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A PRODUCT CONSTRUCTION FOR HYPERBOLIC
METRIC SPACES

THOMAS FOERTSCH AND VIKTOR SCHROEDER

ABSTRACT. For hyperbolic metric spaces X;, Xo we define and study
a one parameter family of “hyperbolic products” Ya, A > 0, of X; and
Xo. In particular, we investigate the relation between the boundaries
at infinity of the factor spaces and the boundary at infinity of their
hyperbolic products.

1. Introduction

A triple (a1, az,a3) € R3 of three real numbers is called a §-triple for § > 0
ifa, > min{a,41,a,42}—0 for p = 1,2,3, where the indices are taken modulo
3. Thus (a1, as, as) is a d-triple, if the two smallest of the three numbers differ
by at most 4.

Let X be a metric space, and let |zy| denote the distance between points.
For z,y,z € X let

1
(ly)s = 5 (=2l + |2y| — zy]).
The space X is called §-hyperbolic (compare [G]) if for all 0,z,y,z € X

((z|Y)o, (y|2)0, (z]2)o) is a d-triple.

X is called hyperbolic if it is d-hyperbolic for some § > 0.

Given two hyperbolic metric spaces, their metric product will typically fail
to be hyperbolic itself. In [FS2] we introduced a hyperbolic product construc-
tion for proper, geodesic, hyperbolic metric spaces. Given two such spaces,
their hyperbolic product was shown to be a proper, geodesic, hyperbolic met-
ric space itself.

The purpose of this paper is to generalize this hyperbolic product construc-
tion to arbitrary hyperbolic metric spaces.
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Let X1, X5 be metric spaces and Y := X; x Xo. On Y we will always
consider the maximum metric, i.e.,

[(x1,22)(y1,y2)| := max{|z1y1], |z2y2|} forallz,,y, € X,, v=1,2.
For a,b,c € R and ¢ > 0 we define
a=.b <= |la—b|<ec.

Given two pointed hyperbolic metric spaces (X7, 01) and (X3, 02) and a num-
ber A > 0, we write 0 := (01,02) € Y and define

Yao = {(xl,xz) €Y | |oizi| =a |021:2\}.

The space Ya,, C Y is endowed with the restriction of the maximum metric
onY.

THEOREM 1.1. If X1, Xy are §-hyperbolic, then Ya , is 0'-hyperbolic for
some 0" = §'(5,A).

We also discuss a version of this result where the base point lies at infinity.
For a hyperbolic metric space X one can define its boundary at infinity 0 X
(for details see Section 3). Let (X,,0,), v = 1,2, be two pointed hyperbolic
spaces with non-empty boundaries at infinity and fix £, € 9,,X,, v = 1,2.
Let b, be the Busemann function associated to o, and &,, v = 1,2 (for the
definition of the Busemann function see Section 3). Let A > 0. We write
€ = (&1,&2) and define

Yaeo = {(xl,xz) €Y | bi(x1) =a bz(xg)}.

THEOREM 1.2. If X1, X5 are d-hyperbolic metric spaces with non-empty
boundaries at infinity, then Ya ¢, is 6'-hyperbolic for some 6’ = ¢§'(d, A).

In order to investigate the boundaries of YA , and YA ¢, we need more
structure:

Let kK > 0. A k-rough geodesic is a map v : I — X from an interval I C R
to a metric space X with

Y()y(t)| =k [s =t foralls,t el

The space X is called k-roughly geodesic, if for every pair x,y € X there exists
a k-rough geodesic vy : [0, |zy|] — X with v(0) = = and vy(Jzy|) = y. X is
called roughly geodesic if X is k-roughly geodesic for some k£ > 0.

THEOREM 1.3. If X, X5 are §-hyperbolic and k-roughly geodesic, then
there exists Ag = Ag(d,k) > 0 such that for all A > Aq the space Ya , is
k' -roughly geodesic for some k' (6, k, A).
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THEOREM 1.4. Let X1, X5 be §-hyperbolic and k-roughly geodesic metric
spaces with non-empty boundaries at infinity. Then there exists some Ay =
Ag(0,k) > 0 such that Ya ¢, is roughly geodesic for all A > Ay.

Finally, we relate the topology of the boundary at infinity of our hyperbolic
products to those of the boundary at infinity of its factors, by proving the
following two theorems:

THEOREM 1.5. Let X,, v = 1,2, be 6-hyperbolic and k-roughly geodesic
metric spaces. Then there exists Ag = Ao(0, k) > 0 such that for all A > Ay
there is a natural homeomorphism Oso YA o = 05 X1 X 0o Xa.

THEOREM 1.6. Let X, v = 1,2, be 6-hyperbolic and k-roughly geodesic
metric spaces. Then there exists Ay = Ag(d,k) > 0 such that for all A >
Ag there is a natural homeomorphism JscYa g0 = (00 X1,61) N (00 X2,E2).
Here (000 X1,£1) N (000X2,&2) is the coarse smashed product of the pointed
topological spaces (00oX1,&1) and (0xXa2,&2)-

For the precise definition of the coarse smashed product of two pointed
topological spaces, we refer the reader to Section 7.2.

