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DUALIZING COMPLEX OF THE INCIDENCE ALGEBRA
OF A FINITE REGULAR CELL COMPLEX

KOHJI YANAGAWA

ABSTRACT. Let 3 be a finite regular cell complex with ) € ¥, and
regard it as a poset (i.e., partially ordered set) by inclusion. Let R be
the incidence algebra of the poset % over a field k. Corresponding to
the Verdier duality for constructible sheaves on ¥, we have a dualizing
complex w® € D?(modgg, r) giving a duality functor from D®(modg)
to itself. This duality is somewhat analogous to the Serre duality for
a projective scheme () € ¥ plays a role similar to that of “irrelevant
ideals”). If H*(w®) # 0 for exactly one i, then the underlying topological
space of ¥ is Cohen-Macaulay (in the sense of the Stanley-Reisner ring
theory). The converse also holds if ¥ is a simplicial complex. R is always
a Koszul ring with R' = R°P. The relation between the Koszul duality
for R and the Verdier duality is discussed.

1. Introduction

Let ¥ be a finite regular cell complex, and X := J .y 0 its underlying

topological space. The order given by ¢ > 7 &4 5 5 7 makes ¥ a finite
partially ordered set (poset, for short). Here & is the closure of ¢ in X.
Let R be the incidence algebra of the poset ¥ over a field k. For a ring
A, mod, denotes the category of finitely generated left A-modules. In this
paper, we study the bounded derived category D’(modg) using the theory of
constructible sheaves (e.g., Poincaré-Verdier duality). For the sheaf theory,
consult [6], [7], [14]. We basically use the same notation as [6].

Let Sh.(X) be the category of k-constructible sheaves on X with respect to
the cell decomposition ¥. We have an exact functor (=)' : modg — Sh.(X).
For M € modg, we have a natural decomposition M = @, .5, M, as a k-
vector space. If p € o C X, the stalk (MT),, of MT at the point p is isomorphic
to M,.

Let ¥’ := X\ 0 be an induced subposet of X, and T the incidence algebra of
Y/ over k. Then we have a category equivalence modr = Sh.(X), which is well
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known to specialists (see, for example, [8], [11], [14]). However, in this paper,
) € X plays a role. Although modg % Sh.(X), modg has several interesting
properties which modr does not possess. In some sense, () is analogous to the
“irrelevant ideal” of a commutative Noetherian homogeneous k-algebra (i.e.,
the homogeneous coordinate ring of a projective scheme over k).

We have a left exact functor I'y : modg — vecty, defined by I'y(M) = {z €
My | Rz C My}. We denote its ith right derived functor by Hj(—). For
M € modpg, Theorem 2.2 states that

HY(X, M%) = H*' (M) for all i > 1,

0— Hg(M) — My — HO(X,MT) — Hé(M) — 0 (exact).

Here H*(X, M) stands for the sheaf cohomology (cf. [7], [6]).

The above fact is clearly analogous to the relation between graded mod-
ules over a commutative Noetherian homogeneous k-algebra A and the quasi-
coherent sheaves on the projective scheme Proj(A). There are other resem-
blances between these topics. In the final section of this paper, we give a list
of the similarities.

Let A and B be k-algebras. Recently, several authors studied a dualizing
complex C* € D’(mod g, p) giving duality functors between D®(moda) and
D®(modp). (Note that if M € mods and N € modag, 5, then Hom 4 (M, N)
has a left B-module structure.) In typical cases, it is assumed that B = A°P.
But, in this paper, from Verdier’s dualizing complex D% € D°(Sh.(X)) on X,
we construct a dualizing complex w® € D?(modggr) which gives the duality
functor R Homp(—,w®) from D’(modg) to itself. Theorem 3.2 states that

R Homp(M*,w®) = RHom((M®)",D%)

in D°(Sh.(X)) for all M® € D*(modg). The dualizing complex w® satisfies
the Auslander condition in the sense of [19].
Corollary 3.5 states that

EXtZIl%(M.,w.)@ o~ ai+1(M.)v.

This corresponds to the (global) Verdier duality on X. But, since Hj(—) can
be seen as an analog of a local cohomology over a commutative Noetherian
homogeneous k-algebra, the above isomorphism can be seen as an imitation
of the Serre duality. In Theorem 5.3 (1), § € X is also essential. It states
that, for a simplicial complex ¥, H*(w®) = 0 for all i # — dim X if and only
if X is Cohen-Macaulay in the sense of the Stanley-Reisner ring theory. If we
use the convention that () ¢ 3, then the Cohen-Macaulay property cannot be
characterized in this way.

Under the assumption that a subset W of 3 gives the open subset Uy :=
Uyew @ of X, Theorem 5.3 describes the cohomology H(Ug, M|y, ) using
the duality functor R Hompg(—,w®). Note that the cohomology with compact



INCIDENCE ALGEBRAS OF FINITE REGULAR CELL COMPLEXES 1223

support H:(Ug, MT|y,) is much easier to treat in our context, as shown in
Lemma 5.1.

We can regard R as a graded ring in a natural way. Then R is always
Koszul, and the quadratic dual ring R' is isomorphic to the opposite ring R°P
(Proposition 7.1). Koszul duality (cf. [1]) gives an equivalence D’(modp) =
DP(modpe) of triangulated categories. The functors giving this equivalence
coincide with the compositions of the duality functors R Hompg(—,w®) and
Homy(—, k). This result is an “augmented” version of Vybornov [14].

It is well known that the Mdobius function of a finite poset is a very im-
portant tool in combinatorics. In Proposition 6.1, generalizing [13, Proposi-
tion 3.8.9], we describes the Mdbius function p(c, 1) of the poset ¥ := S11{1}
in terms of cohomology with compact support. As shown in [2], some finite
posets arising from purely combinatorial/algebraic topics (e.g., Bruhat order)
are isomorphic to the posets of finite regular cell complexes. So the author
expects that the results in the present paper will play a role in a combinatorial
study of these posets.

2. Preparation

A finite regular cell complex (cf. [3, §6.2] and [4]) is a non-empty topological
space X together with a finite set X of subsets of X such that the following
conditions are satisfied:

(i) VeXand X =,y 0;

(ii) the subsets o € ¥ are pairwise disjoint;

(iii) for each ¢ € X, o # (), there exists a homeomorphism from an i-
dimensional disc B® = {z € R’ | ||z|| < 1} onto the closure & of o
which maps the open disc U* = {x € R" | ||z|| < 1} onto 0.

(iv) For any o € %, the closure & can be written as the union of some cells
in .

Note that X is compact in this case. An element o € 3 is called a cell. We

regard X as a poset with the order given by o > 7 & 5 5 7. The combi-
natorics of posets of this type is discussed in [2]. If 0 € ¥ is homeomorphic
to U*, we write dimo = 4 and call o an i-cell. We define dim ) = —1 and set
d:=dimX = max{dimo |oc € ¥ }.

