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ON THE CLASSIFICATION OF DEGREE 1 ELLIPTIC
THREEFOLDS WITH CONSTANT j-INVARIANT

REMKE KLOOSTERMAN

ABSTRACT. We describe the possible Mordell-Weil groups for
degree 1 elliptic threefold with rational base and constant j-
invariant. Moreover, we classify all such elliptic threefolds if the
j-invariant is nonzero. We can use this classification to describe
a class of singular hypersurfaces in P(2,3,1,1,1) that admit no
variation of Hodge structure (Remark 9.3).

1. Introduction

In this paper, we work over the field C of complex numbers. Let 7: X — B
be an elliptic threefold with a (fixed) section o : B — X, such that B is a
rational surface. Assume that X is not birationally equivalent to a product
FE x B, with F an elliptic curve.

Fix a Weierstrass equation for the generic fiber of m. As explained in
Section 2, this establishes a degree 6k hypersurface Y C P(2k,3k,1,1,1) that
is birational to X and such that the fibration 7 is birationally equivalent to
projection from (1:1:0:0: 0) onto a plane.

This integer k is not unique. We call the minimal possible k for which
such an Y exists the degree of m: X — B. One can easily show that if X is a
rational threefold then the degree equals 1 or 2, and that if X is Calabi—Yau
then the degree equals 3.

For a general point p € B, we can calculate the j-invariant of the elliptic
curve 7~ !(p). This yields a rational function j(m): B --+ P

In this paper, we study elliptic threefolds of degree 1 with rational base and
constant j-invariant. We would like to classify all such possible threefolds.
The two invariants that interest us are the configuration of singular fibers of
7 and the structure of the Mordell-Weil group MW (7), the group of rational
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sections of w. The actual classification we are aiming at in this paper is
a classification of possible singular loci of irreducible and reduced degree 6
threefolds Y in P(2,3,1,1,1) together with the possibilities for MW (7). In
[8] it is explained how to obtain an elliptic threefold X from Y.

One way of constructing elliptic threefolds is taking a cone Y over an elliptic
surface S C P(2,3,1,1) C P(2,3,1,1,1). The Mordell-Weil group and the
configuration of singular fibers can be obtained from S. All possible degree 6
surfaces in P(2,3,1,1), that correspond to elliptic surfaces, have already been
classified by Oguiso and Shioda [9]. We refer to such Y as ‘obtained by the
cone construction’. We exclude such Y from our classification. One can show
that Y is a cone over an elliptic surface if and only if the discriminant curve
is a union of lines through one point.

We split our considerations in three cases, namely the general one j(m) #
0,1728, and two special cases j(7) = 1728 and j(7) =0.

The case j(m) #0,1728 is the easiest one. In this case, it is well known
that Y is given by

y? =2°+ AP?x + BP?
with A, B € C and P € Clz, 21, 222, i.e., P is homogeneous of degree 2. Our
assumptions on Y imply that P =0 is a smooth conic. It turns out that in
this case MW () = (Z/2Z)>.

The exceptional cases j(m) =0,1728 are more interesting. In these cases,
one has an equation of the form

y?=2>+R, resp. y’=2>+Qu

with @ € Clzo, 21, 22]4 and R € Clz, 21, 22]6.

To calculate the group MW (), we use the results of [5]. It turns out that
MW/(7) is determined by the type of singularities and the configuration of
singular points of @ =0, resp., R=0.

More precisely, the main result of [5] states that MW () is isomorphic to
the group of Weil divisors on Y modulo the Cartier divisors on Y. In our
case, this can be reformulated as

rank MW (r) = h* (Y )prlm—dlmcoker<F2H4 P\Y,C)— @H4 Y,C >
peEP

where P consists of the points {z =y = ) = O}sing, respectively, {r =y=R =
O}sing-

The Poincaré residue map yields a natural surjection from C|zg, z1, 22]22 @
Clz0,21,22]4 onto FPH*(P\Y,C). To determine H,(Y,C), we use three
methods. Let p € P.

(1) If (Y,p) is an isolated singularity and is semi-weighted homogeneous, then

there is a method of Dimca to compute an explicit basis for H;l(Y,C),
together with the Hodge filtration.
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(2) If (Y,p) is not weighted homogeneous, but (Y,p) is isolated, then there is
a classical method of Brieskorn [1] to calculate H,(Y'). This method does
not produce the Hodge filtration, and in the weighted homogeneous case
it is more complicated than Dimca’s method.

This method is implemented in the computer algebra package Singular.
Since this case is rather exceptional, we preferred to calculate H;f(Y, C)
by using Singular. Hence, several of the results in the sequel are only
valid up to the correct implementation of Brieskorn’s method in Singular.

(3) If (Y,p) is a non-isolated singularity, but is weighted homogeneous, then
the transversal type is an AD E-surface singularity. To calculate H, ;f(Y, C),
we apply a generalization of Dimca’s method, due to Hulek and the author
[5].

We list now the possible groups.

THEOREM 1.1. Suppose Y C P(2,3,1,1,1) is a degree 6 hypersurface, cor-
responding to an elliptic threefold w: X — B, not obtained by the cone con-
struction and not birational to a product E x B. Then MW (7) is one of the
following
o (Z/2Z)? if j(m) #0,1728.

o (Z/27),(Z/2Z)? or (Z/2Z) x Z? if j(r) = 1728.
e 0,Z/3Z,(Z/27)?,Z2,7Z*,Z° if j(r) =0.

In the case j(7) = 1728, we get a complete classification.

THEOREM 1.2. Suppose Y satisfies the conditions of the previous theorem,
and suppose that j(m) = 1728.

We have that MW (1) = (Z/2Z)? if and only if Q = 0 defines a double conic
and MW (1) 2 Z/2Z x Z? if and only if Q =0 is the unique quartic with two
As singularities.

For j(m) =0, the number of cases to consider is quite large. One should
apply the following program:

(1) Determine all possible types of singularities of sextic curves. This is done
in [6].

(2) For each type of singularity, determine H;f(Y).

(3) Determine which combinations of singularities are possible on a sextic
curve. Here one might restrict oneself to combinations of singularities
that yield nontrivial H,(Y).

(4) For each configuration, study the relation between h*(Y) and the position
of the singularities.

The second point is completely done in this paper, except for six types of
singularities that are both not weighted homogeneous and not isolated. The
number of cases to consider at the third and fourth point is quite big. We
restrict ourselves to the case where the sextic is non-reduced, and the case
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where the sextic has ordinary cusps. (It turns out that if the sextic has a node
at p then H,(Y') vanishes, for this reason we study sextic with cusps.)

The curves with only cusps as singularities yield examples for the groups
0,Z% Z* and Z°®. One can show that MW(7) = (Z/2Z)? if and only if R
defines a triple conic, and MW (w) = Z/3Z if and only if R defines a double
cubic. This suffices to provide examples for each of the groups mentioned in
Theorem 1.1.

As pointed out to the author by several persons there is a different ap-
proach possible. A degree 1 elliptic threefold X with base P? defined over C
can also be considered as a rational elliptic surface S over C(¢). The possi-
ble Mordell-Weil groups for rational elliptic surfaces over algebraically closed
fields have been determined by Oguiso and Shioda [9], hence the possible
Mordell-Weil groups for degree 1 elliptic threefolds correspond to the to the
possible subgroups of the Mordell-Weil group of S/C(t) fixed by the Galois
group Gal(C(t)/C(t)). In this way, one can obtain Theorem 1.1 with a little
effort (one needs to exclude the groups Z/2Z x Z*, (Z/2Z)* x Z? in the case
j(m) = 1728 and the group Z® in the case j(m) =0). Theorem 1.2 and our
results in the case j(m) =0 are harder to obtain with this method. That is,
one needs to relate the singularities of the discriminant curve with the Galois
representation on the Mordell-Weil group. The main obstruction to this ap-
proach is that the Oguiso—Shioda classification gives estimates for the degree
of the generators of the Mordell-Weil group, but no explicit formulae in terms
of the coefficient of the Weierstrass equation. This final obstruction is severe,
that is, in many cases the Galois group is not solvable and hence we have
cannot give closed formulae for the generators. For this reason, we take a
more geometric approach.

The organization of this paper is as follows: In Section 2, we recall several
standard facts concerning elliptic threefolds. In particular we construct our
model Y. In Section 3, we limit the possibilities for the group MW (7). This is
done by studying the behavior of MW (7) under specialization and considering
the classification of rational elliptic surfaces [9]. In Section 4, we discuss
the possible singularities for quartic and sextic plane curves. This yields a
classification of possible singularities on Y. In Section 5, we calculate the local
cohomology H;(Y) for each possible type of singularity on Y. In Section 6,
we give some details on how to calculate rank MW (7). In the following three
sections, we give a classification for the cases j(m) =1728, j(r) =0 and R=0
is non-reduced and j(7) =0 and R =0 is a cuspidal sextic. In Section 10, we
prove Theorem 1.1.

NotaTION 1.3. Let z, vy, 20, 21, 22 be coordinates on P(2,3,1,1,1). Through-
out this paper, Y C P(2,3,1,1,1) is a reduced and irreducible degree 6 hyper-
surface, containing the point (1: 1: 0:0: 0), and such that Y corresponds
to an elliptic fibration with constant j-invariant, that is, Y has a defining
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equation of the form
y? = 2% + AP?x + BP?, v =23+Qx, or y*=z>+R.

Here P,Q, R are homogeneous polynomials in zg, 21,22 of degree 2,4 and 6
respectively and A, B € C\ {0}. The curve C is the curve defined by P =0,
@ =0 or R=0 (depending on the case). The set Q consists of the singular
points of Cleq.

2. Preliminaries

DEFINITION 2.1. An elliptic n-fold is a quadruple (X, B,7,00), with X a
smooth projective n-fold, B a smooth projective n — 1-fold, 7 : X — B a flat
morphism, such that the generic fiber is a genus 1 curve and oy is a section
of .

