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DIOPHANTINE EQUATIONS AND THE LIL FOR THE
DISCREPANCY OF SUBLACUNARY SEQUENCES
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Dedicated to the memory of Professor Walter Philipp

ABSTRACT. Let (ng)r>1 be a lacunary sequence, i.e., a sequence
of positive integers satqsfying the Hadamard gap condition nj41/
nkg >q>1,k>1. By a classical result of Philipp (Acta Arith.
26 (1975) 241-251), the discrepancy Dy of (ngz)r>1 mod 1 sat-
isfies the law of the iterated logarithm, i.e., we have 1/(4v/2) <
limsupy .. NDn(npz)(2N loglog N)~/2 < C, for almost all z €
(0,1), where Cy is a constant depending on q. Recently, Fukuyama
computed the exact value of the limsup for ny = 6%, where 6 > 1,
not necessarily an integer, and the author showed that for a large
class of lacunary sequences the value of the limsup is the same
as in the case of i.i.d. random variables. In the sublacunary case,
the situation is much more complicated. Using methods of Berkes,
Philipp and Tichy, we prove an exact law of the iterated logarithm
for a large class of sublacunary growing sequences (ng)g>1, char-
acterized in terms of the number of solutions of certain Diophan-
tine equations, and show that the value of the limsup is the same
as in the case of i.i.d. random variables.

1. Introduction and statement of results

Given a sequence (zy)g>1 of real numbers, we call the value

N
1
DN:DN(xlwﬂva): sup Zk_l [X}b)«xk»
0<a<b<1

_(b_a)7
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786 C. AISTLEITNER

where 1, ) is the indicator function of the interval [a,b) and (-) denotes the
fractional part, the discrepancy of the first NV elements of (xy)k>1, and we
call the value
N
2 k=1 1po.) (7))

* *
Dy =Dx(z1,...,2n) = sup —a
0<a<l N

the star discrepancy of the first N elements of this sequence. It is easy to see
that always Dy < Dy <2Dj%.

In 1975, Philipp [16] proved a law of the iterated logarithm (LIL) for the
discrepancy of lacunary sequences of integers, i.e., for sequences (ny)r>1 sat-
isfying the Hadamard gap condition

(1) ney1/ne >q>1, k>1.
He showed that for such sequences we have

2) 1 < limsup _NDn(npz) <,
4v2 T Nooo V2NloglogN
where Cy is a number depending on g. A comparison with the Chung—Smirnov
law of the iterated logarithm (cf. [18, p. 504]) shows that under (1) ((nxx))r>1
behaves like a sequence of independent, identically distributed (i.i.d.) random
variables. However, the value L of the limsup in (2) can be different from that
for i.i.d. random variables and L remained unknown until very recently, when
Fukuyama [10] succeeded in calculating its value for ny = 6%, where 6 > 1, not
necessarily an integer. In particular, he showed

NDy(2Fz) ND% (2Fx) V42

a.e.,

lim sup ——————== = limsup = a.e.
Nooo V2NloglogN  N—ooo V2Nloglog N 9
and i i
ND ND% (6% 1
lim sup ﬂ = limsup ﬂ =— a.e.,
Nooo V2N loglog N Nooo V2NloglogN 2
if 0 is a real number such that 8" is irrational for r = 1,2, .... In [2], we showed

that for general lacunary (ng)r>1 the value of the limsup in (2) is intimately
connected with the number of solutions of Diophantine equations of the type

(3) jlnk1 :I:ankz :b7 jl,jQ,bEZ,
subject to
1 S kly kQ S N.
If the number of solutions of this equation is “not too large,” we have

ND ND3 1
(4) lim sup M = limsup M =— ae.,
Nooo V2NloglogN  N_oe V2NloglogN 2
and the value 1/2 in (4) is the same as in the Chung-Smirnov LIL. In Aistleit-
ner and Berkes [3], a necessary and sufficient condition, also in terms of the

Diophantine equation (3), was given for the the validity of the central limit
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theorem for (f(ngx))k>1, where (ng)r>1 is lacunary and f is a 1-periodic func-
tion of bounded variation. This result completes a long line of investigations
starting with the classical paper of Kac [12]. If the Diophantine equations in
(3) have “too many” solutions, the probabilistic behavior of (f(ngz))r>1 and
(ngx)r>1 can show considerable differences from the behavior of i.i.d. random
variables. Fukuyama’s result shows that in this case the value of the limsup
can be different from 1/2, and in [1] we showed that the limsup in (4) does
not even have to be constant almost everywhere.

In contrast to the Hadamard lacunary case, relatively little is known in the
sublacunary case. Berkes and Philipp [7] showed that for any sequence e \, 0
there exists a sequence (ny)r>1 of positive integers satisfying

Ngt1/nk > 1+eg, k>1,

such that
ND
lim sup N (747)

N—oo V2N loglog N

This means that the LIL is generally false for the discrepancy of (ngx),>1 for
sublacunary sequences (ny)r>1. However, Aistleitner and Berkes [4] showed
that an LIL-type result will hold for the discrepancy of (nyz)g>1 for subla-
cunary (ny)r>1, if the norming function (2N loglog N)'/2 in (2) is replaced
by (2By loglog By)'/2, where (By)n>1 depends on the “density” of the se-
quence (ny)r>1. Higher order Diophantine conditions for the CLT and LIL
for sublacunary sequences were given in Berkes, Philipp and Tichy [8].

The purpose of the present paper is to give simple and nearly optimal
sufficient conditions for the exact LIL (4) for the discrepancy of a class of
sublacunary growing sequences of integers. As we will see, in addition to a
bound for the number of solutions of the Diophantine equation (3), required
already in the Hadamard lacunary case, for the LIL we need a bound for
the density of (n)r>1 among the integers. It is easy to see that our density
condition on (ng)r>1 corresponds to a Kolmogorov type condition for the
random variables

(5) X = Z fnjz), k=1,2,...,

2k§j§2k+l

=400 a.e.,

and thus, as a comparison with the classical paper Kolmogorov [14] shows,
the random variables X}, in (5) behave like independent random variables.
Let (nx)xg>1 be an increasing sequence of positive integers. Letting

Aj=#{k: 29 <myp <271} 5>0,

we say that (ng)r>1 satisfies
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e the density condition (K,), 0 < a <1, if there exists a constant C,, > 0

such that N
AN51%< E:J@), N>1.
0<j<N
e the Diophantine condition (Ds), 0 < 4 < 1, if there exists a constant Cs such
that for every N > 1 and for fixed integers j; with 0 < |j;| < N?, i=1,2,
the number of solutions (ki, k2) of the Diophantine equation

J1Mky — J2Nky, = b,
subject to
1<k <N, i=1,2
does not exceed C5N?, uniformly for all b€ Z,b # 0.
e the Diophantine condition (DPY)7 0 <~ <1, if there exists a constant C,

such that for every N > 1 and for fixed integers j; with 0 < |j;| < N2,
1 =1,2, the number of solutions (k1, k2) of the Diophantine equation

Jine, = Janu, =0, (J1, k1) # (J2, k2),
subject to
1<k; <N, i=1,2,
does not exceed CyN7.