A finite simplicial complex is a primary example of a finite regular cell
complex. When Y is a finite simplicial complex, we sometimes identify %
with the corresponding abstract simplicial complex. That is, we identify a
cell 0 € ¥ with the set {7 | 7is a 0-cell with 7 <o }. In this case, ¥ is a
subset of the power set 2V, where V is the set of the vertices (i.e., O-cells) of
Y. Under this identification, for o € ¥, we let stxo:= {7 € X |7U0 € X}
and lky o := {7 €sty o | 7No =0} be subcomplexes of X.

Let 0,0’ € 3. If dimo =7+ 1, dimo’ =7 — 1 and ¢’ < o, then there are
exactly two cells 01,09 € ¥ between ¢’ and 0. (Here dimo; = dimog =14.) A
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remarkable property of a regular cell complex is the existence of an incidence
function e (cf. [4, II. Definition 1.8]). The definition of an incidence function
is the following.
(i) To each pair (o,0”) of cells, € assigns a number e(o,0’) € {0, £1}.
) €(o,0’) # 0 if and only if dimo’ = dimo — 1 and 0’ < 0.
(iii) If dimo = 0, then (o, ) = 1.

) If dimo =i+ 1, dimo’ =i —1 and ¢’ < 01, 09 < 0, 01 # 09, then
we have (0,01) e(01,0") + £(0,02) e(02,0") = 0.

We can compute the (co)homology groups of X using the cell decomposition
Y and an incidence function e.

Let P be a finite poset. The incidence algebra R of P over a field k is
the k-vector space with a basis {e; , | z,y € P with > y}. The k-bilinear
multiplication defined by ey y €. v = dy, » €z, w makes R a finite dimensional
associative k-algebra. Set ey := ey 5. Then 1 = Zzep ez and eg ey = 0p y €y
We have R = ®m€ p Re, as a left R-module, and each Re, is indecomposable.

Denote the category of finitely generated left R-modules by modg. If N €
modg, we have N = @IGPNI as a k-vector space, where N, := e, N. Note
that e, , Ny, C Ny and e, N, =0 for y # 2. If f: N — N’ is a morphism
in modg, then f(N,) C N..

For each x € P, we can construct an indecomposable injective module
Eg(x) € modg. (When there is no possibility of confusion, we simply denote
it by E(z).) Let E(x) be the k-vector space with a basis {e(z), | y < x}.
Then we can regard E(z) as a left R-module by

e(r), fy=wandz<uz,
(2.1) exwe(T)y = (@) )
0 otherwise.

Note that E(z), = ke(z), if y < z, and E(z), = 0 otherwise. An inde-
composable injective in modpg is of the form E(z) for some x € P. Since
dimy R < 0o, modpg has enough projectives and injectives. It is well known
that R has finite global dimension.

Let ¥ be a finite regular cell complex, and X its underlying topological
space. We make ¥ a poset as above. In the rest of this paper, R is the
incidence algebra of ¥ over k. For M € modg, we have M = M, as a
k-vector space, where M, := e, M.

Let Sh(X) be the category of sheaves of finite dimensional k-vector spaces
on X. We say F € Sh(X) is a constructible sheaf with respect to the cell
decomposition %, if F|o is a constant sheaf for all ) # o € X. Here, F|o de-
notes the inverse image j*F of F under the embedding map j : 0 — X. Let
Sh.(X) be the full subcategory of Sh(X) consisting of constructible sheaves
with respect to 3. It is well known that D?(Sh.(X)) = Dghc(x)(Sh(X))' (See
[7, Theorem 8.1.11]. There, it is assumed that X is a simplicial complex. How-
ever, this assumption is irrelevant. In fact, the key lemma [7, Corollay 8.1.5]

cEX
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also holds for regular cell complexes. See also [11, Lemma 5.2.1].) So we will
freely identify these categories.

There is a functor (—) : modr — Sh,.(X), which is well known to special-
ists (see, for example, [14, Theorem A]), but for the reader’s convenience we
give a precise construction here. See [14], [17] for details.

For M € modpg, set

Spé(M) := | o x M,.
D#£ocex

Let 7 : Spé(M) — X be the projection map which sends (p,m) € o x M, C
Spé(M) top € o C X. For an open subset U C X and amap s : U — Spé(M),

we will consider the following conditions:
(¥) mos=1Idy and sq = e, - sp for all p € o, ¢ € 7 with 7 > 0. Here s,
(resp. sq) is the element of M, (resp. M.) with s(p) = (p, s,) (resp.

s(q) = (q,q))-

(#%) There is an open covering U = [J,c, Ux such that the restriction of

s to Uy satisfies (k) for all A € A.

Now we define a sheaf Mt € Sh.(X) from M as follows. For an open set
U C X, set

MY (U) :={s|s:U — Spé(M) is a map satisfying (+*) }

and the restriction map MT(U) — MT(V) is the natural one. It is easy to
see that MT is a constructible sheaf. For ¢ € 3, let U, := U,>, 7 be an
open set of X. Then we have MT(U,) = M,. Moreover, if o < 7, then we
have U, D U, and the restriction map MT(U,) — MT(U,) corresponds to
the multiplication map M, > z — e, ;& € M,. For a point p € o, the stalk
(MT), of MT at p is isomorphic to M,. This construction gives the functor
(=)' : modgp — She(X). Let 0 — M’ — M — M" — 0 be a complex in
modp. The complex 0 — (M')T — MT — (M")T — 0 is exact if and only if
0— M. — M, — M! — 01is exact for all ) # ¢ € ¥. Hence (—)' is an exact
functor. We also remark that My is irrelevant to M.

For example, we have E(c)" = j.k., where j is the embedding map from
the closure & of ¢ to X and k; is the constant sheaf on 6. We also have
that F(o)" = j.k, = i.k,, where i : ¢ — X is the embedding map and k, is
the constant sheaf on o. Similarly, we have (Re,)! = hiky; , where h is the
embedding map from the open subset U, = J_~_7 to X.

T>0

REMARK 2.1. Let ¥ := X\ §) be an induced subposet of ¥, and T its
incidence algebra over k. Then we have a functor mody — Sh.(X) defined
in a similar way as (—)f, and it gives an equivalence mods = Sh.(X) (cf.
[14, Theorem A]). On the other hand, by virtue of () € ¥, our functor (—)' :
modg — Sh.(X) is neither full nor faithful, but we will see that modg has
several interesting properties which mody does not possess.
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For M € modg, set Iy(M) := {x € My | Rx C My }. It is easy to see that
Iy(M) = Hompg(k, M). Here we regard k as a left R-module by e, -k =0
for all e, , # ey. Clearly, I'y gives a left exact functor from modg to itself (or
vecty). We denote the ith right derived functor of Iy(—) by Hj(—). In other
words, Hj(—) = Extj(k, —).

THEOREM 2.2 (cf. [17, Theorem 3.3]). For M € modgr, we have an
isomorphism , ‘
HY(X,M") = H"' (M) for all i > 1,
and an exact sequence
0— HJ(M) — My — H°(X,M") — Hj(M) — 0.
Here H*(X, M") stands for the cohomology with coefficients in the sheaf M.

