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THE EXACTNESS OF CERTAIN RANDOMIZED
C*-ALGEBRAS

BERNHARD BURGSTALLER

ABSTRACT. We construct a non-atomic strong operator topology-
dense probability measure on the set of unitary operators acting
on a separable Hilbert space, such that the C*-algebra generated
by n > 3 independently chosen random unitaries is almost surely
non-exact.

1. Introduction

Recall that a C*-algebra F is called exact if for every short exact sequence
0—A— B—(C—0 of C*algebras A, B and C we have a short exact se-
quence

O_)E®minA_>E®minB_>E®minc_>0~

Many constructions of C*-algebras are given by a couple or countable many
generators satisfying certain “ideal” relations. Examples we have in mind are
the group C*-algebra of a discrete group, or the Cuntz algebra O,,. Then often
these C*-algebras satisfy certain nice properties, for example the property to
be exact. But what happens if one little bit disturbs the “perfect” relations of
such constructions. What, if the relations of the generators of the C*-algebra
are “unperfect” and “non-constructed”? Or, what happens if we choose the
relations by random? Is then the resulting C*-algebra exact? Almost never,
or almost sure?

In this paper, we give a partial answer to this question as follows (H is
always a separable Hilbert space, and U(B(H)) denotes the unitary group of
B(H)). Recall that the distribution p of a random element z : Q — X, where
X is a measurable space and (,P) is the underlying probability space, is
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964 B. BURGSTALLER

the probability measure p on X given by p(A) =P(z=1(A)) =P(z € A) for
measurable subsets A C X.

THEOREM 1.1. There exits a non-atomic strong operator topology-dense
probability measure Py on U(B(H)), such that independent Py -distributed
random variables Uy,..., U, generate almost surely a non-exact C*-algebra
Cc*(Uy,...,U,) when n > 3.

We point out that we use a classical “commutative” probability space, but
the random objects are non-commutative algebras. On the other hand, in
non-commutative or quantum probability theory (recent samples are for ex-
ample [4], [6], [7]), the probability space itself is non-commutative, but the
random objects could be interpreted as real or complex valued in their pri-
mary intention. It is worth to mention that algebraical random objects were
also considered in other categories, for example random groups by Gromov
in [1]. Haagerup and Thorbjgrnsen show in [2, Corollary 8.4] that there
exists a probability measure Pp... on the unitary group of the ultraproduct
[l.en Mn/ >, en My such that r independent Prec-distributed random uni-
taries generate almost surely the reduced C*-algebra C§(F,) of the free groups
F,-. In this sense, our theorem might be regarded as the full C'*-algebraic coun-
terpart of the result of Haagerup and Thorbjgrnsen: perhaps C*(Uy,...,Uy,)
of Theorem 1.1 is almost surely the full C*-algebra C*(F,), sec Remark 4.4
why one may conjecture this. There is even some overlapping operator space
theoretical technique of proof, compare [2, Section 2] with Sections 3 and 4.

This paper is organized as follows. In Section 2, we introduce a family of
probability measures on B(H). A random C*-algebra is then a C*-algebra
C*(x1,...,%,) which is generated by n (usually independent and identically
distributed) random elements x1,...,x, in B(H). In Section 3, we recall the
local theory of operator spaces (completely bounded Banach—-Mazur distance)
investigated by Pisier, and we state exactness criteria for exact C*-algebras
due to him ([8], [10]). The proof of Theorem 1.1 is heavily relying on these
results. We highlight that it is possible and also promising to ask whether a
random C*-algebra is an exact C*-algebra (to be precise, it is possible to ask
for the probability that the C*-algebra is exact).

In Section 4, we introduce the notion of widely spread isometries (51, ...,
Sp). We show that in that case the C*-algebra C*(Sy,...,5S,) is not exact
(here we use the theory in [8]), provided n > 3. In Section 5, we use this result
to prove Theorem 1.1.

