Illinois Journal of Mathematics
Volume 45, Number 1, Spring 2001, Pages 75-90
S 0019-2082

EISENSTEIN SERIES AND APPROXIMATIONS TO 7

BRUCE C. BERNDT AND HENG HUAT CHAN

Dedicated to K. Venkatachaliengar

1. Introduction

On page 211 in his lost notebook, in the pagination of [19], Ramanujan
listed eight integers, 11, 19, 27, 43, 67, 163, 35, and 51 at the left margin. To
the right of each integer, Ramanujan recorded a linear equation in @3 and
R?. Although Ramanujan did not indicate the definitions of Q and R, we can
easily (and correctly) ascertain that @ and R are the Eisenstein series

(1.1) Q(q) =1+ 240 i g
. v n=1 1- qn
and
e n5qn
1.2 R(q) :=1 — 504 ,
(12) (@) >

where |g| < 1. To the right of each equation in @3 and R?, Ramanujan
entered an equality involving 7 and square roots. (For the integer 51, the
linear equation and the equality involving m, in fact, are not recorded by
Ramanujan.)

The equations in Q3 and R? cannot possibly hold for all values of ¢ with
lg| < 1. Thus, the first task was to find the correct value of ¢ for each equation.
After trial and error we found that ¢ = — exp(—m\/n), where n is the integer
at the left margin. (We later read that K. Venkatachaliengar [20, p. 135] had
also discovered that ¢ = —exp(—my/n).) The equalities in the third column
lead to approximations to 7w that are remindful of approximations given by
Ramanujan in his famous paper on modular equations and approximations
to m [15], [18, p. 33] and studied extensively by J. M. and P. B. Borwein [6,
Chap. 5]. As will be seen, this page in the lost notebook is closely connected
with theorems connected with the modular j-invariant stated by Ramanujan
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76 BRUCE C. BERNDT AND HENG HUAT CHAN

on the last two pages of his third notebook [10] and proved by the authors
[4], [3, pp. 309-322].

In Section 2, we prove a general theorem from which the linear equations
in @3 and R? in the second column follow as corollaries. In Sections 3 and 4,
we offer two methods for proving the equalities in the third column and show
how they lead to approximations to w. Ramanujan’s equations for 7 lead in
Section 4 to certain numbers t,, (defined by (4.28)). The numbers ¢,, guide us
in Section 5 to a proof of a general series formula for 1/7, which is equivalent
to a formula found by D. V. and G. V. Chudnovsky [13] and the Borweins [9].
The first series representations for 1/7 of this type were found by Ramanujan
[15], [18, pp. 23-39], but first proved by the Borweins [8]. The work of the
Borweins [6], [7], [8] and Chudnovskys [13] significantly extends Ramanujan’s
work. One of Ramanujan’s series for 1/7 yields 8 digits of = per term, while
one of the Borweins’ [7] gives 50 digits of m per term. Our simpler method
enables us in Section 5 to determine a series for 1/ which yields about 73 or
74 digits of m per term.

2. Eisenstein series and the modular j—invariant

Recall the definition of the modular j-invariant j(7),

Q3 (Q) 2miT
—_ q=¢e"", Im 7> 0.
@*(q) — R*(q)
In particular, if n is a positive integer,
3 — 3
Py RV DTN
2 Q- R

(2.1)  j(r) = 1728

(2.2)

where, for brevity, we set
(2.3) Qn:=Q(—e"™") and R, := R(—e ™",

In his third notebook, at the top of page 392 in the pagination of [17], Ramanu-
jan defined a certain function J,, of singular moduli, which, as the authors [4]
easily showed, has the representation

(2.4) = _3_12 i (@)

Hence, from (2.2) and (2.4),
Q3
Q) — Ry

After a simple manipulation of (2.5), we deduce the following theorem.

(2.5) (—32J,)% = 1728
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THEOREM 2.1. For each positive integer n,

8\’ 8 \*
(2.6) <<Jn> + 1) Q- (Jn> R} =0,
3 3
where Jp, is defined by (2.4), and Q,, and R, are defined by (2.3).