The Mordell-Weil group of 7, denoted by MW (), is the group of rational
sections o : B --+ X with identity element og.

We will focus on the cases n = 2,3. Note that in the case n = 2 any rational
section can be extended to a regular section.

Clearly MW(7) is a birational invariant, in the sense that if m; : X; — B;,
i =1,2 are elliptic n-folds such that there exists a birational isomorphism
w: Xy S5 Xy mapping the general fiber of 7 to the general fiber of w9, then
©* 1 MW(my) — MW(mry) is well-defined and is an isomorphism.

We shall now describe in some detail how to associate to an elliptic n-
fold 7 : X — B a degree 6k hypersurface Y in the weighted projective space
P := P(2k,3k,1""1) which is birational to X. Here, we restrict ourselves
to the case where B is a rational n — 1-fold. In this case, the morphism 7w
establishes C(X) as a field extension of C(B) = C(z1,...,2,—1). The field
C(X) is the function field of an elliptic curve E over C(z1,...,2,-1), that is,
C(X)=C(z,y,21,-..,2n—1) Where

(1) =2+ fi(z1,.. .. zne1)z + fo(21, -, 20m1)
with f1, fo € C(z1,...,2,—1). One has a natural isomorphism
MW (7) = E(C(B)),

where E(C(B)) is the group of C(B)-rational points of E.

Without loss of generality, we may assume that (1) is a global minimal
Weierstrass equation, that is, f1, fo are polynomials and there is no polynomial
g€ Clz1,...,2,_1] \ C such that g* divides f; and ¢® divides f,.

To obtain a hypersurface in P, we need to find a weighted homogeneous
polynomial. Let k = [max{deg(f1)/4,deg(f2)/6}] and define P and @ as the
polynomials

P = ngfl(zl/z(),--~7zn71/ZO)a Q :ngf2(21/207~~~7Zn—1/Zo)~
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Then

=24 P(20,21,. .., 2n-1)T + Q(20, 21, .., Zn_1)
defines a hypersurface Y of degree 6k in P. Let X be the locus where all the
partial derivatives of the defining equation vanish. Consider the projection
Y P --» P71 with center L= {2 == z,_1 =0} and its restriction ¢ =
Y|y to Y. Then there exists a diagram

X—-—->Y
!
lﬂ' I
v
N
Note that YNL={(1:1:0: ---: 0)}. If k=1 then Py, consists of

two points, none of which lie on Y. If £ > 1, then an easy calculation in local
coordinates shows that Py, is precisely L, that ¥ and L are disjoint and that
Y has an isolated singularity at (1: 1: 0: --- : 0). For any k, we have that v
is not defined at (1:1:0: --- : 0). Let P be the blow-up of P along L. Let
X, be the strict transform of ¥ in P. An easy calculation in local coordinates
shows that Xo — Y resolves the singularity of Y at (1:1:0: ---: 0) and
that the induced map 7o : Xo — P? is a morphism. Moreover, all fibers of 7
are irreducible curves.

DEFINITION 2.2. The degree of an elliptic n-fold 7 : X — B, with ratio-
nal base, is the smallest k such that there is a degree 6k hypersurface Y in
P(2k,3k,1"~1) birational to 7.

As remarked above, we can consider the generic fiber of 7w as an elliptic
curve E over C(z1,...,2,—1). In the sequel, we consider only elliptic curves
such that j(7m) = j(E) is constant, that is, j(E) € C. Most of the sequel will
be concentrated on j(w) € {0,1728}. If this is the case, then E has complex
multiplication.

LEMMA 2.3. Let K be a field, E/K an elliptic curve, such that E has com-
plex multiplication over K. Suppose rank E(K) is finite. Then rankz E(K)
18 even.

Proof. Since E(K) ® Q is a vector space over End(E) ® Q. Since
dimEnd(F) ® Q if a quadratic extension of Q it follows that E(K) has even
Z-rank. g

The following minor results will be used several times.

LEMMA 2.4. Let V/C be a variety. Let E/C(V) be an elliptic curve
such that j(E) € C. Suppose j(E) # 0,1728, then (Z/2Z)? is a subgroup of
E(C(V)).
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Proof. Let E'/C be an elliptic curve with j(E’) = j(E). Then we can find
a Weierstrass equation y? = 22 + ax + b for E', with a,b € C. Let ay,as, a3
be roots of 2% + az + b.

Since j(E) #0,1728, we have that E is given by

y? =a® +aP?z 4+ bP3

for some P € C(V)*. For i =1,2,3, we have that = o; P is a root of z% +
aP?z + bP3, hence = o; P,y = 0 is a point of order 2 on E(C(V)). From
this it follows that (Z/2Z)? C E(C(V)). O

LEMMA 2.5. Let K be any field not of characteristic 2,3. Let E/K be an
elliptic curve with j(E) = 1728 then E(K) contains a point of order 2.

Proof. Since K is not of characteristic 2, 3, we have that E has a Weierstrass
equation y? = 23 + ax with a € K. The point (0,0) is a point of order 2. [

3. Possible Mordell-Weil groups & specialization

We describe now all possible Mordell-Weil groups for elliptic surfaces of
degree 1 with constant j-invariant. Using a specialization result this limits
the possibilities for Mordell-Weil groups for elliptic threefolds of degree 1.
Note that an elliptic surface is rational if and only if its degree is 1. We start
by recalling a consequence of the classification of rational elliptic surfaces by
Oguiso and Shioda [9].

PROPOSITION 3.1. Suppose m: S — Pl is a rational elliptic surface such
that j(m) is constant, then MW (7) is a subgroup of
o (Z/2Z)? if j(m) #0,1728.
o 78, 7% xZ/3Z, or (Z/2Z)? if j(7) =0.
o Z* X Z/2Z or (Z/2Z)? if j(m) =1728.

The elements in the Mordell-Weil group of an elliptic threefold 7 : X — P2
correspond to the C(s,t)-rational points of the generic fiber of 7. We can also
consider the generic fiber of 7 as a rational elliptic surface defined over the
t-line, defined over the field C(s), provided that the discriminant curve is not
an union of lines through a point. In particular, this shows that MW () is
a subgroup of the groups mentioned in Proposition 3.1. Using the results of
the previous section, we can exclude a few other possibilities.

COROLLARY 3.2. Suppose m: X — B is an elliptic threefold of degree 1,
j(m) is constant and j(m) #0,1728. Then MW (1) = (Z/2Z)>.

Proof. From Lemma 2.4, it follows that (Z/2Z)?> ¢ MW (7). From Propo-
sitions 3.1, it follows that MW (7) C (Z/2Z)?, which yields the corollary. [
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COROLLARY 3.3. Suppose m: X — B is an elliptic threefold of degree 1,
j(m) is constant and equals 1728. Then MW (7) is one of the following:

(Z/2Z) x 7", (Z/2Z)*
with r € {0,2,4}.

Proof. From Lemma 2.5, it follows that (Z/2Z) C MW(w). From Lem-
ma 2.3, it follows that the rank is even. From Proposition 3.1, it follows that
MW (7) is a subgroup of either (Z/2Z) x Z* or (Z/2Z)?, which yields the
corollary. O

COROLLARY 3.4. Suppose w: X — B is an elliptic threefold of degree 1 and

j(m) is constant and equals 0. Then MW (m) is one of the following:
7" (Z/3Z) x 2", (Z/2Z)*

with 1 € {0,2,4,8}, ro €{0,2}.

Proof. From Proposition 3.1, it follows that MW () is a subgroup of either
Z8, (Z/2Z)? or Z/3Z x Z?. From Lemma 2.3, it follows that the rank is even.

To prove the corollary, we have to exclude the group Z/2Z. Suppose 7 has a
section of order two, that is, Y is given by an equation of the from y? = 2> — T3
and [z, 21, 22] — [T, 0, 20, 21, 22] is a section of order 2. Then for i = 1,2 the
morphisms [zo, 21, 22] — [w'T, 0, 20, 21, 22] define also sections of order 2, where
w? = —w — 1, hence we have complete two-torsion. In particular, Z/2Z does
not occur as possible Mordell-Weil group. O

Let Y Cc P(2,3,1,1,1) be an elliptic threefold. Let £ = {agzo+a121 +az2e =
0} C P2 bealine. Let Hy = {agzo+ai21 +azze =0} C P be the corresponding
hyperplane. Then Y, =Y N H, C P(2,3,1,1) is a rational elliptic surface,
provided ¢ was not a component of the discriminant curve of .

The restriction of rational sections to ¢ defines a group homomorphism
MW (m) — MW(m): we can consider MW (m;) as the C(m)-valued points
of the general fiber of 7, and MW (7) as the C(m,)-rational sections of an
elliptic surface over C(my). Then the map MW(7) — MW () is just the
specialization map as defined in for example, [11, Section II1.11], and this is
a group homomorphism if ¢ is not a component of the disciminant curve.

Later on, we need that for a special choice of £ the map MW (7)) — MW (7;)
is injective. This result is probably known to the experts, but we did not find
a reference for this in the literature.

PROPOSITION 3.5. Let Ayoq C P? be the reduced curve defined by the van-
ishing of 4A3 + 27B%. Let { C P2 be a very general line. Then the map
MW () — MW ((m,) is injective.

Moreover, suppose that Areq is neither a union of lines nor an irreducible
conic. Then there exists a line ¢ such that
(1) £ is tangent to Ayeq at some point.

(2) ¢ intersects Ajeq in at least two distinct points.
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(3) The natural map
MW () — MW (m,)
18 1njective.

Proof. Tt suffices to prove that there are at most countable many lines such
that

MW () — MW (m,)

is not injective, since if A,¢q is not the union of lines nor a conic then there are
uncountable many lines that satisfy the first and second property the results
follows.

