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RELATIVE FATOU THEOREM FOR o-HARMONIC
FUNCTIONS IN LIPSCHITZ DOMAINS

KRZYSZTOF MICHALIK AND MICHAL RYZNAR

ABSTRACT. We prove a relative Fatou theorem for a-harmonic functions
on bounded Lipschitz domains D that vanish outside D. We also discuss
the case when the normalizing function corresponds to the Hausdorff
measure on the boundary of D.

1. Introduction

The problem of the boundary behaviour of harmonic functions on bounded
regular domains has been studied intensively, both in analytic and in prob-
abilistic contexts (see [2], [3], [15], [27]). These functions are related to the
Brownian motion process, and since this process hits the boundary when
leaving sufficiently regular domains, it follows that harmonic functions have
nontangential limits at the boundary as well as other important properties
(see [4], [18], [27], [29]).

When considering a-harmonic functions and the potential theory of Riesz
kernels, a probabilistic approach leads to the a-stable rotation invariant Lévy
process. This process is a jump process that, usually, leaves the domain
without entering its boundary (see [14], [28], [30]). This is the reason why
the analytic approach to the boundary behaviour of a-harmonic functions is
different from the one used in the classical case. In the a-stable case the
natural objects to be considered are ratios of a-harmonic functions vanishing
outside the domain. These functions can be analyzed in the context of their
boundary behaviour, and they have been investigated in the classical case (see
[17], [29]). The a-stable case has been studied in the literature; see [12] for
the latest results in smooth domains.

In this paper we present some results in the a-stable case for bounded Lip-
schitz domains (see below for the details). The main part of the paper follows
the general outline presented in [29], but we will need different estimates since
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the a-stable Lévy motion has discontinuous paths when o < 2. We will use
the estimates for the Martin kernels and the Green functions of Lipschitz do-
mains, smooth domains (see [16], [19], [22]) and cones (see [1], [25]). We will
also use a version of the Boundary Harnack Principle, presented in [26].

In Section 2 we present the basic concepts and definitions. Section 3 pro-
vides some estimates for the Green function and the Martin kernel in Lipchitz
domains. Some of these estimates may be useful in other applications. Sec-
tion 4 contains the most important results of this paper, including the main
theorem (Theorem 4.2), an a-stable version of a relative Fatou theorem for
classical harmonic functions (see [29, Theorem 3]). We also give a simple ex-
ample which shows that the assumptions of this theorem cannot be weakened.
Section 5 deals with the case when the normalizing a-harmonic function cor-
responds to the surface measure o. The main results of this section, Theorems
5.3 and 5.4, generalize the results of [12] and, together with the counterex-
ample presented, show the difference between Lipschitz domains and smooth
domains.

After completing this paper, the authors have been informed by the ref-
eree that similar results for s-fat sets, which are a wider class than Lipschitz
sets, have recently been obtained by Panki Kim, with the use of probabilistic
methods (see [21]).

2. Preliminaries

We denote by |- | the Euclidean norm of vectors. For a set B € Rd7 d>2,
we denote its complement by B¢ and its characteristic function by 15. For
z € R, B(z,r) denotes an open ball centered at x of radius r. For a Borel
set B and r > 0 we define rB = {rz: = € B}.

Let D denote a bounded open set in RY. We say that D is a Lipschitz
domain if there exist constants Ry (localization radius) and A > 0 (Lipschitz
constant) such that for every z € 9D there is a function F : R~! — R and
an orthonormal coordinate system y = (y1,...,yq) such that

DNB(z,Ry) ={y:ya>F(y1,.-.,ya-1)} N B(z, Ro)

and the function F' is Lipschitz with Lipschitz constant not greater than .
If, in addition, F' is differentiable and V F' is Lipschitz with Lipschitz constant
not greater than A, then D is called a C''! domain.

Let (X, P®) be the rotation invariant (‘symmetric’) a-stable Lévy motion
(i.e., homogeneous with independent increments) on R? with index o € (0, 2)
(see [6]). For a Borel subset B of R? let Tg and 75 denote, respectively, the
first entry time and the first exit time of B, i.e., Tp = inf{t > 0: X; € B}
and 73 = Tge.

For z € R we define the a-harmonic measure of D by w%(B) = P*(X,, €
B). If D is Lipschitz then this measure is concentrated on (D)¢ and has a
density with respect to the Lebesgue measure, called the Poisson kernel (see
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[8]). This kernel will be denoted by Pp(z,y), = € D,y € (D)°. It satisfies
the scaling property

(1) PD(x,y) = (1/Td)P(1/r)D($/Ta y/r)a r > 0.

When D = B(0,7), r > 0, the Poisson kernel is given by the explicit formula
r? — x|2>a/2 1
ly[> —r? |

Pr(x,y) = Od,a (

where Cy o = I'(d/2)n~= %2~V sin(ra/2) (see [7], [23]).

For z € B let 6,(B) = dist(x,0B) and d, = 6,(D).

In this paper constants are always positive numbers. In equations and
inequalities the constants may change under arithmetic transformations, but
they will be denoted by the same symbols. A notation of the form ¢ = ¢(a, b)
means that the constant ¢ depends only on a, b.

A nonnegative Borel function h on R? is said to be a-harmonic on D if for
each bounded open set B with B C D and for all x € B we have

(2) h(z) = E*h(X,p) < 0.