Proof. Let I*® be an injective resolution of M, and consider the exact se-
quence

(2.2) 0—>F@(I')—>['—>I'/F@(I')—>0

of cochain complexes. Put J® := I*/T'y(I*). Each component of J* is a direct
sum of copies of E(c) for various () # o € . Since E(0)' is the constant
sheaf on & which is homeomorphic to a closed disc, we have H* (X, E(0)") =
H'(g;k) = 0 for all i > 1. Hence (J*)' (= (I*)!) gives a I'(X, —)-acyclic
resolution of MT. Tt is easy to see that [J*]y =2 T'(X, (J*)T). So the assertions
follow from (2.2), since H(I®) =2 M and H(I*®) = 0 for all i > 1. O

REMARK 2.3. (1) If My = 0, then we have H'(X, M) = H;"' (M) for all
i

(2) Let A be a commutative Noetherian homogeneous k-algebra (i.e., A =
@D,~o Ai is a graded commutative ring satisfying: (1) Ao = k, (2) dimy 4; <
00, (3) A is generated by A; as a k-algebra). For a graded A-module M,
we have the algebraic quasi-coherent sheaf M on the projective scheme Y :=
Proj A. Tt is well known that H(Y, M) =~ [HiFL(M)]o for all i > 1, and

0 — [H2(M)]g — My — H(Y, M) — [HL(M)]o — 0 (exact).

Here H: (M) stands for the local cohomology module with support in the ir-
relevant ideal m = @, 4;, and [H}, (M)]o is its degree 0 component (H{ (M)
has a natural Z-grading). See also Remark 4.6 (2) below and the list given in
§8.

(3) Assume that X is a simplicial complex with n vertices. The Stanley-
Reisner ring k[X] of ¥ is the quotient ring of the polynomial ring k[x1, ..., x,]
by the squarefree monomial ideal Iy, corresponding to ¥ (see [3], [12] for
details). In [16], we defined squarefree k[¥X]-modules which are certain N"-
graded Ek[X]-modules. For example, k[X] itself is squarefree. The category
Sq(X) of squarefree k[X]-modules is equivalent to modg of the present paper
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(see [18]). Let @ : modr — Sq(X) be the functor giving this equivalence. In
[17], we defined a functor (—)T : Sq(2) — Sh.(X). For example, k[X]t = k.
The functor (—)* is essentially same as the functor (=)' : modp — Sh.(X)
of the present paper. More precisely, (=)' = (=)* o ®. For M € modg, we
have Hj(M) = [HL (®(M))]o. So the above theorem is a variation of [17,
Theorem 3.3].

3. Dualizing complexes

Let D’(modg) be the bounded derived category of modg. For M*® €
D®(modpg) and i € Z, M*[i] denotes the ith translation of M®, that is, M*[i]
is the complex with M®[i}/ = M**J. So, if M € modg, M]Ji] is the cochain
complex -+ —0— M — 0 — -+, where M sits in the (—i)th position.

In this section, from Verdier’s dualizing complex D% € D’(Sh.(X)), we
construct a cochain complex w® of injective left (R ®; R)-modules which
gives a duality functor from D’(modg) to itself. Let M be a left (R ®j, R)-
module. When we regard M as a left R-module via the ring homomorphism
Ro>z—2R®1€R®; R (resp. R3z— 1®x € RQ R ), we denote it by
rM (resp. Mpge).

For ¢+ < 1, the ¢th component w' of w*® has a k-basis

{e(o); |o,7pE X, dimo =—i, 0 >7,p},
and its module structure is defined by

e(o)r, ifr"=pando’ <o,
ey + R1)-elo) = 7
(o, ) el )p {0 otherwise,

and

e(o); ifr'=7and o’ <o,

0 otherwise.

(1®eor, ) elo), = {

Then we have g(w') = (W) ger 2= D gy o i £(0)"(9) as left R-modules, where
(o) ;== #{r € ¥ | 7 < o}. Note that R ® R is isomorphic to the incidence
algebra of the poset X x . For each o € ¥ with dimo = —i, we let I(o) be
the subspace (e(0)] | 7, p < o) of w'. Then, as a left R®; R-module, (o) is
isomorphic to the injective module Egg, r((0,0)), and w’ =2 @y, ,—_; L(0).
Thus w*® is of the form

d d+1 1

0—w*—w" — = w — 0,

W'= P Ere.rl(o,0)).
oEXD
dimo=—1
The differential of w*® given by
w' 3 e(o)] — Z g(o,0") - e(0)] € w™!
o'>T, p
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makes w*® a complex of left (R ®; R)-modules.
Let M € modg. Using the left R-module structure I(o)ges, we can regard
Hompg (M, rI(0)) also as a left R-module. Moreover, we have the following.

LEMMA 3.1. For M € modg, we have Homg(M, rI(0)) = E(0) @4 (M,)Y
as left R-modules. Here (M,)Y is the dual vector space Homg(My, k) of M,.

Proof. First, we show that if M, = 0 then Hompg(M, pI(c)) = 0. Assume
the contrary. If 0 # f € Hompg (M, rI(0)), there is some € M, 7 < o, such
that f(x) # 0. But we have f(es,rz) = e, - f(x) # 0. This contradicts the
fact that e, - x € M, = 0.

For a general M € modg, let M>, = @Tezr>a M. be a submodule of M.
By the short exact sequence 0 — M>, — M — M/Ms>, — 0 we have

0— HOI’nR(M/MZU,RI(J)) — HOI’HR(M,RI(U)) — HOHIR(MZU, RI(O’)) — 0.

Since (M/M>s)o = 0, we have Homp(M, rl(0)) = Hompr(M>,, rI(0)). So
we may assume that M = Ms,. Let {fi,...,fn} be a k-basis of (M,)".
Since (gl(0)); =0 for 7 > o, Homg(M>,, rI(0)) has a k-basis {e(0) ® f; |
7 < 0,1 <4<n}. By the module structure of I(c)ge, we have the expected
isomorphism. O

Since each gw' is injective, D(—) := Hom¥y(—, rw*®) =& RHomp(—, pw*)
gives a contravariant functor from D®(modg) to itself. In the sequel, we
simply denote Hompg(—, rw?) by Hompg(—,w?), etc.

We can describe D(M*®) explicitly. Since w’ = @y, ,—_; L(c), we have

Homp(M,w') = @) Homg(M,I(0))= P Elo)@x (M,)"
dimo=—1 dimo=—1¢

for M € modg by Lemma 3.1. So we can easily check that D(M) is of the
form

D(M):0 — D 4M) — D (M) — ... — D' (M) — 0,
D'(M)= P EBlo) @ (M,)".

dimo=—1
Here the differential sends e(0), ® f € E(0) ® (M,)" to
Z e(o,7)-e(1), ® fleor—) € @ E(1) ® (M;)".
TEX, T>p dim 7=dimo—1

For a bounded cochain complex M*® of objects in modg, we have

D'(M*)= @ D)= D Elo) o (M),

i—j=t —dimo—j=t

and the differential is given by
D!(M*) D E(0)®k (M) 3 20y — d(z@y )+(-1) (z®0"(y)) € D1 (M*),



INCIDENCE ALGEBRAS OF FINITE REGULAR CELL COMPLEXES 1229

where 0¥ : (MZ)Y — (MJ=1)V is the k-dual of the differential d of M*®, and
d is the differential of D(M7).

