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ARGUMENT OF OUTER FUNCTIONS ON THE REAL LINE

JAVAD MASHREGHI AND MOHAMAD REZA POURYAYEVALI

ABSTRACT. A complete description of the modulus of an outer function
on the real line is well known. Indeed, this characterization is considered
as one of the classical results of the theory of Hardy spaces. However,
a satisfactory characterization of the argument of an outer function on
the real line is not available yet. In this paper, we define some classes
of real functions which can serve as the argument of an outer function.
In particular, for any 0 < p < co, an increasing bi-Lipschitz function is
the argument of an outer function in HP(R).

1. Introduction

Let h > 0, logh € Ll(lfﬁ), and let v be a real constant. Then, the

; [ 1 t
O(z) = €' exp (; / (z—t+1+t2) log h(t) dt),

is an outer function in the upper half plane. If, moreover, h € LP(dt), 0 <
p < 00, then O is also in the Hardy space H?(C,) [1, page 279]. Taking the
limit of both sides of

O(z) = exp (i /Z m log h(t) dt>

i [ .t ,
z 1 |
o <7r [w ((x—t)2+y2 * 1+t2) og (1) d”W)

as z non-tangentially tends to x € R, we get

(1.1) O(z) = h(z) exp (l@/h (z) + W)

function

for almost all x € R, where

—— 1 1 t
1 = — JE— 1
ogh (x) - ]i (zt+1+t2) ogh(t) dt
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is the Hilbert transform of logh [8, page 98], [2, page 192]. In particular, we
have

|O(z) | = h(x)
for almost all x € R. Therefore, the conditions h > 0, logh € Ll(lftz) and
h € LP(dt) provide a complete description of the modulus of an outer function
in H?(R). On the other hand, there is a natural question about the argument
of an outer functions on R:

OPEN QUESTION. For which measurable functions ¢ : R — R is there
a nonnegative function h % 0 such that he' represents an outer function on
the real line?

In other words, which real function 1 can serve as the argument of an outer
function on R? The representation (1.1) immediately implies the following
result.

THEOREM 1.1. Let v be a real measurable function. Then, ¢ is the argu-
ment of an outer function on the real line if and only if there exists a real con-
stant v, a positive measurable function h : R — [0, 00) with logh € L* ( 1_‘&:2 ) ,
and a measurable step function S : R — 277 such that

(1.2) W(x) =+ logh (z) + S(x)

for almost all x € R. Moreover, ¥ is the argument of an outer function in
HP(R), 0 < p < o0, if and only if h satisfies the extra condition h € LP(dt).

Even though this theorem provides a necessary and sufficient condition for
1 to be the argument of an outer function, it is not so useful in practice. To
apply this theorem, we are supposed to find a positive function h so that,
among other things, the Hilbert transform of logh fulfills (1.2). Explicit
evaluation of l/c;g_l/z is somewhat difficult [7], and thus there is normally no
clue to ensure that h exists.

A satisfactory answer to the open question is not available and the question
is still considered widely open. However, in this paper, we define explicitly
several classes of real functions which can serve as the argument of outer
functions. We show that a distorted sawtooth function, a mainly increasing
Lipschitz function, and an increasing bi-Lipschitz function are arguments of
outer functions in any HP spaces. Using Levinson distribution, we give an-
other family of arguments generated by zeros of functions in the Cartwright
class.

2. A representation theorem

Suppose that {d, },cz is a strictly increasing sequence of real numbers with

lim d,=-oc and lim d, = oo.

n——oo n—o0
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Put ¢, = (d, —dn-1)/2 and ¢, = (d, +dn—1)/2. Suppose, furthermore,
there are two positive constants £ and L such that

(2.1) 0<l<t,<L<o

for all n € Z. In other words, the intervals (d,,,d,+1) get neither too big nor
too small. In more technical terms, the family { (d,,dn+1) }nez is a system
of short intervals, a notion occurring in some theorems of Fourier analysis.
Let g be a real function such that, for each d,,
lim g(z) = —7

z—>d:{

and

lim g(z) = 7.

r—d,

Moreover, suppose that, for each x1, 23 € (dy, dnt1), we have
(2.2) l9(x2) — g(z1)| < Lip, [w2 — z1],

where the constant Lip, does not depend on n. Such a function is called
a distorted sawtooth function. If g is linear on each interval, then (2.2) is
automatically fulfilled. In this section, we study the Hilbert transform of
these functions.