EXAMPLES 2.2 [19, p. 211]. We have
539Q3, — 512R?, =0,
(8% +1)Q1y — 8°Riq =0,
(40° +9)Q3; — 40°R3; =0,
(80° + 1)Qi5 — 80°Ri; =0,
(440° + 1)Q2; — 4403 R2, =0,
(53360° + 1)Q343 — 53360° Rig5 =0,
((60 + 28v/5) + 27)Q3. — (60 + 28v/5)> R%, =0,

and

7

(44 + VIT)?3(5+ VIT)? + 1)QE, — (4(4 + VIT)*3(5 + V1T))’R2, = 0.

Proof. In [4], [3, pp. 310, 311], we showed that

Ju =1, J1g =3,
Jor =5-31/3, Juz =30,
(27) J67 2165, J163 :20,010,
4
5+/17
Jzs =V/5 (1 +2\/5> T =3(4+ VIR (T) .

Using (2.7) in (2.6), we readily deduce all eight equations in @, and R,.

3. Eisenstein series and equations in 7 — first method

Define, after Ramanujan,

(3.1) P(g)=1-24% —— o ld <,
n=1

and put

(3.2) P, := P(—e™ ™),

Next, set

(3.3) by = {n(1728 — jn)}l/Q

O
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and

o ot fi @ (n 0L

The numbers a,, and b,, arise in series representations for 1/m proved by the
Chudnovskys [13] and the Borweins [8], namely,

1 1 < (6k) ap+ kb,
35 - = = . )
(35) N ST I
where (¢)o =1,(c)y =c(c+1)---(c+k—1), for k> 1, and
) 3+ V-n
In =0\ "% )

These authors have calculated a,, and b,, for several values of n, but we are
uncertain if these calculations are theoretically grounded. We show how (3.3)
and (3.4) lead to a formula from which Ramanujan’s equalities in the third
column on page 211 of [19] follow.

From (2.6), we easily see that

3 —-1/2
(3.6) O _ <(§J") ;1) ,

Ro vQn \ (37,
and from (3.4), we find that
(3.7 RN A B N
Rn ™ bn

The substitution of (3.6) into (3.7) leads to the following theorem.

THEOREM 3.1. If Py, by, an, and J, are defined by (3.2)—(3.4) and (2.4),
respectively, then

09 b (v 8) = (1) (BRI

EXAMPLES 3.2 [19, p. 211]. We have

s (9-)
1
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1 6 [6
— = ([ V67P: — = ) =194/ —
VvV Q67 ( 07 F %7 7T> ! 55’
1 6 3
———— (V163P1gs — = ) =362/ ——
N ( 163 7r> 3335’

ﬁ (mp% - g) :<2+¢5>¢%

7%;(%igl—g>=“.

Ramanujan’s formulation of the first of these examples is apparently given
by

6
VIT— = 4 -
yis

13
1_24O(e7.r—\/ﬁ"'>

(The denominator with 12 in the numerator is unreadable.) Further equalities
are even briefer, with /@, replaced by /. Note that P, is replaced by
“l 4+ ---” in Ramanujan’s examples. Also observe that Ramanujan did not
record the right side when n = 51. Because it is unwieldy, we also have not
recorded it. However, readers can readily complete the equality, since Js51 is
given in (2.7) and as; and bs; are given in the next table.

= V2.

Proof. The first six values of a,, and b,, were calculated by the Borweins [8,
pp. 371, 372]. The values for n = 35 and 51 were calculated by the present
authors. We record all 8 pairs of values for a,, and b,, in the following table.

n an b,

11 60 616

19 300 4104

27 1116 18216

43 9468 195048

67 122124 3140424

163 163096908 6541681608

35 1740 + 7685 32200 + 143365
51 11820 + 2880+/17 265608 + 64512+/17

If we substitute these values of a,, and b,, in Theorem 3.1, we obtain, after
some calculation and simplification, Ramanujan’s equalities. O
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Theorem 3.1 and the last set of examples yield approximations to w. Let
ryn, denote the algebraic expression on the right side in (3.8). If we use the
expansions

P,=1+24e ™" _... and  /Qn=1—120e"V" 4 ...,
we easily find that
6 (V10 )
Vn—ry Vn—ry

We thus have proved the following theorem.

