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GENERALIZATIONS OF THE THEOREMS OF CARTAN
AND GREENE-KRANTZ TO COMPLEX MANIFOLDS

DO DUC THAI AND TRAN HUE MINH

ABSTRACT. In this article, some generalizations of the theorems of Car-
tan and Greene—Krantz for the family of biholomorphic mappings on
(not necessary bounded) domains of a complex manifold are given.
Moreover, a necessary and sufficient condition for strongly complete C-
hyperbolicity of domains in a complex manifold with compact quotients
is obtained.

1. Introduction

H. Cartan [4] proved the following theorem about compactness of families
of biholomorphic mappings (see also [13, Thm. 4, p. 78]).

THEOREM. Let Q be a bounded domain in C™. Suppose {f;} is a sequence
of biholomorphic mappings f; : © — Q which converges uniformly on com-
pact subsets of  to a mapping f. Then the following three conditions are
equivalent:

(i) f is a biholomorphic mapping of Q onto Q.
(ii) f(2) is not a subset of O, the boundary of Q in C™.
(iii) The Jacobian determinant det[f’(z)] is not identically zero on €.

Much attention has been given to generalizations of Cartan’s theorem. For
instance, under some additional hypotheses on the domains and the mappings,
S. Bell [3] and W. Klingenberg and S. Pinchuk [10] proved the above theorem
with “biholomorphic” replaced by “proper”. However, as far as we know, the
problem of generalizing Cartan’s theorem to unbounded domains in a complex
manifold remains open.

The first purpose of this paper is to give several versions of Cartan’s the-
orem for families of biholomorphic mappings on a (not necessary bounded)
domain of a complex manifold from the viewpoint of hyperbolic complex anal-
ysis. Namely, we will prove the following results:
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THEOREM 2.7. Let D be a weakly taut domain in a complex manifold M
such that D has the (IM) property. Suppose {f;} is a sequence of biholomor-
phic mappings f; : D — D which converges uniformly on compact subsets of
D to a mapping f. Then the following three conditions are equivalent:

(i) f is a biholomorphic mapping of D onto D.
(ii) f(D) is not a subset of D, the boundary of D in M.

(iii) There exists a point a € D such that the Jacobian determinant

det((df),) is non-zero.

THEOREM 2.10. Let D be a homogeneous domain in a complex manifold
M such that D has the (IM) property. Suppose {fi} is a sequence of biholo-
morphic mappings f; : D — D which converges uniformly on compact subsets
of D to a mapping f. Then the following three conditions are equivalent:

(i) f is a biholomorphic mapping of D onto D.
(ii) f(D) is not a subset of D, the boundary of D in M.

(iii) There exists a point a € D such that the Jacobian determinant

det((df)q) is non-zero.

In [9], D. Kim claimed the following result.

THEOREM. Let D be a bounded domain in C™ such that D/ Aut(D) is
compact. Then D is strongly complete C-hyperbolic.

This theorem is cited in [15, Theorem 1.8, p. 71] and [11]. Unfortunately,
it seems incorrect. There are some mistakes in his proof, e.g., in the bottom
line (which is a key step in his proof) of p. 141 in [9]. The second purpose of
this paper is to give a corrected version of this theorem using the results in
the first section. Namely, we will prove the following result.

THEOREM 3.2. Let D be a C-hyperbolic domain in a complex manifold
M such that Aut(D) € Hol(D, M). Suppose there is a compact subset K of
D such that for every x € D there are a biholomorphic mapping f € Aut(D)
and a point a € K such that f(x) = a. Then the following assertions are
equivalent:

(i) D is strongly complete C-hyperbolic.
(ii) (1) For every z € K there exists v > 0 such that B.,(z,7) is a
compact subset of D.
(2) For every finite boundary point ¢ € 9D and for every e > 0, there
exists a neighbourhood U of q in M such that cp(z,2') < € for
all z,2 e UND.

As is well known, the scaling process introduced by Pinchuk [14] is a
very useful tool in the characterization of domains with noncompact auto-
morphisms group. The essential idea of this method is that the limit of a
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sequence of biholomorphic maps must be either again a biholomorphic map
or a map that has image contained in the boundary. More precisely, we have
the following theorem of Greene-Krantz [5, p. 161].

THEOREM. Suppose {;}2, and {A;}2, are sequences of bounded do-
mains in C" with limQ; = Qg and im A; = Ay for some (uniquely deter-
mined) bounded domains Qo, Ay in C™. Suppose also that {f; : A; — 4},
is a sequence of biholomorphic maps and that {f; : A; — C"}$2, converges
uniformly on compact subsets of Ay to a limit fy : A9 — C™. Then one of
two mutually exclusive conditions holds: Either fo maps Ag biholomorphically
onto Qg or fo maps Aqg into 0, the boundary of Q.

The last purpose of this paper is to generalize the Greene—Krantz theorem
to families of biholomorphic mappings on (not necessary bounded) domains
of a complex manifold. Namely, we will prove the following result.