Let r = rankMW(x). Write MW(7)tor = {71,...,7T%}. Fix o1,...,0, €
MW (7) such that the o; and 7; generate MW ().

Consider a section o =7; +_._, n;o; € MW(7). Write o as

[2’0721,22] = [fag7ZOh7Z1h7Z2h]7

where f, g, h are homogeneous polynomials in zp,z; and 25 such that deg(f) =
2deg(h) + 2 and deg(g) = 3deg(h) + 3.

If o lies in the kernel of MW (7) — MW (), then h needs to vanish along ¢.
In particular, there are at most finitely many lines £ such that ¢ is mapped
to zero in MW (m,). Since MW(7) is countable there are at most countably
many lines ¢ for which some ¢ is mapped to zero, that is, for which the map
MW (7)) — MW () is not injective. O

Later on, we will show that the cases r =4, r; =8 and ry =2 can only
occur in the cone construction case. At this point we will show that in these
cases the curve C' is a union of lines, but not necessarily through one point.

Assume that the j-invariant is constant. Then it is well known that the
rank of MW (7/) equals 2a — 4, where a is the number of singular fibers of 7,
that is, a = #C N ¢ (counted without multiplicities).

LEMMA 3.6. Suppose C is not the union of lines. Then y*> =3 + Px has
Mordell-Weil rank at most 2.

Proof. If P is of the form P§ for some irreducible polynomial Py of de-
gree 2, then for a very general line ¢ the elliptic surface 7, is an elliptic
surface with 27 fibers, and therefore has rank 0. Since for a very general
line the map MW () — MW (my) is injective (Proposition 3.5), we have that
rank MW (7) = 0.

Otherwise we can apply the second part of Proposition 3.5. Let £ be a line
satisfying the properties mentioned in this proposition. Then 7, has j = 1728
and one fiber either of type I§ or III* and hence by the classification of Oguiso
and Shioda [9] has rank at most 2. Since MW(7) — MW (7,) is injective, it
follows that MW (7r) has rank at most 2. O
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LEMMA 3.7. Suppose C is not the union of lines. Then y?> =z + Q has
Mordell-Weil rank at most 6.

Proof. The proof is similar to the previous lemma. If @ is a quadratic
polynomial to the power three, then for a general line 7, is an elliptic surface
with 2 I fibers has therefore rank 0 and hence rank MW (7) = 0.

Otherwise we can apply Proposition 3.5. Using this we find a line ¢ such
that 7y has a fiber of type IV, I}, IV* or IT*, and therefore rank MW (7), < 6,
and such that MW (7)) — MW (7;) is injective. O

LEMMA 3.8. Suppose j =0 then 3| # MW (7)sor if and only if Y is given
by an equation of the form y? = x3 + f2, where f is a cubic polynomial.
If (Z/3Z) x Z? is a subgroup of MW (7) then f =0 is a union of lines.

Proof. Suppose 3 | # MW (m)ior. Since for a very general line ¢ the map
MW (7) — MW(m,) is injective (Proposition 3.5) it follows that for such line
£ the 1, : X, — P! is a rational elliptic surface with 3 torsion. It follows from
the classification of Oguiso and Shioda [9] that then the intersection C' N ¢
consists of three points with multiplicity 2 or one point with multiplicity 2
and one point with multiplicity 4. Hence, C' is a double cubic.

Conversely, if Y is given by y? = 23 + f2 then = 0,y = f defines a section
of order 3.

Suppose f =0 is not the union of lines. Then C'is a reduced cubic. Then by
Proposition 3.5 there exists a line ¢, such that MW (7)) — MW () is injective
and such that #¢ N C =2, hence MW7) is finite. 0

4. Singularities of quartic and sextic plane curves

4.1. Quartic curves. The classification of singular quartic curves is well-
known. We give a sketch. First, assume that C' is reduced. Then either C is
the union of four lines through one point, or C has at most ADFE singularities.
The first case corresponds to the cone construction case, so suppose we are in
the latter case. Let p1,...,px be the singularities of C, let M,..., M} be the
corresponding Milnor lattices. Then @ M; can be embedded in the lattice
corresponding to the affine Dynkin diagram E;. This limits the possibilities
to Al,...,A7,D4...,D7 and EG,E7.

Assume that C' is non-reduced and that Cieq is not the union of lines
through one point. Then C' is either a double line ¢ together with a (possible
reducible) conic T, or a double conic. If C' is a double conic, then it has to
be irreducible, hence Ceq is smooth and P = (.

Let ¢ be a point of the singular locus of Ceq. The above discussion shows
that (C,q) is one of the following singularities

e t25, i.e., £ and T intersect transversely;
o t2(t — s?), i.e., £ is tangent to T}
e ts, (A; singularity), i.e., T' is the union of two lines.
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Note that in the second case we have that P consists of one point.

4.2. Sextic curves. Sextic curves have more possible singularities.

THEOREM 4.1. A reduced sextic can have the following singularities [6]:

Ak s z? +yk+1, k<19.
Dy y(2® +y* 1), k<19,
Eg: 23+t

E;: 23 4+ x93,
FEg: x3+y5.

Bk,l : $k +y 3§

k<l Ifk=3 then 6 12, if k>3 then 1 <6.

aByy: x (x +4h), (k1) €{(2,5),
(k;
Y,

<I<
(2,7),(3,4), (3, 5) (4,5)}.

YyBr, : (.1‘ +y) 1) €{(3,4),(3,5),(3,6),(4,5)}.

xyBkl xy(:v +y ( l)E{(2 3)7<374)}

Cry: byl +2%y2, k<1, 2/k+2/1< 1 and k < n(l), with n(l) = 15,14, 14,

12,11,11,9 for 1 =3,4,...,9.

yCry: y(x® +yt + 2%9?). k<1, 2/k+2/1<1, ke {3,5}. If k=23 then

7<l<12 Ifk*5 then 1l € {5,6}.

Dy a* +yt +22y3. 2/p+3/g<1. If k=3 then 9 <10 < 13. Otherwise

(k,1) € {(4,7),(5,6), (5,7), (6,5), (6,6), (6,7)}.

Fy xk+yl+x2y3+x3y2. 6<k<I<T.

o Sop_1: (22 +y>)2 + (ag + ary)ry*™*. a9 #0,a; € C,k=1,2,3.
o SQk : (ZZJ2 +y3)2 + ((10 + aly)‘r2y3+k' aop # Oval S Cak = 17273'

All these singularities are also in Arnol’d’s list, so one might also use the

names given by Arnol’d. A translation between our name-giving and that of
Arnol’d can be found in [6, Remark 1].

Several of these singularities have distinct Milnor and Tjurina number, and

are therefore not semi-weighted homogeneous.

We do not present a classification of non-reduced sextics here. Essentially,

one has either

a double line with a quartic,

a double conic with another conic,

a double cubic,

a triple line with a cubic,

a triple line with a double line and a line,
a triple conic or

a quadruple line with conic.

The possibilities for the singularities are a combination of the possibilities

of singularities for conics, cubics and quartic, and the possible intersection
numbers between the components.



782 R. KLOOSTERMAN

5. Calculating H,(Y,C)

In this section, we discuss three approaches to calculate H;}(Y, Q). For
each singularity that we encounter, one of these methods applies, except for
six types of singularities. We list h;‘,(Y) for each of the singularities.

5.1. Dimca’s method. Let (Y,p) be a semi-weighted isolated hypersurface
singularity. We have a local equation of the form f, 4+ g, =0, such that
(Y,p) is a p-constant deformation of f, =0 and f, =0 defines a weighted
homogeneous isolated hypersurface singularity.

Let wy,...,ws are the weights of the variables, w, = w1 + w2 + w3 + wy
and let d, be the (weighted) degree of f. Then Dimca [3] shows

3
) =D R ity -,

Moreover, this direct sum decomposition is just @Grf_iH;}(Y). Finally,
Dimca shows that H;L(Y) has a pure weight 4 Hodge structure.

It turns out that all singularities under consideration satisfy R(f)a,—w, =0
and R(f)3d,-w, = 0. This follows from the fact that in all cases d, < w,
and the existence of a non-degenerated pairing R(f)a,—w, X R(f)3d,—w, —
R(f)4d,—2w, = C. This implies that H;l(K C) = C(—2)* with k= hf,(Y).

If j(m) = 1728, then all singularities of Y are non-isolated, so for the rest
of this subsection assume that j(7) =0.

We have a semi-weighted hypersurface singularity if and only if the sex-
tic C' is reduced at ¢ = 1(p) and has a weighted homogeneous singular-
ity.! This limits us to cases that C has either an ADE singularity, or a
By 1,xBy 1,y By 1, vy By, singularity. We list now the singularities with non-
trivial H,(Y).

PROPOSITION 5.1. Suppose (C,q) is a weighted homogeneous singularity of
a sextic curve, not a point of order siz, and such that h;(Y) #0. Then (C,q)
is one of
o Ay, As, Ag, A11, Ara, Aur,
L4 E67
® Bs¢,DB33,83 10,8312, Baigs.

The following lemmata yield a proof of this proposition and the proofs
provide basis for H. S(Y, C) for each nontrivial case.

LEMMA 5.2. Suppose C' has an Ay singularity at q. If k=2 mod 3, then
H}(Y,C) is isomorphic to C(=2)%. Otherwise, H, (Y, C) vanishes.

1 From the discussion of singular sextics it follows that only the Sj singularities have
moduli. Since the Sj singularities are not semi weighted homogeneous it turns out that all
semi weighted homogeneous singularities are rigid and therefore weighted homogeneous.
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Proof. We have a local equation for Y of the form
g2 = 2% 42 4 M
Setting weights 6,3k + 3,2k + 2,3k + 3 for s,t,x,y, we obtain d, = 6k + 6,
wp = 8k + 14. Hence, 2d, — w, = 4k — 2. The Jacobian ideal is generated by
y,t, 2%, s, Hence, R(f)4x_o is spanned by
2sk=2)/3 ((2k=1)/3

This means that H,(Y) =0 if k# 2mod3 and H,(Y) = C(-2) if k =
2 mod 3. g

LEMMA 5.3. Suppose C has an Dy, singularity at q then Hg(Y,C) =0.