Conditions (K,) and (Ds) guarantee that the system (f(nxx))r>1 has
almost i.i.d. properties, while condition (DY) controls the value of the integral

(6) / <Zf(nkx)> dx.
0 \k=1

Together, they will imply (see Theorem 1) an exact LIL for the sequence
(f(ngx))k>1 for fixed f, but they are not sufficient to obtain the LIL (4)
for the discrepancy of (njz)r>1. Using condition (DY), we can calculate
the (asymptotic) value of the integral (6), and obtain an exact LIL for the
discrepancy of (nyxz)r>1, where the value of the limsup is exactly the same
as in the Chung-Smirnov LIL for i.i.d. random variables (Theorem 2).

We note that higher order Diophantine conditions were shown in Berkes,
Philipp and Tichy [8] to imply asymptotic results for the discrepancy of
(ngx)k>1. The substantial improvement of the present paper is to use the
two-term Diophantine conditions (Ds), (D) and the density condition (K4),
which are essentially optimal for LIL type results.

We will prove the following results.

THEOREM 1. Let f be a real function satisfying

M fa+l)=f@), / f@)ydz=0,  feBV(0,1)),
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and assume there exists a positive constant Cy such that

1/ N 2
sz/ (Zf(nkx)> dr>C\N, N>1.
0 \k=1

Let (ng)k>1 a sequence of positive integers satisfying conditions (Kg)

and (Ds), where
(8) a+0<1.

Let Sy = Zszl f(nkx). Then the sequence (Sn)n>1 can be redefined on a new
probability space (without changing its distribution) together with a Wiener
process £(t) such that

SNzg(bN)—‘rO(Nl/Z_)\) a.s.,
where A >0 depends on o and 6.

COROLLARY 1. Let f be a real function satisfying (7) and

1 1/2
UMr—(A,ﬂm2M) >0,

and let (ng)p>1 a sequence of positive integers satisfying conditions (K )
and (Dyg), where
a+d<1.

Assume that (ng)r>1 also satisfies condition (DY) for some v < 1. Then,

letting Sy = Zg:1 f(nixx), the sequence (Sy)n>1 can be redefined on a new
probability space (without changing its distribution) together with a Wiener
process £(t) such that

Sy =E(FIEN) +o(NV22) as.,
where A > 0 depends on o, and 7.

COROLLARY 2. Let f be a real function satisfying (7), and let (ng)p>1 a
sequence of positive integers satisfying conditions (K,) and (Ds), where

a+d<l1.
Then

N
Zf(nkx) = O(N'?(loglog N)3/?) a.e.
k=1

THEOREM 2. Let (ng)r>1 be an increasing sequence of positive integers
satisfying conditions (Ko) and (Ds) for a4 <1, and condition (DY) for
v <1. Then

ND N D} 1
lim sup N () :limsupﬂ—— a.e.

Nooo V2N loglog N N—ooo V2N loglog N 2
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A simple example for a class of sequences satisfying conditions (K,)
and (Dy) is the class of Hardy—Littlewood—Pdlya sequences (cf. Berkes, Phi-
lipp and Tichy [8] and Philipp [17]), i.e., the class of sequences generated
by a finite number of coprime integers, sorted in increasing order. A Hardy—
Littlewood—Pdlya sequence does not satisfy condition (Dg), since the equation

J1Nky — Jong, =0

has “too many” solutions for certain values of ji,j2, and we cannot expect
that a Hardy—Littlewood—Pdlya sequence will satisfy the LIL for the discrep-
ancy (4) with the value of the limsup equal to 1/2. In fact, recently Fukuyama
and Nakata [11] have been able to calculate the value of the lim sup in the LIL
for the discrepancy of (nyz)g>1, where (ng)r>1 is a Hardy-Littlewood-Pélya
sequence, and in general the value is different from 1/2. On the other hand,
using a random construction, it is easy to give examples of sequences satisfy-
ing our conditions (K,), (Ds), (DY). In fact, one can show that “almost all”
sequences (with respect to a certain “natural” measure) satisfying condition
(K,) will also satisfy the Diophantine conditions (Djs), (DY) (for such an
argument see [8, p. 117]). It is not clear whether (8) is really necessary, or it
can be replaced by e.g.,

(9) a<l, d<1.

There is some reason to believe that for slowly growing sequences (ny)i>1
the Diophantine (or number-theoretic) structure has to be “stronger,” while
for fast growing sequences the Diophantine structure can be weaker. This is
in accordance with our results for lacunary sequences, which in some sense
represent the case a =0,6 =1. In particular, we do not know if (8) can be
improved, and it would be interesting to see if results similar to Theorem 1,
Theorem 2 can be shown if (8) is replaced by (9).

2. Preliminaries

To prove our theorems, we will need some auxiliary results. In the sequel,
we will always assume that f satisfies (7), and, without loss of generality, that
Varg ) f <2, i.e., the total variation of f in the interval [0,1] is at most 2.
This implies that for the Fourier series of f, i.e.,

f~ Zaj cos2mjx + b;sin2mjx,
j=1
we have (see Zygmund [21, p. 48])
lagl <574 bl <7 gL

THEOREM 3 (Strassen [20]). Let (Y;,F;,i>1) be a martingale difference
sequence with finite fourth moments, let Vyy = Zi\il E(Y?|Fi—1) and suppose
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Vi ~ sy a.s. with some positive sequence Sp; and

= EYZ
(10) Z 234 < +o0o
M= M

with 0 <9 < 1. Then Y1,Ya,... can be redefined on a new probability space
without changing its distribution together with a Wiener process {(t) such that

Yi+ -4 Yar =€(Var) +o(V T og Vir)  as.

The Beppo Levi theorem and (10) imply the a.s. convergence of
S s E(Y3 | Fa—1) and hence by Viy ~ sy the series S°57_, Vi, x
E(Y,;|Far—1) is also a.s. convergent. Thus,

Z / x dP YM<$|.7:M 1
2>V19

—+o0
< Z V219/ T dP(YM<J)|.7:M 1)

va YM\]-'M 1) <400 as.
M=

Thus, Theorem 3 follows from Theorem (4.4) of [20] (this argument is copied
from [6, Theorem B]).

