COMPOSITION SERIES FOR SIMPLEX SPACES

BY
AraN GrEIT!

A general theory of composition series was given in [3]. It was there
applied to the case of separable simplex spaces. The authors characterized
the separable GC-spaces and partially characterized the separable GM-
spaces. We shall, here, generalize and extend those results.

The notations and definitions are those used in [1], [2], [3], [4]. V will
always denote a simplex space. For a set A C Pi(V), we let A or A™ be
the weak™ closure of A and A* = A — {0}, with the exception that E* =
EPy(V)*. For q ¢ P\(V), we shall denote by =, the unique maximal prob-
ability measure with resultant ¢. If V is separable, then =, is supported by
EPy(V).

Let X be any topological space and p any topological property. If a sub-
set G C X has property p, we write G &, X and say that G is a p-subset of X.
(For a full account, see [3, §3].) A property p is inductive if for each non-
empty closed set F and each open G in X we have: G C, X implies that G N
F C,F. We say a property p is strongly inductive if (1) p is inductive and,
given Gy, G, open, F closed in X, we also have:

(2 GS G S Xand Gy S, X imply Gy &, G .

(8) G C G C,X implies Gi S, X.
(4) G C,F C X implies G S, X.

For X = max V, we shall consider the following properties:

(C) @ C¢max V means that elements of V restrict to continuous func-
tions on G.

(M) G Cymax V if each net in G which converges to a point of G con-
verges to no other point of max V.

(n) (forn > 2) @G S, max V if each sequence in G which converges to a
point of G converges to at most n points in max V.

ProrosiTion 1. The properties (C), (M) and (n) are strongly inductive.

Proof. That (C) and (M) are strongly inductive is shown in [3, Prop’
4.3]. That (n) is strongly inductive is obvious.

If J is a closed ideal in V, we let P;(J) be the positivestates of J and EP;(J)
be the pure states of J when we consider J as a simplex space in its own right.
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The restriction map p : V* — J* restricts to a continuous affine map of Py(V)
onto Pi(J) [1, Thm. 4.4]. This, in turn, restricts to a continuous one-to-one
map of EPy(V) — J* onto EP;(J)*. With these maps, we may consider
Py(J) and EPy(J)* to be subsets of Py(V) and EPy(V) — J*, respectively.
As such EP;(J) considered as a subset of EPy(V') with the structure topology
induced from EP:(V) is homeomorphic to max (J) [1, Thm. 4.4]. It is,
therefore, structurally open in EPy(V). Furthermore, we may consider
EP,(V) to be the union of EPy(J) with EP,(V) n J*.

In order to find structure closed sets, we use the following Proposition, cf.
[4, Prop. 1.1]. First, aset D € P1(V) is dilated if for each ¢ ¢ D, we have supp
T S D.

ProrosiTiON 2. (A) Let D © Py(V) be dilated and weak™ closed. Then
the weak™ closed convex hull of D u {0} is a face of Py(V) and D n E* is struc-
turally closed.

(B) Let D C E*. Then the following are equivalent:

1. D 1s structure closed.
2. D is weak™ closed in E* and D u {0} is dilated.

(C) Letq eZ and suppose m, is supported by E*. Then

supp #, = (supp m,n E7)".

Proof. (A) The first conclusion is [2, Thm. 3.3] while the second follows
eagily from the Milman Theorem [5, p. 9].

(B) (1) = (2). Obviously D is weak™ closed in E*. Let K be the closed
face containing zero such that Kn E* = D. Letge Du{0}. ThengeK
and so supp 7, & K. Hence supp 7, & (K n EPy(V))™ [5, p. 30.]. As the

latter set is D u {0}, the implication is clear.
(2) — (1) follows easily from (A).
(C) is[4, Prop. 1.1 (A)].

We let R,Pi(V) be the lateral n-skeleton of Py(V), i.e.
RoPy(V) = EP(V),
R.Py(V) = {Zicahipi|pieEY, \i > 0, Dt £ 1} for n > 0.
In terms of R,Pi(V), we may recast properties (C), (M), and (n).

