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A PRIORI ESTIMATES FOR SCHRODINGER TYPE
MULTIPLIERS

A. ALEXANDROU HIMONAS AND GERARD MISIOLEK

ABSTRACT. We present an elementary proof of two a priori estimates
for Schrodinger type multipliers on the circle. The first is an L* — L2
inequality of Bourgain, while the second is a new L5 — L3/2 inequality.
Estimates of this type are useful for the study of the Cauchy problem
for Schrodinger type equations. The proofs are based on a counting
argument and standard real and harmonic analysis techniques.

1. Introduction and results

In the first part of this work we prove the following estimate that arises in
the study of the Cauchy problem for Schrodinger type equations.

THEOREM 1.1. Let (z,t) € T x R and let (§,7) € Z x R be the dual
variables. Let v be a positive even integer. Then there is a constant ¢, > 0
such that

v &tt 2
(1.1) Ifllzaerxry < cll(X+ |7 —=€"]) 3 fllL2zxr),
for any test function f on T x R.

We immediately have the following dual estimate.

COROLLARY 1.2.  For any test function f we have

v41

(1.2) I+ 17 =€) fllre@xr) < el fllpasmxm)-

The quadratic case (v = 2) was proved by Bourgain in [B1]. The general
case is stated without proof in [B3]. Our proof is motivated by the work of
Fang and Grillakis [FG] and Zygmund [Z], and we believe that it is more
transparent.
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In the second part of this work, using similar ideas, we prove the following
new result:

THEOREM 1.3. Let (z,t) € TxR and (§,7) € Z xR be the dual variables.
Let v be a positive even integer. Then there is a constant ¢, > 0 such that

v\ 2L 2
(1.3) [fllzocrxr) < coll(X 417 = &) fllLor2@zxry,
for any test function f on T x R.

Similarly, dualizing (1.3) gives

COROLLARY 1.4. For any test function f we have
L
(1.4) (X417 =&"D7 % fllLs@xr) < cullfllne/srxry-

It is possible to compute explicitly the constants in Theorems 1.1 and 1.3.
For example, in Theorem 1.1 one obtains

N L\ —1/2
cl,%34v(1—24v) .

A natural question is to find the best constants for the above inequalities and
to investigate their geometric significance. This question seems particularly
interesting in higher dimensions.

Interpolating between (1.1) and (1.3) it is possible to obtain some inter-
mediate LP — L7 estimates. One may ask what is the largest value of p for
which an LP — L? estimate holds for the above multipliers. The counterexam-
ple of Bourgain (see [B1]) shows that one cannot have an L5 — L? estimate
in the quadratic case v = 2. However, Bourgain conjectures that L6—¢ — L2
estimates should hold for small € > 0. Similarly, based on Theorem 1.3, one
may conjecture that the corresponding L% — L?~¢ estimates hold for any small
e> 0.

Inequalities of the type (1.1) — (1.4) are closely related to the periodic ana-
logues of Strichartz inequalities. For a detailed discussion of these inequalities
in the periodic case see Lecture 2 in [B3]. For nonperiodic Strichartz type in-
equalities and their applications to the wellposedness of the Cauchy problem
for nonlinear pde’s see Ginibre [G], Ginibre and Velo [GV], [HM], Kenig,
Ponce and Vega [KPV1], [KPV2]|, [KPV3], Ponce [P], Sogge [So], Strichartz
[Str], Stein [St], Vega [V], and the references in these works.

In the proof of the theorems, we follow the approach of Fang and Grillakis
developed for the Boussinessq equation (see [FG]). In the next section we
prove Theorem 1.1. Using a dyadic decomposition we reduce its proof to
bilinear estimates (see Lemma 2.2). The main ingredient in the proof of these
estimates is a counting argument (see Lemma 2.3) together with standard
techniques involving the inverse Fourier transform, Plancherel’s equality and
Jensen’s inequality. The proof of Theorem 1.3 is analogous, and is based on
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the same counting lemma. The main difference is the use of the Hausdorfi-
Young inequality which leads to the L3/? norm on the right hand side of
(1.3).
2. Proof of Theorem 1.1
We may assume that
supp f C {(§,7) : 7 — € > 0}

Otherwise we decompose f into a sum of two functions one supported in the
above set and the other in the set {(£,7) : 7—&” < 0}. In both cases the proof
is similar.

It will be convenient to introduce a dyadic decomposition of the frequency
(&, 7)-space. For this we need the following lemma.