LEMMA 1 (Strassen [20]). Let ¢ >0 be given. Then there exists an ¥ >0
such that
P{IE(Vy) — €(sn)| = 0(s/>77) as n — oo for any sequences Vi, sy,

such that Vi, — 00, s, — 00, |V, — sp| = 0(s57¢) as n — oo} = 1.
This is a special case of [20, Lemma 4.2].

THEOREM 4 ([19, p. 299]). Let (U;, F;,i > 1) be a supermartingale with

EU; =0. Put
UOZO and Y;:Ui—Ui,h 221
Suppose that
Y. <c as
for some constant ¢ >0 and for all i > 1. For A >0, define
Lo 1 2
T, = exp (AUn -5 (1 + §Ac> Z]E(Yi |f“)>, n>1,
i<n

and Ty =1 a.s. Then for each A with A\c <1 the sequence (T, Fpn,n >0) is a

nonnegative supermartingale satisfying

P(suan > a) <1/a
n>0
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for each a > 0.

LEMMA 2. Assume that condition (K,,) holds for the sequence (ng)r>1 for
some a < 1, and assume without loss of generality that C,, > 1. Then -
Np4302 ke
N

>2, k>1.

REMARK. Here and in the sequel, ny will stand for npyy if £ is not an
integer.

Proof of Lemma 2. For given k, there exists an j such that ny € [27,27F1),
and by condition (K,) there are at most (C,k® — 1) other indices k' for
which ny/ lies in this interval. Accordingly, the number of indices k" for
which ny» € [2771,29%2) is bounded by

Colk + Cok®)® < Co (k* 4 Cok @) < 202k

This implies

j+2
Nk (Couke—1)+2C2ka+1 € [2777,00)

and
Ng+3C2 ke > NE+(Cok>—1)+2C2k>+1

Nng - N
LEMMA 3. Assume that condition (K,) holds for the sequence (n)p>1 for
some a < 1, and assume without loss of generality that C,, > 1. Then for any
integer m > 1

>2. 0

N(143C2ka—1)m
ng

>9m k> 1.

Proof. We use induction on m. The case m =1 was shown in Lemma 2.
For m > 1, we have

Ng(1+3C2 ga—1)m+1 > NE(1+3C2k~=1)m (143C2 (k(1+3C2 ka—1)m)a—1)

N N (143C2ka—1)m
y N (14302 ka—1)m
ng
>2.9m =9omtl O

LEMMA 4. Assume that condition (Kg) holds for the sequence (ng)g>1 for
some a < 1, and assume without loss of generality that C, > 1. Then there
exists a number ¢ >0, depending only on « and C,, such that

n «
(11) k+28C2 (logk)k
N

>ck®, k>1.

Proof. For sufficiently large k,
(14 3C2k>~1)%ek <1 4 2802 (log k)K",
Thus, for such k

n ) a—1)(9lo
k+28CZ (log k)k > k(14+3C2ka—1)©Oleek) > 99logh > 910g2 > .—6

Nk Nk
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by Lemma 3. By choosing ¢, sufficiently small (11) holds for all k£ > 1. O

LEMMA 5. For any function f satisfying (7), we have

b 2 [ 2
[ 0w <3 [l < 3l

for any real numbers a < b and any A > 0. In particular,

b 2
‘/ cos(2mAx)dz| < Y
Proof. The lemma follows from
b 1 [
/a fAz)dx = e f(z)de. 0O

3. Proof of Theorem 1
Assume the conditions of Theorem 1 are satisfied. We put
= 4
=——+4v
K 11—«

for a v > 0 such that a4+ +v(1 — a)d < 1 (since by assumption oo+ < 1 it
is possible to choose such a v). Then

(12) (n+1)5:< ! +u>5zw<l.

11—« 11—«

We choose an 7’ such that

n' <n and 77’>L+yoz,
1—a

and observe that
(13) n+1a (—+y)a<77’.
‘We have

it < Z l" <cz"+1

(Remark: Throughout this sectlon, ¢ will denote appropriate positive num-
bers, not always the same, that may only depend on the constants «,d, Cl,
Cs,C1 in the statement of Theorem 1 and on 1,7, but not on f, N, k,i, M, p, ¢
or anything else. € will denote appropriate, “small” positive number, that may
only depend on « and 4.)

We divide the set of positive integers into consecutive blocks

A, A Ao Al A AL
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of lengths [i"] and [i" ], respectively. Let (i — 1) denote the largest integer
in A;. Then
(14) "t <G -1t <™t i>2
Therefore by (13), for sufficiently large 4
(i—1)" +28C2(log((i — 1)7)) (i — )T)* < (i — 1)T + c(logd)i"H
<(i-1t+i" <im

where i~ denotes the smallest integer in the block A;. Thus, by condi-
tion (K, ), Lemma 4 and (14) for sufficiently large i

n(i_1)+
n;—

—6

(15) <c((i—1F) 7 <im0

)

and by changing ¢ this is valid for ¢ > 2.
For simplicity of writing without loss of generality, we assume that f is an
even function, i.e., the Fourier series of f is of the form

f(z) ~ Z a; cos2mjz.
j=1

The proof in the general case is exactly the same. We approximate f by
trigonometric polynomials

k2
pi(x) = Zaj cos2mjx, k>1.
j=1

Then

00 1/2 o 1/2
||f—10k||2<< > a?) << > j2> <k L

j=k2+1 j=k2+1
For every k € |J,~; Ai, we set
m(k) = [logy ni + 4log, k|
and approximate pg(niz) by a discrete function ¢y () such that the following

properties are satisfied:

(P1) px(x) is constant for % <z < 2H5 v=0,1,...,2m" —1
(P2) |ox(x) — pe(nez)| < ck™2, 2 €0,1),

(P3) E(pw(z)|Fi-1) =0.
Here F; denotes the o-field generated by the intervals

v v+1

) )

>, O§v<2m(i+).
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‘We have
k2
Ipk(nkx) — pr(ne®)| < Z ja;|2mjng2 " ®) < k2
j=1
v v + m( )
for 0] <z,x< omR) ,0<v<?2

Thus, it is possible to approximate pg(ngz) by discrete functions @y (z) that
satisfy (P1) and (P2) only. For k € A; and any interval I of the form

[27n((i1il)+) , ng(’:ll)ﬂ ),0<v < Qm((i’l)ﬂ, letting |I| denote the length of I,

1 1
T / k(z)de| < pk(nkx)d:c + = 7/, ck™2 dx
< C2m((z 1)t |a’J|
Z -
n+1 .
< c(int1)4 N(i—1)+ n <
- n;— k2

<ck™2

by (15) and Lemma 5. Every z € [0,1) is contained in one interval of the
form I (for some v), so we put ¢ (2) = @p(x) — |I|7" [, @r(t) dt for x € I and
get functions that satisfy (P1), (P2) and (P3).