THEOREM 3.3. We have
TR 6 =:A,,

n—rp

with the error approximately equal to

144M6—7r\/ﬁ7
(Vn —ry)?

where r,, is the algebraic expression on the right side in (3.8).

See Ramanujan’s paper [15], [18, p. 33] for other approximations to 7 of
this sort.

In the table below, we record the decimal expansion of each approximation
A, and the number N,, of digits of 7 agreeing with the approximation.

n A, N,
11 3.1538... 1
19 3.1423... 2
27 3.1416621 . .. 3
43 3.141593. .. 5
67 3.14159266 . . . 7
163 3.14159265358980. . . 12
35 3.141601 ... 3
51 3.14159289. .. 6

4. Eisenstein series and equations in m — second method
Set P := P(q) := P(—q), Q := Q(q) := Q(—q), R := R(q) := R(—q),
A = Ag) :== Q%*(q) — R*(q), and J := J(q) := 1728/j (34), where ¢ =
e2™7 . Set

(4.1) 2-a-(4)"
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by (2.1). Then, by (4.1) and the definition of A,

A

(4.2) R:«/Q3—A:\/T\/1—J:z6\/1—l
Recall the differential equations [16], [17, p. 142]
(4.3)

dP_ P*q) - Q(g) dQ _P(9)Q(g) —R(g) dR _ P(g)R(q) — Q*(q)
Tiq 2 Ty 3 " Tq 2 ’
which yield the associated differential equations
(4.4)

AP P%*(¢)—Q(q9) dQ _P(9)Q(¢g)—R(e) dR _P(q)R(q) —Q%q)
g 12 T 3 g 2 '

Now, by rearranging the second equation in (4.4), with the help of (4.1) and
(4.2), we find that

R(q) 12qdz
45 P(q) = — L& 4 =42

5 Q0

From the chain rule and (4.5), it follows that, for any positive integer n,
R(¢") , 12¢ dz(q")

Q(¢")  nz(q") dq

Subtracting (4.5) from the last equality and setting

P(¢") =

z(q)
z(q")’

we find that

ny _,R(¢") _R(a) g dz(¢") ., q dz(g)
P PO =g T T ey di e da
_R@) R, qdm
(“9) Q) Qe Cmdg
Our next aim is to replace c(ii_rqn in (4.6) by Z—?(J(q),.](q”)). From (2.1),

the definition of J, (4.4), (4.1), and (4.2), upon differentiation, we find that
dJ _(3Q°Q' - 2RR/)Q’ - 3Q’Q'(Q’ — R?)

dg Q°
_{Q*(PQ-R) -R(PR - Q*)}Q° - Q*(PQ - R)(Q’ - R?)
QG
25v1 = J% =22JV1-17,

RQ®-R® RA

) == @
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which implies that
I 43(q)
PNV = A
Replacing ¢ by ¢™ in (4.8) and simplifying, we deduce that
1 dJ(q"™)
nIq)/T= 3 g
Using (4.8) and (4.9), we conclude that

(4.10) 2 3(a)V/1-I(g") dI(q)
' I)V1- (@ B

It is well known that there is a relation (known as the class equation) be-
tween j(7) and j(nt) for any integer n [14, p. 231, Theorem 11.18(i)]. With
the definition of J given at the beginning of this section, the class equation
translates to a relation between J(q) and J(¢™). It follows that,

(4.11) d?(gi)) =F(J(q),J(q")),

(4.8)

(4.9) 2*(q") =

for some rational function F(z,y). Thus, by (4.10) and (4.11), we may differ-
entiate m with respect to J, and so, by (4.7) and the definition of m(q),
q dm q dm

QWd_q = QZ(Q)Z(CI”)ZQ—@)d—q
dm dJ

dm?(q)
_ 2/ n i R 2/ n _

= 22°(¢")m(q) 7% =" (@")IV1 = J—7=.
Using this in (4.6), we deduce that

nP(¢") ~Plg) _ R@") R > n ——~dm®
(4.12) J0 - "al QW 62"(¢")I () V1 = I(@) 5

If we put ¢ = e~ /v, n > 0, (4.12) takes the shape

R(e™™V")  R(e”™/V7")

Q™) Q(e/VT)
—622(e7 ™M) I (e ™V /1 = I (e~ T/ V)
dm?