THEOREM 4.7. Let {Q;}2, and {A;}52, be sequences of pseudo-taut do-
mains in a complex manifold M with IimQ; = Qp and lim A; = Ay for
some (uniquely determined) pseudo-taut domains Qo, Ag in M. Suppose that
Q C Qo and A; C Ao (1 > 1). Suppose also that {f; : A; — 152, is a
sequence of biholomorphic maps. Then one of the following two assertions
holds:

(i) The sequence {f;} is compactly divergent, i.e., for each compact set
K C Agy and each compact set L C g, there is an integer ig such that

(ii) There exists a subsequence {f;;} C {fi} such that the sequence {f;,}
converges uniformly on compact subsets of Ay to a biholomorphic map
f : A() — Q().

In this article complex manifolds are assumed to be connected and a con-
nected open subset of a complex manifold is said to be a domain of this man-
ifold. For complex manifolds X and Y, we denote by Hol(X,Y") the space
of all holomorphic mappings from X to Y, equipped with the open-compact
topology. For basic notions and properties of hyperbolic complex analysis we
refer to [11] and [12].

Acknowledgement. We would like to thank Professor Gerd Dethloff for
valuable discussions on this material.

2. Generalizations of Cartan’s theorem to complex manifolds

For the sake of convenience, we give the following definition.

DEFINITION 2.1. Let D be a complex manifold and Aut(D) be the group
of all biholomorphic mappings from D onto D. We say that D has the (IM)
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property if there exists a metric p on D such that p induces the standard
topology of D and p is invariant under Aut(D) (i.e., p(x,y) = p(f(x), f(y))
for all ,y € D and all f € Aut(D)).

The class of complex manifolds having the (IM) property is large. It con-
tains the hyperbolic complex manifolds, and the complex manifolds equipped
with Bergman metric. Moreover, we have the following example.

EXAMPLE 2.2. Consider C* := C\ {0}. It is easy to see that C* is not
hyperbolic and does not have a Bergman metric. We show that C* has the
(IM) property.

Indeed, first we determine the group Aut(C*).

Assume that f € Aut(C*). Set A* = {# € C:0 < |z|] < 1}. Then
fla- : A* — C is holomorphic and card(C\ f(A*)) > 2. By the Big Picard
Theorem, f extends meromorphically to C, and hence f(z) = 2™ - g(2), where
n € Z and g is an entire function vanishing nowhere on C.

We consider two cases.

(a) n > 0: Then f extends holomorphically to 0. By the Second Main
Theorem of Nevanlinna, it follows that every finite holomorphic map from C
into C is a polynomial. Hence f(z) = az,a # 0.

(b) n < 0: Then the function 1/f(z) = 27" /g(z) extends holomorphically
to 0. Using the above argument, we have f(z) = a/z, a # 0. Then Aut(C*)
consists exactly of the functions of the forms az and a/z with a # 0.

We now construct an invariant metric p on C*. Consider the function
h:A={zeC:lz] <1} — C* given by h(z) = e for z € A. Then h is
biholomorphic from A onto h(A). Take an arbitrary w € C*. We put

)zl ifw=e* € h(D),
p(l’w)_{l if w ¢ h(A),

and define p(wy,ws) = p(1,ws/wy) for all wy,wy € C*. Tt is easy to see that
p is a metric on C* induced the topology of C* and p is invariant under
Aut(C*).

DEFINITION 2.3. Let D be a domain in a complex manifold M.
We say that D is weakly taut if for every sequence {f,} in Aut(D), either

(a) there is a subsequence {f,, } which converges in Hol(D, M), or

(b) the sequence {f,} is compactly divergent, i.e., for each compact set
K C D and each compact set L C D there is an integer ng such that
fu(K)N L =10 for n > nyg.

EXAMPLES 2.4. We now give some examples of classes of weakly taut
domains.

2.4.1. If D is a taut domain in a complex manifold M then D is obviously
a weakly taut domain in M. However, the converse assertion is not true in
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general. Indeed, it is easy to see that C* is a weakly taut domain in C, but
not hyperbolic.

2.4.2. If M is a hyperbolic complex manifold then each relatively compact
domain D of M is weakly taut. This follows immediately from Arzela-Ascoli’s
theorem.

Since every bounded domain in C" is hyperbolic, we have the following
consequence of 2.4.2.

2.4.3. Every bounded domain in C" is weakly taut.

2.4.4. Let D be a non-bounded hyperbolic domain in C™ such that the
following condition is satisfied: If {24 },—, C D is an arbitrary sequence such
that limy o ||2%]| = 00, then limg_,odp (20, 2k) = 00, where zg is some point
of D, and ||.|| is the Euclidean norm of C™ and dp is the Kobayashi distance
of D.

Then D is a weakly taut domain in C". Indeed, assume that {f,} is an
arbitrary sequence in Aut(D) which does not satisfy condition (b) in Definition
2.3. Without loss of generality we may assume that, for each v > 1, there are
a, € K and b, € L such that f,(a,) = b,, where K and L are compact subsets
of D. By taking a subsequence we also may assume that lim, _,..a, = a9 € K
and lim, _,o.b, = by € L.

