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WEIGHTED L? ESTIMATES FOR MAXIMAL OPERATORS
ASSOCIATED TO DISPERSIVE EQUATIONS

YONGGEUN CHO AND YONGSUN SHIM

ABSTRACT. Let T'f(x,t) = e2™it¢(D) f(z) be the solution of the general
dispersive equation with phase ¢ and initial data f in the Sobolev space
H#. We prove a weighted L? estimate for the global maximal operator
T** defined by taking the supremum over the time variable ¢ € R so
that |7 fllL2(w az) < ClIfllm=. The exponent s depends on the phase
function ¢, whose gradient may vanish or have singularities.

1. Introduction

The general dispersive equation with initial data f in the Schwartz class
S(R™) (n > 2) is

iug(z) = —2rp(D)u(x), wu(z,0)= f(z) on R" xR,

where D = ﬁv and ¢ is a measurable phase function. The formal so-
lution of this equation is u(z,t) = [e>mi(@E+t6(0) f(£)d¢, where f(€) =
[ e ™= S f(x)dx. Let us define an operator T by Tf(x,t) = u(x,t). The
corresponding maximal operators are

TN f(z) == _vagf<Nle(x7t)|, T f(x) := Sup T f(x,t)].

The purpose of this paper is to study the mapping properties of 7%* from

the inhomogeneous Sobolev space H® to L?(wdx) for some nonnegative inte-
grable function w, i.e., study bounds of the form

(1.1) 1T fll L2 (wdzy < Cll Sl
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where the constant C' is independent of f. Here, the Sobolev space H® is
defined by the norm
1/2

‘ R 1/2
11z = 1F 11z + | D 229114, f117 ~ (/(1 + |§|)25|f(£)|2d£> ;

JEZ

where Ej\f(f) = ({)f(ﬁ) for some Littlewood-Paley function ¢; (see [1]).
The homogeneity and regularity of the phase ¢ play a crucial role in ob-

taining a small value for the exponent s. If det(%) # 0, then it is
expected that one can take s = 1/4 for some functions w. In fact, if f
is a function of a single variable, or a radial function multiplied by spher-
ical harmonics, then s can attain the critical value 1/4 with the weight
|z|~1/2 (see Theorem 1.1 in [4]). For other results related to T% and T**,
see [2], [3], [5], [6], [9]-[13], and [4], [7], [14], [15]. In particular, P. Sjolin
[11] showed that the maximal operator T** defined with ¢ = |£|* (a > 1)
does not satisfy the global L? boundedness. Thus, in order to obtain a
global L? estimate, we have to employ an appropriate weight w. L. Vega
[15] studied global estimates with phase ¢(€) = [£|* (a > 1) and weight
w(z) = (1+|z])~% (by > 1). Later, H. P. Heinig and S. Wang [7] used homo-
geneous phase functions whose gradients may have zeros and weights of the
form w(z) = |z|~ (1 + |2|)7% (1 < by <n, by +by >n). They obtained the
estimate (1.1) for s > b1/2.

In this paper, we consider a wider class of phase functions, whose gradient
may not exist, or may have zeros and singularities. To be specific, we assume
that their zeros and singularities on the unit sphere are of regular type. We
define regular zeros as in [7]:

DEFINITION 1.1.  Let % be a continuous function on S™~! such that (&) =
0 for some point & € S"~1. If Z(¢',&)) is the angle between &) and &', then
&} is called a regular zero of order a*, provided for all o < a*,
. (&)
lim ———=-— =0.
g'—e5 (£(€,6))™

Similarly, we define regular singularities:

DEFINITION 1.2. Let v be a continuous function except for a finite subset
S of unit sphere. If £ € S, then &) is called a regular type singularity of order

5%, if for all 8 > §*,

Jim (£(8,60))° (€] = 0.

When o* = 0 (resp. §* = 0), we mean that ¢ has no zero (resp. singularity).