(4.13) x T (J(e—ﬂﬁ),J(e—ﬂ/ﬁ)) .

nP(e” ™) — P(e”™/V1) =

It is well known that [12, p. 84]
(4.14) J(e ™V = J(e V™).
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Furthermore, if

o0 5 o0
(4.15) p@)= > ¢" and P(q) =Y ¢ "V g <1,
n=-—00 n=0
then [2, p. 127, Entries 13(iii), (iv)],
(4.16) Q(q) = z5(1 + 14as + 3),
and
(4.17) R(q) = 25(1 + 22)(1 — 34y + 23),
where [2, p. 122-123, Entries 10(i), 11(iii)]
v(e?)
4.18 20 = ¢*(q) and x9 := 16q .
(4.18) ? @ ? ©*(q)
Replacing ¢ by —q in (4.16) and (4.17), and using (4.18), we find that
(4.19) Q(q) = ¢*(—q) — 22499" (=@)¥"(¢) + 16%4*¢°(¢*)

and
R(q) = (¢"(~q) — 164v"(¢*))
(4.20) X (¢°(—q) + 54dge™ (—q)v* (¢) + 16%¢°¢%(¢*)).
Using the transformation formula [2, p. 43, Entry 27(ii)],
o™ty = 26~ T4\ i (e 2T
in (4.19) and (4.20), we deduce that

(4.21) R(eﬂr/\/ﬁ) _ 7n3R(677r\/ﬁ)
and
(4.22) Q(efﬂ/\/ﬁ) - RZQ(efﬂ‘/ﬁ).

Using (4.14), (4.21), and (4.22), we may rewrite (4.13) as

nP (e~ ™) — P(e”"/V7)
2

B R(efﬂ’\/ﬁ) 2 —m/m dm
=200 v — 0TI 1 = I T ()

dm2 2/ —m/n
(4.23) = <2n\/1Jn6Jm/1J1/ndJ (Jn,Jn)>z (e ),
where
(4.24) Jo=3™F),  k>o0.

This gives the first relation between P(e~™v") and P(e~"™/ V™).

83
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Recall the definitions of Ramanujan’s function f(—¢) and the Dedekind
eta-function n(7), namely,

oo

f(*q) — H(l - qk) —. 6727”-7/2477(7'), q= e?m"r’ Im 7 > 0.
k=1

The function f satisfies the well-known transformation formula [2, p. 43]
(4.25) n1/4e_”ﬁ/24f(e_“‘/ﬁ) = e_”/(%\/ﬁ)f(e_”/\/ﬁ), n > 0.
Logarithmically differentiating (4.25) with respect to n, multiplying both sides

by 48n3/2 /7, rearranging terms, and employing the definition of P(gq) given
in (3.1), we find that

(4.26) 12v/n =nP(e”™") £ P(e”™/V™).

s

This gives a second relation between P(e~"V™) and P(e~™/V7").
Now adding (4.23) and (4.26) and dividing by 2, we arrive at

2
nP(e*“\/ﬁ) = % + (n\/l —J, = 3T, /1 — Jl/nd;; (Jn,J")> 22(677‘—\/5),

or, by (4.1),

1—J1/p dm?
! (Pn6)-,/1Jn<13Jn‘/7”m(Jn,Jn)>,

VQn nw ny1—-J, dJ

where @, is defined by (2.3), and P, is defined by (3.2). (Be careful; J,, # J,,
where J,, is defined by (2.4).)

We record the last result in the following theorem, which should be com-
pared with Theorem 3.1.