If h = 0 on D¢ then h is called singular a-harmonic on D. If B can be
replaced by D in (2) then h is called regular a-harmonic on D. In particular,
for B fixed the harmonic measure w$ (B) is regular c-harmonic on D as a
function of z (see [8]).

From now on we will assume that » > 0, z € D, y € (D), z,Q € 9D.
xg € D will be a fixed reference point. For r < Ry/32 and Q € 9D we
denote by Ag . a point for which B(Ag -, kr) C B(Q,r) for a certain absolute
constant £ = k(D) = 1/(2v/1+ A2). The set of such points is nonempty and
Ag,r is not unique. For r > Ry/32 we set Ag , = x1, where z1 € D is another
fixed point such that |xg — 1] = Ro/4. See [19] for details.

The following theorems (Harnack Principles) constitute some of the basic
tools in our paper.

syl <l >

THEOREM 2.1 (Harnack Principle). Let B be an open set. Assume that for
some positive integer k and all x,y € B we have |z—y| < 2¥ min(6,(B), §,(B)).
Let u be a-harmonic in B(x,6,(B)) U B(y, 6y(B)). Then there exists a con-
stant C = C(d, &) such that

O 7R+ () < u(x) < C2F@HNy(y).

THEOREM 2.2 (Boundary Harnack Principle). Let D be an open set, z €
OD,r,p € (0,1), and B(A,pr) a ball in D N B(z,r). Then there exists a
constant C = C(d, «) > 1 such that for any two functions u,v that are positive
regular a-harmonic in D N B(z,2r) and vanish in DN B(z,r) we have

“1 ata V(@) _ u(z) 2 V(@)
C~tpdt o(A) < w(A) < Cpt o(A)’ x € DN B(z,1/2).
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Theorem 2.1 is a version of [8, Lemma 2] and Theorem 2.2 can be found
in [26].

For all nonnegative Borel measurable functions f we define the Riesz po-
tential of f by

Uf(x) = E* / F(X)dt = / Agalz — 5“4 f(y)dy,

where Ay, =277~ ((d — @) /2)/T(a/2) (see [6]).
For an open set B we define the Green potential of f by

Guf(e) =B [ f(X0dt = [ Galon)fw)in
0
where Gg(z,y) is the Green function of B defined by
(3)  Gpla,y) = Avallz —y[*™? = E*|z — X, |*7), 2,y € Bx #y,

Gp(z,x) = 00, z € B, and Gp(z,y) = 0 otherwise. This function is sym-
metric (i.e., Gp(z,y) = Gp(y,x)), positive in int(B), and if B; C By then
Gp, < Gp,. Furthermore, Gp satisfies the scaling property

(4) Gp(z,y) = (1/r")Gamp(z/ry/r), r >0,

For other properties of the Green function see [9] and [16].
Every nonnegative function that is singular c-harmonic on D has a unique
representation (called Martin representation)

(5) f@)= [ Mz, 2)p(dz),

oD
where 1 is a finite Borel measure on 9D (see [9]). The kernel function M (z, z),
called Martin kernel, may be defined by

(6) M(z,z) = lim Go(r.y)

, x €D, z€dD.
D3y—z Gp(xo,y)

The existence of this limit follows from the Boundary Harnack Principle (see
[9]). We will use the following estimates for M (see [19, Theorem 3]):

) o(z) 4(z)
|$ - z|d_a¢2(Az,|xfz|) |.’L' - Z‘d_a(bz(Az,\zfz\)’

(7) < M(z,2)<C

where ¢, C depend on d, o, A and
(8) ¢(z) = min(Gp (2, x0), Ca,a(Ro/4)* 7).

Note that for x sufficiently close to 9D we simply have ¢(z) = Gp(z,zg).
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3. Estimates for Green functions and Martin kernels

First we define an unbounded circular cone with vertex at 0 = (0,0,...,0)
and symmetric with respect to the d-th axis as a set V' of the form

V=A{z:n|(z1,22,...,24-1)| < x4},

where ) € (—o0,00). The aperture of V' is the angle v = arccos(n/4/1 + n?) €
(0,7). More generally, an unbounded cone with vertex at @ is a set V'
isomorphic to the cone V defined above and such that r(V' — Q) = V' — @
for any r > 0. For a cone V with vertex at () we denote by 1 a point on the
axis of V' such that |1 — Q| = 1.

Let V be a cone with vertex at 0 and aperture v € (0,7). Assume that
1=(0,0,...,0,1). By [1, Theorem 3.2] there exists a so-called Martin kernel
with pole at infinity. This is a unique nonnegative function My on R? such
that My (1) = 1, My = 0 on V¢, and My is regular a-harmonic on every
open bounded subset of V. Moreover, My is locally bounded on R¢ and
homogeneous of degree § € [0, «), that is,

(9) My () = |2|" My (2/z]), = € V.

Furthermore, 8 = B(V, «) is a strictly decreasing function of v (see [1, Lemma
3.3]). We will call 8 the characteristics of V. If v = w/2 then V is the half-
space {(z1,%2,...,24) : g > 0}. In this case My (z) = xg‘/z,x € V, and this
gives 8 = a/2 (see [1]).

From [25, Lemma 3.3] we have

(10)  clz —QP*/262/2(V) < My (2) < Clz — QP */252/2(V),

where ¢, C' depend on d, o and the aperture of V.