2. Probability measures on B(H) and random C*-algebras

Let H be a separable Hilbert space. Since B(H) is non-separable, there is
some radius r > 0 such that B(H) contains uncountably many disjoint balls B;
with radius . Hence, if we have a probability measure P on B(H ), then P(B;)
is non-zero only for countably many indices i’s. In this respect, a probability
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measure on B(H) is always unsatisfying. However, this drawback can be
compensated to some extend by just requiring P(X) > 0 for all open strong
operator topology neighborhoods X in B(H). In this case we say that P is
strong operator topology-dense.

If one asks for translation invariant measures the answers are well known.
There does not exist a translation invariant measure which generalizes the
Lebesgue measure to infinite dimensional spaces. Also, there does not exist
a translation invariant measure on the not locally compact unitary group
U(B(H)). Anyway, there exist more or less interesting probability measures
on B(H).

A simple approach is to choose a discrete dense set D in K, the compact op-
erators on B(H), and endow B(H) with a measure Pp that is atomic on D and
vanishing outside of D. Then Pp is a strong operator topology-dense measure,
however, trivially a C*-algebra generated by Pp-distributed random elements
is a subalgebra of K, and thus nuclear and exact. This example hints that the
strong operator topology-density, though a natural property to require, is not
a too strong indicator for the “quality” of a measure. Another more natural
approach would be to consider the random operator X = («; ;T; ;)i jen Where
T is a Hilbert-Schmidt operator with matrix representation T' = (T; ;); jen,
and where (c; ;)i jen is a family of independent N(0,1) normal distributed
random variables. However, X is almost surely Hilbert—Schmidt and hence
once again compact.

We regard H and B(H), respectively, as measurable spaces by endowing
them with the Borel structure induced by the norm topology on H and B(H),
respectively. In this respect, the following lemma is useful (and its proof is
straightforward).

LEMMA 2.1. Let H be separable. The Borel structures induced by the norm,
the strong operator, and the weak operator topology on B(H) all coincide.

We now introduce the type of probability measures we will use in the proof
of Theorem 1.1. At first we need a probability measure on a separable Hilbert
space H with normal base (e;);>1. A natural candidate is the Wiener measure
on C([0,1]), which we can extend to L?([0,1]) (the probability measure on
L2([0,1]) \ C([0,1]) is set to zero). Another construction is the probability
measure on H associated to the random element

oo
T = Zak(ak +i0k)ex € €Q(N),
k=1
where the ap and (; are independent N(0,1) normal distributed random
variables. Here (ay) is an element in ¢?(N). The series = then converges a.s.
in H (since E||z||? =E |lar(ar + Bk )ex||* < 00).
We say that a random element x € H is norm-dense, if P(x € B) > 0 for all
non-empty open balls B in H. We say that x is non-degenerate, if P(x € L) =0
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for all finite dimensional subspaces L C H. Notice, that both above measures
on H are norm-dense and non-degenerate.

To construct a random element in U(B(H)), we start with a sequence
(z1,x2,23,...) of independent non-degenerate norm-dense random elements
x; € H. Then we form a normal basis (y1,y2,¥s,...) of the Hilbert space
lin{xy,2s,23,...} by the well-known procedure of Gram-Schmidt, that is, we

define
n—1
Yn = (xn - Z(%JM%)/
=1

Observe that v, is a measurable random element in H, and y, is a.s. well
defined, since the probability that we have a division by zero in y, is

/...//1{$¢L€lin(z1,,,,@n71)}d,]jndxn_l_._ dﬂf1=0

by the non-degenerateness of x,. Then we introduce a measurable (because
the map (x1,232,...) — y, is measurable) random operator U € B(H) by
Ul(en) =yp for all n > 1. In fact, U is a.s. an isometry with range

n—1

Tn — Z<wnvyz>yz .

=1

Im(U) =lin{y1,v2,¥3, ... } = lin{xy,29,23,... }.
We can achieve that U is a.s. a unitary operator as follows.

LEMMA 2.2. U is almost surely a unitary operator if the sequence (x;) is
independent identically distributed.