Proof. We have a local equation for Y of the form
y? =% 4 st + 5L
Setting weights 6,3k — 6,2k — 2,3k — 3, we obtain d, = 6k — 6, w, = 8k — 5.
Hence, 2d, — w, = 4k — 7. Every monomial in x, s, has even degree and since
y is in the Jacobian ideal it follows that R(f)sx—7 =0. O

LEMMA 5.4. Suppose C has an Ey singularity at q, k € {6,7,8} then
H}(Y,C)=C(-2)? if k=6 and H,(Y,C) =0 otherwise.

Proof. Eg: We have a local equation for Y of the form
y2=x3+t3+s4.
Setting weights 3,4,4,6, we obtain d, =12,w, =17,2d, — w, =7. The only

monomials of weights 7 are xs,ts and their classes provide a basis for R(f,)7.
FE7: We have a local equation for Y of the form

y2 =23 +t3 + 3t
Setting weights 4,6,6,9, we obtain 2d, — w, = 11. Since there are no mono-

mials of degree 11, we obtain R(f,)11 =0.
FEg: We have a local equation for Y of the form

v =% 54 5
Setting weights 6,10,10,15, we obtain 2d, — w, = 19. Since there are no
monomials of degree 19, we obtain R(f,)10=0. O

REMARK 5.5. Suppose (Y,p) is a weighted homogeneous hypersurface sin-
gularity. Let ({f, =0},0) be a local equation of (Y,p), where f, is weighted
homogeneous. Then S, = {f, = 0} defines a surface in P(wp, w1, ws,ws).
Dimca’s method (as well as the method of Hulek—Kloosterman) relies on the
isomorphism H, (Y, C) = H?(S,, C)prim(1).

Often one can simplify this calculation. If exactly three of the four weights
have a nontrivial common divisor one can apply the following procedure: Sup-
pose S, C P(wo, gw1, gwa, gws) and g{wg. Then there is an isomorphism



784 R. KLOOSTERMAN

¢ : P(wo, gwi, gwa, gws) — P(wp, w1, we,ws) by sending (zg: x1: x2: x3) —
(xf : 21 z9: x3).

Let g, be the equation of ¢(.S,). Suppose that g, has an isolated singularity,
that is, ¢(S,) is quasi-smooth. Since ¢ is an isomorphism, we have then
that Hl’l(Sp)prim 2 R(gp)d—wo—wi —ws—ws- We often refer to this as the three
weights trick.

The reason to apply the three weights trick is the following: in several cases
it turns out that 1 lies in the Jacobian ideal of g,. This in turn implies that
R(g,) =0, and h"'(S,)prim = 0.

LEMMA 5.6. Suppose C has a By, singularity and 61kl then H}(Y,C) =0
Proof. We have a local equation for (C,q) of the form
=2tk 4 s

hence we can set the weights for s,t,z,y to be 6k,6l,2kl,3kl. If 21 kl, we
may apply the three weight trick (Remark 5.5). Therefore, it suffices to study
y=a3+ 1"+ s, If 31kl, we can also use the three weights trick, in this
case we obtain the singularity % = z 4+ t* + s!. In both cases, 1 is in the
Jacobian ideal, hence the Jacobian ring (and therefore the local cohomology)
vanishes. O

Recall that in Theorem 4.1 we give a list of possible values (k,1) such that
By,,; occurs as a singularity on a sextic.

LEMMA 5.7. Suppose C' has a By, singularity and 6 | kl then
H3(Y,C)=C(-2)? if k=3 and | = 2,4 mod 6.

H4(Y C)=C(-2)* if k=3 and I =0 mod 6.

3( C)=C(-2)* if (k,1) = (4,6).

H,(Y,C) =0 if (k,1) = (5,6).

Proof. An easy computation shows that if (k,l) = (5,6) then Rag, ., =0

and there is no local cohomology.
If k=3, then Raq, ., is generated by

otsU-0/6 5 (1=2)/2 4 (1=2)/2 ((51-1)/6
If (k,1) = (4,6), then Roq, ., is generated by xts,ts. O

LEMMA 5.8. Suppose C' has an xBy, an yBy,; or an xyBy, singularity
then Hy(Y,C) vanishes.

Proof. We used the computer algebra package Singular to check for every
admissible value of (k,1) (see Theorem 4.1) that Rog, v, = 0. O
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5.2. Method of Brieskorn. A second of class of singularities are non-
weighted homogeneous isolated hypersurface singularities.

Let f, be a local equation for (Y,p). Then f, =v* + 2% + g,(s,t). We
explain now the method to calculate H;)L (Y). First, observe that this group
equals H*(F)° the part of the cohomology of the Milnor fiber that is invariant
under the monodromy.

Now H*(F) is naturally isomorphic to the Milnor algebra of (f,,0). The
Milnor algebra can be easily calculated. Brieskorn [1] developed a method to
calculate the action of the monodromy on H*(F). We will not explain this
method, but use the computer algebra package Singular, which contains an
implementation of this method.

For computational reasons, it is better to let Singular calculate the mon-
odromy action on H?(Fy), where F} is the Milnor fiber of g,(s,t) = 0. From
this, one can deduce the monodromy on H*(F') as follows:

For an arbitrary singularity f(z1,...,2,) =0, one can identify H™(F) with
the Milnor algebra M (f) := C[[z1,...,2n]]/(fs foos- -+ fro)-

Now, the Milnor algebra of x| + f is the direct sum EB?;Oz ' M(f). One
easily shows that for h € M(f) we have TmzHJrf(xjh) = exp(2jmi/d)xI T (h),
where T, is the monodromy operator for the singularity (g,0). More specific,
to find all the eigenvalues of T .4 L.+ One needs to multiply all the eigenvalues
of Tt by all the dth roots of unity except for the root of unity 1. In the case
y? + 23 + gp(s,t), we apply this procedure twice. Hence, the eigenvalues of
the monodromy of f get multiplied by exp(5/37i) and exp(1/37i), that is,
the two primitive sixth roots of unity. So, in order to determine H;‘(Y) we
need to find the eigenspaces for the eigenvalues exp(5/37i) and exp(1/37%)
on H?(Fy).

The computer algebra package Singular produced the following results.

PROPOSITION 5.9. Suppose (C,q) is a Cy1,yCh,i, D1, F or Sy singular-
ity on a sextic curve. Then
o hi(Y,C)=4if (C,q) is Csr3 singularity.
. hf)(Y, C) =2 if (C,q) is Ck, singularity, where exactly one of k,l is divisible
by 3, or (C,q) is either a S3 or a Sg singularity.
e hi(Y,C) =0 otherwise.

5.3. Method of Hulek—Kloosterman. The final method we use works
for non-isolated singularities. Let (Y,p) be such a singularity. Since we have
a minimal elliptic threefold, such a singularity is one-dimensional, and the
transversal types are ADE surface singularities.

There are three classes to distinguish:

e j(m)=1728 and C has an isolated singularity at g.
e j(m)=1728 and C has a non-isolated singularity at g.
e j(m) =0 and C has a non-isolated singularity at q.
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If C is a quartic, then (C,q) is weighted homogeneous. If C is a sextic,
then except for six types of singularities, (C,q) is weighted homogeneous.
For the rest of this subsection, assume that (C,q) is weighted homogeneous.
Then (Y,q) is weighted homogeneous. This implies that we may apply [5,
Proposition 7.7], which is a generalization of Dimca’s method. We start by
giving a short outline of this method:

Let f,, be alocal equation for (Y, ¢), let w, and dp, be as in Dimca’s method.
Let R(f,) be the Jacobian ring of f,. Hulek and the author proved that
H;}(Y) has pure Hodge structure of weight 4 with h*° = 04 =0, A3 = p13 =
dim R(fp)d,—w,- To determine h?? we need to introduce some notation. The
equation f, =0 defines a surface S, in weighted projective 3-space P’. Now,
Hulek and the author show that h%?(H,(Y)) = h"'(Sp) prim-

The Hodge number hl’l(Sp)prim can be determined as follows: Let ¢, ...,
gs be the points where all the partials of f, vanish. Then (S,,¢;) is an ADE
singularity. If g ¢ P, then let M, be the Milnor algebra of (S, q).

Ifqe P;ing we do the following: we have a degree 6 quotient map ¢ : P* —
P’ let G be the Galois group of this cover. Let ¢ € p~1(q). Let G, be the
stabilizer of . Let g be a local equation of (S,,¢) in P’. Then G, acts on the
Milnor algebra of g. Let M, be the invariant part of M under G,. One can
show that this definition is independent of the choices made. Let

R(fp)2d, —w, =ker R(fy)2d,—w, — @) My,
Then it follows from the work of Steenbrink [12] that
A1 (S,) = dim R(fp)2a, —w, -
This suffices to calculate all the Hodge numbers.

REMARK 5.10. In addition to the three weights trick (Remark 5.5) there
is another trick we can apply. Namely, let X(f,) be the locus, where all the

partials of f, vanish. Assume that 3(f,) NPy, =0. Then
WS =R S) = Y g,
a€X(fp)

where p, is the Milnor number of the singularity at ¢. (This formula holds,
since S, has only ADE surface singularities. For a proof of this, see, for
example, [5, Lemma 6.1].)

As written above, we distinguish between three classes. First, assume
j(m)=1728.