We put Yy =0, and, for i > 1, M > 1, we define

2)=) pulz)

keA;
z) = Z pr(nkz),
kEA;
= Z pk(nkl‘)7
kel
M
Var = Y E(Y?|Fi1),
i=1

and

2 M
/ <Zpk nkx> dx, sM:ZJf.
i=1

keA;
We want to estimate ||Vas — sarll2. We have
(16) Ty(x)* - o}

:<Zp(nkx)dx> —/ (Zpk W;)

keEA; keA;
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1 ) y
= E 5557 €08 2 (gng — j'ng ) + Wi(x)
kk' €A, 1<j<k?,1<j<(k')?
0<|jnk—j’nk/\§n(i_1)+

=Ui(z) + Wi(=).
Note that the trigonometric functions in 77 with frequency zero cancel out
with o?. W;(x) is a sum of trigonometric functions with frequencies at least

nei—1)+, and the sum of the coefficients of these trigonometric functions is at
most

<Z Z|aj|> < c(log)?i*".

ke, j=1

Thus, we can write

Wi(z) = Z Cy, COS 2TTUL,

U2yt
where
(17) Z leu| < c(logi)?i®,
UZn o1+
and by condition (Dj)
(18) |cu| < c(@mh)°.

By (16), Minkowski’s inequality and

(19) Y7 = TP lloo < 1Ys = Tilloo[Yi + Till o
< c|A im0t Z [F2AP
ke,
c(logi)i=2
we get

(20) IV = smll2 <

M
+ Z c(logi)i™?

2 1=1

M

> E(Wi|Fio1)

=1

< + +c.

2

M

> (B(T}Fir) - 07)
=1

M

E(Ul|f171)

i=1

2

To estimate || Zf\il E(W;|Fi—1)||2, we observe

M 2
<ZE(Wi|fi_1)> <2 ) EWilFi)EW|F1).

1<i<i/<M
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By (17), (18) and the Jensen inequality,

M
E (Z(E(Wi|fi—1))z> <

=1

EW?

7

=

=1

c(log )22 (3" +1)?

M-

1
< ¢(log M)2M2”+1+(’7+1)6.

.
Il

For i < ¢/, since E(W;|F;_1) is F;_1-measurable,
|E(E(Wi| Fie)E(Wir |Fyr—1)|Fizr) | = [E(Wi| Fim ) )E(Wy | Fior)|
< [ Willoo [E(Wo | Fi1))|
< c(log)*i*"|E(Wy | Fi—1)|.
Using (17) and Lemma 5, we get

,L'477+4

|E(Wi’|-7:z'—1)| < c(logi’)?(i")*" N(Gi—1)+

i —1)+
(log i/)2(i/)2ni4n+4

= il 6m+6
[T—ia 5%

which finally yields

(21)

M
> E(Wi|Fioy)
i=1

2

<c ((log M)2p2nti+(+)s

(log)2i27 (log #')2(¢') 2n§4n+4 ) 1/2

+ Z Hi’ 16146

1<i<i' <M j=it+1J
< c(log M) / M20+1+(n+1)8

Next, we estimate || 1, E(U;|Fi_1)|]2. Writing
-1+

U, = g Cy COS 2TTUT,
u=1

wee see that the fluctuation of U; on any atom of F;_; is at most

M-t M-+
> leu|2mu2= (D) < Cn(i—1)+2_m((i_l)+) > e
u=1 u—1

< i~ (logi)%i*" < c(logi)%i 2.
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Therefore,
M M
i=1 2 =1 2
Writing
M vm—1)+
ZUi: Z €y COS 2TTUT,
i=1 u=1
we have
v —1)+ M
o el < Z (log i) < e(log M)? M1+,
u=1 i=1

and, by condition (Dy),
leo| <e(M™1)?) 1<u< N(M—1)+-
This, together with (22), yields

1)+ 1/2
) S( Z Ci) +c§c(logM)\/m_
2

u=1

i—1

Combining (20), (21) and (23), we finally arrive at

1Var — sarll2 < c(log M)A / M2n+1+(n+1)0 < CMn+1—e7

since by (12) we have (n+1)d < 1.
By assumption

1/ N 2
(24) /()(Zf(nkz)> dzr>C\N, N>1.
k=1

We observe that

/1(221% nm) d:c—/ Z(Zpk nkx>2 dx

i=1 keA keA;

’ (Z pk(”iﬁ)) ( > pk(”k/@) dzx
0 1<i<ir<M “keA, ke,

<c Y #keA K e 1< <k,
1<i<i! <M
1 S]/ S (k/)Z : jnk —j’nkl = 0}
<c

(25)

since for k € A;, k' € A;/, where i/ > ¢, we have
N MN(;r\— N(; _
PGS M)
Nk n;+ T+

> ¢80t > o6
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and thus the equation in (25) has only finitely many solutions. Letting rj(z) =
f(x) — pr(z),k > 1, Minkowski’s inequality yields

|V3ar = v/bar+|

1/2 M 1/2
(/(ZZpknkx>dx> —(/(anm:) x) +c
i=1keA
LM 2 1/2
< (/ (ZW(W@) dx)
0 \k=1
1 2 1/2
+ (/ ( Z pk(nkx)> da:) +ec
0 1<k<M+.k¢UM | A,
M+
< (Z ||7“k||2>
k=1
(MT)? 1 2 1/2
+ Z aj</ ( Z cosijnkx> dx) +c
i=1 O MchaMt kgUM, As k27

< c((log M) + (log M)V M7 +1)
SC(M )1/2 €

It is easy to see that
sy < c(logM)>M™, bar+ <c(logM)*MT,
and thus
(26)  |sae —bars| < [vEar — Vours | (Vonr + Vo) <e(MT)
Therefore by (24),

sy > ML
for sufficiently large M, which implies, together with (26), that

bar+

(27) —1 and |spr — byt | SO((bpr+) %) as M — oo.