Proof. Given a non-empty open ball B in H we have infinitely many
chances i € N such that the event x; € B happens, and therefore P(3i > 1:
x; € B)=1. Let D be a countable dense subset of H, and B(x,r) be the open
ball in H with center x and radius r. Then

P((z;) is dense in H) =P(Vk > 1,V € D,3i>1: z; € B(z,1/k)) =1.
Hence, U(H) = H a.s. O

To obtain a random element X in B(H) one may take two independent
random elements U,V € U(B(H)), and two independent normal distributed
real valued random variables «, 3, and set X = a(U+U*)+i3(V +V*). This
approach seems natural, because on the other hand any X € B(H) permits
such a representation (by spectral calculus; this is well known).

A random C*-algebra A is then a C*-algebra A =C*(X1y,...,X,) or A=
C*(X1,Xs,...) which is generated in B(H) by a finite or infinite sequence
of random elements X; € B(H). Notice, however, that A is not a random
element in the usual sense in the set of separable C*-algebras since we do not
ask for measurability.
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3. Pisier’s local theory of exactness

Most of this section can be found well presented in [10]. Let E, F' be finite
dimensional operator spaces which are isomorphic as vector spaces. Then the
completely bounded Banach—Mazur distance is the number

den(E,F) = inf{||u|\cb||u*1|‘cb|u : E — F linear isomorphism }.

Notice that dcp(E, F) > 1, and de, (F, F) =1 if and only if £ and F are com-
pletely isometric. The word “distance” for dg, is justified by the following
fact: if we consider the set OS,, of n-dimensional operator spaces where com-
pletely isometric operator spaces are identified, then ¢, (F, F) =logd.n(E, F)
defines a metric on OS,,. We will always regard linear subspaces of B(H) as
operator subspaces of B(H).

LEMMA 3.1. Let X be a normed linear space (endowed with the Borel struc-
ture of the norm topology) and n > 1. Then the linear dimension function
dim: X" — Ny : dim(zy,...,z,) =dim(lin(xy,...,2,)) is measurable.

Proof. The set
Y= Y;’jl’“wjk = {((El, - .,.’L‘n) S Xn‘(EZ € lin(le, . ,Ijk)}

is measurable for fixed 1 <4,j1,...,jx <n. Indeed, Y can be expressed as
Y =p(f~1(0)) where f: C* x X" — X is given by f(\,z) =z; — Zle Arj,,
and p: C" x X™ — X" is the canonical projection. Now the set A,, = {z €
X" dim(xz) <m} can be described as a finite Boolean expression of such sets
}/ifjls“wjk' U

LEMMA 3.2. Ifz1,...,2n,Y1,...,Yn € B(H), E; =lin(z1,...,2,) and B, =
lin(y1,...,yn), then don(Es, Ey) (there where it is defined) is continuous in
(T1, s Ty Y1y -, Yn) w.r-t. the norm in B(H)?*".

If we put dep(Ey, Ey) = 0o for dim(E,) # dim(E,), then (z,y) — deyn(Ey,
E,) is a measurable function everywhere on B(H)?*".

Proof. The first claim follows by an application of [10, Lemma 2.13.2].
The second claim follows from this and the fact that the set {(z,y) €
B(H)?"|dim(E,) = dim(E,)} is measurable by Lemma 3.1. O

Let K be the set of compact operators of B(H). Let X be any operator
space. Then the completely bounded Banach—Mazur distance of X to the
compact operators is ([8])

dsg(X) = inf dep(E, F
sx(X) s g b (E, F),
where the supremum is taken over all finite dimensional subspaces £ C X,
and the infimum is taken over all finite dimensional subspaces F' C K such
that E and F' are isomorphic as linear spaces. Notice that deg (X ) = dgk (X)
for not necessarily norm closed operator spaces X by Lemma 3.2.
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We have the following local characterization of exact C*-algebras.
THEOREM 3.3 ([8]). A C*-algebra A is exact if and only if dsx(A) = 1.

Even more, the following remarkable theorem shows that under some cir-
cumstances a small particular subspace E of a C*-algebra A “decides” whether
A is exact or not.