PROPOSITION 5.11. Suppose (C,q) is a singularity of a quartic curve, not
a point of order four, such that hf)(Y) #0. Then (C,q) is isolated and one of
As, A7, Ds.
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Assume first that (C,q) is isolated. From the classification of singular
quartics, it follows that (C,q) is an ADFE singularity.

In all cases, it turns out that d, —w, <0, hence H}(Y) is of pure (2,2)-
type. Since w, and d, are listed in every proof, we do not mention that
dp, <wp. We prove now:

LEMMA 5.12. Suppose C' has an Ay singularity at q then H;l(Y, C) =
C(—2)? if k=3 mod 4 and H,(Y,C) =0 otherwise.

Proof. If C' has an A;, singularity at ¢, then Y is locally of the from f, =0
with

fo=y*+a+ (T + %)z

Set the weights of s,t, 2,y to be 2k +2,4,2k + 2,3k + 3. The sum w, of the
weights equals 7k + 11. The degree d,, equals 6k + 6.

To determine h?? we start by determining Rag,—w, = Rsgt1- Since y, 2% +
th+t1l 4 52 t*x and sz generate the Jacobian ideal, it follows that

Rspsr = span{t(5k+1)/4,t(3k_1)/4s,t(k_3)/452, mt(:}k—l)/4}_

Hence, Rspiq =0 if k# 3mod4. From this, it follows that hj(Y) =0 if
k # 3 mod 4.

Suppose that k=3 mod 4, i.e., k=344(m — 1). Our defining equation is
of the form

v+ a3+ (t4m + s2)x.

We set the weights of s,t,x,y to be 2m, 1,2m,3m. Now, d, = 6m,w, = Tm+1.
From this, it follows that R(fy)2d,—w, is generated by

t5m—17 t3m_18, tm_182,t3m_11'.

Since S has A; singularities at (1:1:0:0) and (1: —1:0: 0). The Milnor
algebra is generated by 1, i.e., Ra4,—w, is spanned by elements of Rag,—w,
that vanish at (1:1:0:0) and (1: —1:0: 0), hence it is spanned by

3™~ and (t4m - sQ)tm_l
and hA(Y) =2. O
LEMMA 5.13. Suppose C has a Dy singularity at q. Then H;}(Y, C) =
C(-2)? if k=3 mod 4 and H,(Y,C) =0 otherwise.
Proof. In this case, we have a local equation of the form
g2+ +(tF 72 4 52z

The weights here are 2k — 4, 4,2k — 2,3k — 3. Hence d, = 6k — 6, w, =Tk — 5,
2d, — wp, =5k — 7. Consider

Rady—uw, = (Cla,y.t,s]/ (v, 27 + 771 + 5%t sta, (b — 1)tF 2+ %)), o
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It is easy to see that ¢5/4k—T7/4 3/4k=3/4g t1/4k+1/442 443/4k=5/4 gpan this
vector space. Hence, a necessary condition to have local cohomology is k =
+1 mod 4.

Consider first the case k=3 mod 4, i.e, k =4m + 3, then we have a local
equation of the form

v+t + t(t4m+1 + 82)x.
We can normalize the weights such that they become 4m+1,2,4m+2,6m+ 3.
The degree is 12m + 6, the sum of the weights equals 14m + 8. The vector
space Rigm+4 is spanned by
t5m+2’ Sth+1’ xt3m+1.

The partials of f, vanishif t =2 =y =0 or if t*™ ! + s> =2 =y =0. These
equations yield points ¢;,g> where S, has an A; singularity. At such a point
the Milnor algebra is generated by 1, hence the kernel R(f,) — My, & My,
consists of functions vanishing at ¢; and ¢o. So R is generated by

(t4m+1 + 82)tm+1,$t3m+1.

Thus H,(Y,C) = C(-2)>.
The case k=1 mod 4 is different. Set k =4m + 1. Then we have a local
equation of the form
y2+a® (4 4 5%
The weights are 4m — 1,2,4m,6m. This surface is isomorphic to the surface
S given by
Y+t (" 4 s)a
in P(4m — 1,1,2m,3m). The surface S is of degree 6m and the sum of the
weights is 9m. The only monomials of degree 3m are y, 2t™,t3™. Since y and
xt are in the Jacobian ideal it turns out that R(fp)24,w, is generated by t3m,
The surface S has an A; singularity at ¢=(1: —1:0:0). At this point
we have a trivial stabilizer. The Milnor algebra M, is generated by 1 in local
coordinates. Hence, all elements of R( Jp)2d,—w, have to vanish at ¢. So
t3m ¢ lfz(fp)gdp,wp7 hence hjy(Y) = 0. O

LEMMA 5.14. Suppose C has an Ey singularity at q then H;(Y,C) van-
ishes.

Proof. Case Eg:
Y2+ 2+ (s* +tY)a,
the weights are 4,3,6,9. This surface is isomorphic to
Y42+ (s+th)a
in P(4,1,2,3). The degree is 6, the sum of the weights equals 10, whence

2d, — w, = 2. The only monomials of degree 2 are x and ¢*. Since z is
in the Jacobian ideal it follows that Raq, ., is generated by t2. As S has
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an A; singularity at (1: 1:0: 0), all elements of Rgdp_wp have to vanish at
(1:1:0:0). Since t* does not vanish, we obtain that A (Y) =0.
Case FE7:
y2 + 23+ (83 + stg)x,
the weights are 12,8,18,27. This surface is isomorphic to
Y+ z3 + (53 + st3):13
in P(6,4,9,27). Since 1 is in the Jacobian ideal, we obtain R is the zero ring,
hence H,(Y,C) =0. O

We come now to the case where (C,q) is a not an isolated singularity.
From Section 4, it follows that we only have to consider the following two
singularities:

LEMMA 5.15. Suppose (C,q) has local equation s*t =0 or s*(s —t?) =0.
Then Hy(Y) =0.

Proof. In the first case, we have a local equation y? = 23 + stz for (Y,p).
This defines a degree 6 surface S in P(1,2,2,3). Hence 2d, — w, =4. The
monomials zt, s %, s*t span R(f,)s. The surface S has two singularities,
namely at ¢; :=(1:0:0:0) and g2:=(0:1:0:0).

The Milnor algebra My, is generated by 1 (which translates to s* in global

coordinates). For go, note that the Milnor algebra is generated by 1,z, s, 2.

2 ig spanned by t2,zt, s%t

The group G, is generated by s+— —s, hence Mqi
and Rgdp_wp =0.

Consider now 32 = 2 + s%(s — t?)x. This defines a surface in P(4,2,6,9)
and is isomorphic to y = 2® + s?(s — t?)z in P(2,1,3,9). This surface has
h2 im = 0, hence H(Y,C) =0. O

We turn now to the final case, namely j(7) =0 and C is non-reduced.

LEMMA 5.16. Suppose (Y,p) is one of the following singularities

(1) y? =23 +12s,
(2) y> =2 +12(t - %),
(3) y?2 =a3 +13s,
(4) y> =2’ +13(t - %),
(5) y? =23 +tts,
(6) 42 = a3 + 1252

Then H,(Y)=0.

Proof. For each case, we list a choice for the weights. We then either state
that we may apply the the three weights trick (Remark 5.5) or we give an
outline on how to compute Rgdp_wpi
(1) 2,2,2,3: (three weights).

(2) 2,6,6,9: (three weights).
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(3) 3,1,2,3: In this case we have 2d, —w, = 3. A basis for R(f,)s3 is s,zt. At
(1:0:0:0) we have the following stabilizer: z +— w?z,t+— wt. The Mil-
nor algebra has basis 1, x, t, xt. After taking invariants under the stabilizer
we find that 1, zt span Mf". Hence, Rgdp,wp =0.

(4) 3,6,8,12: (three weights).

(5) 2,1,2,3: In this case, we have 2d — w = 4. A basis for R(f,)4 is xs, xt?,
t?s, 82, At (1: 0: 0: 0) we have t — —t as stabilizer. The Milnor algebra
is spanned by 1,z,t,xt,t2,2t?, hence the invariants under the stabilizer
are (in global coordinates) s?,xs,t2s, xt2. Hence, R(f,)2d,—w, = 0.

(6) 2,1,2,3: A basis for R(f,)s is xt? xs,t*,s%. At (1:0:0:0) the sta-
bilizer is generated by t — —t, the Milnor algebra is spanned by 1,x,
hence is invariant under the stabilizer, so we can exclude s?,zs. At
(0:1:0:0) we have no stabilizer, the Milnor algebra is spanned by 1,z
in local coordinates, hence t*, xt? can be excluded. From this it follows
that Roq,—w, (fp)=0.

LEMMA 5.17. Suppose T is a reduced quartic with a double and a triple
point. Then either

o T has exactly two singularities, the triple point is a Dg singularity and the
double point is an Ay singularity,

o T has exactly two singularities, the triple point is a Ds singularity and the
double point is an A1 singularity or

o T has a Dy singularity an up to 3 Ay singularities.

Proof. Suppose ¢; is a double point and go a the triple point. Let ¢ be
the line through ¢, and go. Since (T'-£),4, > 2 and (T - £)4, > 3 it follows that
¢ is a component of T. Let K be the residual cubic. Then ¢; is a smooth
point of K and g5 is double point of K. Since T is reduced, we have that £ is
not a component of K. From this, it follows that (K -¢), =4 for i=1,2. In
particular, at ¢; we have an A; singularity. Hence, all double points of T are
Aj singularities.

Note that if K has an Ay singularity at ¢; then T has Dsj singularity.
Since K is a cubic we have that k < 3.

If K has an Aj singularity at ¢; then K is a conic @ together with a line
tangent to @@ at ¢;. Hence, T has a Dg and an A; singularity and no other
singularities.

If K has an As singularity at ¢; then K is an irreducible cubic and smooth
outside ¢;. Hence T has a D5 and an A; singularities.

