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UPPER AND LOWER MULTIPLICITY FOR IRREDUCIBLE
REPRESENTATIONS OF SIN-GROUPS

ROBERT J. ARCHBOLD AND EBERHARD KANIUTH

ABSTRACT. The main purpose of the paper is to establish formulae for both the upper and the lower
multiplicity of an irreducible representation of a Moore group. Moreover, we show that for a group with
small invariant neighbourhoods of the identity, the set of irreducible representations with finite upper
multiplicity coincides with the dual of a quotient group.

Motivated by examples in group C*-algebras, Archbold [1] defined the upper and
lower multiplicities My () and My, () for an arbitrary irreducible representation
of a C*-algebra A. Similarly, one can define upper and lower multiplicities for 7
relative to a net 2 in the dual space A of A: My (m, Q) and M (7, Q) [2]. Since
My () = 1if and only if 7 satisfies Fell’s condition [1, Theorem 4.1], multiplicities
may be regarded as a measure of the extent to which Fell’s condition may fail for x.

Using the main result of [11], it has been shown in [3, Corollary 2.9] that if G is
a simply connected nilpotent Lie group and # € G, then My () < oo if and only
if the Kirillov orbit associated to = has maximal dimension. Furthermore, Ludwig
[10] has found non-trivial finite multiplicity in an explicit example for which it can
be shown that My () = 2. On the other hand, in the case of the discrete space
group G = p4gm, Raeburn [16] has described C*(G) in a way that enables one to
compute multiplicities: there are three irreducible representations 7w with My () = 2
and M (m) = 1, whereas My (;t) = 1 for all other . We shall see below that
this example fits into a general framework in which multiplicities may be computed
without recourse to a description of the group C*-algebra.

In this paper we study My () and M () for w € G,, the reduced dual of a
SIN-group G. To begin with, in Sections 2 and 3, we concentrate on Moore groups
(groups with finite dimensional irreducible representations). In this case, My () (and
hence M (;r)) is finite and we obtain formulae for both My () and M (;r) in terms
of the multiplicity of 7 in certain induced representations (Theorems 2.1 and 3.6).
Furthermore, the condition My () = 1 is characterized by an equation involving the
dimension of r. This emphasis on Moore groups is explained by Theorem 4.3 where
we show that if My (;r) < oo for at least one 7 in the reduced dual of a SIN-group

G, then G contains a compact normal subgroup K such that G/K is a Moore group
and

G/K = {oe G: My(p) < oo} ={pe G: M.(p) < oo} .
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1. Preliminaries

The formal definitions of multiplicity involve pure states and describe situations
in which several nets of orthogonal equivalent pure states converge to a common
pure limit [3, Lemma 5.2]. The following result from [3], which is a key tool in the
subsequent work of this paper, reflects the relation between orthogonal vector states
and the trace of an operator on Hilbert space.

THEOREM 1.1 ([3, Theorem 4.1]). Let A be a C*-algebra, let Q = (1,)q be a net
in A and let F be a nonempty subset of A Suppose that there exist positive integers
my (w € F) and a dense self-adjoint subalgebra B of A such that

lim tr(e () = Y my tr(r(a)) < o0

neF

foralla € B*. Then

(i) Q is convergent to every element of F and every cluster point of Q2 belongs
to F,

(ii) the relative topology on F is discrete,
(i) my = My (@, Q) = My (n, Q) forallw € F.

In such situations where My (w, Q) = M, (v, Q), we write M(rr, Q) for the
common value. In the context of Theorem 1.1 we may say informally that 2 converges
my times toeachw € F.

Before applying Theorem 1.1 in Section 2, we need to show that My () can be
attained by approximating & by a net lying in a prescribed dense subset of A. This
fact is expected to have wider applications and so we organize the proof to show that
a sequence can be used if A is separable.

Let ¢ be a pure state associated with an irreducible representation 7 of a C*-
algebra A, and let N be the weak*-neighbourhood base at zero in the Banach dual
A* consisting of all open sets of the form

={y e A" |[Y¥@)| <e 1<i=<n}
where ¢ > Oand a4, ..., a, € A. We define
Vi, N)={o € A: (6()n,n) € ¢ + N for some n € Ho, lInll = 1}.

Let P(A) denote the set of pure states of A. Then V (¢, N) is the image of (¢ + N) N
P(A) quer the canonical map from P (A) to A and hence is an open neighbourhood
of rin A. Foro € V(¢, N) let

Vec(o, ¢, N) = {n € Hy: lInll =1, {0 (-)n, n) € ¢ + N},

and letd (o, ¢, N) be the supremum in NU {oo} of the cardinalities of finite orthonor-
mal subsets of Vec(o, ¢, N).
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LEMMA 1.2. Let A be a C*-algebra, let S be a dense subset of Aandletm € A.
Then there exists a net Q2 in S which converges to v and satisfies My () = M, Q).
If A is separable, then the net Q can be chosen to be a sequence.