This class of functions, and its generalizations, has been studied in [4].
Nevertheless, for the reader’s convenience, we mention a special and reduced
version of the representation theorem about the behavior of the Hilbert trans-
form of distorted sawtooth functions (as defined here).

Let us start with the linear case. Let v(x) = m 2 X1 1)(2), where x[_q 4] is
the characteristic function of [—1,1]. Then, by a direct calculation, we have

’x+1’

N 1 1 t ™
(2.3) o(x) = ]f&( +1+t2)vu(t)dt——2+xlog 1l

r—t

One can easily verify that ¢ satisfies the following properties:

o(x) > —7/2 for |z| <1,
o(z) >0 for |z| > 1,
o(z) =0(1/2?) as |z| — .

Let

> T —Cp
u(z) = Z v( o )
n=—o00
For each « € R\ {d,, }nez, at most one of the terms v( (x —c¢,) /¢, ) is non-zero.

The sum w is thus a function with a graph shaped like a sawblade which grows
linearly from —7 to 7 on each (d,—_1,d,), and then jumps downward by 27
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at each d,,. The slope of each line is at most 7/¢ and at least =/L. Since u
has a bounded primitive, for almost all x € R, we have

1 t
@(z) = const+  lim f/ ult) dt,
e—0,N—oo T Ine T — t
where In. = (d_n,z — ) U (z + ¢,dy), and the passages to the limit can
be taken in any order. The constant term is created by [ /(1 + t*) u(t) dt.
Hence,

1 t
a(r) = const+  lim 7/ u(t) dt
e—0,N—oco T Ine xr—t
N
_ v((t —cn)/ln
= const 4 lim - anfN (( )/4n) dt.

e—0,N—oo T Ine r—t

If dpp—1 < = < dp, the integral on the right is equal, for large N and € > 0
small enough, to

u(x) = const +l Z /d" v(lt = cn)/bn) dt

0 d T —t
[n|<N, nzm ” St

1 t— m gm
+1 / V(= em)/bm) gy
Q d7n71<t<d7n7 |t_$|>5 T — t

For n # m, the substitution 7 = (¢ — ¢, ) /¢, converts the corresponding term
of the summation to

1/t v(T Tr—c

T / z,c( ) dT = 6 = ?

™o () -7 tn
and the remaining integral is similarly seen to equal

1
*/ #df
T i<t fr-spem s = (F2) — 7

Since v(7) = 0 for |7| > 1, this tends to 0( (v — ¢m)/lm ) when € — 0. We

therefore have
N
t — Cn
lim ult) g — S v(m ¢ >
0 iy @ —t n=—N tn

and finally

On (¢m — by Cm + i), 9((x — )/l ) > —m/2. All other terms in the
summation are positive. Thus @ is also bounded below.
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Let us look at the local behaviour of @. Clearly, on R\ {d,,}nez, @ is a C*®
function. Now, fix d,, = ¢, + £y, = cp41 — bny1. Here, for z € (cn,cny1), a
neighbourhood of d,,, we have, by (2.3),

G(T=Cen\_ 7, x—dp+ 4y o x—dpy + 20,
. )2 00 o —
= —log |z — dy| + vi(x),
and again
(T —cpi1 s T —dy — lpyt x—dy
Tty 7 1
U( lnta ) 2 * < L1 ) o8 T —dp —20p 41

= —log |z — d,| + v-(2),

where v; and v, are continuous functions on (¢, cn+1). For x € (cn,cnt1)
and m > n + 2 we also have

~(x—cm> C C
0<o < <

— (T=Cm 2 T (Cnt1"Cm\2
tn (Fg=)? — ()
C
(5n+1+2@n+2+"'+2€m1+@m)
L
and, for large values of m,
1 1 1
< =0 — |.
2 — 2 m2
(£n+1+22n+2+'"+2£”m,—1+£m) (2(m—n—1)€> 1
2 Lmax

Thus

and similarly

n—1

> o)

m=—0o0

are continuous functions on (¢, ¢, +1). Therefore, for each x € (¢n, cnt1),
i(w) = ~2log|z — du| + w(x),

where w is a continuous function. Hence, for any m > 0, the ratio

—u(z)

[ = d)”
formed using arbitrary distinct d;, from among the d,,, is a bounded contin-
uous function.