Since the underlying space X of X is locally compact and finite dimensional,
it admits Verdier’s dualizing complex D% € D?(Sh(X)) with coefficients in k
(see [6, V. §2]).

THEOREM 3.2. For M*® € D’(modg), we have
D(M*)' = RHom((M*)',D%) in D’(Sh.(X)).

Proof. An explicit description of RHom((M*®)t,D%) is given in the un-
published thesis [11] of A. Shepard. When ¥ is a simplicial complex, this
description is treated in [14, §2.4], and also follows from the author’s previ-
ous paper [17] (and [18]). The general case can be reduced to the simplicial
complex case using the barycentric subdivision.

Shepard’s description of RHom((M*)f, D% ) is the same thing as the above
description of D(M*®) under the functor (—). O

LEMMA 3.3. For each o € X, the natural map E(c) — DoD(E(0)) is an
isomorphism in D®(modpg).

Proof. We may assume that o # 0. Let 3|, ;= {7 € X | 7 <0} be a
subcomplex of X. Tt is easy to see that D(FE(c))g is isomorphic to the chain
complex Cy(2|y, k) of ¥|,. Thus H{(D(E(0)))g = H_i(; k) for all i, where
H, (0; k) stands for the reduced homology group of the closure ¢ of o. Hence
H{(D(E(c)))g = 0 for all i.

By Theorem 3.2 and the Verdier duality, we have

D(E(0))" = RHom(j.k,, DY) = jik,[dimo].

Here j : 0 — X is the embedding map.

Let M be a simple R-module with M = M, = k. Combining the above ob-
servations, we have D(E(0)) & M[dimo]. So DoD(E(0)) & D(M[dimo]) =
E(0), and the natural map E(c) — D o D(F(0)) is an isomorphism. O

THEOREM 3.4.

(1) w* € D*(modgg, r) is a dualizing complex in the sense of [19, Defini-
tion 1.1]. Hence D(—) is a duality functor from D®(modg) to itself.

(2) The dualizing complexr w® satisfies the Auslander condition in the
sense of [19, Definition 2.1]. That is, if we set

(M) == inf { i | Extiz(M,w®) # 0} € Z U {oo},

then, for all i € Z and all M € modg, any submodule N of
Extyh(M,w®) satisfies j,(N) > i.
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Proof. (1) The conditions (i) and (ii) of [19, Definition 1.1] obviously hold
in our case, so it remains to prove that condition (iii) also holds. To see this, it
suffices to show that the natural morphism R — DoD(R) is an isomorphism.
But it follows from “Lemma on Way-out Functors” ([5, Proposition 7.1]) and
Lemma 3.3.

(2) We may assume that M # 0. By the description of D(M), we have

Jo(M) = —max{dimo |c € X,M, #0}

and Ext%(M, w*)s = 0 for 0 € ¥ with dimo > —i. Hence, any submodule
N C Extyh(M,w*®) satisfies j,(N) > i. O

COROLLARY 3.5.  We have Ext(M®,w®)y = Hy "7 (M*)Y for all i € Z
and all M*® € D*(modg).

Proof. Since DoD(M?*) is an injective resolution of M®, we have RT'g(M*®)
=T'y(D o D(M?*)). By the structure of D(—), we have I'y(D o D(M?*)) =
(D(M*®)p)Y[—1]. So we are done. O

4. Categorical Remarks

For M,N € modg and o € 3, set Homp (M, N), := Homp(M>,, N). We
make Homp (M, N) := @, .y, Homz (M, N), a left R-module as follows: For
f € Homp(M, N), and a cell 7 with 7 > o, we let e, ,f be the restriction of
f into the submodule M>, of M>,.

LEMMA 4.1.  For M € modg, we have Hom (M, E(0)) & E(0) @k (M,)".

Proof. Similar to Lemma 3.1. (]

If a complex M* is exact, then so is Homp(M?®, E(c)) by Lemma 4.1. By
the usual argument on double complexes, if M*® is bounded and exact, and I*
is bounded and each I° is injective, then Hom%(M*®, I®) is exact.

Note that ¥ is a meet-semilattice (see [13, §3.3]) as a poset if and only if,
for any two cells o, 7 € X with 6 N7 # ), there is a cell p € X with 3N T = p.
If ¥ is a simplicial complex, or more generally, a polyhedral complex, then it
is a meet-semilattice. If ¥ is a meet-semilattice, for two cells o, 7 € X, either
there is no upper bound for o and 7 (i.e., no cell p € ¥ satisfies p > o and
p > T), or there is the least element o V7 in {p € ¥ | p > 0,7} (cf. [13,
Proposition 3.3.1]).

Assume that ¥ is a meet-semilattice. Consider Homp(Re,, N), for N €
modgr and 7 € ¥. If 0 V 7 exists, then we have Homp(Res, N)r = Nyyr.
Otherwise, there is no upper bound for ¢ and 7, and Homp(Re,, N); = 0.
Hence the complex Hom g (Re,, N*®) is exact for an exact complex N°®. Hence
if N* is bounded and exact, and P* is bounded and each P? is projective,
then Homy,(P*, N*®) is exact.
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By the above remarks, we have the following lemma (see [7, 1.1.10] for the
derived functor of a bifunctor).
LEMMA 4.2. For M*,N* € D*(modg), we have:
(1) If I* is an injective resolution of N*®, then
RHomp(M*®, N*®) = Hom%y(M*®, I°).
(2) If X is a meet-semilattice as a poset (e.g., ¥ is a simplicial complez),
then
RHomp(M*®, N*®) = Hom%(P*,N*®)
for a projective resolution P* of M*®.
ExaMPLE 4.3. The additional assumption in Lemma 4.2 (2) is indeed
necessary, that is, RHomp(M*, N*) 2 Hom¥%(P®, N*) in general.
For example, let X be a closed 2 dimensional disc, and ¥ a regular cell
decomposition of X consisting of one 2-cell (say, o), two 1-cells (say, 71, 72),
and two 0-cells (say, p1, p2). Since 71NT2 = p1Ups, X is not a meet-semilattice.

Let N be a left R-module with N = N, = k. Then an injective resolution
of N is of the form

I*:0— E(0) — E(m1) @ E(r2) — E(p1) ® E(p2) — E(0) — 0.
We have
HO7H1R(Repl ’ E(U))PQ = MR(Repl ’ E(Tl))P’z = HO7H1R(Repl ’ E(TZ))M =k
and
Hompg(Rep,, E(p1))p, = Hompg(Rep,, E(p2)),, = 0.
Thus Ext(Re,,, N),, = H'(Hom(Re,,,I*)),, # 0, while Re,, is a projective
module.

PROPOSITION 4.4. If M*® € D’(modg), then
D(M*) =~ RHom(M*, D(Rey)).

Proof. Since D(Reg) is of the form
0—-D 4Dt ... 5D -0

with D' = @y, —_; E(0), the assertion follows from Lemmas 4.1 and 4.2.
O

Since (Reg)t = ky, we have D% = D(ky) = D(Rey)" by Proposition 4.4.
If 7,G € Sh.(X), then it is easy to see that Hom(F,G) € Sh.(X). For
M,N € modg and () # o € X, we have

Hom(M', N)(U,) = Homgy v,y (M |y, , N'|v,) = Homp(M>,, N>, )
= Hompg(Ms,, N) = Homp (M, N),.
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Hence
Homp (M, N)T = Hom(MT, NT).