For r > 0 and any cone V with vertex at @ we define a bounded cone V,
by V. =V NB(Q,r).

By the properties of Lipschitz domains (see [9]) we know that there exists
Rg > 0 such that for every z € 8D and every r < Ry there exist cones I, TV
with vertices at z and such that

I, € DN B(z,r),l,. C D°NB(z,7).

We call T', an inner cone and I',. an exterior cone.
If I', is an exterior cone with its vertex at z € 9D then I', = ff, is also a
cone with its vertex at z. We see that

DN B(zr)CT,.
We will call fr a covering cone.

In our subsequent analysis we will often refer to inner cones and covering
cones with vertices located at z € 9D. We denote the characteristics of these
cones by (8 and [, respectively. Furthermore, we note that by the Lipschitz
property there exists a number 7 such that for all z € 0D there exists an
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inner cone I'r, of aperture 7y and vertex at z and a covering cone fRO of
aperture ™ — 7 and vertex at z. Simple calculations yield

~Yo = arccos(A/v/1+ A2).

We will denote the characteristics of these cones by 5y and ﬁo, respectively.

Because of [1, Lemma 3.3], for any z € 9D it suffices to consider those
inner bounded cones I',. and covering bounded cones f, for which 0 < BO <
B < B < By < a. Note that /B,B may depend on z,r, while ﬂo,go do not
depend on z. Furthermore, for any z € 9D and r < R(/32 we may assume
that B(A,,,kr) C T, C T,.

We now present some estimates for Martin kernels. We start with the
following lemma.

LEMMA 3.1. Let r < Ry. For Q € 9D consider two cones T',T" with
vertices at ) and characteristics 3, 3, respectively, such that 'y is an inner
bounded cone and T, is a covering bounded cone. Then there exist constants

c=c(Q,B,B) and C = C(Q, B3, 3) such that:
(i) Ifx is in '), 4 then

_ ,870(/25;‘/2
o) 2 lZ WD

(ii) Ifx is in DN B(Q,r/4) then

o) < clr= QD

P(Agr) <C (

B

Proof. We may assume that zo ¢ I's,. Set B, = I'N (B(Q,2r)\ B(Q,r))
and define

fp(z) = P$(XTDnB(Q,T) € B,),
fr(:E) = Pw(XTFﬁB(Q,T) € BT)>
fol@) = P*(Xp € B).

Obviously, fr < fp < fron RY. Next, the scaling property of the harmonic
measures implies that

fr(Ag,) = PAer(X

and, similarly,

€ B,) = PAe1(X € By) >0,

TTNB(Q.r) TTNB(Q.1)

fF(AQ,T> = PAQ’l(XTrmB(QJ) € Bl) > 0.
Hence cfs(Aq,r) < fp(Ag,r) < Cfr(Aq,r), and consequently

fr(z) fo(zx) Jr(x)
“FelAan) = TolAg,) = Flda,)

(11)
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where ¢, C' depend on the apertures of T, i and therefore on J3, B
The construction of Ag , implies that

kr < clAqr —Q <04, (T) <ClAg, —Q| <

and
kr < c|Ag, — Q| < da,,(T) < ClAg, — Q| <7

Therefore, by (10) we get cr? < Mr(Ag,) < Crf and orf < Mz(Ag,) <
CrP.  Note that the functions o)/ fo(Aq.yr), fr()/fr(Ag,), and
fr(-)/fr(Ag,) are regular o-harmonic on D N B(Q,r), [N B(Q,r), and
I'NB(Q, ), respectively, vanish on D°NB(Q, ), fCﬂB(Q, r), and T°NB(Q, ),
respectively, and are equal to 1 at Ag . Therefore, if |z — Q| < r/4, using
the Boundary Harnack Principle, (8) and (10), we obtain

fo(z) _ o) _ Gplz,z) _ . folz)

c < = < ,x €D.
fo(Aqr) = ¢(Agr)  Gp(Aqg.rs 7o) fo(Ag,r)
In a similar way we get
_ O|B-a/250/2
fole) |, Mile) | e QP )
fr(Aq,r) = Mr(Ag,) r?
and
' . _ E—a/Q a/2
frlo) o Mp@) e - QP )
fe(Ag.r) Mz (Aq,r) B
_ B
< C (M) , T € D,
r
which, combined with (11), completes the proof. O

LEMMA 3.2. Let r < Ry. For Q € 9D consider two cones F,f with
vertices at QQ and characteristics (3, E, respectively, such that T, is an inner
bounded cone and fr s a covering bounded cone. Moreover, let x € D,z €
dD and |z — Q| < |z — z|. Then there exist constants ¢ = c(r, D, 3,3) and
C= C(r,D,ﬂ,E) such that

C<|x—cz|>““"< M(z,2) <C<|x—cz>““?

|z — 2| |z — 2|

M(z,Q)
Proof. By (7) we have

c (|$ - QI)‘H ¢*(Agje-ql)
|$ - Z| ¢2(Az,|x—z\)

M(z, 2)
M(z,Q)

< <

c (Ix - QI)‘H ¢*(Agjz-q1)
|x - Z| ¢2(Az,\z—z\) ’
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so we need to show that
- @1\’ _ ¢(Aq-q) e - Ql\’
< ! < .
(12 (5=3) = oA =

First assume that |z — Q| < |z — z| < r/4. Recall that we can choose
AQ,ja—q| s0 that B(Ag .—q|, klr — Q|) C I'y. Then, using Lemma 3.1 with
r = 4|z — z|, we obtain

|Age—o| — QIP2/265% (I

s e 4]z — z|)ﬁAQ"IfQ' $(AQ fo—2)) < (A 1e—q))
A lz— - Q E
<o (Pt ..