Outline of the paper. In Sections 2 and 3 we start with some prelim-
inaries and the notion of general hyperbolic metric spaces. In Section 4 we
discuss hyperbolic products and prove Theorems 1.1 and 1.2. In Section 5
we introduce the notion of roughly geodesic metric spaces and in Section 6
we prove Theorems 1.3 and 1.4. In Section 7 we investigate the boundary
structure and prove Theorems 1.5 and 1.6.

Acknowledgments. It is a pleasure to thank Mario Bonk and Sergei
Buyalo for helpful discussions. In particular, we want to thank the referee
for the many helpful comments and useful suggestions.

2. Preliminaries
For a,b,c € R and ¢ > 0 we define
a=,b <= |a—b|<ec.
If {a;}i,{b:}: are sequences, where i € N, then we define
{a;}i =ca <= limsup|a; —a| <c

and
{a;}i =c {bi}i <= limsupla; —b;| <ec.
Let § > 0. A triple (a1, a2, a3) € R? is called a §-triple, if a,, > min{a,+1,a,42}
— ¢ for p =1,2,3, where the indices are taken modulo 3.
The following is easily proved:
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LEMMA 2.1.
(1) If (a1,a2,a3) and (by,ba,bs) are d-triples, then
(min{a;, by }, min{as, by }, min{as, b3 })
s a O-triple.
(2) If {(a14, a2, as3:)}i are o-triples for i € N, then
(1nf a4, inf a;, inf G,gi)
and
(liminf ay;, lim inf ag;, lim inf as;)

are d-triples.
We call the following result the Tetrahedron Lemma.

LEMMA 2.2 (Tetrahedron Lemma). Let dlg,d13,d14,d23,d24,d34 be six
numbers, such that the four triples A1 = (dos,da4,dss), As = (d13,d14,d34),
Ag = (dlg, d14, d24) and A4 = (dlg, d137d23) are 6-triples. Then

B = (di2 + d34, d13 + dag, d14 + da3)
is a 20-triple.

Proof. Without loss of generality we can assume that ds4 is maximal among
the listed numbers. Then di3 =5 dy4 since As is a d-triple, and dogz =5 day
since A; is a d-triple. Adding these approximate equalities we obtain that
dy3+doy =25 doz+dyi4. Since dsz4 is maximal, this means, if we assume that B

is not a 20-triple, that dio < min{d;s, d14, dos,d24} — 26. But this contradicts
the assumption that A3 and A4 are d-triples. Thus B is a 24-triple. O

3. Hyperbolic spaces
3.1. )-hyperbolic spaces. Let X be a metric space. For z,y,z € X let

1
(@ly)z = 5 (=2l + l2y| — zy)).
The space X is called §-hyperbolic if for o, x,y,z € X

(3.1) ((x]|Y)os (Y]2)0, (x]2)0) is a d-triple.

X is called hyperbolic, if it is d-hyperbolic for some § > 0. The relation
(3.1) is called the d-inequality with respect to the point o € X. This condition
is equivalent to the inequality

(3-2) o] + |yz| < max{|oy| + |2z, [oz] + |y} + 20.

The inequality (3.2) is called the 4-point inequality for the points o, z,y, z €
X. If X satisfies the d-inequality for one individual base point 0 € X, then it
satisfies the 2d-inequality for any other base point o' € X (see, for example,
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[G]). Thus, to check hyperbolicity, one only has to check this inequality at a
single point.

Let X be a hyperbolic space and o € X be a base point. A sequence {x;}
of points x; € X converges to infinity, if

dim (1];), = oc.
’L,j—)OO

Two sequences {x;}, {z}} that converge to infinity are equivalent if

lim (z;|}), = o0o.

11— 00
Using the d-inequality, one easily sees that this defines an equivalence relation
for sequences in X converging to infinity. The boundary at infinity s X of X

is defined as the set of equivalence classes of sequences converging to infinity.
For points &, £ € 95X we define their Gromov product by

(£1¢")o = inf lim inf (z;]}),,
11— 00
where the infimum is taken over all sequences {z;} € &, {x}} € £’. Note that

(€]€"), takes values in [0, 00] and that (£]€'), = oo if and only if £ =¢&'. In a
similar way we define for £ € 0,0 X, z € X

(&|z)o = inf lim inf (z;|2),.
From Lemma 2.1(2) we obtain:

LEMMA 3.1. Let X be §-hyperbolic.

(1) If7,9,2 € X := X U X, then (Z|Y)o, (¥|Z)0, (T|Z)0) is a d-triple.

(2) If {z;} € £ and {y;} €, then

(@[€)o =5 {(x]xi)o}; and (§ln)o =25 {(zilyi)o};:
We define for points Z,7 € X
6,0(T,7) := (T/§)o + (Fl€)o-

The following result is obvious.

LEMMA 3.2.

(1) {zi} € & iff og0(wi, 75) — o0.
(2) {z:} €€ 0 X \ {&} iff (xi|xj)o — 00 and o¢ o(xi, ;) is bounded.

We define the Busemann function of £ € 0,,X by
be(x,y) = inf liminf (|zz| — |yz:l),

where the infimum is taken over all sequences {z;} € . We state some
properties of this function.
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LEMMA 3.3.

(1) If {zi} €&, then be(x,y) =25 {(lzzi] — [yzil)};-
(2) Let {z;} € n € 00X, 0€ X. If n # &, then be(x;,0) — oo.