For F*,G* € D%(Sh.(X)), it is known that RHom(F*,G*) € D’(Sh.(X))
(see [7, Proposition 8.4.10]). Thus we can use an injective resolution of G*
in D*(Sh.(X)) to compute RHom(F*,G*®). If I*® is an injective resolution of
N* € Db(modp), then (I*)' is an injective resolution of (N*)' in D®(Sh.(X)).
Hence we have the following.

PROPOSITION 4.5 ([11, Theorem 5.2.5]). If M*, N*® € D(modg), then
RHomp(M®, N*)' = RHom((M*®)", (N*)T).

By Lemma 4.2 (2), if ¥ is a meet-semilattice, then RHom(F*,G*) for
F*,G* € D(Sh.(X)) can be computed using a projective resolution of F* in
D" (She (X)).

REMARK 4.6. (1) Let J be the left ideal of R generated by {e, ¢ | 0 #
f}. Note that J' = k,. Then we have that Homp(J, M)" = MT and
Hom g (J, M)y = T(X, MT). Moreover, we have Ext’s(J, M) = Extla(J, M)y =
Hi(X,MT) for all i > 1 by an argument similar to that in the proof of Theo-
rem 2.2.

(2) Let mody be the full subcategory of modg consisting of modules M
with M, = 0 for all ¢ # (). Then mody is a dense subcategory of modg.
That is, for a short exact sequence 0 — M’ — M — M"” — 0 in modgr, M
is in mody if and only if M’ and M" are in modg. So we have the quotient
category modpg / modg by [10, Theorem 4.3.3]. Let 7 : modr — modp / mody
be the canonical functor. It is easy to see that w(M) = w(M’) if and only if
Mg = M. ,. Moreover, we have Sh.(X) = modg / mody.

Let the notation be as in (1) of this remark. Then Homp(J,—) gives a
functor 7 : modg /mody — modg with 7 o = Id. Moreover, 7 is a section
functor (cf. [10, §4.4]) and mody is a localizing subcategory of modg.

Let A= &D,., Ai be a commutative Noetherian homogeneous k-algebra as
in Remark 2.3 (2) and Gry the category of graded A-modules. We say M €
Gr4 is a torsion module if for all x € M there is some 7 € N with A>; -z = 0.
Let Tor 4 be the full subcategory of Gr 4 consisting of torsion modules. Clearly,
Tor, is dense in Gry. It is well known that the category Qco(Y') of quasi-
coherent sheaves on the projective scheme Y := Proj A is equivalent to the
quotient category Gr 4 / Tor 4, and we have the section functor Qco(Y) — Gra
given by F — @, HO(Y, F(i)). So Tor 4 is a localizing subcategory of Gr 4.
In this sense, our Sh.(X) = modg / mody is a small imitation of Qco(Y") =
Gry / Tor 4.
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5. Cohomologies of sheaves on open subsets

Let ¥ C X be an order filter of the poset . That is, 0 € ¥, 7 € X,
and 7 > o imply 7 € U. Then Uy := |J,cy 0 is an open subset of X. If
M € modgr, My := @,cy M, is a submodule of M. It is easy to see that
(Mg)" = 55*MT, where j : Uy — X is the embedding map. If ¥ = {7 |
T > o} for some o0 € ¥, then Uy and My are denoted by U, and M>,,
respectively.

LEMMA 5.1. Let ¥ C X be an order filter with U ZF 0. Then we have the
following isomorphisms for alli € Z and M € modg.

(1) Hy"'(My) = H(Ug, M|y, for all i.
(2) BExth(M,w®), = Hy """ (Ms,)Y = HZ/(Us, MT|y,)Y for all 0 #
o€ X.
Proof. (1) We have
Hy™ (My) = HY (X, (My)') = H(X, jij" M) = B{(Us, M'1,).
Here, by Remark 2.3 (1), the first isomorphism holds even if ¢ = 0.

(2) By the description of D(M), we have D(M), = D(Ms>,)p. Hence we
have

Exty (M, w®)s = Extlh(Msq,w®)y = Hy T (Ms,)Y 2 H/(Uy, M|y, )Y,

Here the second isomorphism follows from Corollary 3.5. O

PROPOSITION 5.2.  For any o € ¥, D(Re,)! = Rj. Dy, where j : Uy —
X is the embedding map. In particular, D(Rey)’ = D%.

Proof. Set U := U,. Since (Re,)" = jik;;, we have

D(Re,)' = RHom(jiky, DY) (by Theorem 3.2)
>~ Rj.RHom(ky, 7°D%) (by [6, VII. Theorem 5.2])
~ Rj,RHom(ky, D) = Rj. D O

Motivated by Lemma 5.1, we give a formula for the ordinary (not compact
support) cohomology H*(Uy, M|y, ).
THEOREM 5.3.  Let W C X be an order filter with ¥ % (). We have
H'(Uy, M'|ty) = [Extp(D(M)y, w*)]g
for alli e N and M € modg.
Proof. For simplicity set U := Uy. Let F* € D?(Sh(U)). Taking a complex
in the isomorphic class of F*, we may assume that each component F* is a

direct sum of sheaves of the form hiky,, where V' is an open subset of U with
the embedding map h : V. — U (see [6, II. Proposition 7.4]). Since each
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component DiU of Dy, is an injective sheaf, h*D@ is also injective by [6, II.
Corollary 6.10], and we have
Hom(hky, D};) = Rh,RHom(ky, h*D};) = Rh.(h*D};) = h.h*Dj;
by [6, VII, Theorem 5.2]. Since the sheaf h.h*D}; is flabby, Hom®(F*, Dg;) is
a complex of flabby sheaves. Hence we have
Extgy, o) (F*, Dy ) = H (T(U, Hom*(F*, Dy ))
> R'T(U,RHom(F*, Df)).
Since RHom(RHom (M|, Dfy), Dy ) = M|y in DP(Sh(U)), we have
HY(U, MT|y) = R'T(U, RHom(RHom(M?'|y,Dyy), D))
> Extly, ) (RHom(M'[y, DY), D)
>~ R™T.(U,RHom(M |y, Dg))Y  (by [6, V, Theorem 2.1])
>~ R™T(U,RHom (M, D%)|v)"
=R 'T.(U,D(M)"|y)"
~ Ry (U,D(M)y)Y (by Lemma 5.1)
~ (Extlhz(D(M)gy, w*)p) (by Corollary 3.5). O

EXAMPLE 5.4. Assume that X is a d-dimensional manifold (in this paper,
the word “manifold” always means a manifold with or without boundary, as in
[6]) and ¥ C ¥ is an order filter with ¥ % (). We denote the orientation sheaf
of X over k (cf. [6, V.§3]) by orx. Thus we have orx[d] = D% in D?(Sh(X)).
Let U := Uy be an open subset with the embedding map j : U — X. We
have

(D(Reg)w)" = j1j*D(Rep)" = jij* D% = jiDY = (jiory)[d).
Thus
[Extr(D(Rep)w, w*) o = Hy "' (D(Reg)w)" = HI'(U,oryr).