From the definition of Ag |,_¢q| we have
Rlr = QI <0aq g (1) S04g .o < lAge-q — QI <[z = Q)
and
5,421‘%2‘ > klr — 2], 5AQ,\I72\ > klx — z|.
Combining this with (13) we obtain
(14)
e - @I\’
c ( Qj)(AQ,\zle) < ¢(AQ,‘ZE*Q|) <C

|z — 2|

[z = Q)

|z — 2|

)B H(AQ,ja—z|)-

If |l — Q| < |z — z| then |z — Q| < |z — z| + | — Q| < 2|z — z|. Therefore, we

get

(15)  Azjo—z = AQlo—zll < 1Az oz — 2+ 2 = QI+ |Aqe—z) — @
<dlr — 2] < 4/’{(514@,@72\ A §Az,|:zfz\)'

Hence from the Harnack Principle we obtain

cd)(Az,erz\) < ¢(AQ,|I7Z|) < C¢(Az,|zfz\)v

and together with (14) we get (12).
Now let |z — Q| < r/4 < |z — z|. As in the previous case we get, again
using Lemma 3.1,

[z - Q|
r

a6 o ('x - Q')ﬂ H(Ag,) < 6(Aq ) < C ( )5 H(Ag.).

,
Since 4, ,_., = K|z — 2| > kr/4 we see that
0 < inf{e(x) : 5 > wr/4} < S(As o—z)) < Caa(Ro/4)*,

and the same estimates hold for ¢(Aqg ). This implies that c(A; |,—z) <
#(Aqr) < C¢P(A. |z—z), where ¢,C depend on r and D. Moreover,
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|z — z|r/diam(D) < r < 4|z — z|. Combining this with (16) we again ob-

tain (12).
The case r/4 < |z — Q| < |z — z| is similar to the previous one, but simpler
as it does not require Lemma 3.1. The proof is complete. O

Recall that (g, 50 are the characteristics of the inner cones and the covering
cones that are suitable for all z € dD. Therefore, from Lemma 3.2 we obtain
the following corollary:

COROLLARY 3.3. Let z,2/ € D. If |z — 2| < |z — z| then there exist
constants ¢ = ¢(Ro, D, Bo, Bo) and C = C(Ry, D, By, Bo) such that

N d—a+280 i d—et26,
C(|ac z|) < M(z, 2) <C<|x z) '

|z = 2| |z — 2]

M(z,z") —
Note that if D is a C'! domain, then from [16] we get
882 )|z — 2|4 < M(z,2) < C6%/2 J|x — 2|7,
and Lemma 3.2 gives
d d
(=G M (1220
|z — 2| M(z,Q) |z — 2|

for all z € D and z,Q € 0D. Hence the lemma provides global estimates that
are much stronger that those in Corollary 3.3.

LEMMA 3.4. Let r < Ry. For~Q € 9D consider two cones I‘,f with
vertices at ) and characteristics 3, 3, respectively, such that I'y is an inner
bounded cone and T, is a covering bounded cone. Let x € D7z~€ aD, and
|z — Q| < 2|z — z|. Then there exist constants ¢ = ¢(r,D,3,0) and C =
C(r,D,3,0) such that

o(z) ¢(x)
— 0 <M <(———————.
|z — z|d—a+28 = (2,2) < C|a: — z|d—ot28
Furthermore, if 3 = [y and 5 = BO, then ¢ = c(Ro,D,ﬁo,Bo) and C =
C(Ro, D, Bo, Bo). In this case the above estimates hold for all z € 9D, x € D.
Finally, by (8), ¢(x) can be replaced by Gp(x,xo) for x close to dD.

Proof. Due to (7) it suffices to show that
(17) C|.%‘ - z|ﬁ < ¢(Az,\xfz|) < C|l‘ - Z|B'

Suppose that |z — z| < r/4. Using Lemma 3.1 and the same arguments as for
(14) we obtain

|z — 2z

(1s) c(u)ﬁwg,n<¢<AQ,|I-Z><O( ')B¢<AQ,T>.

r
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Since |z — Q| < 2|z — z|, (15) remains true. Hence from the Harnack Princi-
ple we obtain c(A; |4—z) < 0(AQ,|z—2)) < CPH(A; |o—2|), and (18) therefore
implies (17).

The case |z — z| > r/4 is analogous to the second case in the proof of
Lemma 3.2. The proof is complete. O

4. Main results

In this section we study the behaviour of the ratio of two singular a-
harmonic functions. We identify the set of boundary points for which the
limit of this ratio exists, either in the usual sense or in the nontangential
sense. In Theorem 4.1 we deal with both the ordinary limit and the non-
tangential limit. In Theorem 4.2, which is the main result of this paper, we
investigate nontangential convergence.