Proof. (1) Note that for sequences {z;},{z/} € £
{(|zzi] = lyzil) = (l22] = [yziD)}; = 2{((ylzi)e — (y]20)2)}; =25 0,
since (y|2:)a, (Y|2})z, (zi]20) s is a 0-triple and (z|z}); — oo. This implies that

be(z,y) =26 {(|lz2i] — yzi]) };

for any sequence {z;} € &.

(2) Let {#} € € and {z;} € n. If n # &, then the numbers 2(x;|z;), are
bounded by some number D, which implies |z;x;| — |oz;| > |oxz;| — D. Since
be(wi,0) =25 {|zizj| — |oz;|}; and |z;0] — oo, this yields the result. O

Foroe€ X, £ € 0,X and z,y € X we define

1
(@ly)e.0 := 5 (be(x,0) +be(y, 0) — |zy]).
We extend (z]y)¢,o to points 7,7 € X \ {¢} by setting
([Y)e,0 = infliminf (z;]y;)¢,o,
11— 00

where the infimum is taken over all sequences {x;} € T and {y;} € §. In the
case that T € X, {z;} € T means any sequence {z;} converging to T.

LEMMA 3.4.

(1) Ifz,y,z € X, then ((z|y)¢,0, (Y|2)e,0, (2]2)e,0) is a 30-triple.
(2) If z,y € X, then

(x‘y)f,o + 0'5,0(3373/) =45 (xly)w
(3) Ifz,y € X\ {¢}, then
(f‘y)ﬁ,o + O'E,o(fv y) =85 (EW)O

Proof. We only prove (2) and leave (1) and (3) to the reader. Let {z;} € £
be given. Then

(sly)e.o = 5 (b, 0) +be(y,0) —layl)

. 1
=26 5{(|$Zz‘| — lozi| + |yzi| — |ozi| — |zyl)},

= {(2[y)o — (z]2i)o — (Ylzi)o}i
=25 (#y)o — (z[€)0 — (Y[&)o- 0
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3.2. A criterion for hyperbolicity. At the end of this section we give
a criterion for hyperbolicity. Let therefore X be an arbitrary metric space.
We define a map A : X% — R, where A = A(x,y, 2,t) is given by
A= max{(x|y)u + (th)u - (.T‘Z)u - (ylt)m
@[Y)u + (2[)u — (@[t)u — (y]2)u},

where u € X is arbitrary. An easy calculation shows that A is independent of
u. By specializing u = t we see that A = (x|y); — min{(x|2)¢, (y|2):}. Thus it
follows that X is d-hyperbolic iff A > —¢ for all x,y, 2,t € X.

REMARK 3.5. One can write A(z,y,z2,t) in an even more complicated
manner as the maximum of the two numbers

[([y)u — [uv]] + [(2]t)u — [uv]] = [(z]2)u — [uv]] = [(y[t)u — [uv]
and
[(]y)u — |wv]] + [(2[t)u — lwv]] = [(2[t) — [uv]] = [(y]2)u} — |wol],

where u,v € X are arbitrary. This follows from a trivial computation and
will be useful later on.

4. Products

Let X1, X5 be metric spaces. Let ¥ = X7 X X5. On Y we will always
consider the maximum metric, i.e., for x = (z1,22) and y = (y1, y2) let

lzy| = max{[z1y1], |[z2y2|}.
For a point o = (01,02) € Y one easily checks that
(4.1) (@[y)o = min{(z1[y1)o,, (x2]y2)0, }-
We define
Yro:= {(xhxg) eyY ||oiz1| =a |02x2\}.
It is easy to check that for points z,y € Ya , we have
(42) (x|y)o =A min{(ml‘yl)olv ($2|y2)02}.

For later reference we restate equations (4.1) and (4.2) in the following
lemma.

LEmMA 4.1. Ifx,y € YA, then
0< (‘r‘y)o - min{(ml‘yl)olv ($2|y2)02} <A.

THEOREM 1.1. If X1, X, are 6-hyperbolic, then Ya , is (A+6)-hyperbolic.
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Proof. Let § > 0 and o, € X,, be such that X, satisfies the d-inequality
with respect to o,. Then Lemma 2.1(1) and Lemma 4.1 give (omitting base
points)

(z|2) > min{(z1|21), (v2|22)} > min{(z1]y1), (Y1|21), (v2,y2), (Y2|22)} — &
> min{(z|y), (y|]z)} — A — 6. O

Consider &, € 0o X, and let b, (x) := be, (z,0,), v = 1,2. We define

Yaco = {(xl,@) €Y | bi(x1) =a bQ(xQ)}.

We will show that Ya ¢, is hyperbolic. To prove this we need the following
lemma.

LEMMA 4.2. Let X, be §-hyperbolic spaces for v = 1,2. For i € N let
{uii} € &, {u2:} € & and vy = (u1s,u2;) € X1 X Xo. Then, for x,y € Ya¢ o,
we have

{|u1x| - ‘ulol}z =A425 b,,(;C,,), v=12,
and
{(@[y)u, — |uiol}; =at2s min{(@1]y1)e, 01, (22]Y2)€s,00 }-

Proof. We have by Lemma 3.3 {|u,;x,| — |uyi00|}; =25 by(x,) for v =1,2
and bl(l‘l) iA bg(l’g).