Now we must prove that there is a subsequence {f,, } C {f,} which con-
verges in Hol(D, C™). By Montel’s theorem, it suffices to show that, for any

compact set K C D, there exists M > 0so that || f,(z)|| < M for z € K,v > 1.
Suppose this does not hold, i.e., there exists a compact set K C D such

that limsup,_, supg||f,(2)]| = co. Then there exists a, € K such that
limsup,,_, .|| f.(ay)|| = co. By taking a subsequence of the sequence {a, }, we
may assume that lim,_,..a;, = ap € K and lim, || f,(a,)| = co. We have

dp(fv(av),bo) < dp(fu(av), fu(ay)) + dp(by, bo)
=dp(ay,a,) + dp(b,,bo) — dp(ag,ap) as v — co.

This is impossible.

REMARK 2.5. We believe that hyperbolicity of a domain D in a complex
manifold M does not imply weak tautness of this domain. Unfortunately, we
do not know of any counterexample.

DEFINITION 2.6. Let M, M; be two complex manifolds of dimension n
and f : M — M; a holomorphic mapping and a an arbitrary point of M.
Then, locally, f can be considered as a holomorphic mapping from B" to B",
where B"™ is the open unit ball in C™. This allows us to compute the Jacobian
determinant det((df),). Note that the non-vanishing property of det((df),)
is defined independently of the chosen local coordinate systems of M and Mj.
Thus we can say that the Jacobian determinant det((df),) is non-vanishing.
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In order to prove Theorem 2.7 we need the following lemmas.

LEMMA 2.7.1 ([13, Prop. 5, p. 79]). Let D be a domain in a complex
manifold M. Let {¢;} be a sequence of continuous open mappings from D
into M. Suppose that {p;} converges uniformly on compact subsets of D to
a mapping ¢ : D — M. Suppose that, for some a € D, a is an isolated point
of wfl(ga(a)). Then, for any neighbourhood U of a, there is an ig such that
w(a) € 9;(U) for each i > ig.

LEMMA 2.7.2 ([13, Cor., p. 80]). Suppose M is a complex manifold and
{fi} is a sequence of holomorphic functions on M, converging uniformly on
compact subsets of M to a holomorphic function f. Then, if f;(z) # 0 for all
z,i and f is nonconstant, we have f(z) # 0 for all z € M.

The following lemma plays an essential role in the proof of Theorems 2.7
and 2.10 and can be viewed as a generalization of Cartan’s theorem to complex
manifolds.

LEMMA 2.7.3. Let D be a domain in a complex manifold M such that
D has the (IM) property. Suppose {fi} C Aut(D) converges uniformly on
compact subsets of D to a mapping f. Then the following three conditions are
equivalent:

(i) f(D) is an open subset of D and f is a biholomorphic mapping of D
onto f(D).
(i) £(D)¢ oD.

(iii) There exists a point a € D such that the Jacobian determinant

det((df)q) is non-zero.

Proof. (i)=-(ii): Obvious.

(ii)=-(iii): Clearly, f(D) C D. Thus assertion (ii) implies that there is
a € D such that f(a) = b € D. Take a neighbourhood V of a in D such
that f(V) C D. Without loss of generality we may assume that V' is an open
subset of C™ and f(V) C C™.

We now show that f|y is injective. Indeed, assume that f(z1) = f(z2),
where z1,22 € V. By the hypothesis, there exists a metric p of D such that
p induces the standard topology of D and p is invariant under Aut(D). We
have

p(f(21), f(22)) = 0 = p(lim fi(21), lim f;(22))
= lim p(fi(21), fi(22))

= lim p(21, 22) = p(21, 22)-

This implies that z; = zo.
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By Osgood’s theorem [13], the image f (V') is open in C™ and the restricted
mapping f|y : V — f(V) is biholomorphic. Thus the Jacobian determinant
det((df)q) is non-zero.

(iii)=(i): Put U = {z € D : det((df).) # 0}. Then a € U and U is open
in D. We now show that U is closed in D.

Suppose that this is false. Then there exists a point ag € U N D such
that det((df)s,) = 0. Take a small connected neighbourhood V' of ag in
D such that the holomorphic mappings f;|y and f|y can be considered as
holomorphic mappings from V' C C™ into C".

Consider the holomorphic functions J; : V.— C and J : V — C given by
Ji(z) = det((df;).) and J(z) = det((df).). Then the sequence {.J;} converges
uniformly on compact subsets of V to J. Also J;(z) # 0 for all ¢ and all 2z
since f; € Aut(D). On the other hand, since J(ag) = 0 and V NU # 0, it
follows that J is nonconstant. According to Lemma 2.7.2, we have J(z) # 0
for all z € V. This is a contradiction. Thus U is closed in D, and hence
U = D. By the inverse function theorem, f : D — M is an open mapping
and any z € D is isolated in f~'(f(z)). According to Lemma 2.7.1, we have
f(D) C U;>; fi(D) = D. By using an invariant metric p of D and repeating
the above argument, we see that f is injective. By the Osgood theorem it
follows that the mapping f : D — f(D) is biholomorphic. O

Proof of Theorem 2.7. By Lemma 2.7.3, it suffices to prove the implication
(ii))= (i).

According to Lemma 2.7.3, f € Hol(D, D) and the mapping f : D — f(D)
is biholomorphic.

Take a € D and put b = f(a). Take compact neighbourhoods U,V of a, b,

respectively, such that f(U) C V. By Lemma 2.7.1, since the sequence {f;}

converges uniformly to f, there is an ig such that f;(U) C V and b € f.(U)
for each ¢ > iyg. We put g; = f[l fori>1. Thena € U = gi(fi(U)).