We fix two Borel measures 1,V on Rd, Which are ﬁnite and concentrated
on 0D, and we define u(z) = [,, M p(dz), = [pM v(dz).
The functions v and v are both (blngular) a- harmonlc on D (see [9])

We may represent p as du = fdv + dus, where f € LY(0D,v) and pu, is
singular to v. Consider all points Q € 9D for which

o (1(F(2) = F@Q)Iv(d2) + po(d))
(19) lim =0
r—0 v(B(Q,r))
It is well-known that the set of such points @ is of full measure v.
In this section we prove the following theorems.

THEOREM 4.1. Let u(z) = [, M = [opM v(dz).
Assume that dp = fdl/ and that f 18 contmuous at Q Let
lim, g v(z)/Gp(x,x9) = co. Then

u(x)
Jim S @
If we assume that lim,_,q v(z)/Gp(x, x0) = 0o nontangentially, then the limit
above must be taken nontangentially.

REMARK 1. The condition lim, g v(z)/Gp(z,z¢) = oo is essential (see
Example 2 below).

THEOREM 4 2 (Relative Fatou Theorem). Let u(zx) = [, M u(dz),
faD v(dz). Assume that du = fdv + dus, where us 18 smgular
to v. Then for V- almost every point Q € 0D we have

lim u(z)

lim =@

as * — @ nontangentially. More precisely, the convergence holds for every
Q € 0D such that (19) holds and lim,_,q v(x)/Gp(x,x0) = oo nontangen-
tially.
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To prove these results we need several technical lemmas.

LEMMA 4.3. Let Q € 90D and v(z) = [,, M v(dz). If
lim, g v(z)/Gp(z,x0) = 0o then for every € > 0 we have
faDﬂ{\z—Q\>s} M(x’z):u’(dz)

li = =0
0 v(x)

If we assume that lim,_.q v(x)/Gp(z, xo) = oo nontangentially then the limit
above must be taken nontangentially.

Proof. If |z — Q| > e and |z — Q| < &/2 then |z —z| > /2. As Gp(x,x0) =
¢(x) for x close to @, using Lemma 3.4 we have

CGp(z,xp)
M@,2) < T a=avem

with C' = C(Ro, D, o, Bo). This implies that

p(dz)
M(z, 2)p(dz) < CGp(x, / o omdz)
/6D“{|ZQ|>€} (2u(2) (% 0) oDN{|=—Q|ze) [T — 2|47t

_ CGo(#:70) Jopnya—gizey #(92)
- Ed (X+250

< ClulGp(x; xo).

Since |p| < oo we see that

Jopngz—gize M@, 2)uldz) Clp| o
v(z) = v(z)/Gp(z, 20)
as x — (). The proof is complete. O

Proof of Theorem 4.1. We have

fon [F(2) = FQIM@.2(dz) L) D)
= o(a) EORETOR

0= | 9G) = FQM (. 2v(dz),
ODN{|z—Q|>¢}

/ 1F(2) — F(Q)M(x, 2)v(d2).
aDN{|2—Ql <z}

Next, observe that

IQ(iE)
v(x)

<sup{|f(z) - f(Q): z€dD,[z-Q| <e}.
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By the continuity of f, for every » > 0 we can choose € > 0 such that
Ir(z)/v(z) < r. For this ¢ we have, by Lemma 4.3, lim,_.q I (z)/v(z) = 0.
Thus,

. u(z)
lim sup - f(Q)’ <r
a—q |v(7)
for every r > 0, which completes the proof. O

The next lemma provides more details on the boundary behaviour of v(z) =
Jop M (z, z)v(dz) and may be regarded as an a-stable version of [29, Lemma
5.1]

LEMMA 4.4. For v-almost every point Q € 0D we have
lim igfv(x) >0
as © — @ nontangentially.
Proof. Let |z — Q| < |x — Q|. Then |z — z| < 2|z — Q|, so either |z — z| <

|z — Q| or (1/2)|z — z| < |z — Q| < |z — z|. In each case we can use Corollary
3.3 and we obtain M(z,z) > ¢cM(x,Q) . This implies that

o(z) > / M(x, 2)u(dz) > M (2, Qu(B(Q. |z — Q))).
ODNB(Q,|z—Q)|)

If  — @ nontangentially then for some Cy we have
ke < Klr — Q| < [AQ |a—q) — Q| < |z — Q| < Cody.
Therefore, by the Harnack Principle (Theorem 2.1) we have
cGp(z,x0) < Gp(Ag,z—0|, o) < CGp(x,x0),
so (7) implies
c C
|z — Q" *Gp(Ag,1z—ql, To) < M= Q) < [z — Q"G p(Ag,lz—q|, To)

Hence we obtain

ol cv(B(Q, |z — Q)))
(20) ) 2 e QG p(Ag e qpa0)

By [8, Lemma 11], there exist constants ¢ = ¢(d, o, \) and p = p(d, a, \) €
(0,1) such that for |z — Q| < Ry,

P™(Xry, € B(Q, |z = Q) 2 ¢Gp(Ag,pla—q/2: To)lx — Q4™
By the Harnack Principle, for x sufficiently close to @ this implies that
P™ (X, € B(Q: ]z = Q|)) 2 cGp(Aq jo—qs zo)lz — Q|
Combining this with (20) we obtain

v(B(Q,|z — Q)
v(z) > “Pro(X,, € B(Q,|z— Q)
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or, in other words,
WEBQl-Q)) _ e
v(B(Q, |z =Qf) — v(z)
By [5, Theorem 5] the symmetric derivative
, wp (B(Q, |z — Q)
lim sup —2

is finite for v-almost every point @ € D. This completes the proof. O

REMARK 2. Since lim,_,q Gp(x, zo) = 0 (see [22, Theorem 2.24]), Lemma
4.4 implies that if 2 — @ nontangentially then lim, g v(z)/Gp(x, o) = oo
for almost every point @) with respect to v, so Lemma 4.3 holds for such Q.
We will use this result below.