THEOREM 3.4 ([10], Theorem 17.9). Let V' be a set of unitary operators in
B(H) containing 1. Let A be the C*-algebra generated by V.. Then A is exact
if and only if dsx(lin(V)) = 1.

If A=C*(X1,Xao,...) is arandom C*-algebra generated by a finite or infi-
nite sequence X = (X1, Xo,...) of random elements X; € B(H), then we will
check that dgk(A) is measurable. In particular, we can ask for the probability
that A is exact since we have

P(A is exact) =P(dsk(A) =1).
LEMMA 3.5. dsk(A) is measurable.

Proof. Let W be the countable set of all #-polynomials in the variables
T1,To,%3,... with scalar coefficients in Q +iQ C C. Let D be a countable
dense subset of K. Then we have

dSK(A) =Ssup Ssup inf dcb (hn(fl(X)7 sy fn(X))ahn(ylv [EE 7yn))
n>1fewn yeDn

Hence, dgg(A) is measurable since the function
X dcb(hn(fl(X)7 e 7fn(X))71in(y17 ce 7yn))

is measurable by Lemma 3.2. O

The following theorem can be used to show that the full group C*-algebra
C*(F,,) of the free group F,, with n generators is not exact. Let Uy,...,U,
be the canonical generators of C*(F,), and let Ef, =lin(Us,...,U,).

THEOREM 3.6 ([8]). dsk(ER) >n(2v/n— 1)1 In particular, dsx (E) > 1
forn>3.

Hence, if n > 3 and A is any C*-algebra which contains a completely iso-
metric copy of EJ;, then A is not exact, since dsx(A) > dsx(E{) > 1. In
particular, this is obviously true for A = C*(F),).

THEOREM 3.7 ([3]). The metric space OS,, = (0Sy,dc) is not separable
forn > 3.

Let OS,,(K) be the subset of O.S,, which consists of all n-dimensional sub-
operator spaces of K. Then OS,,(K) is separable (cf. Lemma 3.2). Let D
be a dense subset of OS,(K). Let B(F,r) be the ball in OS,, with center
F and radius r. Now let A= C*(Xy,...,X,) be a random C*-algebra and
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E =lin(Xy,...,X,). Since OS, contains uncountable many disjoint balls
with radius = (for suitable small ) by Theorem 3.7, is it then really likely
that
Ee |J B(Fr)?
FeD

We ask this, because otherwise logdsk(F) >r, or dsg(F) > 1, and A would
not be exact. However, the answer of this question does not seem so easy as
it looks at first glance. We namely have the following: Let di(FE, F) denote
the Banach—Mazur distance of two n-dimensional operator spaces E and F
on the kth matrix level. Then the distance of any E to the compact operators
K on the kth matrix level vanishes, that is, we have inf pcx di(E, F) =1 ([10,
Lemma 21.9]). So one really needs to know the operator space structure of E
thoroughly, and one has to use the d.,-distance to answer the above question.

4. Widely spread isometries

Let H be a separable Hilbert space with normal base (e1,es,es,...). Let
Ui,...,U, be the canonical generators of C*(F,,) of the free group F,, with n
free generators, and let Ej; =1lin(Uy,...,U,).

The goal of the following definition is Lemma 4.3.

DEFINITION 4.1. A tuple (Si,...,S5,) of isometries S; € B(H) is called
widely spread if for all k > 1, all isometries T1,...,T, € B(H), and all € >0
there exists an isometry V € B(H) such that

|<SaV€i,SbV€j> — <Ta€i,Tb6j>| S g
forall 1<a,b<nand 1<4,57<k.

Notice that the definition is independent of the normal base (e;). Further,
the values of T, and V are just relevant on the vectors ey, ..., ex, and we thus
have the following fact.

LEMMA 4.2. There exists a countable set S of unitaries which is dense
w.r.t. the strong operator topology in the set of all isometries. Hence, in the
last definition, it is sufficient to require that the T1,...,T,, are elements of S.