(2.4)
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Now, we consider an arbitrary distorted sawtooth function. By (2.1) and
(2.2), we have

lg(z)| <lg(d,)|+Lip, |z —dy| <7 +2Lip, L <oo

for each © € (d,,—1,dy). Therefore, g is a bounded function. Let u be the
linear sawtooth function constructed with discontinuities at the d,,, and let

(2.5) r=g—u,

with r7(d,) = 0, n € Z. Then r is a bounded continuous function on R.
Moreover, for x1, xo € (dy,—1,d,), we have

[r(@2) —r(x)| _ |g(@2) — g(z1)| | [u(zs) — u(@1)]

lze —x1] T |m2 — @] |zo — 21
. ‘u(dn) - u(dn—1)|
<L
< Lip, + iy —dy ]
27 s
=L — < Li —.
tpy +1— g S Lipy+3

Since r is continuous, this inequality holds for all 21, 2 € [d,,—1,d,]. Hence
it holds for all x1, x5 € R, i.e., for all 1, x5 € R,

(2.6) r(x2) — r(z1)| < Lip, |22 — 241,
where

. . ™
(2.7) Lip, < Lip, +Z.

Since r is of bounded variation on finite intervals, r’(z) exists for almost all
z € R, and

(2.8) |7’ (x)| < Lip,..

LEMMA 2.1.  The Hilbert transform of v grows logarithmically as |z| — oo,
i.e.,

1
|7 (z)| < = (4 I)loc +6 L Lip,.) log|z| + O(1) for |z| — .
T

Proof. Without loss of generality assume that r(0) = 0, since otherwise we
can work with r(x + dg). Since r is Lipschitz, and r(0) = 0, we can replace
t/(1 4 t?) by 1/t in the definition of Hilbert transform, i.e.,

(2.9) 7(x) = const —|—% ]i(x 1_ 7 + 1) r(t) dt.

Let = be a large positive number and suppose that d,, < z < d,4+1. We esti-
mate the latter integral over three disjoint intervals (—oo,dy—1), (dp—1, dn+2)
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and (dp42,00). By (2.1), we have

> 1 1 > 1 1
dn+2 X t dn+2 t—=x t
> 1 1
Ik [ (25-7) @
z+24 t—x t

— [l 1o x+2/0
= |7l lOg 20 |’
Therefore,
> 1 1
(2.10) ’/ ( +> r(t)dt‘ < |7 oo log|z| + O(1).
dnia xr—1 t

To estimate the integral in (2.9) over (d,—1,dn+2), we integrate by parts:

(L] "“)( o

Tr—e t dn+2
log T(t) + log r(t)
—t —1 r+e
n—+2
(/ / >1°g\ Gl
n 1
Since r(dp—1) = 7(dpt2) =0,
t Tr—e t d'n+2
log ’ r(t) +log 7(t)
r—1 t=dn_1 xr—t t=x+e
:’10g — r(ac—zs)—log’ac—i—{5 T(x—i—s)’

<tog (225) Ira = 2) (o)
+ log (x+€ r(z 4 ¢€) — r(z)]

() (229
(o) menlC)

1 xr—e€
o)
gx+6

< Lip, € log

"l — 0 as e—0.