Now let us assume:
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(A1) ¢ has finitely many regular singularities £/,...,& € S"~!, and each
&l is of order 8 > 0. (Note that by homogeneity ¢ and V¢ have the
same singularities of the same order.)

(A2) ¢ is continuous on the complement of S = {¢i,...,§/} and differen-
tiable except for a finite subset F' on S™~!, which has the property
that for all &’ € F there exist positive constants ¢; and ca such that

: !
é(n,l,rfl,f)gq IVo(n')| = co.

(A3) V¢ has a finite regular zero set Z = {n},...,n,,} C S" '\ (SUF),
and each 7} is of order o > 0.

(A4) ¢ is differentiable and V¢(€) # 0 on a subset E of R™.

(A5) For any (&1,...,k—1,&k41,---,&n) € R" 1 and any r € R, the equa-
tion

qb(glw"a£k717m7§k+17"'7£n) =r (nggn_l)

has at most Ny solutions.

The assumptions (A4)—(A5) were first proposed by C. E. Kenig, G. Ponce and
L. Vega [8].
Let us consider a weight w satisfying

{w(x)-@(%l) as x — 0,

1.2
(12) w(m):(’)(m) as x — 00.

for some 6 > 1.
Now we are ready to state our main result.

THEOREM 1.3. Suppose ¢ is homogeneous of degree a € R and satisfies
(A1)-(A3), and (A4)—(A5) with E the complement of any fized neighborhood
of L which is the union of straight lines of direction & € SUF UZ from the
origin. Let Ao = max(af,...,q)), As = (B7,...,05). If \o=As =0, then a
is assumed to be a positive number. Let w be a nonnegative function satisfying
(1.2) and locally bounded on R™\ {0}. Then for any f € S(R™) the inequality
(1.1) holds for

1 ()\0 + )\S)n . ()\() — )\S)n
W s>s5+Tm-n > Te=s5ao)
1 a Aon L (Ao —As)n
@) s>5-3 2(n0— o 2(271—1) ’

and fails for s < 1/2.

If a > Mn/(n — 1) and a # 0, then we recover the results of H. Heinig and
S. Wang [7], and L. Vega [15]. However, we could not obtain sharp necessary
conditions for the maximal inequalities in the presence of singularities and
zeros. Our future concern is to find such conditions.
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ExaMPLES. If

(1 +&)™ + (La+8)" + -+ (o1 + &)™
(r—&)m2+ (o —&)m2 4+ (En1 — &n)™2

where m; and msy are positive integers, then ¢ has singularities at (i%,

..,:l:ﬁ) of order mg and V¢ has zeros at (:I:ﬁ,q:ﬁ,...,:F(fl)”ﬁ) of

order my — 1. If ¢ = |&1]%1|&2]%2 ... |€n]® (0 < a; < 1), then ¢ is continuous.
But V¢ does not exist at +e;, where e; is a unit normal vector whose i-th
component is 1, and V¢ has no zero. If ¢ = [£1]%&|° (0 < a < 1, b > 1), then
¢ is continuous and V¢ has zeros at (£1,0) of order b — 1, but V¢ does not
exist at (0,%1). If ¢ = £7"1&5"2 (&1 — £2)™3, where mq, mo, m3 are nonnegative

integers, then V¢ has zeros at (£1,0), (0,+1), (i%, i%) of order m; — 1,

¢ =

mgo — 1, and mgz — 1, respectively.

If not specified, we use C' to denote a positive constant that may not be
the same at each occurrence, and use A < B and A ~ B to denote |[A| < CB
and C~!B < |A| < CB, respectively.

2. Preliminary lemmas

In this section, we study local L? estimates for a maximal operator with a
fixed phase function whose gradient is non-vanishing. For any open subset F
of R™ let us define an operator 75" by

Ty f(x) = sup /E 2mi@EHta(€)) f(g) ds‘ :

teR

Throughout this section, we assume that ¢ satisfies the assumptions (A4)-
(A5) and that V¢ # 0 in E. Let us define subsets D; (i =1,...,n) by

D= {ec B2 06 = g Ivo1}.