Proof. For each n let D,, be a countable dense subset of {(Sey,...,Se,) €
H"|S isometry}. Choose any unitary Uy, , (z € D,,) such that U, ,(ex) =z
for all 1 <k <n. Then the family S = (U, 3)n>1,2¢D, satisfies the claim. O

LEMMA 4.3. Let S1,...,S, be widely spread isometries and F =1in(Sy, ...,
Sy). Then the linear map ¢ : E — F, such that ¢(U;) = S;, is completely
isometric.

Proof. Assume that C*(IF,,) is represented on H. Let Py be the orthogonal
projection onto lin(eq,...,ex). Let € >0 and a1, ...,a, € M,,(C). For some
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large N > 1, and any unitaries gl,...,gn € B(H) satisfying S; Py = S; Py
(1<i< N) we obtain

i a; ®S;
=1

S ’

Z%‘@&PNH +e

Z%‘@Ui

(For the last inequality, notice that the canonical x-homomorphism C*(Uq,...,

U,) — C*(S1,...,Sy) is a complete contraction.) For the reverse estimation,
choose N >1 and £ € 2 ®lin(ey,...,ex) with ||| <1 such that

Zn:ai®Ui S”(Zai®UiPN>£
i=1 :

An easy calculation shows that there exists a continuous function f:
2772
C"" N — R such that (using ||n|| = 1/{n,n) in a Hilbert space)

’(Z%‘@%PN)f

M,,@B(H)

g’ +e.

+e.
02 H

M,,@B(H)

i=1 £$n®H
n N
= f(((<3)a€5, xbet»a,b:l)s,t:l)
for all z1,...,2, in B(H), and where (((xaes,a:beﬁ)g’b:l)gt:l € C"°N?. Since
(S1,...,5y) is widely spread, we can choose some small é > 0 and some isom-

etry V € B(H) such that
}(SaVeS7SbVet> — (Uqes, Uper)| <6

forall 1 <a,b<n and 1<s,t<N, and such that, by the continuity of f, we
have

= F((((Uaes, User)) 1) 5 0)
<F((((SaVes, SiVer)), ), ) +e
[ (Eeosven)e] -

- ‘ e

Z%‘@Si

Since € > 0 and «; € M,,, were arbitrary, ¢ is completely isometric. O
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By the last proof, we see that ¢ is also a complete isometry if the condition
stated in Definition 4.1 only holds for Uy, ..., U, rather than for all isometries
T1,...,T,.

REMARK 4.4. If S1,...,S,, are unitaries and the unitization
(]5+ : hn(l, Ul, e ,Un) — lin(l,Sl, .o ,Sn)

of ¢ of Lemma 4.3 is a complete isometry, then ¢ extends to a *-isomorphism
®: C*(F,) — C*(S1,...,5,) by [9, Proposition 6] (or see [10, Proposition
13.6]). However, ® need not be an isomorphism in general. If Ti,...,T,
are widely spread isometries, S is an isometry and U is a unitary, then
ST1U,...,ST,U are also widely spread isometries. Taking here widely spread
unitaries 11,...,T,, S=1T7, and U =1, yields an example of widely spread
unitaries 1,777T5, ..., Ty T, whose associated unitization ¢* is obviously not
a complete isometry, and so ® is not an isomorphism.

THEOREM 4.5. Let Si,...,Sy, be widely spread isometries in B(H), and let
n>3. Then C*(Si,...,Sy) is not exact.

Proof. Let F'=1in(Sy,...,S,) and A=C*(S1,...,S,). By Lemma 4.3 and
Theorem 3.6, we have dsk(A) > dsk(F) = dsk(E(;) > 1. Hence, the claim
follows from Theorem 3.3. g

The integer n > 3 is really sharp here. By what we have remarked above,
there exist widely spread unitaries ujuf, uguj, say, but C*(uguf) is not exact.

The following Lemma 4.6 follows also immediately from Theorem 5.4 (the
proof of Theorem 5.4 does not depend on this lemma), but the lemma is also
a corollary of Theorems 3.3 and 3.6, and we will give a short proof.

LEMMA 4.6. Let n > 3. Then there exists a strong operator topology-
dense subset D of U(B(H))™ such that A= C*(V1,...,V,) is not exact for
all (V4,...,V,) €D.