SM

Choose ¢ “large” (the exact value will be determined later), and define

Nj:jéa .72]-
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‘We have

Nj 1 2
SN; —SN;_, = Z / (Z pk(nkx)) dx
i=N;_, 70

keA;
N;
< c(log j)? Z i
i=N;_1
. . . +1
<c(logf)* ()™ = (G-1)9")
< c(log j)?j Dt

Lnt1)—1

<a (1Ogj)2(ij71) 2(n+1)

for some positive number ¢;, which does not depend on j. Since sy; and Vyy
are both increasing in M

(n+1)—1
P( U {IVir = sm| > 2cl(logj)2(sM)ezg+1) })
N;j_1<M<N;

£(n+1)—1

<P({|Vn,_, — sn,| = 2c1(log j)*(sn,_,) D })
+P({IVi, — v, | > 21 (log )2 (sw,_,) o })

L(n+1)—1

<P({|VN,_, —sn,_,| = c1(logj)?(sn,_,) ‘@D })
+P({|Vn, —sn,| > cl(logj)Z(SNjil)“ﬂwgl )

<c(sy,) D (N)RHL=e)

< C((M)““)W (N;)2(m+1=2)

< o) T (5200419
< ¢j 2O =1)+2E(n+1-e)
<¢j?

for sufficiently large ¢ (depending only on €). Therefore, by the Borel-Cantelli
lemma,
£(n+1)—1

P{z€[0,1): z € {|Var — sp| > 2c1 (log M)?(sps) ‘D }
for finitely many M } =1,

or, in other words,
(28) Var — sarl = o((sar)'7°)  ave.
Next, we estimate ||Yas|ls. We have

Z pr(nex)|| + Z Pk — @rlloo
4

keAn keAn

(29) Yarlla <
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M
1
< (Z— Z cos 2mnyT ) + M (M) T2
=/ kEAN K> 4
< C(lOgM) (MQT]M(T]+1)6)1/4
< C(M277+176)1/47
since
4
(30) Z cos 2y
4

S #{(klak2ak3ak4)aki S AMaZ = 1323334 LNy inkQ +7lk3 :l:nk4 :O}

<N #{ (k1 ko) ki € Ay, i =1,2: g, £y, =0})°
beZ

< (#{ (k1 ko), ks € Apr,i=1,2: ny, —ny, = 0})7
=+ |A]\/[|2 bel’IZl%);o#{(kl,kQ),]{)i S AM,i: 1,2: Nk, inkz :b}

<A+ | Ay PCs(MT)?
< cM2nt+n+1)é

(here ng, +ny, = b means that either ny, +ng, =b or ng, —ng, =b). Now we
can apply Theorem 3: by (28), we have Vs ~ sps a.e., and by (29) we have

> EY]&[ - e M2ntl-e 77+1)51
> 2t <c) (Mn+y2—= = Z Tafire ST
M=1°M M=1

for a sufficiently small €; > 0 (depending on the value of ¢ in (29)). This
implies that there exists a Wiener process & such that

Vit Y = (Vi) +o(Vy/77%)  ae.
Since by (27) and (28)
Var = bar+ | = o((bar+)' %) e,
by Lemma 1 and since |Y; — T;| < ¢|A;|i =272 < ¢i™2
Ty 4+ Tar = E(bpr+) +0(b3)77°)  ace.

To prove Theorem 1, it remains to replace the functions pg by f, add the re-
maining function values in 7} and break into the blocks of integers A; and AJ.
First, we observe that

> fnex) — pr(ngz)

ke(AUAL) kSN

< 3 Al

2 ke(azuAY)
<A+ A7
< cit

H max
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On the other hand, using the Carleson—Hunt inequality (for a survey see e.g.,
[5] or [15])

By =

> pr(nk)

kE(AUAL), SN

@

4

E cos 2T ingx
ke(A;UA)) k<N

4

< c(log1) Z CoS 2Ny
kE(A;UAY) 4
< eflogi) (27D ! < i

where the last inequality follows from an argument similar to the one in (30).
Thus, for a sufficiently small 5 > 0 (depending on the value of € in (31))

Z f(ngx)| > i(n+1)/2—52}

IP’{&U €(0,1): max
kE(AUA]) KN

,L'2’I7+l—€
<Cog—F——
— ,L'27]+27452

<eilE,

By the Borel-Cantelli lemma,

N
3 Fur) = €(bar ) +o((barr ) *77) e,
k=1

where M (N) denotes the value of M, where M is defined by N € ApUAY,.
Since

by < cN(log N)?
and
|bar+ vy — b | = o((bn)' %)

by Lemma 1, we finally arrive at

N
> Flnix) = €(bw) +o(NY275) e,
k=1

which is Theorem 1.

4. Proofs of Corollaries 1 and 2

Proof of Corollary 2. Corollary 2 is a consequence of the proof of Theo-
rem 1 and the fact that for a function of bounded variation g(x), satisfying (7),
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and any increasing sequence (ny)g>1 of positive integers,

1/ N 2
(32) /0 <Z g(nkx)> dx < cN(loglog N)?
k=1

(the proof of (32) is due to Koksma [13], who used a deep result of G4l [9]).
In fact, let a function of bounded variation f, satisfying (7), be given. Then,
again without loss of generality assuming Varp ) f <2 and f is even,

flx)~ Z a; cos 2minx,

j=1
where
(33) laj| <57% j=>1
We can decompose

f=h+/e

where

o0 o0
fi(z) ~ Z max{0,a; } cos 2mjngx, far~ Z min{0, a; } cos 2mjngx,
Jj=1 j=1
i.e., the Fourier coefficients of f; are all greater or equal zero, those of fy are
all less or equal zero. Thus, it is clear that

/(Zfl(nk$>> dx > cN, /(ng(ﬂ;ﬁ)) dx > cN,
0 \k=1 0 \k=1

except for the trivial case || f1|l2 =0 and || f2||2 = 0, respectively. In the proof
of Theorem 1, we did not need the fact that f is of bounded variation, but
only the estimate (33) for the Fourier coefficients of f. Of course, (33) holds
for the Fourier coefficients of f; and f2 as well. Thus, we can apply Theorem 1
and get, using (32),

N N
D fr)| <D filnge)
k=1 k=1

N

> fa(ng)

k=1

< + < O(NY2(loglog N)*/?)  a.e.

O

Proof of Corollary 1. Corollary 1 is a direct consequence of Theorem 1 and
the fact that under condition (DY), again writing

bN:/O1 (Zf(n;w)) dx, N2>1,

k=1
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the value of by is almost || f||3N. More precisely, we have to show that under
condition (DY)

(34) by = [IFI3N]=0o(N'7%) as N — oo
for a small € > 0 (depending only on «,d,7). In fact, for given N > 1, writing
N2
p(x) = Z ¢;cos2mjx
j=1

for the N%th partial sum of the Fourier series of f (again assuming without
loss of generality that f is even), we get, using Holder’s inequality,

(b — | FI3N ( / (ankx) dx_p”gN)‘
—/01 <Zp(nkx)> da

+N(IF1I3 = lpl3)

N N
Z (ngx) nk:v Z (nkx) + p( nkx + N Z J —2
=1 k= j=N2+1
< eNN~'(log N)VN +¢NN~2 SC\/NlogN.
Additionally, we have
1 N2 2
(Dot ) o= 1ot
0 \k=1
N2
1 .
<c > ——#{(k1, k), 1 < ki ky < N,ky # ko ¢ jing, — jang, =0}
Ji,J2=1 Jij2
<c(logN)?N'=7
by condition (DY), which implies (34). O

5. The LIL for the discrepancy

For >0, N >1 and (z1,...,2x5) € RY, we define

S Yoy ()

DEVSQ#)(xl, Ce L TN) = sup N

0<a<b<lb—a<2-7

and

N
Zk:l I[lh?_r,az?_r)(xk)

ngzQ 7.)(x1,...,xN): max ~

0<a;<az<2"

)




DIOPHANTINE EQUATIONS AND LIL 805

N
_ Liggo-m (2
max Zk_l [0,a12 )( k) )

>27)
D%z T1,...,TN
N (@1, 2n) 0<a; <27 N

Here and in the sequel, Ij,;) denotes the indicator function of the inter-
val [a,b), extended with period 1 and centered at expectation zero, i.e.,

I[a,b) (37) = ]]-[a,b)(<‘r>) - (b - a’)7 zeR.