Since V¢ # 0, by the implicit function theorem we can find subsets E; j of
D; and C* functions ¥, ;, such that

(i) ¥,  is a diffeomorphism with

\I/i7k(£17...,fi,...,§n) = (5173¢(€)77£n) = w,

3]
(iti) [E\U;, 1 Bi k| = 0 and the E; s are mutually disjoint,

(1v) Do X, (B < No-

(i) |det(DW:,1)(€)] = | 22(6)] = LIVo(©)] > 0 for all € € By y,
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Denoting by B; the dyadic ball £ N B(0, 27) for j € Z, let us set

Mo = sup [Vo(E)],
€€B;+1\B;
M 1
1= sup ,
T e IVO(E)
Vo s 20

ceB\B; VO]
If Bj+1 =0, then let us set My ; = My ; = 0. We have the following result:

LEMMA 2.1. If R >0 and f € S(R™), then the inequality

(2.1) 1T fllz2po.ry) S BY2S Mo MMy 2 A 2
JEZ

holds for some Littlewood-Paley function @; with A/]\f = gpjf.

Proof. We first prove the lemma when |¢| > A > 0. It is enough to show
that for any large NV

22) | Th v fllzso.my < CRY?S. Myt My 2 A £ 12
JEZ

where Tj, y f(x) := supp <y |TEf(z,t)], and the constant C' does not depend
on N and .
Let us choose smooth functions v, ¢ with compact support in R™ such that

(1 il <1,
w(x){o, if |2 > 2,

(z) = 1 if1/2< |z <1,
PAETZV 0 if o < 1/4, or |2| > 2,

> wl(5) =D ¢s() =1 on R\ {0},

JEZ JEZ
Also choose a one dimensional smooth function 7 such that n(¢) = 1 if |¢| < 1,
and n(t) = 0 if |t| > 2. For each j € Z we define an operator A; by

x . N
23) A = o) [ SO fieg @
For the interval I = [—1,1] let us first observe that

(24) T wf(x) < Zsupm fa,t)].

We then estimate the maximal function of A;f using the following simple
lemma:
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LEMMA 2.2.  For any F(t) € C1(J), J = [a,b], we have
1
sup |F(t)| < —/ |F(t)|dt +/ |F'(¢)|dt.
J Eiwy J

Let us divide I into subintervals [; with |I;| ~ §,0 < § < 1. Applying
Lemma 2.2 to these subintervals I; and using Schwartz’s inequality, we get for
each z € B(0, R)

sup |4, (&) < 3 sup A F a0
1 l

L d
= 2; (5 /zl [A; (@, t)dt + 6/11 |EAjf(x,t)|2dt>

1
9 (5/|Ajf(a:,t)2dt+5/|thjf(x,t)|2dt>
and hence

/ sup|Ajf(x,t)|2dx
B(O,R) I

5%/ |Ajf(z,t)\2dzdt+5//\%Ajf(x,t)\zd:z:dt

- [[ &ese) (%K;(s,@ * 6K§(s,£’>) dgdg,
where
(25) KN&E) =, //€2wi[x'(f—f’)+Nt(¢(§)—¢(£’))]w2(%)nz(t)dxdt
(2.6)  KZ2(6,¢) =—4r’N2¢()p(¢) K (€, 8) + K[ (£,€),
(2.7) f(jl — XjX} // 627”'[90'(5*5/)+Nt(¢(5)*4’(5/))]1/)2(%)(UZ)’(t)dxdt7

and x; = xB,,,\8, (), Xj = xB,,.\5,(&)
Now we estimate the above kernels. By the Fourier transform decay of
smooth functions, we have, for any positive y and v,