But we have H (U; k) = H3~%(U,ory)V by the Poincaré duality. So equality
in Theorem 5.3 can actually hold.

For a finite poset P, the order complex A(P) is the set of chains of P.
Recall that a subset C' of P is a chain if any two elements of C' are compa-
rable. Obviously, A(P) is an (abstract) simplicial complex. The geometric
realization of the order complex A(X') of ¥/ := 2\ () is homeomorphic to the
underlying space X of X.

We say a finite regular cell complex ¥ is Cohen-Macaulay (resp. Buchs-
baum) over k if A(X') is Cohen-Macaulay (resp. Buchsbaum) over k in the
sense of [12, 11.§§3-4] (resp. [12, I1.§8]). (If ¥ is a simplicial complex, we
can use Y. directly instead of A(X’).) These are topological properties of the
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underlying space X. In fact, 3 is Buchsbaum if and only if H!(D%) = 0 for all
—i# d:=dim X (see [17, Corollary 4.7]). For example, if X is a manifold, 3
is Buchsbaum. Similarly, ¥ is Cohen-Macaulay if and only if it is Buchsbaum
and H (X;k) =0 for all i < d.

We have

H'(D(Rey))p = Ext(Reg,w®)p = Hy " (Reg)¥ = H (X3 k)"

for all 4+ € Z by Corollary 3.5 and Theorem 2.2. Recall that D(Rey)" = D%.
So Hi(D(Reg)) = 0 for all i # —d if and only if X is Cohen-Macaulay
over k. In general, H*(w*)! can be non-zero for some i # —d even if X is
Cohen-Macaulay. For example, let X be a closed 2-dimensional disc, and X
the regular cell decomposition of X given in Example 4.3. Then the “p;-po

component” (w®)f! of w® is of the form

0— E(o)h — E(Tl)% D E(TQ)Z; — 0.

Thus H~'(w*)f # 0, while X is Cohen-Macaulay. However, we have the
following result.

PROPOSITION 5.5.  Assume that ¥ is a meet-semilattice as a poset (e.g.,
Y is a simplicial complex). Then we have:
(1) HY(w®*) =0 for alli # —d if and only if %> is Cohen-Macaulay over k.
(2) HY(w*)' =0 for all i # —d if and only if ¥ is Buchsbaum over k.

Proof. (1) Since w*® = D(R) = @ .5, D(Re,), the “only if” part is clear
by the argument preceding the proposition. To prove the “if” part, we assume
that ¥ is Cohen-Macaulay. Set Q := H~¢(D(Rep)). Then Q[d] = D(Rey)
in D®(modg). By Proposition 4.4, we have D(Re,) = RHomp(Re,, Q[d]).
Since Re, is a projective module, we have Ext’s(Re,, Q) = 0 for all i > 0 by
Lemma 4.2. Thus H*(D(Re,)) = 0 for all i # —d.

(2) Similar to (1). O

REMARK 5.6. By [17, Proposition 4.10], Proposition 5.5 (1) states that
if ¥ is a Cohen-Macaulay simplicial complex, the relative simplicial complex
(3, delg (o)) is Cohen-Macaulay in the sense of [12, II1.§7] for all o € X. Here
delp(0) :=={7 € X |7 # o} is asubcomplex of 3.

EXAMPLE 5.7. (1) We say that a finite regular cell complex ¥ of dimension
d is Gorenstein® over k (see [12, p. 67]), if the order complex A := A(¥') of
¥ := ¥\ () is Cohen-Macaulay over k (that is, H;(lka o;k) = 0 for all 0 € ¥
and all ¢ # d—dim o —1; see [12, II. Corollary 4.2]) and ﬁd,dimg,l(lkA o k) =
k for all o € A. (If ¥ is a simplicial complex, we can use X directly instead of
A.) This is a topological property of the underlying space X. For example,
if X is homeomorphic to a d-dimensional sphere, then ¥ is Gorenstein* (over
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any k). Note that ¥ is Gorenstein* over k if and only if it is Cohen-Macaulay
over k and Eulerian (cf. [13]) as a poset.

It is easy to see that D(Reg) = (Reg)[d] in D’(modg) if and only if X
is Gorenstein®*. If 3 is a Gorenstein®™ simplicial complex, then w® = Q[d]
for some Q) € modgrg, r by Proposition 5.5. Moreover, we can describe €2
explicitly. In fact, Q has a k-basis {e? | 0,7 € ,0 UT € £} and its module
structure is defined by

T,oif = do'UrT ey,
(ea',7'®1)'e;:{6‘7 if 7 pand o UT

0 otherwise,

and

, Iz

0 otherwise.

To check this, note that the “7-p component” (w®)} of w® = (e(o)] | o > 7,p)
is isomorphic to C_,_4(Iks(7 U p)) as a complex of k-vector spaces, where
C.(lks: (T U p)) is the augmented chain complex of lks;(7U p) and n = dim(7 U
p) + 1. So the description follows from the Gorenstein* property of X. It is
easy to see that D(Re,) = (ef | T € stz o). So we have Rj. Dy, = juky [d],
where j : U, — X is the embedding map (j.k;; is essentially the constant
sheaf on the closure U, of U,).

(2) Let X be a finite simplicial complex of dimension d, and V the set of its
vertices. Assume that ¥ is Gorenstein in the sense of [12, I1.§5]. Then there
is a subset W C V and a Gorenstein* simplicial complex A ¢ 2V\W such
that ¥ = 2" x A, where “+” stands for the simplicial join. (The Gorenstein
property depends on the particular simplicial decomposition of X.) Since a
Gorenstein simplicial complex is Cohen-Macaulay, there is 2 € modgg, r such
that w® 2 Q[d]. By an argument similar to (1), 2 has a k-basis {eZ | cUT €
¥, 0 Ur D W} and its left R ®; R-module structure is obtained in a similar
way as in (1).

Assume that ¥ is the d-simplex 2¥. Then ¥ is Gorenstein and  has a
k-basis {eZ | cUT =V }. Moreover, we have a ring isomorphism given by ¢ :
R3S ey — €rcpe € R°P, where R°P is the opposite ring of R, and o€ := V'\ 0.
Thus R has a left (R ®j R)-module structure given by (z®y)-r=x-7-9o(y).
Then a map given by R > €5, — eg° € Q is an isomorphism of (R ® R)-
modules. So R is an Auslander regular ring in this case. See [18, Remark 3.3].

(3) Assume that ¥ is a simplicial complex and X is a d-dimensional man-
ifold which is orientable (i.e., orx = ky) and connected. Then H*(w®)" = 0
for all i # —d. It is easy to see that  := H~%(w*) € modgg, g has a k-basis
{eZ | o Ut € £} and the module structure is give by the same way as (1).
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6. The M&bius function of the poset %

The Mobius function of a finite poset P is a function
pif(wy)|la<yinP} -7

recursively defined by p(z, ) = 1forallz € Pand p(z,y) = —>_, ., u(x, 2)
for all x,y € P with z < y. See [13, Chapter 3] for a general theory of this
function.