It is easy to see that always

(35) DG* ) <Dy <D ) 42D
and
(36) D52 < py <Dy ) 4ap(Er),

The idea to split the discrepancies Dy and D} into a discrepancy Dg\]zr")

for finitely many “large” intervals, and a discrepancy DJ(VSTT) for “small”
intervals to obtain an exact LIL is due to Fukuyama [10]. This method is also
used in [1], [2].

LEMMA 6. Let (ny)i>1 be a sequence of positive integers satisfying condi-
tions (Ka), (Ds) and (DY), where vy <1 and a4+ 6 <1. Then

D2 K
limsupN—(nkm) <— ae,

Nooo V2NloglogN — r

where K is a positive number that may only depend on «,d,v,Cq,Cs,C,.

LEMMA 7. Let (ng)r>1 be a sequence of positive integers satisfying condi-
tions (Ko ), (Ds) and (DY), where vy <1 and a4+ 6 <1. Then

D(227T) D* (>277) 1
lim sup N—(nkx) = limsup N (ns2) =— a.e
Nooo V2N loglog N Nooo V2Nloglog N 2

Lemma 7 is a direct consequence of Corollary 2, which implies that under
the assumptions of Lemma 7

EN: I a,b (nkx)
% = Ty ||, aee.,

and the fact that for r >1

1

1
I[a12_rva22”)”2 = 9’

max 0,012l = 5-

0<a; <ax <27

max
0<ay <27
It is easy to see that Theorem 2 follows from Lemma 6, Lemma 7, (35)
and (36).

It remains to prove Lemma 6. The proof of this lemma is similar to the
proof of Theorem 1. The main difference is that we now have to consider a
class of functions instead of one single function. The notation in this section
will be the same as in Section 3.
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Throughout this section, we will assume that r» > 1 is fixed. We define 7
and 7’ like in Section 3, and again we divide the set of positive integers into
consecutive blocks

AlaA/17A2aA/27'"7Ai,A£a"'

of lengths [i"| and [i"'], respectively.
Assume that M > 1 is given. We put

(37) H=|(n+1)/2)log, M|
and define a class of functions

Far = {Tpa-n (mi1)2-n) (@), 1 <h < H,0<m < 2"}
For all functions f € F);, we have

1
fla+1) = f(a), / f@)de=0, Vargyf<2  [flle <L

For every f € Fyy and every k,1 <k < M™, we write
k2
pe(f,2) = a;(f)cos2mjz
j=1
for the k?th partial sum of the Fourier series of the even part
oo
Zaj(f) cos 2mjx
j=1

of f (without loss of generality we consider only the even parts; the proof in
the general case is exactly the same), and approximate py(f, nrx) by discrete
functions ¢ (f, ) having properties (P1)—(P3). Note, that all the functions
Y, =Yi(f,z),1 <i< M, are F;-measurable, if the o-fields (F;);>o are defined
like in Section 3. Similar to (30), we get

k2
Z Zaj(f) Cos 2T jngx

max
cF
feFNM Ken; =1 4
it)?
MRS .
SE - E Ccos 2mingx
=1 e, 4

< c(logi)(i2”+("+1)‘s)l/4_
(Remark: In this section, the numbers ¢ and € may depend on Cy,, o, Cs, 6,1, 7,
and additionally on C., and v.) We put

i 177 )

)/1.
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(logsy 7 is meant as the maximum of logy 4 and 1), and get

P(A;) < im0 (log, )20 M =212 <M1 1<i< M,

)

and

ZIP ) <eMe.

We define Zyp =0 and Z; = Yl, which yields EZ; =0. Each set A4;,i > 1,
can be written as a union of intervals of the form
(38) (0270 (v 4 1)27E) 0 <u < 2™,

For 1 <i< M, we define
©=logy M)T
Then the Z;’s are also F;-measurable, 1 <7< M. We put
0, if n=20,
SMLZi(f), ifn> M.
Then (X,,,Fn,n > 1) is a supermartingale such that

v M+l
Xn_Xn—l—ZnSU()égmlv 1<n<M,
and trivially X,, — X,,_1 =0 for n > M. That means the system (X,,F,,
n > 1) satisfies the conditions of Theorem 4.

All functions f € F); are indicator functions of certain intervals, centered
at expectation. Let |I(f)| denote the length of the interval f corresponds to.
For all f € Fyy, we put L(f) = —logy |I(f)|. Note that L(f) always is a
positive integer, and by (37) L(f) < H < (n+1)/2(logy M). Now, we want to

calculate
( U {ZE V| Fie 1)>L(f)_5M’7+1}>.

fE€FM
We define T; = T;(f, ), Vi (f,x) and spr(f) like in Section 3, and, using the
abbreviations

ﬁ"'(m) = COSQT((jlnkn +j27’llg2)33, Cos™ (l‘) = COSQﬂ-(jlnkn _j2nk:2)x7
we get
M
a E(T?|Fii1) | —
max (; (17| 11)> |
M k2 2
= || max (ZE((Z Zaj(f)cos%rjnkx) ‘fi1>>—sM
febu |\ 15 kEA; j=1 2
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(B B ) )

max
fEFM

ki,k2€A; j1=1j2=1
—_———

2
Jing, ?éjanz

M 2
max @ (f a” cosJr ) ]—"i_1>
Jefm 2; <<k1 géAzﬂX:lJzZl ( ) 2
(M+)?2 M 2
(5, )
J1.J2= 1‘71‘72 =1 k1,k2€A;,j1k17#T2ke 2
k12>V71,k2>/72
(M+)? 2
Ly b Z]E(( ) cosm)) fi_l)‘ |
Ji,J2= 1‘71‘72 k1,k2€A; 2
k1>V71,k2>52

Splitting into sums of trigonometric functions with “small” and “large” fre-

quencies, respectively, and using the same methods as in Section 3 it is no
problem to show

M
(Z ]E(Tz2|fi1)> —sm
i=1

which in view of (19), (26) and (34) yields

max
feFNM

1—
<eMntiTE

2

] max |vM_||fH§M+|H < cMTHLE,
feF 2
This implies

max
fEFM

and, since Z2 <Y? and || f|3 <cL(f)™?