[K(&€)] S R (1+ RIE= €)1+ N[g(€) — o)) -
Fixing ¢’ € Bj4+1 \ Bj, we divide the region of integration into two parts, the

conic neighborhood D of ¢ with angle 1 and its complement. Now, let us
write

[ s re ( / + [ )
(Bj+1\B;)NDe (Bj+1\B;)ND

seey( +f .
ik (Bj_*_l\B]‘)ﬂDcﬁEiYk (Bj+1\Bj)ﬂDﬂEi,k
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Let I;’k(,ul, Vi) + II;’k(/J,Q, v2) denote the summand in parentheses in this in-
equality. Then, in the complement of D, noting that |¢ — ¢’| > 27, we have

repmint < [ (1+ NIo(€) — 6(E)]) " d

(Bj+1\Bj)NE;i k

/ (1+ Nwr — 6(€)) ™ 10:0(H (@)
‘Ifi,k,((B]u',l\B]‘)mEi,k,)

Sy (14 Nlos = 6(€))™" do
Vi k((Bj+1\B;)NEi k)
For large v it follows by direct integration that

IF < pmg-mipg o(=Di N1
(2.8) i~ J
k

For the second part, we get

s (14 RIE — )72 (1 + N|6(&) — o(€")])2d
(Bj+1\B;)NDNE; 1

S /(Bj+1\Bj) H (1 + R‘gl - g”)*/@/n(l + N‘d)(g) _ (b(gl)‘)fvgdg

NDNE; i 1<i<n

dw
< [T+ Rlwr — )72/ (1 + Nlw; — ¢(£)) ™ .
[pi,a(BjH\Bj)mEl,k)l#( =il ( | 2l Vo8l

Thus for large p12 and v, we have ), H;’k < R_(”_I)N_lMLj- If we choose
1 =mn—1in (2.8), then
sup [ IKHE.€)lde S RN M.
¢/ eRn

By symmetry, we also have
s [ 1K€l < RN 0,
We estimate [ |K7|d¢ similarly. If N > 1/), then by (2.6),
sgp/ K3 (&, €)|dé S RNMojM3 ;+ RN ™' My ; S RN Mo ;M3 ;.

Using Schur’s lemma and the identity f = >", Ay f, we obtain
(2.9) /SI}p|Ajf(x,t)|2dx < GRN—lMl,j +5RNMOJM22J) 1A ]2 .
If we choose 6 = N~1 (M, ; /My ;)" M}, then

1 1

6< sup — < —< 1.
B,.\B, Nlo(€)] = NA
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This implies that there exists a constant C, independent of j and A, such that
1/2 5 r1/2

210) [ sup|A; (a0 de < CRM M Mo |A 1

This and (2.4) yield (2.2) and thus the result for the case when |¢| > .
For the general case, we observe that

Ty f(z) <TY f(z) + T f(2),
where

o~

[ emee©m) g
En{¢>0}

/ 2l €O ~N) (¢ de
En{¢<0}

for any positive constant A. Applying the previous estimate to the phase
functions ¢ = A and A; f, we get

1T A fllL2(Bo,ry) + 1T A fll L2 (B0, R))

1/2

+ A

SORP 3 M&ﬁfMi/f( w ST ) [NVNT P
J—2<k<j+2 Bk+1\Bk | ¢( )‘

Ty f(z) = sup
teR

T f(x) = sup
teR

where the constant C' does not depend on A. Letting A — 0 and summing
over j, we obtain the desired result. O

Now we introduce a local version of Lemma 2.5 in [7]:

LEMMA 2.3. If R >0 and so > 1/2, then

1 250 __ 1/2
17 Aoy < 72 [ B fiopae)

Proof. Lemma 2.3 follows easily from Lemma 2.5 in [7] using the weight
wr = Y(%H) x - x (%) for some function ¥ € C§°(R), supported in [-3, 3]
and satisfying ¢ = 1 on [—2, 2], instead of the weight w(z) = |x| =% (1+]|z|) "2
used in [7]. O

3. Proof of the main result

For simplicity, let us assume that ¢ has one singularity 7}, and that V¢
does not exist at one point &, and has one zero at & on the unit sphere. Let
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us define a subset C such that
c= [J ¢ of R",

j>1,
i=1,2,3

ci = {g el ~ 27, £(6.€)