If K has an A; singularity at ¢; then K has at most 2 other A; singularities,
hence T has a D, singularity and at most three A; singularities. O

LEMMA 5.18. Suppose C is a double line € together with a reduced quartic T.
Suppose that Y has at least two singularities such that H;L(Y) #0 then one of
the following occurs
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C has at least two cusps, none of them along £.

¢ is a bitangent of T, and C might be smooth or has double points along
cne.

C has an Eg singularity, but not along C' N ¥, and there is a point g€ CNY
such that (C - €), € {2,4}.

o C has an Ay or As singularity, C' is smooth along C N £ and there is a point
g € CNYL such that (C-0), € {2,4}.

C has an Az or As singularity not along C N and C has a double point
along C'N L.

Proof. Suppose first that T' is smooth outside TN ¢. Since we have at
least two singularities that are not rationally smooth, and the singularity
y? = 23 + 25 is rationally smooth (Lemma 5.16), it follows that (7" -¢) > 2 for
at least 2 points in the intersection. Hence, ¢ is a bitangent.

Suppose that there is a singularity (7', ¢’),q’ ¢ ¢ such that H;l(Y) #0. Then
(T,q') is a As, A5 or Eg singularity. Let ¢ € TN{. If T is smooth at ¢ it follows
from Lemma 5.16 that (T - ¢), € {2,4}.

If (T,q') is an Eg singularity then it follows from Lemma 5.17 that T" has
no double points. Since a reduced quartic has at most one triple point, this
implies that T' is smooth outside ¢’. Hence the second singularity such that
HJ(Y) #0, comes from a point in ¢ € T'N¢. From Lemma 5.16 it follows that
(1), €{2,4}.

If (T,q') is an A or Aj singularity, then (7T, ¢) might be smooth and the
intersection number (T -¢), is 2 or 4, or (T, q) is an Ay singularity.

Suppose none of the intersections points of T and ¢ yields a non-trivial
Hg(Y). Then T has at least two singularities with types As, As, Eg. Since
the combinations 2Fg, 245, Eg + Az and A5 + As are not possible, it follows
that T has at least two A, singularities. O

LEMMA 5.19. Suppose Q is a quartic with an Ay singularity at g and £ is
a line through p, not contained in Q. Then (k,(Q -¥)) is one of the following
o (k2),1<k<T.
o (k,3),1<k<2.
o (k,4),1<k<T k+#2.

Proof. Since Q is a quartic, we have 1 < k < 7. For a general line ¢ we have
(Q-¢)=2. This yields the case (k,2).

Suppose now k=2 and ¢ is given by ¢t =0. The quartics locally given by
st + s or st + s* yield the cases (1,3) and (1,4).

Suppose now that we have k > 1 then we have a local equation of the form

tz + a3053 + aglszt + a125t2 + a03t3 + (14084 + a3153t + a2252t2 + a035t3 + a04t4.

Since £ is not a component of (), we have that either agg or a4 is nonzero.
If azp # 0, then we have an Ay singularity and C - £ = 3.
If azp =0, then k>3 and C - £ =4. O
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REMARK 5.20. A straightforward calculation shows that the contact equiv-
alence class of t2f(t,s), where f is a singularity on a quartic curve, is deter-
mined by the type of singularity of f and the intersection number of ¢ =0
with f(t,s).

LEMMA 5.21. Suppose C is a triple line £ together with a reduced cubic K.
Suppose that Y has at least two singularities such that HS(Y) %0 then K is
a cuspidal cubic, and £ is a flex line at a smooth point of K.

Proof. Suppose K has two points ¢1,ge not on £ yielding nonzero H;*(Y)7
then K has an A, singularity at ¢1,¢s. Since a cubic has at most one cusp,
this is not possible.

Suppose there is a point ¢ € K N ¢ yielding a nontrivial H;}(Y). Then from
Lemma 5.16 it follows that K is singular at ¢, or ¢ is a flex point and ¢ is a
flex line. This implies that there is at least one point ¢’ not on ¢ yielding non
trivial local cohomology.

Since a cubic has only Aj, As or D, singularities, and Ay, D, singularities
yield rationally smooth points on Y, it follows that (K, q) is an A, singularity.

Since cuspidal cubics have exactly one singularity, it follows that (K,q) is
smooth, hence /¢ is the flex line of K at q. O

LEMMA 5.22. Suppose C is a quadruple line £ together with a reduced
conicT. Then'Y has at most one singular point p with H;}(Y) #0.

Proof. Let ¢; and g2 be points yielding nontrivial local cohomology. Since
T is a conic it is either smooth or has an A; singularity. Since an isolated A;
singularity yields a rational smooth singularity on Y, we have that g1,q2 € £.
In particular ¢ is not a tangent of 7. From Lemma 5.16, it follows that
H}(Y) =0 in this case. O

LEMMA 5.23. Suppose C consists of two double lines £1,0s together with

a reduced conic T. Suppose that Y has at least two singularities such that
HJ(Y)#0. Then £y and {y are tangent to T.

Proof. A point on T but not in T'N (¢; U¥s) is either an isolated A; singu-
larity of C' or smooth, hence has no no-trivial local cohomology.

From Lemma 5.16, it follows that transversal intersections of ¢; with 7" has
trivial local cohomology. Hence ¢; and ¢5 are tangent to C. O

LEMMA 5.24. Suppose C consists of a smooth double conic K together
with a reduced conic T. Suppose that Y has at least two singularities such
that H;f(Y) # 0 then C and K have common tangents at two intersections
points.

Proof. A point on T but not in T'N K is either an isolated A; singularity
of C' or smooth, hence has trivial local cohomology.
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Transversal intersections of K with 7" have trivial local cohomology. Hence
we need at least two points such that (K -T'), > 2. Since K and T are conics,
this implies that K and T have two intersections points with intersection
multiplicity 2. O

LEMMA 5.25. Suppose C' consists of three double lines, not passing through
one point or C consists of the union of a triple line with a double and single
line, not all three passing through one point. Then there is no point with
non-trivial local cohomology.

Proof. Note that all intersections are transversal. Hence, the result follows
directly from Lemma 5.16. O

We still need to determine H,(Y') for singularities of type (Ag,m). Note
that for (Ag,4),k > 4 we have local equations

(t+52)7 (2 + ")

which are not weighted homogeneous. For singularities of type (As,k), for
k € {3,4} we have local equations

*(ts+ (t—s)")

which are not weighted homogeneous. In total we have six types of singulari-
ties for which we do not have a method to calculate H,(Y).

It remains to consider the cases (Ag,2), for 1 <k <7, (As,3), (A3,4) and
the case that @) is smooth at the intersection points with ¢, and £ is a bitangent
or a quadruple tangent to Q.

LEMMA 5.26. Suppose we have a singularity of the form
y2 =% 412 (t + 5%)
with k€ {1,2}. Then H}(Y) is two-dimensional.

Proof. Setting weights 1,2k, 2k, 3k, yields 2d —w = 5k — 1. Clearly, the de-
gree 2d, —wy, part of R(fp)2d, —w, is spanned by sOR—1 ggBh—l ¢kl ppgh—1,
At (1:0:0:0) we have an Ay singularity. The images of s°*~! and zs3*~
generate the local Milnor algebra, hence H;l(Y) is 2-dimensional. t

1

LEMMA 5.27. Suppose we have an (Ag,2) singularity then H;,L(Y) s non-
zero if and only if k € {3,6}. If k € {3,6}, then H,(Y) = C(-2)%.

Proof. A local equation is of the form
y? =2 + (£ + s,

Setting weights 6,3k + 3,2k + 6,3k + 9 shows that we can apply the three
weight trick if 312k + 6. Hence, if k # 0 mod 3 then H,(Y)=0.
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If k=3, we have that Raq, ., is spanned by the images of xs?, xt, s, 12
The local Milnor algebra at y =x = s =0 is generated by 1,x, hence dep_wp
is spanned by xs?,s* and hy(Y) = 2.

If k=6, we have that Ra4, .y, is spanned by the images of xs*,s%. The
local Milnor algebra at y =x = s =0 is generated by 1,x, hence Rde_wp =
Rad, —w, is spanned by xs3,s% and hj(Y) =2. O

LEMMA 5.28. Suppose we have an (As,3) or an (As,4) singularity then
Hy(Y)=0.

Proof. In the first case, we have local equation y? = 23 +t2 (% + s3). Setting
weights 3,2,4,6, shows that we can apply the three weights trick to reduce to
the singularity 2 = 23 + s(s + t3) with weights 3,1,2,3. From Lemma 5.16,
it follows that this singularity has no local cohomology.

In the second case, we have local equation y? = 23 + t2(¢% + s*). Setting
weights 6,3,8,12 shows that we can apply the three weights trick. Hence,
there is no local cohomology. O

Finally, in the case of a triple line and a cubic curve we have the following
singularity.

LEMMA 5.29. Suppose (Y,p) is a singularity of type
y2 =3 +t3(t+s3).
Then Hy(Y) is two-dimensional.

Proof. If we set weights of s,t,x,y to be 1,3,4,6, we obtain 2d — w = 10.
The vector space R(f,)10 is spanned by xs®, xts3 xt? t?s1ts7s%. We have
a singularity at (1: 0: 0: 0). The stabilizer at this point is trivial and the
Milnor algebra is generated (in global coordinates) by s'°, 255, ts”, xts3, hence
R is generated by t2s*, xt2. O

6. Determining the Mordell-Weil rank

To determine the Mordell-Weil rank of an elliptic threefold, we use the
main result of [5]: Let Y C P(2,3,1,1,1) be a hypersurface given by

y?=12°+ Pr+Q,

where P and @ are polynomials in zg, z1, 22 of degree 4 and 6 respectively.