506 JAVAD MASHREGHI AND MOHAMAD REZA POURYAYEVALI

On the other hand, by (2.1) and (2.8), we have

r—e dn+2 dn+2
‘(/ +/ >log r’(t)dt‘g/
dp_1 xr+e

dn_1
dnt2 dpt2—dn—1
< Jr'[loo /d logt dt + 2|7 || /0 ’ IOgT’dT

n—1

t
x—t

log [l ]| oo dt

t
x—t

dpt2—dn—1
S N N S Y | log~ | dr
0
6L
<6L|7| o0 log (m+4L)+2Hr’||OO / ’ IOgT’dT
0
6L
< 6L Lip, log (z+4L) +2 Lip, / | log 7 | dr.
0

Therefore,

dnt2 11
(2.11) ' ][ (a: -+ t) r(t) dt ’ < 6L Lip, log|z| + O(1).
dn—l -

To estimate the integral in (2.9) over (—o0,d,_1), due to the presence of
the term 1/¢, we break this interval to three subintervals (—oo,—1), (—1,1)
and (1,d,,—1). We thus have

(2.12) ‘/_o: (xit 4 1) r(t) dt’ < /_O: (t_lx _ 1) 7o dt

= [[rlleo log|z[ 4 o(1),

tra 1 Y r(t)] Yr(t)]
. — < —_—
(2.13) ‘/1<x_t+t>r(t)dt‘_/lx_tdt+/1 L
m+ﬂ+2Lip7.:O(1),

T —

dn—1 1 1 dn—1 1 1
2.14 — t) dt| < — o dt
(2.14) \/ (m_ﬁt)"() \/ <x_t+t)"“”

— e tog (#2021

< lrloo log

dn—1 2/
= 2|[r[loo log || + O(1).
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Finally, by (2.10), (2.11), (2.12), (2.13) and (2.14),

17(2)] = iﬁ(;t +1> r(t)dt‘

1
< - <4 ||7"Hoo +6L Lipr> 10g|x| + O(l),

for |z| large enough. O

The following representation theorem, by itself, is an interesting result.
Moreover, it plays a major role in characterizing some classes of the argu-
ments of outer functions. Further generalizations with applications in model
subspaces are available in [3], [4], and [6].

THEOREM 2.2 (Representation Theorem). Let g be a distorted sawtooth
function, and let p > 0. Then, there are a step function S(z) with values all
equal to integral multiples of 2 and also a measurable function m > 0 with

m € L>(dt) N LP(dt) and logm € L*( 1_7_1;2 ), and a real constant y, such that

g=7+logm+S.
Proof. Let
1
ar = 2 (4l + 62 Lip, ).
™
and choose n € N such that n > «,./2 + 1/2p, and choose any n different
points d;, from among the {d;};cz. Put
e~ 9(z)
i@ —dj)*
Write ¢ = u + r as in (2.5). By (2.4), the function
6717,(;1:)
[Ti=1 (@ = dj,)?

is bounded and continuous on any bounded interval. For large values of |z|,
by (2.4) and Lemma 2.1,

m(z)

eff(z)

iy €

e
||

is bounded. Hence, for large values of |z,

m(z) < ¢

— |x|2n—ar'

Therefore, m € LP(R) N L (R), and

n dt
L 1
logm(x)——g(w)—2’;10g|x_djk| €L (1+t2>'
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The Hilbert transform of log |t| equals to —m/2sgn(t). Hence

logm (¢) = ~() 2 ; (-5 smte i)

= —nm + const +g(z) + 7 Z (1 + sgn(x — djk)).

k=1
Thus
g=7+logm+5,
where
S(x)=—m Z <1 + sgn(x — djk))
k=1
is a step function with values in 27Z. O

Let f be a real function defined on R. Then, f is called a mainly increasing
Lipschitz function if f is Lipschitz, i.e.,

| f(z2) — f(z1)| < Lipy |z2 — 21,
and there is an increasing sequence {d, }nez such that, for each n,
f(dy) =27n,

and

sup(dp4+1 — dy) < 0.
neZ

In particular, a real function ¢ : R — R is an increasing bi-Lipschitz function
if there are ¢,C' > 0 such that

clze —z1] <[ p(w2) —@(z1) | < Clas — 21|
for every =1, 2 € R, and

lim () = to0.
r—+oo
Then, according to the intermediate value theorem, there is d,,, for each n € Z,
such that ¢(d,) = 27 n. Since ¢ is bi-Lipschitz, we have

27 27
— <dpyy —dp < —.
c =t ~ ¢

Therefore, ¢ is a mainly increasing Lipschitz function.