Now the first inequality follows from the general fact that if r, — s, =4
b, and by = be for some real numbers r,,s,,b,, then max{ry,ro} =sia
max{sy, s2} + b,. To prove this we may assume s; < s3. Then max{ry,ro} >
r9 > 83+ by — d > max{s1,s2} + b, — A — 4. Moreover, 11 < $1 + by + 0,
ro < 89 + by + J, and hence max{ry,ro} < max{si,s2} +b, + A+9.

To obtain the second inequality we compute

1
{(@ly)us = wiol}; = S{lwiz] — w0l + |uiy| — uio] —[ayl};
1
= i a bu v bl/ v) vYv
A+25 yg{lggﬁ{ (@) +bu(y0) — |2y}
= min{<m1|y1)§1701’ (x2|92)52,02}' U

THEOREM 1.2. If X1,Xy are §-hyperbolic, then Ya ¢, is (4A + 140)-
hyperbolic.

Proof. Consider on X7 x X5 the function A from Section 3.2. We have to
show that A\Yﬁ,g,o > —(4A + 149).

Choose {uy;}; € & and {ug;}; € &2 and let u; = (uy4,ug;) € X1 x Xo. (Note
that u, is not necessarily in Ya ¢,,.) We use for A the complicated expression
from Remark 3.5 with v = u; and v = (01,02). The typical terms in this
expression are then of the form [(x|y)., — |u;ol].
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By Lemma 4.2 we have that x,y € YA ¢, implies

{[(z[y)u; = luioll}; =ates min{(21]y1)e 005 (22[y2)es,0, }-

Let now y', 52, 4%, y* € Yae.0, where v/ = (y],43), j = 1,2,3,4, and consider
the expression A = A(y',y%, y3,4*). Then

A =max{di2 + d3s — d13 — doa, d12 + d3a — d1a — da3},

where, by Lemma 4.2, dji =a 425 min{d},,d2,} with @5, = (y7|y})e, .0, By
Lemma 3.4(1), for every v € {1,2} the six numbers d¥, satisfy the conditions
of the Tetrahedron Lemma 2.2 with constant 30. Thus, by Lemma 2.1(1), the
six numbers min{d}k7d?k} also satisfy the assumptions of the Tetrahedron
Lemma with constant 30. Thus the six numbers d;;, satisfy the assumptions
of the Tetrahedron Lemma with constant 35 + 2(A + 20) = 2A + 76. The
Tetrahedron Lemma then shows that (di2 + ds4,d13 + dog,d1sa + da3) is a
4A + 146 triple which implies A > —(4A 4 149). O

5. Roughly geodesic spaces

Let kK > 0. A k-rough geodesic is a map v : I — X from an interval I C R
to a metric space X with

v(s)y(t)| =k [s—t|  foralls,tel

The space X is called k-roughly geodesic if for every pair x,y € X there exists
a k-rough geodesic 7 : [0,|zy|]] — X with v(0) = z and y(Jzy|) = y. X is
called roughly geodesic if X is k-roughly geodesic for some k > 0. Parts of the
results of this section are contained in [BoS]; compare also [V].

In this section we consider a fixed J-hyperbolic and k-roughly geodesic
space X with a base point 0 € X.

To avoid notational complications, we will use in this section the following
convention: We write @ = b if @ =, b and the constant ¢ depends only on 4
and k. We will also say that v : I — X from an interval I C R is a rough
geodesic when |y(s)y(t)| = |s —t| (where we already used the first part of the
convention).

LEMMA 5.1. Let X be a d-hyperbolic, k-roughly geodesic metric space,
£ € 0xcX and b : X — R be the Busemann function b(x) = be(x,0). Then
there exists a k' = k'(9,k) such that

1) for every x € X there exists a k'-rough geodesic e . : (—00,b(x)] — X
3

with (e (—1)}i € &, e (b(z)) = & and b(re. () = t, and
(2) for everyn € 0 X \{&} there exists a k'-rough geodesic v¢ ., : R — X

with {ve.n(=1)}i € &, {7en(D)}i € 0 such that b(ve,y(t)) = t.
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Proof. (1) By [BoS, Proposition 5.2(2)] we find a k’-rough geodesic « :
[0,00) — X from z to {. By Lemma 3.3(1) we have

be(a(t), x) =25 {|a(®)a(i)| — [za(i)[}i =on {i =t —i}i = —
Setting v(t) = a(b(z) — t) we obtain a k’-rough geodesic v : (—o0, b(x)] — X,
and then be (y(t), z) = be(a(b(x)—t),z) = t—b(z). Using again Lemma 3.3(1),
we get be(y(t), ) + be(z,0) = be(y(¢), 0) = b(7y(t)), and hence b(y(t)) = ¢.
(2) By [BoS, Proposition 5.2(3)] we find a k’-rough geodesic v : R — X
from £ to m, that is, {a(—4)}; € &, {a(i)}; € n. By Lemma 3.3(1) we get

be(a(t), ())—{|a() (=i)| = [e(0)a(=0)|}; = {t +i —i}i = t, and hence
b(a(t)) = be(a(t), a(0))+be((0),0) = t+b((0)). The desired rough geodesic
~ is now given by ~(t) = (t b(a(0))). O