Let ¢ : Y --» P2 be the projection from (1:1:0: 0: 0) onto the plane
{x =y =0}. The map ¢ is not defined at (1:1: 0: 0:0). Let Xy be the
blow-up of Y at (1:1:0:0:0). This blow-up resolves the singularity of v
and endows X with the structure of a Weierstrass fibration in the sense of
Miranda. Miranda gave a description of which birational transformations one
needs to apply in order to obtain an elliptic threefold 7 : X — S.
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The torsion part of MW () can be determined by specialization and we will
come back to this later. In [5] we gave together with Klaus Hulek a procedure
that for general Y calculates rank MW (7). To determine the rank of MW ()
one can use that if H*(Y, C) has a pure weight 4 Hodge structure then

rank MW (7) = rank H>?(H*(Y,C)) N H*(Y,Z) — 1.

In general, intersections of the type H*2(H*(Y,C)) N H*(Y,Z) are hard to
calculate. An exception is the case where H*(Y,C) = H>2(Y,C). This is
actually always the case in all our examples.

LEMMA 6.1. Suppose every non-isolated singularity of Y is weighted ho-
mogeneous. Then H*(Y,C) is pure of type (2,2).

Proof. Consider the exact sequence

=P HN(Y) - HY (YY) - HY (V).
peEXS
We start by proving that the mixed Hodge structure on H*(Y) is pure of
weight 4. Since Y* is smooth, it follows that H*(Y*) has only Hodge weights >
4, whereas H*(Y') has only Hodge weights < 4, since Y is proper (both state-
ments can be found in [10, Section 5.3]). Hence to prove the above claim, it
suffices to prove that the Hodge structure on H;}(Y) is of pure weight 4.

Suppose p € Yy and suppose we have a weighted homogeneous singularity
at p. Then by the results of Dimca [2] and of [5], it follows that H,(Y) has
pure weight 4. If (Y,p) is not weighted homogeneous then this singularity
is isolated. The procedures in the Singular library gmssing.1ib allow us to
calculate the weight filtration on H,(Y). It turns out that for all singularities
mentioned in Theorem 4.1 the Hodge structure on H,(Y') is pure of weight 4.
From this it follows that H*(Y') is pure of weight 4.

In order to prove that H*(Y) is pure of type (2,2), consider f : Y >,
a resolution of singularities of Y. Let ¢ C P2 be a general line. Then Y} :=
f~L(x~1(¢)) is irreducible and is a rational elliptic surface. Moreover, since £
is ample, we have by Lefschetz’ hyperplane theorem that H2(Y) — H?(Y;) is
injective. From the rationality of Y; it follows that h*°(Y;) =0 and therefore
h?°(Y) = 0. Using Poincaré duality one obtains h*(Y)=hb3(Y)=0. In
particular H22(Y) = H*(Y).

We have an exact sequence H3(E) — H*(Y) — H*(Y). Since E is proper
it turns out that there the graded piece of weight 4 in H3(E) is trivial. Since
H*(Y) is pure of weight 4 this exact sequence implies that H*(Y') injects in
H*(Y). The latter Hodge structure is pure of type (2,2), so the same holds
for H4(Y). O

PROPOSITION 6.2. Suppose (Y,p) is a semi-weighted homogeneous hyper-
surface singularity. Then H*(P\'Y,C) — H(Y) is surjective.
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Proof. Suppose first that j = 0. Then there exist positive integers d (divis-
ible by 6), vy, ve, a, B, 7, d such that vya+vef =v1y + v2d =d, and the ged
of d/6, v; and vy equals 1 and (Y,p) is locally given by y? + 23 + 55 4 s7¢°
plus terms of the same or higher (weighted) degree. Moreover, since C' is a
sextic we may assume that o+ 5 and v+ 9 are at most 6.

If both v, and v are divisible by 2 then three of the weights are divisible
by 2 and we can apply the 3 weights trick and obtain that H;L(Y) =0. The
same conclusion holds if both v; and vy are divisible by 3.

For all other choices of (v1,v2) we used the computer program Singular
to calculate 2d — w and d —w. If Clx,y,s,t]ag—q is spanned by elements of
(usual) degree at most 4, then the map H*(U) — H}(Y) is surjective. The
only triples (d,v1,v2) not satisfying this criterion are d = 12,v; = 1,v3 = 3 and
d=12,v1 =1,v2 = 4. Since the singularity lies on a sextic it turns out that
this corresponds to the singularities

y2=x3+t3(t+53) resp. y2:x3+t2(t+84).

For both singularities we know H,(Y) = 0.
The case j = 1728 can be treated similarly, but turns out to be easier. This
finishes the proof. O

Summarizing, we have that rank MW () = h*(Y)) — 1, that h*(Y) — 1 equals
the dimension of the cokernel of
H*P\Y,C) - @PH, (Y
peEX
and that if 3 consists of one point at which Y has a weighted homogeneous
singularity then this cokernel is trivial.

To calculate in practice the cokernel, we might use that this cokernel is of
pure (2,2)-type, hence it suffices to calculate

coker (GrEH*(U,C) — Grp.H,(Y)).

In the sequel, we will only calculate the rank in the case that (Y, p) is weighted
homogeneous, hence for the rest of this section assume that Y has only
weighted homogenous singularities. In the previous section, we showed for
each weighted homogeneous singularity that H,(Y) is pure of type (2,2).
Hence, it suffices to calculate

coker (Gry H*(U,C) — H,(Y)).
There is a natural map Clz,y, 20, 21, z2]4 — GraH*(U,C) given by
g FQ
Here f is a defining equation for Y and 2 is the “standard” 4-form on P (cf.
[5, Section 5]). The Jacobian ideal lies in the kernel of this map (see e.g.,
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[2]). Since y is in the Jacobian ideal, we get a surjection Clx,zg, 21, 22]4 —
H*(U,C).

The map H*(U,C) — H,(Y,C) can be calculated as follows. In the pre-
vious section we provided generators ¢i,..., gy for HS(Y, C). Now the map
Clzo, 21, 22]22 @ Clzo, 21, 22]4 — H;}(Y, C) is given by

6 (%), L)

We can simplify the calculation of the Mordell-Weil rank further: the only
interesting cases are j(w) =0,1728. In that case, the fibration with section
has an extra automorphism, namely

w: ($7yaZOaZ1,Z2) - (W$,y,2'0,21,22)
with w? = —w — 1 (if j(7) =0) or
i (z,y,20,21,22) — (—x,1y, 20, 21, 22) if j(m)=1728.

Let o either be w or i. The action of o gives MW(7) the structure of a

Z[o]-module. In particular the Z-rank of MW (r) is twice the Z[o]-rank of

MW (x). If we fix a basis Py,..., P, for MW(xw)/ MW (7)o, as Z[o]-module,

then Py,0P,...,P., 0P, is a basis for MW (7)/ MW (7)o, as Z-module.
Then o acts on P;,0P; as

0 —1 ‘ 0 -1
1 1 resp. 1 o0 )
2

This implies that on MW (7) ®z Q the only eigenvalues of o are w,w? resp.
i, —1, and the corresponding two eigenspaces have the same dimension.

The automorphism o induces actions on H*(Y,C)prim, H,(Y,C) and the
graded piece Gr’}H 4(U,C). Recall that we are interested in the calculation
of the cokernel of

FHY(U,C) — @ Hy(Y)
peEP
The cokernel is a direct sum of the two eigenspaces and both eigenspaces have
the same dimension. Hence, it suffices the calculate the dimension of the w?
(resp. i) eigenspace of the cokernel.

Since o(2) = wQ if j(7) =0 (resp. —iQ if j(7) =1728) and F*H*(U,C) is

a quotient of

(IC[Z(), 21, 22]2 (&) C[Z(), 21, 22]4) . %Q
it follows that the w?-eigenspace, respectively, the i eigenspace is the co-kernel
of

xCl20, 21, 22]2 - Q—)@H4 Y,C)7~ w? ot

f?
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At the level of the local cohomology the same phenomena happens i.e., o
acts on monomials of the form zh(t, s) as multiplication by w? resp. i, and on
monomials of the form h(¢,s) it acts as w, resp. —i.

REMARK 6.3. It should be remarked that on H;(Y) the two eigenspaces
have the same dimension. However, on F3H*(U, C) the two eigenspaces have
different dimensions, namely 6 and 15. For computational reasons we choose
to work with the 6-dimensional space.

7. Classification I: j(m) =1728
This case is rather easy.

LEMMA 7.1. Suppose j(mw) =1728. Then MW ()tor 2 Z/2Z if and only if
C is a double conic. If C is a double conic then MW (7)sor = (Z/27)?.

Proof. From Lemma 2.5 it follows that Z/2Z is a subgroup of MW (x).
Suppose that # MW (7)ior > 2, then for a general line ¢ the specialization map
MW () — MW (m,) is injective hence 7 is a rational elliptic surface j(m¢) =
1728 and the torsion subgroup of MW () consists of at least 3 elements. From
the classification of rational elliptic surfaces it follows that C' N ¢ consists of
two points with multiplicity 2. Hence C' is a double conic. Conversely, if C
is a double conic, then Y is given by y? = 23 + f2x. This threefold has = =
+f,y=0and z =0,y =0 as sections of order 2. Hence MW (7 )¢o; D (Z/2Z)2.
From Corollary 3.3 it follows that then MW (7)o, = (Z/2Z)2. O

THEOREM 7.2. Suppose j(m) = 1728 and that Creq is not the union of lines
through one point. Then MW () is infinite if and only if C is a quartic with
two Az singularities.

Moreover, we have
o MW(r) X Z/4AZ if and only if C is a double conic,

o MW (m) = Z/2Z x Z? if and only if C is a quartic with two Az singularities.
o MW (m) X Z/2Z otherwise.