THEOREM 4.1. If P,,Q,, and J,, are defined by (3.2), (2.3), and (4.24),
respectively, then

1 6
(4.27) o <Pn — W) = /1= Jptn,
where
(428) ty = <1 - 3Jn11_—\/—‘].1]/ndd—n;2(‘]na*]n)> .
n —YJn

Observe that, by (4.1), (4.2), and Theorem 2.1,

(4.29) V1-13, = <W>U2.
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Hence, the values of /1 — J,, for those n given on page 211 of the Lost Note-
book follow immediately from (2.7). In order to rederive Examples 3.2, it
suffices to compute t,,.

THEOREM 4.2. Ifn > 1 is an odd positive integer, then t,, lies in the ring

class field of Z[/—n].
Proof. By differentiating (4.10) with respect to J(g), we conclude that

dm? 1—J(gm)
4.30 = G(J(q),J(q")),
(4.30) 0 = e (@36
for some rational function G(x,y). Using (4.28) and (4.30), we find that ¢,
can be expressed in terms of J,,. Since J,, is in the ring class field of Z[/—n)]
when n > 1 is odd and squarefree [14, p. 220, Theorem 11.1], we complete
our proof. O

An equivalent form of Theorem 4.2 is first mentioned without proof and
conditions on n by the Chudnovskys on page 391 of [13].

Theorem 4.2 allows us to devise an empirical process for deriving ¢,, when-
ever the class group of Q(v/—n) is of the type Z5, r € N, where r = 0 refers to
imaginary quadratic fields with class number 1. By (3.6), (4.27), and (4.29),
we find that

(4.31) by = g—: (Pn - %) .

When r = 0, we numerically compute the right hand side of (4.31) using the
definitions of P,, Q,, and R,, and then using the command “minpoly(¢,,1)”
on the computer algebra system MAPLE V., we derive the values of ¢, for
n=3,7,11,19,27,43,67 and 163. We summarize our findings in the following
table.

~
S

Nlo| ©

32
11 22

32
19 =

160

640

43 303
33440
67 43617

77265280
163 90856689
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When r = 1, we are in a situation where t,, satisfies a polynomial of degree
2. We use the command “minpoly(t,,2)” and derive the resulting polynomial
satisfied by t,. Using this method, we could, in particular, determine t, for
n = 35 and 51, namely,
1504 + 576V/5 144 400v/17

- A ts = —
35 1123 and 51 = 595+ 5503

Using the values of t,, given in the tables above and Theorem 4.1, we rederive
Examples 3.2.

So far, our method is still similar to that of the Borweins and Chudnovskys.
Of course, we could continue to use “minpoly” and derive minimal polynomials
satisfied by t,, for r = 2,3, and 4. However, this means that we have to solve
polynomials of degress 4, 8, and 16, respectively, which is cumbersome when
the degree of the polynomial exceeds 4. We now describe a new process for
deriving t¢,,, for r > 1. We illustrate our method using n = 21.

When n = 21, we numerically compute t2; and t7/3 and use “minpoly” to
deduce that

30493 3820
t trjg = ——— + ——/7
21+ b3 = T + 3iomg VT

and

28800 1935
V3(tar — trys) = 31279 | 34279 V7.

Solving for 91 yields

30493 645 4800 1910
=—— 4+ ——V21 — .
21~ 58558 | 68558 *’34279”/_ 34279\/?
The largest n for which ¢, can be computed using this new empirical
method is n = 3315, namely,
1095255033002752301233099478037584

2050242335692983321671746996556833

t3315 1=

1006588064225996719872149534306400
V175
34854119706780716468419698941466161

692779168175128551453280427070000 17
34854119706780716468419698941466161

~ 136434536163779492503565618457696 NG
2050242335692983321671746996556833

400179322879781860521299209248000 /i3
26653150364008783181732710955238829
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1077564413015882021519209726762688
13v1
453103556188149314089456086239060093 VI3VITVS

120226784218523863048087030809600
17v1
64729079455449902012779440891294299 VITVI3

239369594240980944219359445009600
V13V5.
26653150364008783181732710955238829
This value is deduced from determining the quadratic numbers