Choose K = U5, fi(U) and L = {a}. It is easy to see that K, L are
compact subsets of D and ¢;(K) N L # () for each i > iy. Then the weak
tautness of D implies that there is a subsequence of the sequence {g;} which
converges uniformly on compact subsets of D to a holomorphic mapping g :
D — M. Without loss of generality we may assume that the sequence {g;}
converges uniformly to g.

Take b; € K such that g;(b;) = a. Without loss of generality we may assume
that limb; = by € K. Then g(bg) = a, i.e., g(D) ¢ 0D. According to Lemma
2.7.3, g € Hol(D, D) and the mapping g : D — g(D) is also biholomorphic.
It is easy to see that f,g = g,f = Idp, and hence f € Aut(D). O

COROLLARY 2.8. Let D be a domain in a complex manifold M such that
D has the (IM) property. Let D* = DU{co} be the one-point compactification
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of D. Let C(D,D*) denote the space of continuous maps from D into D*
equipped with the compact-open topology and let {oo} denote the constant map
which sends D to co. Then D is weakly taut if and only if Aut(D) U {oo} is
a compact subset of C(D, D*).

Proof. “=": Assume that {f;} C Aut(D)U{oo}. Without loss of generality
we may assume that f; # oo for each ¢ > 1. Consider two cases:

(i) The sequence {f;} satisfies condition (b) of Definition 2.3: Then {f;}
converges uniformly on compact subsets of D to the mapping oo in C(D, D*).

(ii) The sequence { f; } does not satisfy condition (b) of Definition 2.3: Then
there exist compact subsets K, L of D and a subsequence { f;, } of the sequence
{fi} such that f; (K)NL # 0 for each k > 1 and {f;, } converges uniformly
on compact subsets of D to a mapping f € Hol(D, M).

Take a;, € K,b;, € L such that f;, (a;,) = b;, for each k > 1. Without loss
of generality we may assume that limg_.o a;, = ap € K and limg_.o b;, =
bp € L. Then f(ag) = by € D, and hence f(D) ¢ dD. By Theorem 2.7, it
follows that f € Aut(D).

“«<": This is immediate from the definition of weak tautness. O

COROLLARY 2.9. Cartan’s theorem holds in the following cases:

(i) D is a taut domain of a complex manifold M.

(ii) D is a relatively compact domain of a hyperbolic complex manifold M ;
in particular, D is a bounded domain in C™.

(iii) D is a non-bounded hyperbolic domain in C" satisfying the follow-
ing condition: If {z,}32, C D is an arbitrary sequence such that
limg o0 ||2&|| = 00, then limg_ o dp(20,2K) = 00, where 2o is some
point of D, ||.|| is the Euclidean norm of C™ and dp is the Kobayashi
distance of D.

Recall that a complex manifold M is said to be homogeneous if for any
pair of points z,y € M there is o € Aut(M) such that o(z) = y.
In order to prove Theorem 2.10 we need the following lemma.

LEMMA 2.10.1 ([11, Thm. 5.5.1, p. 268]). Let p be a metric on a complex
manifold D such that p induces the topology of D and p is invariant under
Aut(D). Let a be a point of D. Assume that f : D — D is a holomorphic
mapping satisfying the following conditions:

() f(a)=a.
(ii) |det((df)q)| = 1.

(iii) f is an isometry for p, i.e., p(xz,y) = p(f(x),f(y)) forxz,y € D.
Then f is a biholomorphic mapping.
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Proof of Theorem 2.10. In view of Lemma 2.7.3 it suffices to prove the im-
plication (iii)=-(i). Also, by Lemma 2.7.3, since p is invariant under Aut(D),
f is an isometry for p.

On the other hand, since Aut(D) acts transitively on D, we may assume
that f(a) = a. It now remains to prove |det((df),)| = 1.

Since our problem is local, we may assume that D is a domain in C".
By Lemma 2.7.3, there exists rg > 0 such that B(a,79) C D N f(D), where
B(a,r) = {z € C™ : ||z —a]| < r} for each r > 0. It is easy to see that
f(B(a,r)) = B(a,r) for each 0 < r < rg.

Assume that |det((df)q)| < 1. Then there exists r1 € (0,r9) such that
|det((df).)| < a < 1 for each z € B(a,r1). This implies that vol B(a,r) <
a?.wolB(a,r1). This is a contradiction.

Similarly, if | det((df)q)| > 1, we also get a contradiction. O

3. On strongly complete C-hyperbolicity of domains in a complex
manifold with compact quotients

Let X be a complex space. We denote its Caratheodory pseudodistance by
cx. Even if ¢y is a distance, it does not in general induce the complex space
topology of X (see [7] and also [6]).

A complex space X is said to be Caratheodory-hyperbolic or C-hyperbolic
if ¢x is a distance and induces the complex space topology of X. A C-
hyperbolic space X is said to be complete (resp. strongly complete) if X is
Cauchy complete with respect cx (resp. if all closed balls with respect to cx
are compact). Janicki, Pflug, and Vigué [8] exhibited a domain X in C? such
that X is complete C-hyperbolic, but not strongly complete C-hyperbolic.

