of generality that w, = 0.

Then w, = —w;, and we are exactly in the setting of Abresch’s system [1] and
there is a constant d < 0 with —b2 = (b* + 1)(b* + d) where
—w b
7.6 b(y) = —L d sinhw=-—Y—.
(7.6) () coshw NG ST IS

We now use the Pinkall-Sterling iteration to compute the polynomial Killing
field. Starting with u_y =0_1 =0 and 7_; = i/4, and using 4w,; =
—1 sinh(2w), gives

1
ug = —4iw,7_1 = w,, oo ="ve*1_1 + diyug.z = waefz‘”.
We use the function ¢g to compute 79 = 21°17y(%¢0 —up;z). We have ug = —ws,
and then

G0 = —dw,w,z = %(cosh(Zw))z,

1
G0,z = —wssinhwcoshw = 2 (cosh(2w)) ..

Then 7o = 2i5(w.z + § cosh(2w)) = Fiye™2«.
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At the next step, we find uy = —2i7,,, — 4iw,70 =0, 01 = ve2Wry = % and
71 = 0. This gives the polynomial Killing field (2.2) as

i ( —2w, e“’)\_l—l—fye_“)

O= 4 yeTY + e 2wy

Then a(A) = —Adet (x = —35(7 + (2cosh(2w) + 4w?)A +4A?). Using (7.6)
gives
2w§ 4 cosh 2w = 2b% cosh® w + 1 4 2sinh*w =1 — 2d

so that a(X) = — 3 (v +2(1 — 2d)A +5A?). Its roots are (2d — 1 £2v/d? — d)y.
If v = =1, then this polynomial satisfies the additional symmetry

(7.7) A9q(1/N) = a(N)

for g =1, and it has two real roots. The corresponding spectral curve is
a double cover of CP' branched at 4 points, so a hyperelliptic curve of
genus 1. To close the surface, we have to close the third coordinate with
Q= ify/\gl(dz)Q = 1(dz)?. Riemann annuli of spectral genus 1 satisfy w, =0
or wy = 0. This means that A\g = &y. We can parameterize the annulus in
such a way that \g = 1, and apply the iteration with v = 1. This corresponds
to the case where y — w(y) depends only on its third coordinate and describes
rotational examples. In the other case where \g =1 and v = —1, this corre-
sponds to the helicoidal surfaces, where the surface is foliated by horizontal
geodesics. In this case, the function w depends only on the variable x.

Symmetric spectral genus 2. We next consider general real-analytic solu-
tions of Abresch’s system. In this case, we first prove that they correspond to
spectral genus 2 surfaces.

LEMMA 7.1. Every solution w : C— R of Abresch’s system (7.1) satisfies

1 1
(7.8) Wyyy — Zwi’ = qws + 5(6 —d)w,.
Proof. Differentiating w, = —%(f —1g) cosh(w) gives

Wyy = i(f — ig)?sinh(w) cosh(w) — %(f —ig). cosh(w).

Now using the equation of the system, we have
A+ 2+ - ft+d-c ¢F—-f+d-c
[z + gy sinh(w)

Then w.. = tanh(w)w? — § coth(w)(g? — f2 +d — ¢) and thus

2(f_ﬁg)z:f:v_gy:

tanh(w)w., — tanh?(w)w? + i(g2 —- )= i(c —d)eR
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since the imaginary part is tanh(w)(wz, — tanh(w)w,w,) = 0. Using the ex-
pression for f, + g, and g, — f, we obtain

2f, = (1+ f? + ¢°) sinh(w) — (f* — g* + ¢ — d) sinh ™" (w),
2gy = (14 f* + ¢°) sinh(w) + (f* — ¢> + ¢ — d) sinh ™" (w).
To understand higher order derivative, we write
=2(9* = P+ (d—c)), = (2f f +2iggy)
= (f+ig)(1+ f* 4 ¢°) sinh(w)
—(f—1ig)(f* - ¢*+c—d)sinh ™ (w).
We can check that

1 1
S (7 + 1) cosh(w) = — s,
1 . cosh(w . cosh(w), .
S0 (2 + 9% coshi) = R (p 0 O s i)
3
w? .
=——F — —ifgw,.
cosh?(w) fgws
Now we compute
Waze — 205 = =202 + w? sech? (w) 4 2 tanh(w)w.w..

1
+ 1 esch?(w) (9= fP+d—c)
1
~1 coth(w) (9 = f?+d—c),
= 2w 4 wisech?(w) — w? sech?(w) — i fgw.