Then we have

e |£|§’} :

cl~ 3 |c;i|<Zi2s
j>1

j>1,
i=1,2,3

Next, we split the function T'f into two parts:
Tf(x.t) :/ +/ = Tpyoc (@) + Tasnce (@ ).
BoUC cnCe

Since, by Holder inequality,
Thaue (@, t)f S (1Bol + [C)Y2(1f o2 S 1 fllz2s

and since w is integrable, we have

(3.1) IT5 o (@, 0) fll 22 (wde) S I1f |22

Applying Lemmas 2.1 and 2.3 with E = By N C¢ we can estimate the
second integral and obtain

32 ITsinceflll2B0,R)
1/4 5 (174 1 2
RY? 5 My MY MG A e,
1+|¢(§)|) %o
RY2 ([ o SHEEN e 2d) !
From the homogeneity of ¢ and the regularity at &/, we deduce that M ; < 27
Vo) S €°7H(£(€, €))7 S jrhale g,
1
IVo(€) 2 16171 (L(E €™ 2 —ang—

] (n—2)
n (Bjy1 \ Bj) N C°. This implies that
(33 MM < (e e

for some small € depending on Ag, As such that ¢ = 0 if A\g = A\g = 0, where
C(e) satisfies C(0) < o0, lim,_,q C'(g) = co. Similarly, on (B;4+1 \ B;) NC*® we
have

(3.4)

(L+ o)) L 16
s < (s * Vot L) a+ison

< C(e)(21 a9y 97)(1 4 et atiFe)i)2e0 -1,
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If s is a number satisfying the conditions of the theorem, then from (3.3) and
(3.4) it follows that

(3.5) IT5ince

Now we are ready to prove the theorem. Employing a suitable nonnegative
dyadic function v, let us write

T35 0c 3w ~ 3 [ Tgineed)

kEZ

lL2(Bo.R) S B2\l s

Then it follows from (3.5) that for large fixed K

ok ok ES
Z/TBLF]CC 2k dr Sy 27"k /I (TBsnce )2¢(2—k)d33

k>K k>K

S D27 IR f1R S 1 N

k>K

where s is as in Theorem 1.3. Since w(z) < C for all z € Bg \ B_kg, from
(3.5) we also get

ok ES
> @t PGt de S 11
—K<k<K
If E < —K, then we proceed as follows. Observing that
> /T*’chc b pyde S Y 27k /T*’chc b Qk)dxzn
k<—K k<—K
we estimate I'. We write

1/2
(36) TS Y 2’“/2</|TfmCLAf|¢( )d ) =X

i>1k<—K, i>1

For each j > 1, we divide F}/ % into two parts,
1/2
SEN DNCES w0}
—j<k<—K k<—j
For the first sum, we get from (3.5)
ST(S D] 2 HERRIRY A f e S 20T A f| e
—j<k<—K —j<k<—K
Since T**(A; f)(z) < 2™9/2||A; f|| L2, we obtain for the second sum
YOS Y 27 MR A f) e S 2072 A £ -
k<—j k<—j

Substituting these estimates into (3.6), we obtain the desired result.
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For the proof of the remaining part, suppose that (1.1) holds for some

~

s, and let us choose a Schwartz function f such that ]? > 0, supp(f) C

B(0

,1)¢ and [ f(€)d€ = C > 0. With this function f, we have T£(0,0) =

[ f(€)d¢ = C. Hence, for sufficiently small r > 0, |Tf(z,0)| > C/2 for all
x € B(0,2r) \ B(0,r). If we use the notation fy(z) := f(Nz), then by the
dilation invariance of T**, we have for all large N

N2 2 e 2T vl wan) 2 /(T**f(Nx))2w(x) dx

—n *x r -n *x —-n
2N @ f@)Pu) de 2 NPT ey 2 N

This implies that (1.1) fails for s < 1/2 and thus completes the proof of the
theorem. 0
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