LEMMA 4.5 (Nontangential Maximal Estimate). For any x € D, Q € 0D
andt > 0 such that |x—Q| < td, there exist constants C = C(t,Q), ¢ = c(t, Q)
such that

i BE@Y) _ p M 2lds) _ - u(B(Q.1)

>0 v(B(Q,r)) faD M(z, z)v(dz) r>0 V(B(Q, 1))

Proof. For n > 1 set B, = B(Q,2"|x — Q|) and A,, = B, \ Br—1,n > 2.
Let ng be the smallest index for which 20|z — Q| > diam(D). Then we have

M(z,z)p(dz) + /8DmB M(z,z)p(dz).

e [ Meoua =Y [

oD n=2v0DNA,
If z € By then |z — Q| < 2|z — Q|, which implies

1
Jlz=Qlsd<fr—2<]z-Q+|z - Q< 3z - Ql.

From Corollary 3.3 we get cM (z,Q) < M(z,z) < CM(x,Q), so

inf M <a = M <Cc!inf M .
nf (z,2) <ay Zseugl (z,2) < Cc Jnf (z,2)

Therefore we obtain

(22) caip(By) < /8DOB M(z,2)p(dz) < Cayp(By).

Now let z € A,,. We have
(1/4)- 2"z = Q[ < ((1/2)- 2" =]z = Q[ < |z = Q| — [z — Q|
Sle—z<|lz-Q[+|z—-Q| <2 2"z - Q|

Therefore, if also 2’ € A,, then |z—2'|/8 < |z —z| < 8|z —Z/|, so, by Corollary
3.3, cM(x,2") < M(z,2z) < CM(z,z") and

inf M <a, = M(z,z) < Cc ! inf M(z,z).
L, M) S an = up Mz < O M@2)
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Thus we obtain

(23) canp(4y) < /8D0A M(z,2)p(dz) < Capp(Ay).

Combining (21), (22) and (23) we see that

oD

<c (Z @A) + am(Bl)) .

(24) c<20anu<An>+a1u<Bl>)s Mz, 2u(dz)
n=2

Now define b, = supy>,, ax, n > 1. Obviously, b, > a,. Let z' € A, and
z € Ak, k > n. Then

|z =2 < |2 = Q[+ |z - Q] <2-2"z - Q)
and
lz—2[ >z =Q|—|z-Q| = (2" -z - Q| > (1/2) - 2"z — Q,

so |z — 2/| < 4]z — z|. From Corollary 3.3 we obtain M (z,z) < CM(z, 2).
This implies that ap < Ca, for k > n, so b, < Ca,, which means that
bn/C < a, <b,, n>1. Combining this with (24) we obtain

(25)

c(ibnummbm(&)) < /a M(x, 2)u(dz)

D
<C (Z bnpi(An) + blu(Bl)>
=C <ZO bn(11(Byr) — 1(Br-1)) + blﬂ(B1)>

=C Z(bnfl - bn),u(Bn) + bnou(BTm)) ’
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and the same estimate holds with p replaced with v. By definition, (b,—1 —by,)
is nonnegative. Thus we obtain

u(x) = M(x, z)u(dz)
oD
- . 1(Bn) (Bno)y
<C<nz_:2(b’ﬂ—1 bn)I/(Bn) ( )+b710 (Bno) (Bn0)>
L u(B@.r) [ )
<Ci>13 v(B(Q,r)) (n_z(bn_l B (Bn) + oo )>
pB@Q) [ L uBQr)
< O S gy [, M) = Cop Ep o)
and similarly,
ola) 2 el S B G,
which had to be shown. O

Proof of Theorem 4.2. Let € > 0. Define dji = |f(-) — f(Q)|dv+dus. Then

we have

u@) Jop M(z, 2)dji(dz)
(26) 1@ ’ -
= Jopaq:—qzep M (@, 2)dji(dz)

v(x)
Jop M (z, 2)dji| p(,c)(dz)
Jop M(x, z)v(dz) ’
where fi|g(g,e) denotes the truncation of i to B(Q,¢). Since |f(-) — f(Q)] €
L'(v), applying Lemma 4.3 and Remark 2 to the measures ji and v, we obtain
Jopnglz—qpzey M (@, 2)ii(dz)

li = =0
o0 v(zx)

_|_

Hence, applying Lemma 4.5 to the measures fi| p(g,-) and v, using (26) we get

uz)  op M sz(Q ) (d2)
) ~ @) <ty 22 Jop M. 2)(d2)
faDﬁB(Q,r) M|B(Q,s)(dz)
S O T B, )
oo Joprn@n () = F@Id2) + ()
- v(B(Q.r)) '

Letting ¢ — 0 and using (19) we obtain the desired result. O

lim sup
r—Q
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ExaMPLE 1. Take D = B(0,1) and g = 0. In this case
M(z,z) = C(1 —[a*)*/? ]z — 2|

(see [9, Example 1]). Take 21,22 € 0D, 21 # 22, and let u, v be probabilistic
measures concentrated at z1, zo respectively. Then

u(@)/v(@) = |z = 2z2|*/lz — 21|%,

so we see that lim, g u(z)/v(z) = |Q — 22/%/|Q — 21]? < o0 if Q # 21, but
lim,_,,, u(z)/v(x) = co. Hence, by Theorem 4.2, the convergence holds for
v-almost every point () € 9D but not everywhere.