LEMMA 5.2.
(1) Let y,z1,22 € X, let v : [0,73] — X, i = 1,2, be k-rough geodesics
fromy to x;, r; = |yx;|. Then |y1(t)y2(t)] =0 fort < (x1|xe)y.
(2) Let 1,22 € X, £ € 0o X, let v = Yeu, + (—00,b(x;)] — X be k-
rough geodesics given by Lemma 5.1(1). Then |y1(t)y2(t)] = 0 for
t < ($1|$2)§,o-
Proof. (1) Let 0 <t < (z1]z2), and set =} = ;(¢). Then
2(wila)y = lwayl + @iyl — wiai] > ri+ (= k) — (ri =t + k) = 2t — 2k,
which implies
(21]ah)y > min{(zy|1)y, (T1]z2)y, (w225)y} — 20 >t — k — 26.
Since
221 |25)y = |21yl + |woy| — [2hah] < 2t + 2k — |22y,
we get 2] 5| < 4k + 46.
(2) Let t < (m1]z2)e,0 and set z, = 7;(¢t). By Lemma 5.1(1) we have
b(x}) =t. Hence
2(wil27)e.0 = blwi) + b(x7) — |wizi| = b(w;) +t — (b(xi) —t) = 2t
By Lemma 3.4(1) we obtain
(z1]25)¢.0 = min{(}]21)e o, (21|72)¢.0, (T2|25)e 0} — 65 > — (6, k).
Since
2(z1|75)e.0 = b(a)) + b(ah) — |y25| = 2t — |25,
the lemma follows. O

LEMMA 5.3. Let X and & be as in Lemma 5.1 and o,z,y € X. Then:
_ s+t =2xly)o if st = (z(y)o,
Yz (8) 7y (5)] = {

|s — otherwise.

(1)
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s+t =2(@y)eo if 5, = (2[Y)eo,
|s — t| otherwise.

(2) Ve .x (t) e,y (s)] = {

Proof. (1) For every z € X let v, : [0, |ox|] — X be a k-rough geodesic
from o to x. Set &’ = v, ((z]y)o) and ¥ = v, ((x]y)o)-
We assume first s,t > (z|y)o.
Since by Lemma 5.2(1) |z'y’| = 0, we have
Ve () 7y($)] < 22| + 12y + [y 7y ()]
= (t = (z[y)o) + 0+ (s — (z[y)o)
R
and
Y ()7 ()] = Jawy| = 272 ()] — [y (5)]
= [zy| = (Jox| = 1) = (Joy| - 5)
=s+1t—2(x|y)o-

To consider the second case, let without loss of generality ¢ < (z|y),, t < s.
Then by Lemma 5.2(1)

Ve ()7 ()] < V2 (O)ry (O] + 1y ()75 (5)]
=0+t — s
=t — s
and
Ve ()7 ()] > lovy(s)] — [0z (t)]
=|t—s|.

(2) We may assume that ¢t < s. Set tg = (z|y)¢,o-

Case 1: t>1tg. Set ' = ¢ 5(t0), ¥ = Yey(to). By Lemma 5.2(2) we have
|2'y’'| = 0. Hence

Ve ()7e,y ()] < e (2] + 12Y'] + [y 76,4 (5)]
Zt—to+04s—tyg=s+t— 2.

Moreover,

Ve.2 (D) Vew(s)| = eyl — |27, (B)] — [y7e.y ()]
2 |wy| — (b(z) —t + k) — (b(y) — s + k)
:S+t—2t0—2k.
Case 2: t <tg. As |v¢o(t)7e,y(t)| = 0 by Lemma 5.2(2), we obtain
Ve.e (D75 ()] = ey ()76, ()] = [¢ = s]. O
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Let ,y € X and assume that a is a number with a > |zy|. Then we define

Yoy [0,a] — X by

vlox| —#)  for 0 < ¢ < minfJoz], L(joz| - |oy] + a)},

Vey(t) =10 for |oz| <t <a—|oyl,

Yy(Joy] —a+t) for max{a — |oy|, 5 (lox| — |oy| + a)} <t < a.
Thus, if a = |ox| + |oy|, then 4%, is just the concatenation of 4, ' and ~,.
If a > |ox| + |oy|, then ~g  is the concatenation of v 1, a constant curve
at o and v,. If [zy| < a < |oz| + [oyl, then 737  is the concatenation of the
inverse of Y+ |oz] and Yylr.joy)), Where 7 = 3 (|ox| — |oy| + a). Note that for

a < |oz| + |oy| the curve vg , has two definitions at the parameter value 7
However, we have

1
= loz| =7 = 5 (Joz[ + oyl —a) = |oy| —a+,

and in the case |zy| < a < |zo| + |yo| also 0 < ¢ < (x]y),. Hence, by Lemma
5.1(1), we have |v;(c)yy(o)| = 0, which says that ~¢  is well defined up to a
uniformly bounded error. This is enough for our considerations.

LEMMA 5.4. Letz,y € X and |vy| < a. Then:

(1) There exists a constant ¢ depending only on § and k such that
Ve (DY (8)] < |s —t] +c for all 0 < s,t < a.