+ 2w, (tanhQ(w)wg +-(fP—g*+c— d)>

| =

1
+ —w; (g% — f* +d - c) esch?(w) — 1

O — W= =

(f —19)(f* — ¢° + ¢ — d)coth(w) csch(w)
= —iwg + w, (2 tanh? (W)w? — 2w§)

1 1
+ 5 (o= s + 5 (f — 19w,

1 1
:—ng—l—i(c—d)wz. 0
Next, we use the iteration of Pinkall-Sterling to compute the spectral curve
associated to the algebraic relation (7.8). It is a priori a one-parameter family
of algebraic relations but w itself encodes other invariant quantities than the
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one found in the expression of w,,. The Pinkall-Sterling iteration gives

ug=up=0_1="12=0, Uy = Wy, Uy =YWz,
1 1 1
Uoziﬁ’yeizw, 01_2ﬁ62w<w22+w3+4(cd)), 0'2:—1]3’7/,

1. . 1 L, 5 oy
7—_121117 T0:2]17<w3_w22+1(c_d))7 le_z /-y 26 2 .

This defines a solution of the Lax equation ® by (2.2) of degree N =2. To
obtain a polynomial Killing field we skew-symmetrize and define

(r(2) = 58a() — 2Ty ()

Then /\C1/Xt = —( and has A~ !-coefficient §ie“(1 77)(8 (1)) For () to be
Ps-valued we require that %ﬁe‘“(l —~) € iRT, which means that y=—1. In
this case, Q@ = 1yA71(dz)? implies that the Sym point is at A = —1 and the
entries of the polynomial Killing field are

a=(w, — \ws),

8= %)\716“’ +1 <e‘*’ (wg +(.d22) —ev (wi +wzz)

1 PR W SN
+Z(C_d)(€ —e )) 4/\6 )
plem e —e) ) + ke

1 C e e 1 e .

To compute the spectral curve, we have only to compute a(\) = A(a? + 37)
at one point. We choose a point where w(zo,yo) = 0. f(z0) = 0yg(yo) =0. At
this point w,, = wss =0, thus

f(xo) = fo=—0zw(xg) = %(—1 +d—c+VA),
9(yo) = go = —0yw(yo) = %(—1 +e—d+VA),

where A= (1+c—d)? —4c=(1+d—c)? — 4d.
Writing a(A\) = Ma? + 8y) = ag + a1 A + aaA\? + azgA® + ag\?, and using

w2 (20, Y0) = —2(fo —1g0) and wz(zo,y0) = —2(fo +1g0), a computation gives
the real coefficients
1
ap = a4 = 1_6’
1 1
ay =az= 5(“’34‘“2) = Z(fg - %),

1 1
2_ g2 2 2

1
a2:(wj+w§)f2(wzwg+wzw§)77:— —fo — f595-
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The four real roots of a(\) are —1 —2f £ 2/ f& + fo, 1+ 293 £ 2/g2 + g5,
and a()) satisfies the additional symmetry (7.7) for g = 2. In summary the
spectral data of the 2-parameter family of the Riemann family are given by

PROPOSITION 7.2. The genus 0 spectral data of an embedded annulus with
Sym point A=1 is given by
(1) a(A) =—3 and b(A) = (1= \).
The genus 1 spectral data of an embedded annulus with Sym point A =1 is
given by
(2) a(d) = =X —a)(ar = 1) for a € (0,1) and b(A) = LA —y)(yA - 1),
with v € (a 1) and b(0) € iR both determined by c.
(3) a(A) = 155 (A+B)(BA+1) for B€(0,1) and b(A) = "2 (1= N)(1+ 1) and
b(0) € R determined by 0.

The genus 2 spectral data of an embedded annulus with Sym point A =1 is

given by

(4) a(N) = 1555 (A — @) (@A = 1)(A + B)(BA + 1) for o, f € (0,1) and b(N) =
b(o (T+XNA=7)(yA=1) for v € (a,1) and b(0) € iR both determined by
« and B.

In conclusion, the polynomial a satisfies the additional symmetry \29a(1/)\) =
a(\) and

(a) NTb(1/X) =b()\) if a has a root o € RY and b(0) € iR;
(b) A9FLb(1/X) = —b(\) if a has only roots in R~ and b(0) € R

Proof. We have seen above that spectral curves of the Riemann family have
an additional involution (\,v) — (A™1, A179), since in all cases A\29a(1/)\) =
a(A). Now depending on a(\), we construct a function h which satisfies the
closing condition of the annulus. We prove that there are constants v and
b(0) such that b satisfies the closing condition of Proposition 5.7.

First, we remark that A971b(1/)\) = —b(\) by construction. We look for
h satisfying o*h = —h and dh = %. First we need to prove that h is well
defined on 3 (Definition 5.8).