5. The case of the surface measure

In this section we consider the case when v = o, the (d — 1)-dimensional
Hausdorff measure on dD. For this measure we denote the function v by N,
ie.,

N(z) = M(z,z)o(dz).
oD

We consider the most interesting case when p is absolutely continuous
with respect to o, ie., du = fdo,f € L'(0D,0). This case was inves-
tigated for C! domains in [12] and some sharp results were obtained in
this paper. In particular, from [12, Theorem 3.2 and 4.3] we deduce that
lim, g 0, N(x)/Gp(xo,x) € (0,00), so Lemma 4.4 holds for all Q € 9D.
Hence the condition lim,_.g v(z)/Gp(zo,x) = oo in Theorem 4.1 holds for
all @ € 0D.

On 0D, o is a natural substitute of the (d — 1)-dimensional Lebesgue
measure. This is why we are able to describe how Theorem 4.2 depends on
the geometry of 0D. We will also exhibit some phenomena that are different
from those in smooth domains.

We use the following property of o, called Ahlfors regular condition: There
exist constants 1o = r9(D,d), ¢ = ¢(D,d) and C = C(D,d) such that for
every z € 0D and r < rg,

cr®™t < ca(dD N (B(z,7) \ B(z,7/2))) < 0(dD N B(z,7))
< Co(dD N (B(z,7)\ B(z,7/2))) < Cri-1.

We begin with a technical lemma.

LEMMA 5.1.  Forr, t > 0 define the function Fy(r) by

1
m, t—d+1>0,

Fi(r) =9 1, t—d+1<0,
|[Inr|+1, t—d+1=0.
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Then there exist constants ¢ = ¢(D,d,t), C = C(D,d,t) such that for every
x € D we have

(27) th(ax)g/a oldz) < CF,(6,).

plr—2""

Furthermore, if Q € 0D and diam(D)/2 > € > 2|z — Q|, then

(28) CFy(e) < / o(dz)
o]

DA{|—Q|>e} 1T — 2]t T

< CFy(e).

Proof. First we prove (28). We set B,, = B(Q,2"¢) and A, = B, \ Bp_1.
Let ng be the largest index for which r = 2"°¢ < ry. Then we have

o(dz)
@ | =S o o
aDN{|z—Q|>e} |~”C Z\ aDNA, |$ Z| aD\B(Q,r) 1T — 2|

We may assume that € < 79/2. Then |z — Q| < ro/4, so
diam(D)/2 > |z —z| > |z = Q| — |z — Q| > ro/4.

Hence we get

(30) cs/a &Z)ch,

p\B@n) T =2
where ¢, C' depend on D, d,t.
If z€ DN A, then (1/2)-2"¢ < |z— Q| < 2"¢. Since |z — Q| < £/2, we get
(1/4) - 2" < |z — 2| < 2-2". Since ¢(2"¢)?"! < o(dD N A,) < C(2"e)? !
we obtain

(31) CZQnd1t<Z/ ‘xizv_CZQndlt

ODNA,
Ift—d+1>0 then
no o0
<C:dflft < Z(Qng)dflft < Edflft Z(Zn)dflft — ngflft’
n=0 n=0

which, combined with (29) and (30), gives (28).
By the definition of ny we have r¢/2 < 2™ < rg. Hence if t —d+1 < 0
then

o
(T0/2>d—1—t < (2n0€)d—1—t < 2(2n5>d—1—t — gd-1-t
n=0
< C(zno&.)d—l—t < Crgilfﬂ

2(n0+1)(d—1—t) -1
2d717t _ 1

which again gives (28).

Finally, if t—d+1 = 0 then _""° (2"e)?" 17 = ng+1. Since ro/2 < 2"0e <
ro we see that ¢(|In(1/e)| + 1) < no < C(|In(1/e)| + 1). This completes the
proof of (28).
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We now prove (27). For any « € D we can find @ = Q(x) € 9D such that
= |z — Q|. We have

/ o(dz) _/ o(dz) +/ o(dz)
op [t = 2" Jopngz—qi>28.3 17— 21" Jopngz—ql<26.y [T — 2]t

Now, using (28) with € = 20, we see that

or(s,) < [ ) ok 6,).

DN{|z—Q|>26,} 1T — 2]t~

We may assume that 25, < rg, which gives ¢(d,)9 ! < 0(0D N B(Q,26,)) <
C(0) L If |2 — Q| < 2(5 then §, < |z — z|] < 46, and we obtain

C(ax)d 1—t </6 ﬂ S O(§x)d717t.

D{|z—Ql<26,} 1T — 2t

If t —d+1 > 0 then (6,)? 1=t = F;(d,); otherwise 0 < §, < (diam(D))4—1-¢.
This completes the proof of the lemma. O

The next lemma describes the set of points @ for which the assumption of
Lemma 4.3 holds.

LEMMA 5.2.  Assume that for Q and some r > 0 there exists a covering
bounded cone F with its vertex at @ and characteristics 3 > (o — 1)/2. Let
= [op M o(dz). Then lim,_.q N(z)/Gp(z,z0) = oo.