ProprosiTiON 3. Let J be a closed ideal in V. Then:
(1) max J Semax V if and only if

Z C EPy(V) u J* = RP(V) u J*
(2) max J Sy max V if and only if
Z C RP(V)uJ*.
(8) Suppose V is separable. Then max J S, max V if and only if
Z S R.P(V) u J*
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Proof. (1) and (2) are contained in [3, Thm. 2.2] and [3, Thm. 2.5],
respectively.

(3) Supposemax J C,max V. LetgeZ — E*. Then there is a se-
quence {ps} & E™ such that p. — ¢. Let F be the structure closure of supp
men E¥. Then {ps converges structurally to each element of F and to no
others [4, Cor. 1.5]. Supposethere is a z ¢ EP1(J) nF. As EP,(J) isstruc-
turally open, pi ¢ EP1(J) eventually. Therefore cardinality (F) < n and
80 g ¢ R,P,(V). Suppose, on the other hand, that EPi(J) n F = .
Then F C E* n J* and so Prop. 2(C) yields supp 7, € J*. Thus ¢q ¢ J*.
Therefore

Z — EY C R.P(V) uJ*

Since Et = EPy(J)" u (E™ n J*), we have Z C R,Py(V) u J*.

Conversely, suppose Z C R,Pi(V) u J* and let {ps} S EPy(J),
peEP1(J) be such that {ps} converges structurally to p. Since Z is a compact
metric space, going to a subsequence and re-indexing, there is a point geZ such
that p» — ¢q. Let F be the structure closure of supp m,n E*. Then {ps}
converges to each point of F and to no others [4, Cor. 1.5]. Hence, peF.
Suppose geJ*. Then supp m,n EY € J*n E". As the latter is structure
closed, pe F € J*n E*. This contradicts p ¢ EPy(J) and so ¢ e R,Py(V).
Hence # has at most » points and the proposition has been proven.

Let J be a closed ideal in V. We define the following simplex properties
(for a full account of such properties see [3, §4]):

J is a C-ideal (or a 0-tdeal) if max J has property (C).
J is an M-ideal (or a 1-ideal) if max J has property (M).
J is an n-ideal if V is separable and max J has property (n).

For the simplex properties n > 0, a closed ideal J € V is Gn ¢n V if for all
closed ideals I, either J & I or (J -+ I)/I contains a non-zero closed n-ideal
in V/I. If Vis Gnin V we say that V is a Gn-space. We say that V is an
Nn-space if it contains no non-zero n-ideal. With this terminology we have
the following theorem [3, Lemma 4.1 and Proposition 4.2].

TraEOREM 4. Let V be a simplex space, separable if n > 2. Then there is a
largest Gn-ideal J. If V 5 J, then V/J is an Nn-space. There is a colleclion
of distinct closed ideals J , indexed by ordinals 0 < v < v, such that:

(1) Jo={0}, Jy, = J.

(2) Ify < v 1is a successor ordinal , then J. is a proper subset of J 441 and
I yi1/J y 18 an n-ideal in V/J, .

(8) Ify < votsalimit ordinal, then J 4 = (U p<qydp) .

Further, ideals and gquotients of Gn-spaces are again Gn-spaces.

Such a sequence of closed ideals is called an n-composition series for V.
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To ease the notation, we let

Zn = ZaR,Py(V)™.
Hence

Z,, = {zele = E}‘.l)\cp;,o S )\;S 1,p¢¢E+,z #0},7& >0,
Z0=E+.
For any L € E*, let

kn(L) = (u{suppm,|qeL — Z})™.
We let
en(L) = structure closure (k,(L) n EY).

We note the following.

ProrosITiON 5. Let L © E* be structurally closed. Then:
(1) es(L) S L.

(2) ko(L) 18 closed and dilated.

(3) ko(L) nET = e(L).

Proof. 1If g e L, then supp =, & L u {0} by Prop. 2(B). Hence
ka(L) € Lu{0}.