(39) ( U { > E(Zi(£)*|Fio1)| > eL(f)~ "M”“}) <cM™c.
feFyu

=1
Now we use Theorem 4. The supermartingale (X,,(f),Fn,n > 1) satisfies
all conditions of the theorem. We know that

ZE PRIF) = IS IBM*

i=1

> L(f)5M”“} <cMF,

Xn—Xn,lgﬂ, n>1,
(logy M)*
so we put
\_ LU)*Vioglog I
VML ’
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and get )\(17% < 1 (without loss of generality we assume that M is large

enough). Thus,

1 1 1 v Mn+1
2> 222 (142 ) >2a2(1 v
A ( +2>—2A ( T3 AaogzM) >

and

1<n<M

IE”{ max X, (f) > 2L(f \/M"“loglogM—i—)\ZIE Z2Fi1) }

=1
1 1
<P X — X1 § E(Z?
- {igpoexp<>\ () 2)\ ( 2 10 go M ) Fi- 1)

> (logM)2L(f)}

1
[ —
= (log M)2L(D’

= P{lgﬁi{ <)‘X"(f) -\ ZE(Zi2|fi—1)> >2L(f) loglogM}

where the last inequality follows from Theorem 4.

In Fyy, there are two functions that correspond to intervals of length 1/2;
for these functions L(f) =1. There are four functions that correspond to
intervals of length 1/4; for these functions L(f) =2. There are 8 functions
with L(f) =3, etc., and 27 functions with L(f) = H. Thus, by (39)

P(U { mas, Xo(0) > cL(r) VAT g g 7}

feFy T T
< Z P{ max X, (f)>2L(f) %/ Mn+1loglog M
fEFM tensM

+)\ZE 2| Fi- 1)}
( U {ZE )| Fie 1)>cL(f)5z\4"+1}>

feFy
h

G 1
< —_ M f<ec—m—.
8 <h§ (bgM)?h) T = Tlog e
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We know that X, (f,z) => 1, Zi(f,x) => 1, Yi(f,z) for all z and all func-
tions f € Fyy, except for those = in Uz:1 A;. Now

lor — prlloo < k™2

implies
]P’( U { max Z pr(fynex) > cL(f)™ \/W})
fE€FM ~
M
< p(ng{leXn(f) > L) VAT Toglog T} ) + > e
P
= “(log M)?

In a similar way, we get a corresponding result for Y —pg(f, nxx), so overall
we have a result for | > pr(f,ngz)l:

P( U { max | > pi(f,ni) >CL(f)2vM"+110glogM})
fery VSSMIEAR

<e—— .

= “log M)?

Now, like in Section 3, we break into the blocks A;, add the remainder terms
rr = f — pi, and add the remaining values ng,k € AL, 1 <i < M. Similar to
(31), the Carleson-Hunt theorem yields

k:Z
Z Zaj(f) COS 2T jnix

kEEA;UAL KN j=1

max max
feEFy N>1

4

E CcoS 2T ngx
kEA;UA, kSN

E cos 27m;€x

keA;

4

< c(logi) (1'2’”(’7*1)5) 1/4,
and so
2 /M loglog M
]P’( U {r}l\}§>1( Z pr(fynex)| > L(f) Mn loglogM})
feFu ~ Tken,UALKSN
8:2n+1—e
< Uog M)"™T e

— M?2n+2
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Thus,
N
=2 /M7 loglog M
(40) ]P’( U {1<r£g>§/ﬁ Z (fyngz)| > cL(f) M loglogM}>
feFM k=1
<IP’< U {1335(1\4 SO prlfiaz)
fEFN - i=1 keA;

> cL(f) 7%/ Mn+1log logM}>
M
+ZIP’< U {5{}%’1‘ > ou(fimee)

=1 fEeEFM keA;UALESN
> L(f)"2/Mnt1log logM}>
M .
1 (log M )842n+1—¢ 1
<c—— < .
= “logd)? © D VT “llog M)?

i=1

Now we need an estimate for the remainder terms rp(f,ngz) = f(ngz) —
pi(f,nrx). We have

Hrjga)f S o mfma)|| ¢ D rklla<ei,
kEA;UA) KN 2 k€A UA
and so
N Mt
< 1<
1SI]IV12)§4+ Zrk(f,nkx) _Zcz <clogM
k=1 2 i=1
and
N
P —2y/ M+l
( U {1<r11v13)fw+ > re(fme)| > L(f) VM })
feFy U7 =1
Z c(logM)b  (log M)®

<c .
T > —
fEFM M Mt

Combining this with (40), we get

(U { g[S
- k=1

feFy

> cL(f)™%y/ Mn+1 loglogM}>

<c——.
= “(log M)?
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Now we apply an argument similar to the one in [16, Section 3]. First, we
observe that for any sequence (zx)g>1 of reals

N

Z I[mZ*T,mZ*T-&-a) (mk)

k=1

D;VSZ_ )(mk) <2 max sup
0§m<2’”a<2—r

Since there are only finitely many possible values of m, it suffices to prove

N
. Zk:l I[m2*7‘,m2*7‘+a) (nkx) K
limsup sup < — a.e.
N—oo a<2-T v2Nloglog N r

for all possible values of m. We give a detailed proof for m =0, all other
cases can be treated similarly. Let a > 0 be given, and write (.ajasas...)s
for the dyadic expansion of a. We put a(®) =0 and, for n > 1, (™ =
(.a1asz...a,000...)s, i.e., we cut off the dyadic expansion of a after the first n
digits. Since a < 277, the first r digits of the binary representation of a are
zero. (We assume without loss of generality that M is large enough such that
H >r.) Thus,

To.0)(#) = D o gty (2), 2 € (0,1),
h=r
and
H-1
(Z I[a(h>7a(h+1>)(£c)> — (a _ a(H))
h=r
<Tjo,0) ()
H-1
= <Z I[a“‘),a(h“))(z)) + Ljqm) q(m 12—y (T) + (aUD) 121 _ ).
h=r

We note that by (37)

1
VM

1
— (H)<2_H< - (H)+2(—H)_ <
a—a & s a a)~c
- T VM+ ( )

All the indicators
I[a(h)7a(h+1)), r<h<H-1, and I[a(H—l)’a(H—l)J’,Q—H)

are contained in Fps. Thus, for those z € (0,1), which are not contained in
the set

@ U {%M

feFm

N

> flma)

>cL(f)_2\/M’7+1loglogM},
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we have

max
IKN<M+

N
ZI[O,a) (nkx)
k=

H-1

N
Z Lo a(hs1)) (ne2)
k=1

N
ZI(L(H) a(H) 42— H)(nkx)
k=1

H-1
< cy/Mn+11oglog M (Z L(I[a(h)’a(thl)))_Q)

h=r

+e/M loglog ML(Tjym g g-m)
+evMT

o0

< e/ M loglog M ( (Z h2> +cH %+ c(loglogM+)1/2>
h=r

<er~ty/Mntlloglog M.