Proof. Suppose C' is a quartic with two As singularities. A smooth de-
gree 4 curve has Euler characteristic —4. Since the Milnor number of an Ag
singularity is 3, we obtain that C' has Euler characteristic —4 4+ 6 = 2, hence
h'(C) =0, because h°(C) = h?(C) = 1. This implies that C is a rational
curve. Hence without loss of generality we may assume that C is given by
2§ — 2225 Tt remains to show that

Yy =1~ (25 — 2723)x
has Mordell-Weil rank 2. Since hj(Y) =2 and X consists of two points, we

have rank MW (7) < 4. From the surjectivity of H*(U) — Hy(Y) (Proposi-
tion 6.2), it follows that the cokernel H*(U) — Hg(Y') has dimension at most
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3, and, since this dimension is even, it follows that rank MW () € {0,2}. Note
that o = 22,y = 202122 is a point of infinite order. Hence, rank MW (7) = 2.

Conversely, we have that H,(Y,C) is non-zero if and only if (C,q) is an
isolated singularity if type As, A7 or D7. Since H*(U,C) — H;(Y,C) is sur-
jective for each such singularity, we need to have at least two singularities for
positive rank. This means that C' is a quartic with 2 A3 singularities.

To finish the proof, note that from Corollary 3.3 implies that if MW (x) is
finite then it is isomorphic to Z/2Z or (Z/2Z)?. From the previous lemma, it
follows that the latter only occurs if C' is a double conic. (|

8. Partial classification: Case j(7) =0 and C is non-reduced

Suppose C' is a non-reduced sextic. Consider first the case that C is a
reduced quartic with a double line. In this case, we cannot calculate H,(Y")
for six types of the singularities that occur in this case. For this reason, we
give we give a few examples with positive rank.

ExAMPLE 8.1. Suppose C' is the union of a double line ¢ and a quartic Q.
Then MW () has rank 2 if one of the following occurs

e (' has an Fj singularity, and ¢ intersects () with multiplicity 4 in a smooth
point or
e (' has two Ajs singularities along ¢.

Proof. In the first case we may assume that, after a change of coordinates
if necessary, Y is given by y? = 23 + 22(2] + 2023). Since HL(Y) is four-
dimensional, H*(U) — H(Y) is not the zero map, and the cokernel has even
dimension, we have that rank MW () € {0,2}. Now 2 = 2922 and y = zp27 is
a point of infinite order, showing that rank MW (7) = 2.

In the case, we may assume that, after a change of coordinates if necessary,
Y is given by y? = 2% + 22(23 + 2723). Since C has two A3 singularities it
follows that Hs(Y) is four-dimensional. By the same reasoning as above, we
have that rank MW (7r) € {0,2}. The point & = 22122,y = 2027 has clearly
infinite order, hence the rank equals 2. O

From the results in Section 5, it follows that there are non-reduced sextics,
not being a double line with a quartic, that might yield elliptic threefolds with
positive rank. In all these cases, it turns out that the rank equals 2.

THEOREM 8.2. Suppose C' is one of the following

e (' is a triple line £ together with cuspidal cubic K, and £ is a flex line at a
smooth point of K,

o C is a conic together with two double lines £1,0s, such that the ¢; cq are
tangent to C' or

o (' is a conic together C with a double conic Ca, and Cy and Cs yeq intersect
in precisely two points with multiplicity 2.
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Then MW (m) = Z2.

Proof. Using a specialization argument, it follows that in all these cases the
torsion part is trivial. In all cases, ¥ consists of two points, and both points
have hj(Y) =2. The map H*(P\Y)— H, (Y)® H, (Y) is not the zero map
by Proposition 6.2, hence the cokernel has dimension at most 3 and therefore
rank MW (7) < 3. Since the rank is even, one has rank MW(7) € {0,2}. In
order to prove the results, it suffices to give a non-trivial section.

In the first case, without loss of generality we may assume that Y is given
by

y2 =2°+ zg’ (zgzl - zg’)
Then the section x = zgz22, y = 2321 is non-torsion.

In the second case, without loss of generality we may assume that Y is

given by
y2 =2+ (zg + zlzg)z%zg.
Then the section © = —z129, y = 292122 is non-torsion.

In the third case, without loss of generality we may assume that without

loss of generality Y is given by

y2 =3 + (zg + 211212) (azg + 2122)27

with @ € C. The section z = (@22 + 2122), y = (V1 — )22 (azd + 2122) is
non-torsion. g

9. Case j(m)=0 and C is a cuspidal curve

Suppose C is a sextic with only cusps. It is well known that C' can have
at most 9 cusps. Moreover, at most 3 of such cusps can lie on a line and at
most 6 of them on a conic.

We need the following lemma.

LEMMA 9.1. Let {p1,...,pm}, m <9 be a set of distinct points in P2, with
no four points collinear and no seven points lying on the same conic. Let K
be the cokernel of the evaluation map at p1,...,Pm:

¢ : Clzo,21,22]2 = C™.

Then dm K =m—06 form > 7, and dim K =0 for m <5. For m =6 we have
dim K =1 if all the points lie on a conic, dim K =0 otherwise.

Proof. If m > 7, then the m points do not lie on a conic, hence the kernel
of ¢ is trivial and the cokernel has dimension 6 — m.

If m =6 and the points do not lie on a conic, then the kernel of ¢ is again
trivial and dim K = 0.

If m =6 and the points do lie on a conic, then the kernel of ¢ is one-
dimensional and so is the cokernel.
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If m < 6, then K is nontrivial only if the elements in the kernel have a
common component. Such a component is necessarily a line and m > 3.
A straightforward calculation shows that if 3 <m <5 and precisely three
of the m points are collinear then the kernel of ¢ has dimension 6 —m, so
dim K =0. O

Let Y be an elliptic threefold of the form y? = 23 + f (20, 21, 22) where f =0
is a reduced sextic with only cusps as singularities. For each cusp p; of f =0,
fix a direction ¢; such that C intersects ¢; with multiplicity 3 at p;.

In Lemma 5.2, we studied the singularity 3% = 23 + 3 4+ s2. It turns out
that H,(Y) is generated by the class of z and ¢.

This implies that we can determine the cokernel of the map H*(U,C) —
HL(Y) as follows:

xC[ZO,Zl,ZQ]Q @ C[ZO721,ZQ]4 - (CQ)m7

where (zf2 + f4) is mapped to (f2(p;), %ﬂ;). To simplify matters, we can
decompose the cokernel into eigenspaces for the complex multiplication. One
eigenspace is the cokernel of

0
0[20,21722]4—’07”7 f4ﬁwf4»

(2

where the other is the cokernel of

1Clzo, 21, 22]2 — C™, zfo = fa(pi)-
By the above lemma, this map has one dimensional cokernel if m =6 and
the cusps lie on a conic or m =7, a two-dimensional cokernel if m =8 and a
three-dimensional cokernel of m =9. The latter case is well known, it means

that the curve C is the dual of a smooth cubic.
Since both eigenspaces have equal dimension we obtain the following result.

THEOREM 9.2. Let f =0 be a reduced sextic, with only cusps as singulari-
ties. Suppose the cusps are at p1,...,pm. Then the elliptic threefold

Y=o+ f
has the following Mordell-Weil group:
e Ifm <5 orm==6 and the p; do not lie on a conic then MW (7)) = 0.

e If m=6 and the p; lie on a conic then MW (1) = Z2.
o If m>7 then MW(r) = Z2(m~6),

In particular, this shows the existence of the Mordell-Weil groups Z2" for
r=0,1,2,3.

REMARK 9.3. Suppose C' is a sextic with 9 cusps. Then C is the dual
curve of a smooth cubic. Hence there is a one-dimensional family of sextics
with 9 cusps, and hence a one-dimensional family of elliptic threefolds with
Mordell-Weil rank 6. Since the Mordell-Weil rank is six and H*(Y") is pure
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of type 2,2 it follows that H*(Y,Q) = Q(—2)". All other cohomology groups,
except for H3, can be calculated using the Lefschetz hyperplane theorem, i.e.,
H*(Y,Q) = Q(—i) for i =0,1,3 and H'(Y,Q) =0 for i ¢ {0,2,3,4,6}.

As explained in [7, Section 3], it follows that H3(Y,Q) = Q(—1)'2. All co-
homology groups have Hodge structures of Tate type, and there is no variation
of Hodge structures possible. In particular, a Torelli type result as obtained
by Grooten—Steenbrink [4, Section 6] in a similar setting is not possible in our
case.

10. Possible Mordell-Weil groups

In the previous section, we have seen the existence of the groups Z2" for
r=0,1,2,3. In order to prove Theorem 1.1 we have to show the existence of
the groups Z/3Z,(Z/2Z)?.

REMARK 10.1. We have that Z/3Z C MW(7) if and only if Y has an
equation of the form
where f =0 is a cubic. We showed Lemma 3.8 that then MW (r) = Z/3Z
unless f =0 is the union of three lines, and since we have excluded the cone
construction case, f =0 is the union of three lines ¢1, 5, /3 without a common
intersection point. That means that ¥ consists of three points {p1,p2,p3}
and at each point we have a local equation y? = 2% + (ts)?. As explained in
Lemma 5.16, we have that H, (Y') =0, whence MW () = Z/3Z in this case,
and Z/3Z x Z? is not possible.

REMARK 10.2. Suppose we have that MW (r) = Z8. We showed before
that than C' is a reduced sextic, and is a union of six lines, not through
one point. That means that for each p € ¥ we have a local equation of the
form y? = 23 + ™ 4 s™ with 2 <m < 5. For each such singularity, we have
H3(Y) =0, so if C is the union of lines then MW(m) is finite. This shows
that Z® is not possible.

Summarizing we get the following theorem.

THEOREM 10.3. Let y? =23 + f be an elliptic threefold, f =0 is not the
union of lines through one point.
o MW (7) = (Z/2Z)? if and only if f =0 is triple conic.
o MW (r)2(Z/3Z) if and only if f =0 is double cubic.
e Otherwise MW (7) is one of 0,Z2,Z*,Z5, and all these cases occur.
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