We now give the following definition.

DEFINITION 3.1. Let D be a domain in a complex manifold M and let
q € 0D be a boundary point of D. We say that ¢ is a finite boundary point of
D if there exist a point @ € D and a sequence {z,} C D such that {z,} — ¢
and liminf, ., cp(a,z,) < oo.

It is easy to see that ¢ € 0D is a finite boundary iff there exists a sequence
{#n} C D which converges to ¢ such that liminf, _.,cp(a,z,) < oo for any
point a € D.

In order to prove Theorem 3.2 we need the following lemma.

LEMMA 3.3. Let D be a domain in a complex manifold M such that D
has the (IM) property and Aut(D) € Hol(D, M). Suppose that there exists a
compact subset K of D such that for every x € D there is a biholomorphic
mapping f € Aut(D) and a point a € K such that f(x) = a. Then the
following assertions are equivalent:
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(i) For every z € D and for every r > 0, B, (z,7) is a compact subset
of D.
(ii) (1) For every z € K there exists v > 0 such that B.,(z,7) is a
compact subset of D.
(2) For every finite boundary point ¢ € 0D and for every e > 0 there
exists a neighbourhood U of q in M such that cp(z,2') < € for
all z,z2 e UND.

Proof. (i)=-(ii): It is easy to see that if B.,(z,7) is a compact subset of D
for every z € D and r > 0, then there is no finite boundary point of D. Thus
the implication is proved.

(ii)=(i): Assume that there exist p € D and r* > 0 such that the closed
ball B.,(p,*) is not a compact subset of D. Then there exists a sequence
{#,} C Be, (p,r*) such that

(1) {Fn} — q € OD.
Let € D and y € D. We define

¢p(z,y) =liminfep(z,y').
y' €D
y' =y
Then, from (1), we get
(2) ¢p(z,q) < oo for every z € D.
Define the function ¢ : D — [0,00) by
o(x) = sup{r > 0: B, (z,7) € D} for each z € D.
Then ¢ is continuous on D, and hence ming ¢(x) =7 > 0. This implies that

(3) oo > inf ¢p(x,y) =19 >7>0.
zeK
yeodD

Therefore there exist a € K and gg € D such that 7o < ¢p(a,qo) < 2r¢ < 00,
i.e., qo is a finite boundary point of D.

By hypothesis, there exists a neighbourhood U of gg in M such that
ep(z,2") < ro/2 for all z,z € UN D. Take a sequence {z,} C UND
such that {x,} — go. Then cp(x1,x,) < 19/2 for all n > 1.

By hypothesis, for every n > 1, there exists f,, € Aut(D) such that
fu(zn) = an € K. Without loss of generality we may assume that {a,} —
ap € K. Since Aut(D) € Hol(D, M), without loss of generality we may
assume that the sequence {f,} converges locally uniformly to a mapping
f € Hol(D, M). Then we have {f,(x1)} — f(z1) and ro/2 > cp(z1,2,) =
cp(fn(@1), fa(®n)) = ep(fal1),a,) for all n. Since {an,} — ag € D, it
follows that

2
ep(fu(r1),a0) < % for all n > ng.
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Then ¢p(ag, f(z1)) < 2r¢/3 < ro, and hence, by (3), we get f(z1) € D, i.e.,
f(D) ¢ 0D. By Theorem 2.7, it follows that f is a biholomorphism from D
onto D.

Since Aut(D) € Hol(D, M), it is easy to see that the sequence {f, '}
converges locally uniformly to the mapping f~! in Aut(D). This implies that
lim,, o0 fr (@) = f71(ag) € D. But this is absurd since lim, o f,, *(a,) =
lim, o0 n = qo € OD. O

Proof of Theorem 8.2. Since D is a C-hyperbolic domain in a complex
manifold M, D has the (IM) property for cp;. Hence Theorem 3.2 follows
immediately from Lemma 3.3. O

From Theorem 3.2 we get the following corrected version of the above-
mentioned result of Kim [9].

COROLLARY 3.4. Let D be a bounded domain in C™ such that D/ Aut(D)
is compact. Then D is strongly complete C-hyperbolic if and only if for every
finite boundary point ¢ € 0D and for every e > 0, there exists a neighbourhood
U of g in C™ such that cp(z,2") < e for all z,z’ € UND.

Corollary 3.4 is deduced from Theorem 3.2 and the following lemma.

LEMMA 3.5. Let D be a bounded domain in C". Then for each a € D,
there is v > 0 such that B.,(a,r) is compact in D.

Proof. Let a € D be given.

Take a ball B(0,R) = {z € C": ||z|]| < R} C C" such that D C B(0,R) =
B. Since B is C-hyperbolic, there exists 79 > 0 such that B.,(a,r9) C D.
Since B is strongly complete C-hyperbolic, it follows that B.,(a,70) is a
compact subset of D.

Suppose that ClgB., (a,r) N OD # ) for any 0 < r < ry, where ClxY is
the closure of Y in X. This means that there exists a sequence {z,}72, C
dDNClpB.,(a,1/n).