Let f be any mainly increasing Lipschitz function. Put S;(z) = 2nrw for
x € (dp,dpy1). Then g = f — 57 — «w is a distorted sawtooth function.
According to Theorem 2.2, there are m, 1 and Sy satisfying the required

properties and, moreover, g = 1 + logm + S3. Hence

(2.15) f=m+y+logm+ (Si+ Sa).
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3. A class of arguments of an outer functions

We are now ready to apply our representation theorem to show that a
distorted sawtooth function, a mainly increasing Lipschitz function and, in
particular, an increasing bi-Lipschitz function can serve as the argument of
an outer function.

THEOREM 3.1. Let  be a distorted sawtooth function on R, and let p > 0.
Then there exists a function h > 0, h % 0, such that he'? is an outer function
in HP(R) N H*°(R).

Proof. According to Theorem 2.2, there are functions m and S and a real
constant 7, where S is a step function with values all equal to integral multiples

of 27 and m € LP(R) N L*°(R) with logm € Ll(%), such that

(3.1) p=vy+logm-+S.

Hence, by Theorem 1.1, ¢ is the argument of an outer function in HP(R) N
H>(R). O

Similarly, applying Theorem 1.1 and (2.15), gives the following result:

COROLLARY 3.2. Let ¢ be a mainly increasing Lipschitz function on R,
and let p > 0. Then, there exists a function h > 0, h # 0, such that he'¥ is
an outer function in HP(R) N H*(R).

COROLLARY 3.3. Let ¢ be an increasing bi-Lipschitz real function on R,
and let p > 0. Then, there exists a function h > 0, h # 0, such that he'¥ is
an outer function in HP(R) N H*(R).

As a very particular example, let ¢(r) = x. On the one hand, e is an
inner function, and on the other hand, Corollary 3.3 provides us an h > 0,
h # 0, such that h(z) e’ is an outer function. Hence we have a pair of inner
and outer functions having the same argument on the real line.

4. Arguments constructed by Levinson’s distributions

Let {x,}nez be an increasing sequence of real numbers satisfying
limy,,| oo [7n| = 0o (repetition is allowed). The counting function v, 1(z)
is defined to be constant between x,,_; and x,, and at each point z,, jumps
up by k units, where k is the number of times that x,, repeats. The value of
V{z,}(x) at x, is defined such that vy, ; is continuous from the right (for our
application, this restriction is not necessary).

For a complex number z = z 4 iy, y # 0, let

sy
- = dt
os(s) / Tt

= arctan( (s — z)/y ) + arctan(z/y ).
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Let {zx}r>1, 21 € C, be a Levinson distribution with density o [5]. Let
{n}nez be the subsequence of real numbers in {z;}r>1. We assume that
they are indexed so that lim|,|_o |2, = o0, and that z,, < x, if n < m.
According to Levinson’s theorem

=T (1- 2 ) e

k

is an entire function of exponential type so that log|f(t)| € L*(745) and
1 »
pleelfEwl

1+¢2
lo )
lim sup M + lim sup ———= = 270.
y—+oo Yy y——+o00 Yy

Therefore, according to the Main Theorem in [7],

—_~—

log|f|(z) = mow — mv(p,y(2) = Y s (x).

%2‘:)C 750

Finally, in the light of Theorem 1.1, we see that, for any measurable step
function S : R — 27Z,

(4.1) Y(x) = S(zx) + mox — v 3 (7) — Z 0z, ()
Sz, #0

is the argument of an outer function.

If we know more about f on the real line, we get more information about
our outer function. For example, if f is in the Paley-Wiener space, then we
know that the outer function given in (4.1) is in H?(R).

If all the points of our sequence are on the real line, then we have somewhat
simpler conditions.

THEOREM 4.1.  Let {x, }necz be a non-decreasing sequence of real numbers
such that lim),| o |2,| = c0. Suppose that

lim V{Zl)n}(x)
|z|— 00 x
exists, say equal to o, and
>
janl<r, on0 T
tends to a finite limit as r — oo. Then
Y(x) = mox — m/{xn}(x)
is the argument of an outer function.

Considering Z as our sequence, i.e., ¥, = n, we see that the sawtooth
function ¢ (z) = m(z — [z]) is the argument of an outer function.
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