LEMMA 2.1. There is a function ¢ € C®(R) supported in the interval
[1/2,2] such that

o@)+e2x)=1 foralll/2<z<1,

and therefore

= x
Z @(2—]> =1 forallz > 0.

j=—o00

Proof. Observe that the function g defined by
olz) = ce™= (1 - e) 0<z<l,

is in C°[0, 1], vanishes to infinite order at x = 0, and that ¢, — 1 vanishes to
infinite order at x = 1. Define

wo(2x — 1), % <zx<l1,
o) =< 1—gp,(z—1), 1<z<2
0, elsewhere.
One readily checks that ¢ has the desired properties. O

REMARK. In the region {(§,7) : 7 — & < 0} the appropriate cut-off
function is similar to the one given above, but now supported in [—2, —1/2].

Let
eil@) = (57) and @ol@) =1- " ¢;(@),
j=1

and define X X
fi(6m) = pi(r =€) f(&, 7).
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Then -
F=Y fi swpfo C{(¢T):0<T—¢ <2},
=0
and
(2.1) suppf; C{(6,7): P < T -V <P =12,
‘We have

1A = 1F - Fllze =11 Y Fifellee < > Ififellze,

J,k=0 J,k=0
where the last step is a consequence of Minkowski’s inequality and Fatou’s
lemma. It therefore suffices to show:

LEMMA 2.2. There is a positive constant ¢ such that

c JNIIES R
1f5 fell2rxmy < =y 1A+ 7 =€) fillz@xr)

vy 2t 2
A+ =€) frllLz@xr)-

Next, assuming this lemma we proceed to prove Theorem 1.1. We have

oo

c ppy L 2 Pyt 2
I£17: < > m”(lﬂL |7 =& fille= (L + |7 — €)% fillr

7,k=0

> 1 v+l -~ 1/2
< C( > m“(l +|r =€) fj||2L2)
J,k=0

274
0 1/2
1 v v+l -~
- ( PO el (R I fkn%z)

7,k=0
Since - . -
3ok <230 (2) <2
k=0 m=0 1—-27%
we obtain
1F120 < eI+ | — €)% f13
=0
oo ”2";1 2 R
=2 [ (1+1r-¢1) 7 (a0 0) limePar
j=0¢cz /R
o> 2
< CZ/ <1+IT€”|) (Z%—(Tg”)) F(r. &) dr
ccz /R )

v+1

S+ |r = ¢7))

f||2L2v
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which completes the proof of Theorem 1.1.

Proof of Lemma 2.2. By symmetry we may assume that & < j. Using the
inverse Fourier transform we write

fjfk(xat):/ Z eltrntm) et f(¢) 1) fu(&2, 72) dridrs.

R §1,62€7Z

Introducing the change of variables
T=T1+To, q:T27§57
and letting & = &1 + &2, we write f; fr in the form
fifi(mt) = | Y TG (¢, 7) dr,

Reez

where

Gi(er)= | D file—&.m—q— &) ful&,q+€5) da.

R§2€Z

Observe that the restriction on the support of fl in (2.1) implies that ¢ and
& must satisfy the relations

q € Ak: = [2k_172k+1] and 62 S Aj(T7§7Q)a

where
Aj(m &) = {52 €L:iT—q-PN <G <r—q-27, L+6& =£}.
The following estimate is crucial in what follows.

LEMMA 2.3. There exists a constant ¢ independent of j such that

sup card(Aj(T,f,q)> < c2%.

7,£,q

The proof of Lemma 2.3 is given at the end of this section. Assuming the
result for the moment and using Plancherel’s equality and Jensen’s inequality,

we get
2
15 =16l < [ ([ X 1hfilda) ar
Reez N Bk gren,
2
< Zmeas(Ak)/ ( > |fjfk|> dq dr
Recz Ak Ngrel,

<c 22’“2%/A Z |fjfk|2dqd7'

REEZ LRSI
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<cokol /RZ/R Z (6 — &, — q— &)1 ful&2,q + &) dgdr

I3/ §2€7
=22t 3 [l Gom)Pan - [ il ml? an
cezgen’R R
AT

Therefore, since 7 — £ ~ 27, we get

—c2kat

C v+l . v+41

rr—1 k N a
1 fi frllzz < 27 G-k 2737273 || fill 2 || frl e
c iy rEL A i rEL A
Rbr=Iran) [+ m =€) fille2 1+ [7 = €)% frll2,
and Lemma 2.2 follows. O

Proof of Lemma 2.3. Let a =7 — q — 27! and consider the set

29 Aeo-{ecz esgrgsarly ara-¢)

To prove the lemma it suffices to estimate the length of the largest straight
line segment of slope —1 intersecting the region between the two level curves

3 .
g+ =a and & +&=a+52.