Take y, € Bep(Tn,1/n) N By (a,1/n) for all n > ng. Then cp(z,,a) <
c(Tn,Yn) + cB(Yn,a) < 1/n+ cp(yn,a) < 2/n for each n > ngy. Since 9D
is a compact subset of B, without loss of generality we may assume that
{zn} — mo € OD. Then cp(xg,a) = 0, i.e., a = g € D. This is a
contradiction. Hence there is 7 € (0,70) such that B., (a,r) is a closed subset

of B. But B., (a,7) C B, (a,r0), i.e., Bep (a,r) is a compact subset of D. O

REMARK 3.6. By Montel’s theorem, if D is a bounded domain in C"
then Aut(D) € Hol(D, C™). Unfortunately, this assertion does not hold for
unbounded domains, even for complete hyperbolic (unbounded) domains in
C". Indeed, we have the following counterexample. Put H = {z € C : Im z >
0}. Then H is complete hyperbolic. Define the mapping f, : H — H given
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by fn(z) = z+n for each z € H. It is easy to see that {f,} C Aut(H) and
the sequence {f,} is compactly divergent. This implies that Aut(H) is not
relatively compact in Hol(H, C).

4. Generalization of the Greene—Krantz theorem to complex
manifolds

First we give the following definitions.

DEFINITION 4.1. Let {€;}52, be a sequence of open sets in a complex
manifold M and let Qg be an open set of M. The sequence {€2;}2; is said to
converge to g, and we write lim ; = Qq, iff

(a) for every compact set K C € there is a j = j(K) such that i > j
implies K C ;, and

(b) if K is a compact set which is contained in €; for all sufficiently large
i, then K C Q.

DEFINITION 4.2. Let B™ be the open unit ball in C™ and p,, the Bergman
distance in B”. Let M be a complex manifold of dimension n. Denote by
F(B"™, M) the set of all mappings f : B® — M such that f is biholomorphic
onto its image, i.e., the mapping f : B™ — f(B™) is biholomorphic.

Given two points p, ¢ of M, we consider a chain of holomorphic balls from
p to ¢, that is, a chain of points p = pg, p1,...,pr = q of M, points aq,...,ax
of B™, and holomorphic mappings f1,..., fr € F(B™, M) such that f;(0) =
p, fila;) = fi+1(0),..., fr(ax) = ¢. Denoting this chain by «, we define its
length I(«) by

k
(@) =" pul0,a;)
=1

and we define the pseudodistance k};(p,q) = infl(«), where the infimum is
taken over all chains a of holomorphic balls from p to ¢. The pseudodistance
k%, is called the n-Kobayashi pseudodistance of M. If k73, is a distance, i.e.,
it k3 (p,q) > 0 for every pair p,q € M with p # ¢, then M is said to be
n-hyperbolic.

Using the same argument as in [11], we have the following result.

PROPOSITION 4.3.

(i) Let M be a complex manifold of dimension n. Then k¥, is inner and
continuous on M x M.
(ii) If a complex manifold M is n-hyperbolic then k7, induces the standard
topology of M.
(iii) Let M, N be two complex manifolds of dimension n. Assume that
f M — N is a holomorphic mapping such that the mapping f :
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M — f(M) is biholomorphic. Then k7, (p,q) > k% (f(p), f(q)) for all
p,q € M. Therefore, k™ is invariant under biholomorphisms.
(iv) Ewvery hyperbolic manifold of dimension n is n-hyperbolic.

DEFINITION 4.4. Let D be a domain in a complex manifold M of dimen-
sion n. Denote by F(B", D) the set of all mappings f : B® — D such that f
is biholomorphic onto its image, i.e., the mapping f : B — f(B") is biholo-
morphic. The domain D is said to be pseudo-taut if for every sequence { fi}
in F(B™, D), either

(i) the sequence {fi} is compactly divergent, i.e., for each compact set
K C B" and each compact set L C D, there is an integer kg such
that fr(K)NL =10 for k> ko, or

(ii) there are a subsequence {fz;} and a closed subset S C B" with
Bm\ S = B" (which may depend on {f,}) such that the sequence
{fx, : B" — M} converges uniformly on compact subsets of B" to a
limit f: B® — M with S = f~1(dD).

EXAMPLES.

(i) Every bounded domain in C™ is pseudo-taut.
(ii) Every taut complex manifold is pseudo-taut.
(iii) Put D = AxA\{(0,0)} C C?. It is easy to see that D is pseudo-taut,
but not taut.

PROPOSITION 4.5. Let D be a pseudo-taut domain in a complexr manifold
M of dimension n. Then D is n—hyperbolic.

Proof. We start with the following lemma.

LEMMA. Let U, V,W and U’ be open subsets of D such that U NT =0
and W € V. € U and U is n-hyperbolic. Assume that there exists a positive
number § < 1 such that, for every f € F(B™, D) with f(0) € V, we have
f(B}) C U, where B} = {z € C": ||z|| < §}. Then k}L(W,U’) > 0.

The proof of this lemma is the same as that of [11, Lemma 5.1.4, p. 241].

We can now prove Proposition 4.5.