In cases (1) and (3), there is a root a € (0,1). Along the segment (o, 1/a),
the polynomial b(\) € iR and v € iR. Since b(\) has exactly one root in the
interval (a,1) at v € (a,1), there exists exactly one value of v which cancels
the following integral for a given « and . Using the additional symmetry,
there is a real vy € (a, 1) with

1/a b 1 b
—d\=2 | ——d\=0.
/a VA2 /a VA2 0
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Moreover, in cases (2) and (3), we have by the reality condition that

—1/B
—d\=0.
/_/8 I/)\2

Now the function h with dh = % and o*h = —h is well defined on ﬁ), the
curve with the two cycles around (—1/8,—p5) and (o, 1/a) removed.

For : (\,v) = (A\,7) on X have k*h = —h, since b(\) = b(\).

On the real axis between A =0 and A=« (or A =1 in the case (2)), the
polynomial a takes real positive values. Then the segment (0,a] (or (0,1] in
the case (2)) is a set of fixed points for the involution k. On this segment we
deduce that h = x*h and the function h is purely imaginary on this segment.
Since the integral faldln @ =0, the function h is imaginary at A =1 and
h(a)=h(1) €iR.

The involution ¢ in (2.11) leaves S! invariant, and we have ¢* dh = —dh.
Hence, dh € iR on S'. Thus on the unit circle h stays imaginary, so in
particular A € iR at A = —1.

The segment (—1,—73) is a set of fixed points for £ and the function h € iR
on this segment. Since on the real line the function a(A) changes sign and
become real negative on (—£3,0), the function A € R on this segment. We can
then deduce that h(—f) =0 at this point. Now we can choose the value of
b(0) to get a multiple value of 7i at the sym point A =1. This proves the
closing condition and concludes the proof of the proposition. O

LEMMA 7.3. If v is a root of b, then the corresponding function |pu(y)| # 1.

Proof. For \ € [a, @™ ], the function h = Inp is real and f; dh =0. Then
7 is a root of dh and is contained in (a,1). Since Reh(a) =Reh(1) =0, the
value 7 is the local critical point of h. Then Reh(y) # 0, and thus |pu| #1. O

Appendix: Terng—Uhlenbeck formula

PROPOSITION A.l. Let hys o, € HY, the simple factor with ag € C*\ S,
with r < min{|ag|,1/]ag|} and L' € CPL. Then

F(2) = hirao AR o with L'(2) ="Fog(2) L.

Proof. By r-Iwasawa decomposition,
Fx(2)Bx(2) = exp(26)) = exp(2p(M) i a0 ErhL o)
= hr/ an €XP (zp()\)f,\)hz,l’ao € A,SLy(C)
and hp/ o, € A SLy(C) (hpy o (0) = Q1,0 Qrmy) (0)QL) = Ry, at A=0and
7 is holomorphic for r < |ag|). Then

eXP(ZP()\)fA)hZ},aO = FA(z)Ef\(Z) = F‘A(z)é)\(z)hz,l’ao.
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Now we have
FA(Z)B/\(Z) = hL’,ao eXp(Zp()x)gk)hZ}’ao = hL’,aoFA(Z)B/A(Z)
= (hpr oo Fr(z)H) (H ' By(2)).

By uniqueness of the r-Iwasawa decomposition, we have only to prove that

it H=hp\. 0 € Hay with I'(2) ="Fo(2)L' then hps o, F)(2)H € A,SUs.
Clearly
hL/vaOFA( )hZ/(Z) ao € ATSLQ(C)

is holomorphic on A, away from ag and 1/&g, and SUz-valued on S. At the
roots a and 1/ag, we have simple poles and we have to study the residues of

Ga(2) = 7 g V@m0 () (V)

Now we consider the simple factor L'(z) = tFaO( z)L'. Let (L'(z),L'(z)*) be
an orthonormal basis of C2. Note that L'(z) ="F,,(z)L/ = FDEO(Z)L’ and
Fo(2) L't = L/(2)+. When X — 1/aq, we have

A — (7))
li G \L'(z) = 1 / ,FFt L'(z)=L
i GaL() =l e n @ ao Qur iFo L) = 1
) _ L . _ 1- ao)\ 1% L
lim (1—apA)GAL'~(2)= lim (1—a&)) QL/7T QL L' (2)
A—agt A—ag?t
=0.
When \ — ag, we compute
: >‘ 040 1 /
/\hm (A —ap)GAL'(2) = hm ()\ ap) QL/TF QL F\L'(z) =0,
— a0
lim GyL'*(z) = lim ,/ QL/ JQLIINF L (2) =L
A— g A—ag
This proves the proposition. O
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