Proof. Let P, be the orthogonal projection onto lin(es,..., e, ). For k >1
and (uq,...,u,) € U(B(H))™ counsider the linear space L =lin{uqe;|l <a <
n,1 <i <k} with dimension r = dim(L). Choose isometries S and T, respec-
tively, with range I — P, and L', respectively. Then choose any unitaries
Vi,...,V, such that

VoPe=uoPp, (VuP)H=L, V,(I—P)=TU,S".

Hence, the proofs of Lemma 4.3 and Theorem 4.5 show that lin(Vy,...,V,,) is
completely isometric to E7;, and A is not exact. O

By choosing D countably in Lemma 4.6, we can choose an atomic strong op-
erator topology-dense probability measure on U (B(H))™ such that C*(X7, ...,
X,,) is almost surely non-exact for random elements (X3, ..., X,) e U(B(H))™.
By contrast, notice that in Theorem 1.1 the X; are chosen independently iden-
tically distributed.
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5. A probability measure resulting in non-exactness

The aim of this section is the proof of Theorem 1.1. To this end, we will
start with three simple lemmas which give rough uniform estimates on the
output of the Gram—Schmidt process depending on the input, in particular
when the input is already almost a normalized orthogonal sequence.

Let (x1,29,23,...) be a sequence in H, and let (y1,y2,s3,...) be the nor-
malized orthogonal sequence in H by applying the Gram—Schmidt process to
(x1,22,23,...). Then (y1,y2,ys,...) can be described by

(y1>y27y37"') = (f(PO;xl)af(Pme)af(P27x3)7'")7
where P; € B(H) is the orthogonal projection onto lin(zy,...,;), and
f(Pz) = (z = Pr)/||z — P|
for all projections P € B(H) and x € H (as far as ||z — Pz|| #0).

LEMMA 5.1. Let Py € B(H) be a projection, 0 <e <1/4, and z1,...,x, € H
such that

|||£L'Z||71|§5, ||P0(IE1)||§€, |<.’E“SCJ>|§€
for all 1 <i+#j<n. Let P; be the orthogonal projection onto the Hilbert
space spanned by the image space of Py and the vectors x1,...,z;. Then
| P17 < 8.

Proof. Let &1 = f(Pp,2z1). Then for the projection P; we have Pj(z;) =
Po(x;) + (x4, %)@ for 2 <i<n. We thus get

[(@i, 1 — Po(21))]

1Pr()l| < [|PoCe:)]| +

1—2¢
<2(|PoCei)| + i, wn)| + (i, Po(@1)])
< 8e.
In the same way we proceed by induction. 0

LEMMA 5.2. Let P € B(H) be a projection, let e,z € H and 0 <e <1/4,
such that |le]| =1, ||z —e|| <e and |Pz|| <e. Then ||f(P,z)—¢| <1le.

Proof. The estimation is straightforward. O
LEMMA 5.3. Let Py € B(H) be a projection and 0 <e <1/4. Let eq,...,
en € H be orthogonal normalized vectors. Let x1,...,x, € H such that
|z; — el <e, HPo(aci)ng (i=1,...,n).

Let P; be the orthogonal projection onto the Hilbert space spanned by the image
space of Py and the vectors x1,...,x;. Then

Hf(Pi—la-ri)_eiHS33'8n5 (i:l,...,n).
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Proof. For i # j, we have [(x;,z;)| = [(zi,x;) — (ei,e;)| < 3e.  Hence,
|Pi—1(z;)|| < 8™ -3¢ by Lemma 5.1, and consequently || f(Pi—1,2:) — €] <
11-8" - 3¢ by Lemma 5.2. O

THEOREM 5.4. There exists a non-atomic strong operator topology-dense
probability measure Py on U(B(H)), such that independent Py -distributed
random elements Uy, ..., U, are almost surely widely spread for n > 1.

In particular, C*(Uy,...,U,) is almost surely not exact when n > 3.