(2) If a =|zy|, then |vg ,()ve ,(s)] = |s —t| for all 0 < s5,t < a.
(3) e, (t)o| = max{|ox| —t,0,|oy| —a+t} for all 0 <t < a.

Proof. (1) follows from the fact that vg  is, up to a uniformly bounded
error, the concatenation of rough geodesics and constant curves. (2) follows
from (1) and |vg ,(a)vs,(0)] = a. (3) follows from the definition of 73 ,
|72 (t)o| =t and |y, (t)o] =t. O

The above results have straightforward generalizations to the case where
we fix a “base point” at infinity. We only replace the distance to o by the
Busemann function b.

For z,y € X and a > |xy| we define 7¢ .  : [0,a] — X by

) = Ye,x(b(z) — 1) for 0 <t < 1(b(x) — b(y) + a),
Sy Yew(b(y) —a+1) for 5(b(x) —b(y) +a) <t <a.

LEMMA 5.5. Let X and & be as in Lemma 5.1, z,y € X and a > |zy|.
Then:

(1) There exists a constant ¢ depending only on 0 and k such that

VE 2y (DVE 2y ()| < [s =t + ¢ for all 0 < s,t < a.



A PRODUCT CONSTRUCTION FOR HYPERBOLIC METRIC SPACES 805

(2) Ifa = |zyl, then |v¢ ., (DVE 2, (8)] = [s —t| for all 0 < s5,t < a.
(3) b(V€ 4, (1) = max{b(z) — t,b(y) —a+1t} for all 0 <t < a.

6. Hyperbolic products of roughly geodesic spaces

In this section we show that hyperbolic products of roughly geodesic spaces
are roughly geodesic. We assume that X7, X5 are metric spaces which are §-
hyperbolic and k-roughly geodesic. Let 0, € X,,, v = 1,2, be base points.

LEMMA 6.1. Ifx € YA, then there exists x’ € Yy, , with |zz’| < A+ k.

Proof. We assume without loss of generality that a; := |x101| > |z202| =:
as. By assumption a1 — as < A. Let 1 : [0,a1] — X; be a k-rough geodesic
with v1(0) = o and y1(a1) = 1, and define x} := v1(a2). By construction
a’ = (2, x2) satisfies the required properties. O

LEMMA 6.2. There exists k' = k'(0,k) > 0 with the following property: If
x,y € Yo, then there exists a k'-rough geodesic v : I — X1 X Xo from x toy
such that y(t) € Y, for allt € 1.

Proof. Let a := max{|z1y1], |z2y2|} and consider

no= ’yglyyl : [07 a] - Xla
T2 = 722@2 : [07 a] - X27
Y= (71772) : [O,a/] — X1 X XQ.

It follows from Lemma 5.4(1),(2) that « is a rough geodesic with a constant
that depends only on d§ and k. From Lemma 5.4(3) we obtain that |y1(¢)o1| =i
|v2(t)oz| for a constant k’ depending only on ¢ and k. O

THEOREM 1.3. If X1, Xo are §-hyperbolic and k-roughly geodesic, then
there exists Ag > 0 such that for all A > Aq the space Ya , is roughly geodesic.

Proof. Let k' be the constant from Lemma 6.2. We claim that Ay :=
max{k, k'} satisfies the required properties. Let A > Ag and let z,y € Ya .
Let a’,y" € Yy, be points according to Lemma 6.1 with |zz'| < A + k and
lyy'| < A+ k. Let o/ = |2'y/| and a = |zy|. Then a =sa49r @’. Let @ =
min{a, a'}. By Lemma 6.2 there exists a k’-rough geodesic v : [0,a'] — Yjr o
from z’ to y'. Let 7y : [0,a] — Ya , be defined by

T for ¢t =0,
v(t) =4+ (t) for0<t<a,
Y fora <t <a.

Since |zz'| < A+ k, |yy'| < A+ k and a = d/, the curve v is a k-rough
geodesic, where k depends only on §, k and A. O

In essentially the same way one shows:
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THEOREM 1.4. Let X1, Xo be d-hyperbolic and k-roughly geodesic. Let
& € 0o X,. Then there exists Ag > 0 such that Ya ¢, is roughly geodesic for
all A > Ag.

7. The boundary of hyperbolic products

In this section we study the boundary of hyperbolic products. We start
from spaces X,,, v = 1,2, which are hyperbolic and roughly geodesic.

7.1. The boundary of YA ,. We consider the product Ya ,.

THEOREM 1.5. Let X,, v = 1,2, be §-hyperbolic and k-roughly geodesic
metric spaces. Then there exists Ag = Ag(0, k) > 0 such that for all A > Ag
the space O YA o, s naturally homeomorphic t0 0o X1 X 050 Xa.

Proof. Let Ag = 2k'(0, k), where k' is the constant from Lemma 5.1(1).
Then for A > A the space Ya , is hyperbolic by Theorem 1.1.
We first show that by setting

w : 6OOYA,O — 800X1 X 8<X>X2
[{zi}] = ({z0}], {22:1)

we obtain a well defined map. Let {z;} be a sequence converging to infin-
ity. Then (z;|z;)o — oo. Since by Lemma 4.1 (z;2;)o = min{(21,|21;)0;,
(22i|224)0, }, Where = means =.(5 1 a), we see that {z,;} is also converging to
infinity for v = 1,2. If {z]} is equivalent to {z;}, then (z;|2}), — oo, which
implies (2,;|2vi)o — 00 for v = 1,2. Thus ¥ is well defined.