3315 + t1105/3 + te63/5 + t221/15:
V221 (3315 — t1105/3 + tess/s — ta21/15),

V13(ta315 + t1105/3 — te63/5 — t221/15);
and

V5(ts315 — t1105/3 — tee3/s + ta21/15)
in Q(v/85). We show in the next section that knowledge of t3315 and J3315
leads to a new series for 1/7 which converges at a rate of 73/74 decimal places
per term. This series appears to be the fastest known convergent series for
1/7 which involves quadratic radicals. The previous fastest convergent series,
giving 50 decimal places per term, was obtained by the Borweins [8]. Their
series involves quartic radicals which arise from the field Q(1/—1555), which
has class number 4.

5. tn, J, and the Ramanujan—Borweins—Chudnovskys series for 1/7

Let ¢(q) and 9(q) be given as in (4.15), and recall the definition of the
hypergeometric function o F7,

> a)r b kuk
oF1(a,b;c;u) == kz ( 20)(k> "k lu] < 1.
=0

In [20], using Ramanujan’s differential equations (4.3) and the relations
Q(¢*) =21 —a2+23) and R(¢%) = 25(1 + w2)(1 — 222) (1 — 2/2),

where zo and zo are given by (4.18), Venkatachaliengar proved the inversion
formula
2o = oFi (3,31 22).
His method can be applied whenever we have relations of the form
Qq) =z'F(z) and R(q) = 2°G(a),

for some function z and x. The relations (4.1) and (4.2) indicate that we are
in such a situation with z := Q and = := J. Invoking Venkatachaliengar’s
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method (see [11], [10] for examples of such calculations), we readily deduce
that

12’ 12’ ; )

We are now ready to give a proof of an equivalent form of the general series
for 1/7 given by (3.5). As far as we know, a proof of this series has never
been written down in the literature. First, by Clausen’s formula [1, p. 116],
we find that

2
(52) Z = (2F1( 127 1271;'])) = SFQ(%a%a%7171aJ)7
where

o0 uk
3F2(abcdeuzz bk —, Ju| < 1L

d)i(e) kI’
k=0
This implies, by (5.1), that
(5.3) 2z— ZA kIR
where
1\ (5) (1
o (0,0,
(K1)?

By (4.5) and (4.7), we deduce that

dz 1 P
5.4 2— = — | —— — 2%
(54) *a3 6J(~/1—J Z)
Substituting (5.4) into (5.3) and using (5.2), we deduce that

P

= Ag(6k+1)J%,
Vi-J &~

Next, set ¢ = e~ ™" and deduce from (5.5) that

(5.5)

P oo
5.6 —— =) Ap(6k + 1)I%
>0 ioT, &y
On the other hand, by Theorem 4.1 and (4.1),
6
5.7 Pp=—=+4223/1—Juty.
(57) =+

Using (5.7), (5.2) (with z replaced by z, and J replaced by J,) and (5.6), we
conclude that

?’?‘ cmm

(5.8) (%)’“J’“(Gk:—kl—t ).

Ve 26
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It can be shown that (5.8) is equivalent to the Ramanujan-Borweins-Chudnov-
skys series. The series (5.8) enables us to write down for each n a series for
1/7 if we know the values of ¢,, and J,,.

We have already determined the value of 3315 in Section 4. It suffices
to compute Js3315 in order to write down a series for 1/m associated with
n = 3315. We first quote the identity [4] [5],

(3+v=3n (A2 —1)(9A2 — 1)3
J( 2 ) A2 ’

(5.9) =27

where

eml2 fo(e V)
V3  fo(emmVim) S

where f(—q) is defined prior to (4.25). Since [5]

24 6
5+1 15+ v/221
\/—T+ (4 +V17)8 %

A =

(8 +V65)°,

2
)\1105 -

the value of J3315 follows immediately from (5.9). The values J3315 and t3315,
when substituted into (5.8), yield the series which we mentioned at the end
of Section 4.
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