Proof. Step 1. In the first step, we construct the probability measure
Py. Let H =(*(Z), and o € B({*(Z)) be the shift operator. We choose
independent non-degenerate norm-dense random variables z1,xs,x3,... and
Wi, wa, w3, ... in £2(Z). We require that the sequence (w;) is identically dis-
tributed. For a sequence of integers k;, which we will specify below, we put

Yy = oM (‘Tl),

Y2 = wn,
(y3,ys) = (0™ (23),0" (24)),
Y5 = w2,
(Yo, y7,ys) = (07 (26), 0% (27), 0™ (x5)),
Yo = w3,
(Ysn>Ysnt1s s Ysptn—1) = (Ukn (Isn)vgkn (Tsp41)s-- vakn (xsn-&-n—l))a

Ys,+n = Wn,

where (s1,$92,83,...) =(1,3,6,10,...). For the distribution of the sequence
(x;), we require that

d .
s, +im1 =Ts, +i—1 Vi<n<mVi=1,...,n

Let P; be the orthogonal projection onto lin(y,ys,...,¥;). Since for fixed
i and any (independent) random element z € ¢?(Z) we have || P,o®(z)|| — 0
(k — 00) a.s., we also have convergence of this sequence in probability (][5,
Lemma 3.2]). That means that for all n > 1

sup HPS _10M (@, 1i1) H 0 (k— o00)
1=1,.
in probability. We define the k; inductively as follows. Let n > 1, and assume
that we have already defined k1, ..., k,—1. Then for ¢,, = 1/n we choose k,, € N
such that

P( Slup HPS —IU (-rsn-‘ri—l)H Sgn) > 1 —E&n-
%
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The basic idea behind is that this means
IP(HPsn—l(ysn-i-i—l)H <én Vi= 1,... an) >1—en.

(Roughly speaking, the idea is that when we orthogonalize the sequence
(y1,Y2,Y3, - -. ) by Gram—Schmidt to obtain a normal basis (21, 29, 23, .. . ), then
Zs s -1 Z%s,4+n—1 18 With high probability almost independent from the prede-
cessor sequence (z1,...,2s,-1). Thus, the sequence (z4,,...,2s, +n—1) IS a
new chance to obtain desired values in H.)

We fix a normal base (ey,ea,€3,...) in £2(Z). Let (2;) be the orthogonal
normalized sequence obtained by applying the Gram—Schmidt procedure to
(yi). Then we define a random operator U by

Ule;) =z = f(Pi—1,y:) Yi>1.

Since the sequence (w;) is i.i.d., the set {wy,ws,...} is a.s. a dense subset of
H by the proof of Lemma 2.2. Hence U is a.s. a unitary operator since the
set {wy,wa,...} lies in the image of U by construction.

Let V be a unitary operator, n > 1 and € > 0. Then the probability that
sup;_1.__, llyi —Veil| < e is positive. Applying Lemma 5.3 (P = 0), we obtain
that the probability of sup;,_; ,, [|[Ue; — Ve;|| <33-8"¢ is positive. Hence,
the random element U is strong operator topology-dense in U(B(H)).

Step 2. Let U',..., U™ be independent IP;,-distributed random elements.
That is, for 1 <a < m we choose independent random sequences (x¢,x%,
x§,...) and (w§,w§,wg,...), respectively, which are distributed as (x;) and
(w;), respectively, construct (y¢) from (z¢) and (w{) like (y;) is constructed
from (z;) and (w;) (for one common sequence (k;)), and set
Ut(es) == = F(PL ) (iEN),

where P? is the projection onto lin(y{,...,y%).
Now we fix any n > 1, any isometries T,...,T™ € B(¢*(Z)), and any 0 <
e <1/4. For all v > n set

Al={we Q\|}x§v+i71(w) —T%e;)||<eVi=1,...,n}.
Notice that P(Aj) = P(A{) for v >n, since z§ |, 4 xd ;1 as required.

Set
B = {w c Q|||P;}_1(y‘;v+i_1(w)) || <e, Vi=1,... ,n}.