Assume that there are p,q € D with p # ¢ such that k% (p,q) = 0. Take
open neighbourhoods U, V, W of p and U’ of ¢ such that W € V € U and U is
n-hyperbolic and U N T = 0. Then, by the above lemma, it follows that, for
each k > 1, there is fi € F(B", D) with fx(0) € V such that fi(BY) ¢ U.
Since the sequence {fi} is not compactly divergent, it follows that there are
a subsequence {fx,} and a closed subset S C B™ with B"\ S = B" such
that {fx, : B" — M} converges uniformly on compact subsets of B™ to a
holomorphic mapping f : B® — M with S = f~1(0D).
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Since {fx(0)} C V, it follows that 0 ¢ S,i.e., 0 € B®\ S and f(0) € V C U.
Take ko large enough such that By, C B"\ S and f(BY, ) C U. Then, for

J large enough, we get f, (B?/kj) C U. This is impossible. O

PROPOSITION 4.6. Let D be a domain in a complex manifold M of di-
mension n. Then D is pseudo-taut if and only if, for each complex manifold
X of dimension n and for each sequence {fy} C F(X, D), either

(i) the sequence {fir} is compactly divergent, i.e., for each compact set
K C X and each compact set L C D, there is an integer ko such that
fe(K)NL =0 fork > ko, or

(ii) there are a subsequence { fx;} and a closed subset S C X with X \ S =
X (which may depend on {fkj }) such that the sequence {fy, : X —
M} converges uniformly on compact subsets of X to a limit f : X —
M with S = f~1(0D), where F(X,D) is the set of all mappings
f X — D such that f is biholomorphic onto its image, i.e., the
mapping [ : X — f(X) is biholomorphic.

Proof. The sufficiency of the condition is obvious, so it remains to prove
the necessity. We divide the argument into three steps.

Step 1. By Lemma 4.5, D is n-hyperbolic.

Assume that X is a complex manifold of dimension n and {fx} C F(X, D).
Assume that the sequence {f;} is not compactly divergent. Then there exist
compact subsets K C X,L C D such that fi (K)NL # 0(j > 1). Without
loss of generality, we may assume that fi(K)NL # 0(k > 1). Then there exists
{zx} C K such that {fx(xzr)} C L. Without loss of generality, we may also
assume that {z;} — p € K and {fi(zx)} — 20 € L. Take a neighbourhood
V of Lin D. Since k% (fi(zk), fr(p)) < k% (zx,p) — 0 as k — oo, it follows
that fr(p) € V for k large enough.

Let ¢ be any point of X. We consider a chain of holomorphic balls from p
to g, that is, a chain of points p = pg,p1,...,p: = q of X, points ay,...,a;
of B", and holomorphic mappings h1,...,h; € F(B™, X) such that hq(0) =
D, hi(ai) = hi+1(0) = pi,ht(at) = q. Clearly, {fk o hl} C f(Bn,D) and
fi 0 h1(0) = fr(p) € V for k large enough. By the pseudo-tautness of D
there exist a sequence {ag“ )} C B"™ which converges to a; and an infinite
subset N7 of N such that {(fx o hl)(agu))}keNl € D for all p > 1. We see
that {hl(agﬂ))} — hi(a1) = h2(0). Thus there is pg large enough such that
hi(a{")) € hy(B). Take z, € B™ such that hy(al") = ha(z1), and hence,
{(fx 0o h2)(z1)}ken, € D. By the pseudo-tautness of D there exist a sequence
{aé“ )} C B™ which converges to as and an infinite subset Ny of N such that

{(fr 0 ha)(@¥)}ren, € D (> 1).
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Continuing this process, we obtain a sequence {aﬁ“)} C B™ which converges
to a, and an infinite subset N, of N such that {(f% oht)(agm)}keNq €D (p>
1). Roughly speaking, for each ¢ € X, there exist a sequence {q(“)}ff:l cX
and an infinite subset N, of N such that {fx(¢"")}ren, € D (1 > 1).

By the Cantor diagonalization process, it follows that there exist an in-
finite subset Ny of N and a countable subset X; such that X; = X and
{fr(2)}ken, € D for each z € X;.

Denote by S the set of all points z € X such that {fi(2)}ren, is not
relatively compact in D. Then X \ S is open. Indeed, take zg € X \ S. Then
{fx(20) }hen, € D. Since k% (fr(20), fx(2)) < k% (20,2) (z € X), it follows
that {fx(2)}ren, € D for each z € X closed enough to z.

On the other hand, since X; C X \ S, we have X \ § = X.

We cover X \ S by a family {X;}32, of open subsets of X, where each X;
is biholomorphic to B".

Since D is n-hyperbolic, the family {fk|X1}k€N0 is equicontinuous. Since
{f1(2)}ren, € D for each z € X7, by the Arzela-Ascoli theorem, there exists

an infinite subset Nél) of Ny such that the sequence { fk| X,

uniformly in Hol(Xy, D).
Consider the family {fyx,

}k:eNE,” converges

}k N Repeating the above argument, we ob-
0
. P 2 1
tain an infinite subset N[()) of N((]) such that the sequence {fk\Xz}kefo’
converges uniformly in Hol(X2, D). Continuing this process and using the
Cantor diagonalization process, we obtain an infinite subset Ny of Ng such
that the sequence { fk‘ X\ 3te eN, converges uniformly on compact subsets of

X\ S to a mapping f € Hol(X \ S, D).