Proof. Let |z — Q| > 2|z — Q]. Then |z — Q| < |z —z|+ |z — Q] <
|z —z| 4+ |2 — Q/2, so |z — Q| < 2|z — z|. Applying Lemma 3.4 and using (28)
with e = 2|z — Q| we get

N(z) > / M(x, z)o(dz)
aDN{|z—Q[22|2—Ql}

> cGD(x,mo)/ o(dz)

oD {|=—Q|>2le—Ql} |z — z[d—a+20
> CGD(ZE,Io)Fd_a+2§(|I -Q|).

If E > (o —1)/2 then lim,_.¢g Fd7a+25(|m — Q|) = oo, which completes the
proof. O

As an immediate consequence of Lemma 5.2 and Theorem 4.1 we obtain
the following result:

THEOREM 5.3. Let u(x) = [, M w(dz), = [opM o(dz).
Assume that dp = fdo and that f is contmuous at Q 6 oD. Suppose further
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that for some r > 0 there exists a covering cone f,« with verter at QQ and
characteristics > (a—1)/2. Then

u(x)

lim

= f(Q).

REMARK 3. If a < 1 then, obviously, 3> (o —1)/2. If « > 1 and d = 2
we have again 8 > (o — 1)/2 (see [20]). In these cases Theorem 5.3 holds for
every @ € 9D.

REMARK 4. Assume that there exists a hyperplane tangent to 0D at
Q. Recall that a half-space has characteristics § = a/2. Furthermore, (3 is a
continuous function of 7 (see [25, Theorem 3.2]). It follows that for sufficiently
small 7 > 0 a covering bounded cone T, exists for 3 close to a/2>(a—-1)/2.
Therefore, Theorem 5.3 holds for such points @ in the case when a > 1
and d > 3. On the other hand, a Lipschitz function is differentiable almost
everywhere (by Rademacher’s theorem). Hence the set of such points @ is of
full measure o.

REMARK 5. If D is a C"! domain, then a tangent hyperplane exists for
every @ € 0D, so Theorem 5.3 holds regardless of «, which confirms [12,
Theorem 4.2].

The condition B > (av—1)/2 is essential and cannot be omitted in general,
as the following example shows.

EXAMPLE 2. We construct an example of a domain D, a point QQ € 9D,
and a function f continuous on 9D such that u(x)/N(z) does not tend to
f(Q) as x — @ nontangentially. This shows a difference between Lipschitz
domains and C'! domains.

We take an unbounded cone V with its vertex at () and characteristics 3,
and let By be a C'! domain such that

(B(0,3/2)\ B(0,1/16)) NV C By C (B(0,2)\ B(0,1/32))N V.
We notice that the choice of By depends only on d and . Next we take
D = By U (VN B(0,1/16)). From [25, Lemma 3.4] we have for all z € D
(32) e0y Pl — QP2 < () < €O — QI

where ¢ = ¢(d, o, 8),C = C(d, o, B).
If © — @ nontangentially, then |x — Q| < Cylx — 2| for some Cy. Hence, by
the definition of A, |,_|, we have

(33) le - Z| < 5Az,\:c—z\ < |AZ’|I*Z\ - Q|
S |Az,\zfz| - Z| + |Z - J?| + "/E - Q'
<2z —zl+ |z —Q| < (24 Co)lx — z|.
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Therefore, from (32) and (33) we obtain clz — z|? < ¢(A, |,—.) < Clz — 2|°.
Combining this with (7), we see that

(34) c/ _oW@alds) o, )<C/ é(z)o(dz)

|z — z|d—at28 = op T — 2|4 +28”

Let o > 1. Assume that D is ‘wide’; more precisely, let § < (o —1)/2. It is
possible to find such 3 for d > 3 as § — 0 if v — 7 (see [25, Theorem 3.2]).
Then from Lemma 5.1 and (34) we obtain c¢(z) < N(z) < Co(x), so we see
that the assumption of Lemma 4.3 is not satisfied.

Now let f >0 on 9D\ {Q} and f(Q) = 0. Then we get

u@) = | M(@.2)f(z)o(dz) > C/aD : (f(z)as(x)a(dz)

2 Az,|m7z\>‘x - Z‘d_a

> Co(x /f o(dz) > Cé(),

since ¢(A; |z—-|) and |z — z| are bounded for every x € D and z € 9D. Hence
we obtain u(z)/N(z) > C > 0, so u(z)/N(x) does not tend to f(Q).

We conclude this section with a theorem which deals with general measures
that are absolutely continuous with respect to o and which generalizes the
results of [12, Theorem 4.2].

THEOREM 5.4. Let u(x) = [,, M u(dz), = [opM o(dz).
Assume that du = fdo. Then

im u(z)

for almost every Q € 0D with respect to o as x — @Q nontangentially. More
precisely, if Q is a Lebesgue point of f and for some r > 0 there exists a
covering cone T, with its vertez at Q and characteristics 3 > (a—1)/2 then
the convergence holds.

= f(Q)

Proof. @ is a Lebesgue point of f if
faDmB(Q €) 1f(z) = [(Q)]o(dz)

li : =0
= o(B(Q.9)) ’
so the theorem follows directly from Lemma 5.2 and Theorem 4.2. O
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