It follows easily from Lemma 4.1 that for 7,1 € 0.Ya,, with ¢(n) =
(1, m2) and ¥(n') = (n},m3) we have

(nln")o = min{(mni)o, , (1121150, }-

This implies the continuity and injectivity of v, and it will also show the
continuity of 1y~! once we have proved the bijectivity of the map. That the
map 1 is also surjective can be seen as follows: Let 7, € J,X, and let
Y ¢ [0,00) — X, be rough geodesics with 7, (0) = o, and 7, (i) — 1,. Then
v(t) = ((t),72(t)) € Ya,, for A large enough, since |0,7, (¢)| = t. It follows
that ¢ (y(00)) = (11, 72)- 0

7.2. Coarse smashed product. Let (Z,,£,) be pointed topological
spaces, v = 1,2. We call the subset (Z; x {&}) U ({&1} X Z3) the cross
at (£1,&2) € Z1 X Zy. The smashed product (Z1,&1) A (Za,&2) is the space
Z1 X Zy, where we identify (smash) the cross at (£1,&2) to one point. Formally
we define an equivalence relation ~ on Z; x Zs by letting

(m1,m2) ~ (m1.7m3)
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if and only if

{771:77/1 A 772:77/2} \ {{771:&\/772:52} A {771151\/175:52”.

The coarse smashed product topology is defined as follows: A basis of the
open sets are the sets Uy x Us, where U, C X, \ {£,}, v = 1,2, are open, and
the sets (W7 x Zy) U (Z1 x Wy), where W,, C Z,, are open neighborhoods of
o

Thus a sequence (11, 72:)] € (Z1,61) A (Z3,€) comverges to [(€1,6)], iff
for all open neighborhoods W,, C Z, of &, there exists ig = ig(W1,Ws) € N
such that for all i > iy one has n;; € Wy or ng; € Wha.

If the spaces Z, are second countable for v = 1,2, then so is (Z1,£1) A

(22362)'

REMARK 7.1. Note that in the literature the smashed product of two
pointed topological spaces (Z1,&1) and (Zs2,&) is defined as the set
Zy1 X Zy/ ~ endowed with the quotient topology. In general, the coarse
smashed product is coarser than the smashed product. However, in the case
when Z; and Zs are compact, the two topologies are equivalent. Since in [FS2]
we considered proper geodesic spaces and the boundaries at infinity of such
spaces are compact, the smashed product topology we considered in Theorem
2 of [FS2] agrees with the coarse smashed product topology as introduced
above.

7.3. Boundary of Y ¢ ,. We assume that the spaces X, are hyperbolic,
roughly geodesic spaces and that &, € 0ooYA 0. By Theorem 1.2 YA ¢, is ¢'-
hyperbolic for some §'(5, A). Let k'(d, k) and ¢/(d, k) be the numbers given by
Lemma 5.1 such that b(ye »(t)) =« t and b(ye ,(t)) = t. Let Ag(6, k) = 2¢
and let A > Ag.

We use in this section the convention that = means =., where ¢ depends
only on ¢ and k and A. Let 7, : [0,00) — X, be rough geodesics from o, with

{nw (@)}, € &. Then b, (7,(t)) = —t and hence y(t) = (71(t),712(t)) € Ya ¢,0 for
A large enough. Clearly, v(i) converges to infinity and we define £ := [{~(4)}].

LEMMA 7.2. Ifx,y € Ya¢,o, then:

(1) (x|y)6,o = min{(xl‘yl)&,olv (x2|y2)52702}'
(2) (x|£)0 = max{('rllgl)Ol? (.’1?2|§2)02}.

Proof. (1) Let {u;} € & Then we have
1
(@ly)e0 = 5 {lzwil = lous| + Jyuil —Joui| — |zyl};
={@ly)u, — luiol};

= min{(z1]y1)e, 015 (T2[Y2) 2,00}
where the last step follows from Lemma 4.2.
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(2) Set u; = y(2), uy; = 7, (¢). We first show that
(7.1) {lousl}i = {lovuwil}i,
(7.2) {lzuil}e = {lzvuval}i.

As v, is a k’-geodesic, we have |o,u,;| = 4, which implies (7.1). By Lemma
3.3(1) we have

{lorusi| = [x1urs|}i =25 —b1(x1) =a —ba(w2) =25 {|o2u2i| — |zous;|}s-

This and (7.1) imply (7.2).
By Lemma 3.1(2) we have

2(x[€) =25 {2(x[ui)o}i = {max{|orz1], |oawal} + |ous| — [zuil}i.
Now (7.1) and (7.2) imply the assertion. O

THEOREM 1.6. The boundary Osc Y ¢,0 15 naturally homeomorphic to the
coarse smashed product (0o X1,£1) A (DooXa2,&2).