Step 2. Cover X by a family {U;}32, of open subsets of X, where each
a; : B™ — U; is biholomorphic.

Consider the family {fj o a1}, g, C Hol(B", D). Since this family is not
compactly divergent, by the pseudo-tautness of D it follows that there exists
an infinite subset N((Jl) of No such that the sequence {froa;} peN(1) converges
uniformly in Hol(B", M). This implies that the sequence {fy}, eﬁrz” converges
uniformly in Hol(Uy, M).

Consider the family {fj o O[Q}keﬁ(()l) C Hol(B™, D). Repeating the above

argument, there exists an infinite subset 1(152) of 1(1((]1) such that the sequence

{fx} peN(®) converges uniformly in Hol(Usz, M). Continuing this process and
0

using the Cantor diagonalization process, we obtain an infinite subset No of
Ny such that the sequence { fk}ke§ converges uniformly on compact subsets
0

of X to a mapping F' € Hol(X, M). It is easy to see that F\X\S =f.
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Step 3. Put S = F~1(@D). Then S is closed in X and S ¢ S. Hence
there exists a subsequence { fk}ke§ of the sequence {fi} and a closed subset
0

S C X with X \ S = X such that the sequence {fj : X — M}k€1~\~I converges
0

uniformly on compact subsets of X to a limit F': X — M with S = F~1(dD).
O

Proof of Theorem 4.7. Take a sequence of open subsets A} € A2 € --- of
A such that Ay = U]oil Ag. Without loss of generality we may assume that
A} C A; for each j > 1. Assume that the sequence {f;} is not compactly
divergent. Then there exist compact subsets K C Ag,L C €y such that
fi,(K)N'L # 0 for all j > 1. Without loss of generality, we may assume
that K C A} and fi(K)NL # @ (i > 1). Then there exists {x;} C K such
that {fi(z;)} € L. Without loss of generality, we may also assume that
{z;} = pe K and {fi(x;)} — q € L.

Consider the sequence {fi|41}72; C Hol (A}, Q). Then this sequence is not
compactly divergent. By the pseudo-tautness of €y, it follows that there are
an infinite subset Ny of N and a closed subset S; C A} with A} \ S1 = A} such
that the sequence {f; : A} — M} converges uniformly on compact subsets of
A} to alimit Fy : A} — M with S; = F1(990).

Consider the sequence {f;2}ien, C Hol(A2,Q0). Repeating the above
argument, we see that there are an infinite subset No of N; and a closed
subset S C A3 with A2\ Sz = A2 such that the sequence {f; : A2 — M}
converges uniformly on compact subsets of A3 to a limit Fy : A3 — M with
Sy = F{l((’?QO). It is easy to see that FQ‘A(I) =Fy and So N AL = 5.

Continuing this process and using the Cantor diagonalization process, we
obtain an infinite subset Ng of N and a closed subset S = Ufil S; of Ay with
Ap \ S = Ag such that the sequence { f; };en, converges uniformly on compact
subsets of Ay to a mapping F' € Hol(Ag, M) with S = F~1(08y). It is easy
to see that F(p) = q € Q.

Put g; = fl-_l for all i € Ny. We now show that {g;(¢) = pi}ien, — D-
Indeed, take a relatively compact open neighbourhood U of ¢ in €y. Then,
for all ¢ large enough, we have

o (0:i) <K%, (i) = k&, (fi(p), filpi)
=k, (fi(p),q) <k (fi(p),q) — 0 as i — oo.

Since Ay is n-hyperbolic, it follows that {p;} — p, i.e., {9:(¢) }ien, — p- This
implies that the sequence {g;}ieN, is not compactly divergent.

Repeating the above argument, we obtain an infinite subset No of Ny and
a closed subset T C Qg with Qg \ T = Qg such that the sequence {g; : Qo —
M}, R, converges uniformly on compact subsets of Qg to a limit G : Qg — M
with T = Gil(aAo).
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Take a neighbourhood V' of p in Ay such that F(V) C Q. Repeating the
proof of (*), we see that {g;(F(z))}ien, — 2z for each z € V. This implies
that G(F(z)) = z (z € V). Hence F}y is injective. By the Osgood theorem,
the mapping Fjy : V' — F(V) is biholomorphic.

Consider the holomorphic functions J; : A; — C and J : Ag — C given by
Ji(z) = det((df;).) and J(z) = det((dF).). Then J(z) # 0 (z € V) and, for
each i € Ny, the function J; is non-vanishing on A;. Moreover, the sequence
{J; }ien, converges uniformly on compact subsets of Ay to J. By Hurwitz’s
theorem, it follows that J never vanishes. This implies that the mapping
F: Ay — M is open and any z € Ay is isolated in F~'(F(z)). According to
Lemma 2.7.1, we have F(Ag) C Q.

Repeating this argument, we see that G(£29) C Ap. But then uniform
convergence allows us to conclude that for all z € Ay we have G o F(z) =
lim, xr o GioFi(2) = z and likewise that for all w € Qg we have FloG(w) =
1eNg, oo F1 0 Giw) = w.

This proves that F' and G are each one-to-one and onto, hence in particular
that F' is a biholomorphic mapping. O

lim
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