Note that this holds for any a € (0,2

contained in the sets in (42).
We write MM M@ . for the values of M+ for M =2',22 ... Since

MY /MG < ¢, for all N between M®) and M+

ZIOG nEx)

k=1

"), and all x € (0,1) which are not

<= \/M(Hl) log log M (i+1)

vV M@ loglog M%)
\/ Nloglog N

for all = € (0,1), except for those x Wthh are contained in the set in (42).
By (41), the sum of the measures of the exceptional sets converges, since

o0

Z log2z Z 2

Therefore, the Borel-Cantelli lemma 1mphes

sup
a<2-"

<

\Gﬁ\ﬁ

N
—1Tj0,a) (7
limsup sup 2= L) (747) <% Le
Nooo a<2-r| V2N loglog N r
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Repeating the same argument for the other possible values of m proves Lem-
ma 6.

(1]

9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

(17)

18]
[19]

[20]

REFERENCES

C. Aistleitner, Irregular discrepancy behavior of lacunary series, to appear in Monat-
shefte Math.

C. Aistleitner, On the law of the iterated logarithm for the discrepancy of lacunary
sequences, to appear in Trans. Amer. Math. Soc.

C. Aistleitner and I. Berkes, On the central limit theorem for f(nyx), Probab. Theory
Related Fields 146 (2010), 267-289. MR 1351707

C. Aistleitner and I. Berkes, On the law of the iterated logarithm for the discrepancy
of (nix), Monatshefte Math. 156 (2009), 103-121.

J. Arias de Reyna, Pointwise convergence of Fourier series, Springer, Berlin, 2002.
MR 1906800

1. Berkes, On the central limit theorem for lacunary trigonometric series, Anal. Math.
4 (1978), 159-180. MR 0514757

I. Berkes and W. Philipp, The size of trigonometric and Walsh series and uniform
distribution mod 1, J. London Math. Soc. (2) 50 (1994), 454-464. MR 1299450

I. Berkes, W. Philipp and R. Tichy, Empirical processes in probabilistic number theory:
The LIL for the discrepancy of (niw)modl, Illinois J. Math. 50 (2006), 107-145.
MR 2247826

1. S. Gal, A theorem concerning Diophantine approximations, Nieuw. Arch. Wiskunde
(2) 23 (1949), 13-38. MR 0027788

K. Fukuyama, The law of the iterated logarithm for discrepancies of {6"z}, Acta
Math. Hung. 118 (2008), 155-170. MR 2378547

K. Fukuyama and K. Nakata, A metric discrepancy result for the Hardy—Littlewood—
Pdélya sequences, to appear in Monatshefte Math.

M. Kac, On the distribution of values of sums of the type 3" f(2¥t), Ann. of Math. 47
(1946), 33-49. MR 0015548

J. F. Koksma, On a certain integral in the theory of uniform distribution, Nederl.
Akad. Wetensch., Proc. Ser. A 54 = Indag. Math. 13 (1951), 285-287. MR 0045165
A. N. Kolmogorov, Uber das Gesetz des iterierten Logarithmus, Math. Ann. 101
(1929), 126-135. MR 1512520

C. J. Mozzochi, On the pointwise convergence of Fourier series, Springer, Berlin—New
York, 1971. MR 0445205

W. Philipp, Limit theorems for lacunary series and uniform distribution mod 1, Acta
Arith. 26 (1975), 241-251. MR 0379420

W. Philipp, Empirical distribution functions and strong approximation theorems for
dependent random variables. A problem of Baker in probabilistic number theory, Trans.
Amer. Math. Soc. 345 (1994), 705-727. MR 1249469

R. Shorack and J. Wellner, Empirical processes with applications to statistics, Wiley,
New York, 1986. MR 0838963

W. F. Stout, Almost sure convergence, Academic Press, New York—London, 1974.
MR 0455094

V. Strassen, Almost sure behavior of sums of independent random variables and mar-
tingales, Proceedings of the fifth Berkeley sympososium on mathematical Statistics
and Probability (Berkeley, Calif., 1965/66), Vol. II: Contributions to probability the-
ory, Univ. California Press, Berkeley, CA, 1967, pp. 315-343. MR 0214118


http://www.ams.org/mathscinet-getitem?mr=1351707
http://www.ams.org/mathscinet-getitem?mr=1906800
http://www.ams.org/mathscinet-getitem?mr=0514757
http://www.ams.org/mathscinet-getitem?mr=1299450
http://www.ams.org/mathscinet-getitem?mr=2247826
http://www.ams.org/mathscinet-getitem?mr=0027788
http://www.ams.org/mathscinet-getitem?mr=2378547
http://www.ams.org/mathscinet-getitem?mr=0015548
http://www.ams.org/mathscinet-getitem?mr=0045165
http://www.ams.org/mathscinet-getitem?mr=1512520
http://www.ams.org/mathscinet-getitem?mr=0445205
http://www.ams.org/mathscinet-getitem?mr=0379420
http://www.ams.org/mathscinet-getitem?mr=1249469
http://www.ams.org/mathscinet-getitem?mr=0838963
http://www.ams.org/mathscinet-getitem?mr=0455094
http://www.ams.org/mathscinet-getitem?mr=0214118

DIOPHANTINE EQUATIONS AND LIL 815

[21] A.Zygmund, Trigonometric series, vols. I, II, Cambridge Mathematical Library, Cam-
bridge Univ. Press, Cambridge, 2002. MR 1963498
CHRISTOPH AISTLEITNER, GRAZ UNIVERSITY OF TECHNOLOGY, INSTITUTE OF MATHE-
MATICS A, STEYRERGASSE 30, 8010 GRAZ, AUSTRIA

E-mail address: aistleitner@finanz.math.tu-graz.ac.at


http://www.ams.org/mathscinet-getitem?mr=1963498
mailto:aistleitner@finanz.math.tu-graz.ac.at

	Introduction and statement of results
	Preliminaries
	Proof of Theorem 1
	Proofs of Corollaries 1 and 2
	The LIL for the discrepancy
	References
	Author's Addresses