Proof. The proof uses the following formulae from Lemmata 7.2 and 3.4:

(7.3) (@|y)o = (|Y)e.0 + (@[€)o + (yl€)o  forallz,y € Yaeo,
(7.4) (@|y)e,0 = min{(z1]y1)¢1.01, (22]Y2) 2,0, 1 for all 2,y € Ya ¢ 0,
(7.5) (|€)o = max{(z1]&1) 015 (2|£2) 0, } for all z € Ya ¢ 0.

We have

x; converges to a point in OxcYa 0 \ {¢}
<> (z4|z;j)o — oo and (z;|¢), bounded
= (7.3) (Ti]j)e,0 — 00 and (x;]€), bounded
= (7.4),(7.5) (TwilTuj)e, 0, — 00 and (7,4|€,)o, bounded for v = 1,2
<= x,; converges to a point in 9, X, \ {§ } for v =1,2.

This calculation shows that the map

¥ 000V 0 \{E} = (0o X1\ {€1}) X (Foc X2 \ {€2})

given by ¥(n) = ([{z1:}], [{x2:}]), where {z;} is a sequence in Ya ¢, with
[{z:}] =, is well defined.
The formulae (7.3)—(7.5) have extensions to the ideal boundary: If n,n’ €

oo YA g0 \ {&}, ¥(n) = (n1,m2) and (n’) = (7, 75), then

(7.6) Mn")o = ln)e.0 + (E)o + (0'1€)o,
(77) (77|77/)570 = min{(nl‘n;)fl7ol7 (772|77§)52,02}’
(7.8) (1) = max{(n1[§1)o > (M2/62)0, }-
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Let 75,1 € 0scYA 2,0 \ {{}, @ € N. Then
n; — n <= (ni|n)o — oo and (1;]€)o bounded
<> (7.6) (Mi|n)e,0 — 00 and (14|¢), bounded
= 7.7),(7.8) (il )e, 0, — 00 and (9,4]&,),, bounded for v = 1,2
= (7.6v) (MwilNw)o, — 00 and (n,4]€,),, bounded for v = 1,2
=y — 1 forv=1,2
where (7.6v) is the formula (7.6) applied to the factors. This computation
shows in particular the continuity of . It will also show the continuity of
Y1 after we have proved the bijectivity. If 17,17 € 0xYaeo \ {£}, then
¥(n) = (') implies by (7.7) that (n|n')¢,, = 0o, and hence n = n’. Thus ¥
is injective.
We next show that the map is also surjective. Let 1, € 0,.X, \ & be

given. Due to Lemma 5.1 there are rough geodesics ¢, ,, : R — X, with

{ve,m. (=0)}i € & {1, m. (D) }i € my and b(ve, 1, () =c ¢, v = 1,2. By ouwr
choice of Ay we obtain (ve, n, (£); Ves,ms (£)) € Ya .0, from which the surjectiv-
ity of ¥ immediately follows.

Finally we show that 1 can be extended continuously to a homeomorphism

E : aooYA,f,o - (aooxlafl) A (aooX2a§2)
by defining (&) = [(£1,£2)]. Observe
ni — & < (ml€)o — 00

<= (7.8) max{(Mil&1) o, (M2i[€2)0, } — 00
<= VD >0 dig € N such that Vi > 1

(Mmil€1)o, > D or (n2i€2)0, > D
= [(1i,m2:)] — [(&1,€2)]5
where in the last line the convergence is in (9xX1,£1) A (O X2, &2)- O

8. Maximum metric versus Euclidean metric

We finally point out that when starting off with two proper geodesic metric
spaces one has to consider the length metric d induced by the maximum
metric dp, on Yy, or Yy ¢ 0, in order to obtain a proper geodesic space again.
In this case, we might as well endow Y, with the length metric induced by
the Euclidean product metric d. instead of the maximum metric d,,. Since
both are geodesic spaces which are bilipschitz related, one of them is Gromov
hyperbolic if and only if the other one is (see, e.g., Theorem 1.9 in Chapter
IIL.1 of [BrH]).

In fact, when starting off with two Riemannian manifolds and fixing points
at infinity, the construction using the Euclidean product metric has the ad-
vantage that it once again yields a Riemannian manifold (compare [FS1]).



810 THOMAS FOERTSCH AND VIKTOR SCHROEDER

However, we emphasize that in neither of the Theorems 1.1-1.6 we can re-
place the maximum metric by the Euclidean metric, as the following example
shows.

ExAMPLE 8.1. Consider two copies of the real hyperbolic space H?. Fix
points 07 = 0o € H? and & = & € O5.H2. Now consider sequences of points
{z' = (@l.2h)} {y' = (w98} {2 = (21,25)} and {w’ = (wi,w})} such
that o{ = a9, yi = b, 21 = 25, bu(2)) = bu(yp), l2iys| = lolzl| = lyizil,
wi =yt and wh = 24 foralli € N, v = 1,2, as well as |y’ 2} | == oo, v = 1,2.

We claim that (Yj ¢, de) is not hyperbolic. Suppose to the contrary that
(Yo,¢,0,de) is hyperbolic. Then there exists a 6 > 0 such that for all i € N

de(yi,zi) + de(mi7wi)

< max{d.(z",y") + de (2", w"), de(y', w') + do(2*, 2°)} + 20
—d.(y',2") < max{d.(z*,w"),dc(y’,w")} + 26
= V2yizi| < lyizll + 26,

which contradicts our choices of sequences.
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