By an above inequality, we have P(B2) — 1 if v tends to infinity. Let
Co=AsNBy (v>n).
Choose vy > n such that €,, <e. Then we have
95, +5-1(w) = o™ (T (en)) || < e
178, 1 (8, i @) [ < e
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foralli=1,...,n, v>vg and w € C§. By applying Lemma 5.3, we obtain
128, 451 (w) — o* (T%(e;)) | <33-8"%
foralli=1,...,n, v>vy and w e CF. We let
C,=Cln-..nC™,

and we similarly define A, and B,. Let V be the isometry V(e;) =¢e;+1. We
then obtain

(1) (U (w)V* e, Ub(w)VS“_lej> - <Taei,Tbej>’
= }<U“(w)esv+i,1,Ub(w)esv+j,1> - <Ta€7;,Tb6j>|

= (20, 4im1 (W), 20, 421 (W) — (e T, 0™ TP;)|

<3-33-8"%
forall 1<a,b<mand 1<1i,j<n,v>vy and w € C,.
We next choose a sequence vy, vs,vs,... of integers inductively as follows.

Let vg < vy <--- <wv,_1 be already chosen. Let D, be the event
D;=(Q—-Cp,)N(QA=Cp,)N---N(Q—=C,,) Vs>1.
Since P(B,) — 1 for v — oo, we have
|P(By, N Ay, |Dy—1) = P(Ay, | Dro1)| < P(An)/2

for some v, > v._1. Observe that the event A, (which only depends on
TG, 5Ty, 4n_1) is independent from the event D,_; (which only depends
on zf,...,z5 _; and (wf)). We hence obtain

[P(Co, |Dr—1) = P(Ay, )| < P(An)/2.
Since P(A,,.) =P(A4,), this yields
P(QY—C, |D,—1) <1-P(A,)/2=:0<1.
Thus we have
B(D,) =P(Dy_1)P( = Cy|Dy 1) <P(Dy _1)6.
By induction, we obtain P(D,) < P(D1)é""! — 0 for 7 — oo. Hence,
P(U:Z, C,) =1, which means that the above estimate (1) holds a.s.

If WG‘OV&I'y over alln>1,alle=1/k, and all T*,... ., T™ € S for the count-
able set S of Lemma 4.2, then we have proved that (U!,...,U™) is a.s. widely
spread. It now follows from Theorem 4.5 that C*(U?,...,U™) is a.s. not exact
for m > 3. O

REMARK 5.5. We remark that in the proof of the last theorem we may also
remove the sequence (w;) and set y; = o*' (1), (y2,¥3) = (0¥2(22), 0% (23)),
and (ya,ys,y6) = (%3 (24), 0% (25), 0% (x6)), and so on. But then the ran-
dom element U may no longer be a unitary, but just a random isometry. All
other claims of the theorem, however, remain valid. It is an open question
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whether we would also get a.s. widely spread isometries if we used the se-
quence y; = o' (x;) ((z;) i.i.d.) in the last proof. For the sequence y; = x; ((z;)
i.i.d.) we are less confident (mainly due to numerical experiments). However,
there exists a rearrangement f of N such that the random measure associ-
ated to the sequence y; = o/i (z;) ((x;) i.i.d.) yields widely spread isometries.
Indeed, start with f; =1, choose ko “large enough” (similarly as in the last
proof) and set (fa, f3) = (k2,k2 +1), then fill the gap (2,...,ke2 — 1) in the im-
age of f by setting (fa,..., fay(ko—1)—2) = (2,...,k2 — 1), then, once again,
choose k3 large enough and set (fro42, frats; frota) = (ks ks + 1, k3 + 2),
then once again fill the gap (ko + 2,...,k3 — 1) in the image of f by letting
(fk2+57 R fk2+5+(k2+2)—(k3—1)) = (kg +2,..., ks — 1), and so on.

Let U; be the random unitaries of the last theorem, and fix two random uni-
taries V and W. Then VU,W,... VU,W is another example of a.s. widely
spread unitaries. It is unclear whether the random C*-algebra constructed
in Theorem 5.4 is almost surely canonically isomorphic to C*(F,), see Re-
mark 4.4 why one might conjecture this.
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