By symmetry it suffices to consider the region between the diagonal & = &
and the £;—axis. Observe that the diagonal intersects the level curve £ +&5 =
a at the point ((a/2)/", (a/2)'/").

&

B & =%,

&

Let s be any number in the interval [0, (a/2)'/*]. Clearly the point A =
(s, (a—s")1/") lies on the level curve £/ + &5 = a, and the equation of the line
through A with slope —1 is

G=—b+s+(a—s).
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Consider the function
v 3
hé) =&+ | —&+s+(a—s") —a—§23,

Observe that we have h(&1) = 0 if and only if the point B = (&1, —& + s +
(a — s¥)'/¥) lies on the outer level curve & + & = a + 227, Furthermore,
observe that

(2.3) h(s) = —= 2.

On the other hand we have

(2.4) h(s— (g zﬂ')l/y> > 221.

In fact,
3 1/v 3 1/v\ v
— (29 — (294
(=G2) )-(-G2) )
1/v v
+<5+<22j> +s+(as”)l/”> fangj.

Since (a — s¥)'/¥ > s, using the binomial formula and the fact that v is even,
we obtain

1/v
3. 3, 3 . 3 . 3.
_ (293 > g7 4 297 V4297 g _ 297 —29j
h(s (22> )_s +22 +(a s)—|—22 a 22 22,
which gives (2.4).
From (2.3) and (2.4) we conclude that the distance between the points A
and B is smaller than the distance between A and the point

3 1/v 3 1/v
— _ (29 _ ¥\/v 2 9i
C (s (22) ,(a—s") +(22> .

d(A,B) < d(A,C) = \/§<z Qj)l/u,

which proves Lemma 2.3. O

Therefore

3. Proof of Theorem 1.3

The proof will be structured in a way similar to that of Theorem 1.1.
Writing f = Z;io f; as in the proof of Theorem 1.1, we have

1F17e = 1F - flles < D M1fi falles.

4,k=0

It therefore suffices to show:
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LEMMA 3.1.  There is a positive constant ¢ such that

vyt 2
purvll Gl e S VS 1 PAVE

vyt 2
NA+ =D fellore-

C
I fi fellLsrxry < =
2% |

Next, assuming this lemma, we proceed to prove Theorem 1.3. Using
Cauchy-Schwarz, we have

o) 1 Al 1/2
e < o X sl I = €D )

J,k=0
> 1/2
1 il a
(3 sl - €D F Alan)
— 9% ikl
7,k=0
Since
0o . 00 ) m 5
S ot <2y (g—@ ) <
k=0 m=0 1 - 2 6v
we obtain

o0 . Ll
If1Zs < ed I +1m = €D fil7s

§=0
%) "th‘% 3/2 R 4/3
- (Z [(rr-e)” (o -) |f<nf)|3/2dr>
j=0 \¢ez’/R
l%’/l oS 3/2 ) 4/3
<o Z/(Hff”I) (quw) If(T,£)|3/2d7>
gez 'R j=0

v+1

S+ r = ¢7)) e

f”%3/2a

p

b

where the second last step follows from the inequality Z;io a? < ( Z;io aj

which is valid for any p > 1 and any sequence of nonnegative numbers a;. This
completes the proof of Theorem 1.3.

Proof of Lemma 3.1. Proceeding as in the proof of the corresponding Lem-
ma 2.2, we write f; f using the inverse Fourier transform. Then applying the
counting Lemma 2.3, the Hausdorff-Young inequality and Jensen’s inequality



gives

A PRIORI ESTIMATES FOR SCHRODINGER TYPE MULTIPLIERS 639

Fell3 < 1G22 < i fil d 3/2d
Hf]flc||L3 < Jk||L3/2— Z A Z |fJfk| q T

Reez K E2€A;
N 3/2
S/Zmeas(Ak)l/Q/ ( > |fjfk|) dgdr
Reez Ak Ngyen,
<c [N ok 22—/ > 1fifl?? dgdr
Reez Ak g€,
E o ; 2
<2z 22"/ Mo =& =g =P fr(bo,q + &) dgdr
R2
§,62€L
EJd 72 013/2 r 13/2
= c2% 2% | f [ 0. 1 Ful 5
Therefore, since 7 — £ ~ 27, we get
c vl vdlp s PN
1f5 frllLs < 27T Gk 275 20 | fill e | fill o
C v vt

vy g ==
T= e, 1A+ |7 =€) o fillpora (X + 17 =€) o fillpsre

and Lemma 3.1 follows. O
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