For a finite regular cell complex X, let 3 be the poset obtained from X by
adjoining the greatest element 1 (even if ¥ already possess a greatest element,
we add a new one). Then the Mdobius function p of S has a topological
meaning. For example, we have u(0,1) = x(X), where Y(X) is the reduced
Euler characteristic 3,5 ,(—1)" dimy, H?(X;k) of X. When the underlying
space X is a manifold, the M&bius function of 3 is completely determined in
[13, Proposition 3.8.9]. Here we study the general case.

Foro € ¥ withdimo > 0, {0’ € ¥ | ¢/ < ¢} is aregular cell decomposition
of & — o which is homeomorphic to a sphere of dimension dimo — 1. Hence
we have pu(7,0) = (—=1)!(79) for 7 € ¥ with 7 < ¢ by [13, Proposition 3.8.9],
where I(7,0) := dimo — dim 7. So it remains to describe pu(c, 1) for o # 0.

PROPOSITION 6.1. For a cell ) # o € ¥ with j := dimo, we have

p(o, 1) =Y (=17 dimy Hi(Uys k).

127

Here H{(U,; k) is the cohomology with compact support of the open set U, =
Ung pof X.

Proof. The assertion follows from the following computation:

plo)== > pulo,p)

PEL, p=o
=Y ()T peX|p>o, dimp=i}
i>j
— Z(_UH“ dimy H™ (D% )(Uy)
i>j
=Y (=17 dimy, H(Uy; k).
(2]

Here the second equality follows from the fact that (o, p) = (=1)4%P); the
third equality follows from D% =2 D(Rey)! and the description of D(Rep)
(recall also that M T(U,) = M,); and the last equality follows from the Verdier
duality. O
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Assume that X is a manifold of dimension d. If o # () is contained in the
boundary of X, then U, is homeomorphic to (R¥~! x R>q) and Hi(U,; k) =0
for all 4. Thus u(o, 1) = 0 in this case. If ¢ is not contained in the boundary
of X, then U, is homeomorphic to R? and H:(U,; k) = 0 for all i # d and
HY(U,;k) = k. Hence we have u(o,1) = (—1)4-dmo+1 So Proposition 6.1
recovers [13, Proposition 3.8.9].

7. Relation to Koszul duality

Let A = @i>0 A; be an N-graded associative k-algebra such that dimy A; <
oo for all i and Ay = k™ for some n € N as an algebra. Then t := ®i>0 A;
is the graded Jacobson radical. We say A is Koszul if a left A-module A/t
admits a graded projective resolution

P2 Pt Pl A0

such that P~ is generated by its degree i component as an A-module (i.e.,
Pi= AP[i). If A is Koszul, it is a quadratic ring, and its quadratic dual ring
A" (see [1, Definition 2.8.1]) is Koszul again, and isomorphic to the opposite
ring of the Yoneda algebra Ext% (A/t, A/r).

Note that the incidence algebra R of ¥ is a graded ring with deg(e, o) =
dim o — dim¢’. So we can discuss the Koszul property of R.

PROPOSITION 7.1 (cf. [18, Lemma 4.5]). The incidence algebra R of a
finite regular cell complex ¥ is always Koszul. Moreover, the quadratic dual
ring R' is isomorphic to R°P.

When ¥ is a simplicial complex, the above result was proved by Polishchuk
[8] in much wider context (but § ¢ ¥ in his convention). More precisely,
Polishchuk introduced a new partial order on the set X\ () associated with a
perversity function p, and constructed two rings from this new poset. Then
he proved that these two rings are Koszul and quadratic dual rings of each
other. Our rings R and R°P correspond to the case when p is the top (or
bottom) perversity. In the middle perversity case, ¥ has to be a simplicial
complex to make their rings Koszul.

Proof. By [9], [15], R is Koszul if and only if the order complex A(I) is
Cohen-Macaulay over k for any open interval I of 3. Set 3/ := X\ (). Note
that A(I) = lka(sy I for some F' € A(X') containing a maximal cell o € 3.
Set A := sta(zyo. Then A(I) = lka F. Since the underlying space of A is
the closed disc 7, A is Cohen-Macaulay. Hence lka F' is also. So R is Koszul.

Let

T:=Tr,Ri =Ry DR ® (R Qp, R1) ®--- = @R?i
i>0
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be the tensor ring of
Ri={eys,|0,7€X, 0>7 dimoc=dim7+1)
over Ryg. Then R = T/I, where
I=(€sp Q@€p.r—€op,R€p, r|0>p;>71,dimoc=dim7+2)

is a two-sided ideal. Let R} := Homp,(R1, Ro) be the dual of the left Ro-
module R;. Then R} has a right Ry-module structure such that (fa)(v) =
(f(v))a, and a left Ryp-module structure such that (af)(v) = f(va), where
a € Ry, f € R}, v € Ry. As aleft (or right) Rp-module, R} is generated by
{er s lo>7 dimo=dimT+ 1}, where €} (e +/) = 5,0/ - 0777 - €5

Let T* = Tg, R} be the tensor ring of R]. Note that e ,®e}, ,, € R} Qg,
Rj is non-zero if and only if 0 = 7/. We have that (R} ®g, R}) is isomorphic
to (R1 ®r, R1)" = Homp,(R1 ®r, R1, Ro) via (f ® g)(v ® w) = g(vf(w)),
where f,g € R} and v,w € R;. In particular, (e} ,®e€} ,)(es,,®@e€p 1) = €.
Recall that if 0,7 € ¥, 0 > 7 and dimo = dim 7 + 2, then there are exactly
two cells p1, p2 € X between o and 7. So an easy computation shows that the
quadratic dual ideal

I'=(feRI @R, | flv)=0foralve L C R @R =Tp) CT*
of I is equal to
(€5, ®ep o€ ,,@e, o | p1#pa, 0>pi>7, dime =dim7+2).

The k-algebra homomorphism R® — R' = T*/It defined by the identity
map on Ry =Ty = (T*)o = (R')o and Ry 3 €5, — €(0,7) - €}, € R} is a
graded isomorphism. Here ¢ is an incidence function of X. O

Since R' = R°, Homy(—, k) gives duality functors Dy : modg — modp:
and D?” : modp — modg. These functors are exact, and they can be ex-
tended to duality functors between D®(modg) and D?(modp ).

Note that R' is a graded ring with degey , = dimo — dim7. Let grp
(resp. grp:) be the category of finitely generated graded left R-modules (resp.
R'-modules). Note that we can regard the functor D (resp. Dy and D}?) as
a functor from D®(gry) to itself (resp. D°(grp) — Db(gry:) and DP(grp) —
D¥(grp)).

For each i € Z, let grp(i) be the full subcategory of grp consisting of
modules M with deg M, = dimo — 4. For any M € grp, there are modules
M@ € grp(i) such that M = Dicz M@ The forgetful functor gives an
equivalence grp (i) = modg for all i € Z, and D’(gry(i)) is a full subcategory
of Db(grg). Similarly, let grp: (i) be the full subcategory of grp: consisting of
modules M with deg M, = —dim o —¢. The above mentioned facts on gry ()
also hold for grpi(i).