Sokn(LynEY C (Lu{0})) nET = L. Thus e,(L) € L which is (1). In
particular, k(L) < Lu{0}. Let qeko(L)u{0}. If geEPy(V), then
suppr, = {¢f S ko(L) u {0}. If g ¢ EP(V), then gel — L.
Hence supp 7, < ko(L) and so (2) holds. Therefore ko(L) n Et is already
structure closed by Prop. 2(A) which yields (3).

With these concepts we may now attack the problem of characterizing the
Gn spaces for n > 0.

ProrosiTiON 6. Let V be a simplex space. We assume w, is supported by
EP((V) for each g e Z if n = 1 and that V is separable if n > 2. Let F € E*
be a non-empty structure closed set. Let I be the closed ideal satisfying I* n E* =
F. Then the following are equivalent:

(1) There s a closed non-trival ideal J such that (J + I)/I is an n-ideal in
V/I.

(2) U = F — e,(F) is non-empty.

In fact, there 18 a one-to-one correspondence between closed, non-trivial ideals J
such that (J + 1)/1 is an n-ideal in V/I and non-empty sets W & U which are
structure-open relative to F.

Proof. Since I* is a closed face, the structure and weak* topologies for
(V/I)* coincide with the restrictions to I* of the structure and weak™ topol-
ogies of V, respectively {1, Thm. 3.4]. Thus, it suffices to consider the case
that F = EYand I = {0}.
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(1) = (2). Let J be a closed, non-trivial n-ideal. We know that
Z C J*UuRPy(V)

andsoZ C J*uZ,. IfqeZ — Z,.thenqeJ*. Since J* is a closed face
containing zero, supp v, & J*. Hence

k(EYYnET C J*nE*.

Because J* n ET is structurally closed, e,(EY) € J*n E*. Letting W =
E* — J*, wehave W C E™ — ¢,(E") and W is a non-empty structurally
open set.

(2) = (1). Let W be a non-empty structurally open set such that

W C EY — e.(EY).

Let J be the closed ideal satisfying J*n E* = E* — W. Suppose ¢ ¢Z —
Z.. Thus supp 7,  k.(EY). If n = 0, then ky(E™) u {0} is closed and
dilated so its closed convex hull F is a face by Prop. 2(A). As

FAE" = k(E")nE" = ¢(EY) CE* - W = J*nE",

we must have F € J*. Hencesupp v, & J*. If n > 1, then =, is supported
by EP,(V). So

supp 7, = (supp 7,0 )™ C (ka(E") n EV)™ C (ea(E™))™
C(J*anEYH) C J.
In either case, supp 7, & J*. Thus,q e J*. Therefore
ZC J'uZ, S J'UuRP(V)

and, consequently, J is a non-trivial n-ideal.

CoROLLARY 7. Let J be the closed ideal in V satisfying

J*nEt = (U{supp mlge Z — E}) " nE™".

Then J 1s a C-ideal and it contains every other C-ideal.

Using Proposition 6 we easily get the following main result.

TuroreM 8. Suppose V is a simplex space. We assume that =, s sup-
ported by EPy(V) for each q ¢ Z if we are considering the property (M) ; we
assume that V 1s separable if we are considering property (n),n > 2. Then V is
a GC-, GM -, or Gn-space if and only if, for each non-empty structure closed set F,
we have F 7 eo(F), F ## ey(F), or F 5 e, (F), respectively.

COROLLARY 9. Suppose V s a simplex space satisfying the hypothesis o.
Theorem 8. If

cardinality ({z | z e supp w, for some g e Z — Zn}) < o,
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then V is a GC-, GM -, or Gn-space form = 0, m = 1, or m = n > 2, respec-
tively.

Proof. en(E") is a finite set so Theorem 8 applies trivially.

CoroLLARY 10. Suppose there s a qo € Z such that qo e supp mq,. If mq, s
supported by EP1(V), then V is not a GC-space or a GM -space. Further, if V is
separable, then V is not a Gn-space for any n > 2.

Proof. We take F to be the structure closure of supp 7., n E*. Then F is
a non-empty structure closed set which satisfies F = e,(F) for each n.
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