Let DF : Db(grp) — D%(grgp:) and DG : Db(grp) — DP(gry) be the
functors defined in [1, Theorem 2.12.1]. Since R and R' are Artinian, DF
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and DG give an equivalence D®(grp) = Db(grp:) by the Koszul duality ([1,
Theorem 2.12.6]).

For the case when X is a simplicial complex the following result was proved
by Vybornov [14] (under the convention that § ¢ ¥). Independently, the
author also proved a similar result ([18, Theorem 4.7]).

THEOREM 7.2 (cf. Vybornov, [14, Corollary 4.3.5]). Under the above
notation, if M® € D°(grg(0)), then we have DF(M®) € D(grp:(0)). Sim-
ilarly, if N* € D%(grp:(0)), then DG(N®) € D(grg(0)). Under the equiv-
alence grp(0) = modgr and grp(0) = modg:, we have DF = Dy o D and
DG = Do D"

Proof. Recall that (R')g = Ry. Let N € modp:. For the functor DG, we
need the left R-module structure on Hompg, (R, N,) given by (xf)(y) := f(yz).
The R-homomorphism given by Hompg,(R,Ny) > f +— > . e(0); Qk
f(es.7) € E(0) ® N, gives an isomorphism Hompg, (R, N,) & E(c) @, N,.
Under this isomorphism, for cells 7 < o, the morphism Hompg, (R, Ny) —
Hompg, (R, N;) given by f + [z + e} , f(es - x)] corresponds to the mor-
phism E(0) @ N, — E(1) @, Ny given by e(0), @y — e(1),® e} ,y. (Here
e(r), =0if 7 % p.)

Let N € grpi. By the explicit description of D given in §3, we have

(DoDP)(N)= P E(@)@rN,= €D Hompg,(R,N,)
di O’€§ ) di UE§ .

and the differential map defined by

E(@)@iNy 3 ¢(0),0y — Y elo,7) (e(r),@e}, ,y) € (DoDP)*H(N).

TEX
dimr=—i—1

So, if we forget the grading of modules, we have DG(N) = (D o D{?)(N).
Similarly, we can obtain an isomorphism DG(N®) = (D o D}")(N*®) for a
complex N*® € D(grp).

Assume that N € grpi(0). Then the degree of e(0), ® y € E(0) ®; Ny C
DG(N) is (dim7—dim o) +dim o = dim 7 (see the proof of [1, Theorem 2.12.1]
for the grading of DG(N)). Thus we have DG(N) € gryp(0).

We can prove the statement on DF in a similar (and easier) way. (]

The results corresponding to Proposition 7.1 and Theorem 7.2 also hold for
the incidence algebra of the poset ¥\ @). In other words, Vybornov [14, Corol-
lary 4.3.5] and the “top perversity case” of Polishchuk [8] can be generalized
directly into regular cell complexes.



INCIDENCE ALGEBRAS OF FINITE REGULAR CELL COMPLEXES 1241

8. Summary

For the reader’s convenience, we give a list of the similarities between the
subjects investigated in this paper and (quasi-)coherent sheaves on a projec-
tive scheme.

For a cell complex and related concepts, we use the same notation as be-
fore (X, X, R, modg, Sh.(X) and so on). Readers who skipped the preced-
ing sections are recommended to see §1 for a review of this notation. Let
A=@,.,Ai be a commutative Noetherian homogeneous algebra over a field
k. We denote the graded maximal ideal @D,~, Ai by m. Let Gra be the cat-
egory of graded A-modules, and gr , its full subcategory consisting of finitely
generated modules. For M € gry and N € Gra, Homa (M, N) has a nat-
ural graded A-module structure. By Qco(Y) (resp. Coh(Y')) we denote the
category of quasi-coherent (resp. coherent) sheaves on the projective scheme
Y = Proj(4)

In the following list, the item (nR) for n = 1,2, ..., states the property of
modp corresponding to the property of Gry (or gr4) stated in the item (nA).
Of course, the situations of (nR) are much simpler than those of (nA).

(1R) We have an exact functor (—) : modg — Sh,.(X) with MT(U,) = M,

for each () # o € 3. Here U, denotes the open set |J_ - 7 of X.

(2R) We have a left exact functor I'y : modr — modp (or vect) whose
derived functor Hj(—) satisfies H'(X, MT) = Hi*' (M) for all i > 1
and 0 — H{(M) — My — H°(X,M") — Hj(M) — 0 (exact).

(3R) If mody is the full subcategory of modg consisting of modules M with
[y(M) = M (equivalently, M € mody <= MT = 0), then this is a
localizing subcategory with modg / mody 2 Sh.(X).

(4R) We have a dualizing complex w® € D’(modgg, r) giving the duality
functor R Homg(—,w®) from D’(modg) to itself. We have a direct
summand @* of w*® such that (w*)’ € DY(Sh.(X)) is the dualizing
complex D% of X (e.g., if X is a manifold of dimension d, then
H~4@*)" is the orientation sheaf of X). For M* € D’(modg), we
have R Hompg(M*,w®)" = RHom((M*)', D%) in D*(Sh.(X)). More-
over, RHom(—,w*)" corresponds to the Verdier duality for
Db($h,(X)).

(5R) For M*® € D’(modg), we have Extj(M®, w®)y = H, T (M*)Y.

(6R) The dualizing complex w*® satisfies the Auslander condition of [19].
For 0 # M € modpg, we have

max{dimo | M, # 0} = —min{i | Exth(M,w®) #0}.
(1A) We have a well known exact functor (—)~ : Gra — Qco(Y). If M €
gr4, then M is coherent.

(2A) We have a left exact functor I'y, : Gry — Gry whose derived func—
tor (i.e., the local cohomology functor) H: (—) satisfies H (Y, M) =
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[HiY(M)]o for all i > 1 and 0 — [HO(M)]o — My — HO(Y, M) —
[HL(M)]o — 0 (exact).

(3A) If Tor 4 is the full subcategory of Gra consisting of modules M with
Iw(M) = M (equivalently, M € Tory <= M = 0), then this is a
localizing subcategory with Gr4 / Tora 2 Qco(Y).

(4A) We have a dualizing complex w% € D°(gr,) which gives the duality
functor RHom(—,w%) from D’(gr,) to itself. If we use the con-
vention that HE (w%) # 0 <= i = 1, then (w%)~ € D’(Coh(Y))
is the dualizing complex Dy of Y. For M® € D(gr,), we have
R Homa(M®, w%)~ = RHom((M*)~,D}) in D’(Coh(Y)). More-
over, RHoma(—,w%)™~ corresponds to the Serre duality for
DP(Coh(Y)).

(5A) For M* € DP(gr,), we have Ext’y(M®,w%) = Hy "t (M*)V, where
(=) stands for the graded k-dual. (Note that RI'y(w%) = AY[-1]
in our convention.)

(6A) The dualizing complex w$ satisfies the Auslander condition (this con-
dition is always satisfied in the commutative case). For 0 # M € gry,
we have Krull-dim(M) — 1 = —min{i | Ext’y(M,w%) # 0}. Recall
that if M ¢ Tor 4, then dim M = Krull-dim(M) — 1.
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