Proof. Let ¢ be a pure state of A associated with . By [1, Proposition 3.4],

My (r) = Nilelff\,sup{d(a,fp, N): o € V(p, N)N S} (N

Let R ={k € N: k < My ()} and let A = N x R with the product order. For each
(N, k) € A, equation (1) enables us to choose oy x) € V(p, N) N S such that

d(onik, . N) = k. 2

Let Q = (on.4))(v.kyea- For Ng € N and kg € R, by definition and by (2), we then
have

M (¢, No, Q) = li(n}a if)lfd(O(N.k)» ©, No)

v

liminf d(ow.x), ¢, N) = k.
(N SNk O NH> 8

Since ko is arbitrary in R, M (¢, Ny, 2) > My (x). Taking the infimum over Ny €
N, we obtain

My@r) < Mp(m, Q) < My(m, Q) < My ()

and hence My () = M(m, 2). R

To show that €2 is convergent to 7, let U be a neighbourhood of 7 in A. Since
the canonical map from P(A) to A is continuous, there exists Ny € N such that
V(p, Ng) € U. For (N, k) > (Ny, 1) we then have

ok € V(p, N) S V(p,No) € U.

Finally, suppose that A is separable. Then there exists a decreasing sequence (N;);>
in AV such that {(¢ + N;j)NP(A): j = 1}isaneighbourhood base for ¢ in P(A). For
n > 1,leto, = oy Where N = N, and k = min{n, My (w)}. Then the sequence
(0,), has the required properties. O

We now have to introduce some notation and basic facts from representation theory.
As is customary, we shall use the same letter, for example 7, to denote a unitary
representation of a locally compact group G and the associated *-representation of
the group C*-algebra C*(G). Then ker w will denote the C*-kernel of 7. If R and
S are sets of unitary representations of G, then R is weakly contained in S (R < S)
if ﬂpeR kerp 2 ﬂaes kero, and R and S are weakly equivalent (R ~ S) if R < §
and S < R. Let p and o be finite dimensional representations. Then p < o if and
only if every irreducible subrepresentation w of p is a subrepresentation of o: w < 0.
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If, in addition, p is irreducible, then m(p, o) will denote the multiplicity of p as a
subrepresentation of o.

For a closed subgroup H of G and a representation 7 of H, indg 7 is the repre-
sentation of G induced by . We shall frequently use the following version of the
Frobenius reciprocity theorem. Suppose that H has finite index in G ([G : H] < 00)
and let r and 7 be finite dimensional irreducible representations of G and H, respec-
tively. Then m (o, indg ) =m(t, 7 | H) (see [13] and [15, p. 135]).

Our second basic tool is the so-called Mackey machine. Let N be a normal
subgroup of finite index in G and suppose that all the irreducible representations
of G are finite dimensional. G acts on the dual N of N by (a,0) — o9, where
o%(n) =o(a 'na)(n € N). Foro EAN let G (o) denote the orbit under thls ggtlon
and S, the stabilizer of 0. Let T € S, such that T|N > o} then indG T € G and
(de T)|N ~ G(0). Conversely, given r € G with w|N > o, there exists a unique

T € S such that T|N > o and 7 = de 7. For all this see [12] (the separability
hypothesis is not required when N is of ﬁmte index and all irreducible representations
are finite dimensional).

2. Upper multiplicity for Moore groups

In this section we shall establish a simple formula as well as some applications
of it for the upper multiplicity of an irreducible representation of a locally compact
group all of whose irreducible representations are finite dimensional. Such groups
have been completely characterized by Moore [14] and are therefore usually re-
ferred to as Moore groups. By [14, Theorem 2 and Theorem 3] a locally compact
group G is a Moore group if and only if G is a projective limit of groups each of
which is a finite extension of a group with cocompact centre. As a result we have
the following structural properties. Let G denote the subgroup of G consisting
of all elements with relatively compact conjugacy classes. Then G is an open
subgroup of finite index in G, and the commutator subgroup of G is relatively
compact.

Ford € N, let Gd ={p € G: d, = d}. The topology on Gd is the weakest
topology for which all the functions 7 — trz(f), f € C*(G), are continuous [4,
Proposition 3.6.4]. Now on the set P'(G) of all normalized continuous positive
definite functions on G the weak*-topology o (L*®(G), L'(G)) coincides with the
topology of uniform convergence on compact subsets of G [4, Théoréme 13.5.2].
Since 1 Jtrp € PY(G)forall p € Gd, it follows that tr 7, (x) — trr(x) uniformly on
compact subsets of G whenever 7, — 7 in Gd

THEOREM 2.1. Let G be a Moore group and let w be an irreducible representation
of G. Then, for every irreducible subrepresentation o of 7|GF,

My () =m(n, ind(G;F o).
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Proof. Let X denote the set of all 7 € Gr such that S;, the stability subgroup of
7 in G, equals Gr. By [9, Lemma 2], X is dense in G r. Foreveryt € I, de T

is irreducible, and hence the set of all representations md ,TTE X, is dense in G
By Lemma 1.2 there exists a net (0,), in X such that, w1th Ty = indg ; Oas

Mg > T in@ and My () = M(m, (ty)a).
Notice that 7,|Gr — 7|GFr and (ind(G;F T)|Gfr ~ G(t) for every T € @p. Thus,
replacing each o, by a suitable member of its G-orbit, we can assume that 0y — o
in GF.

Let C be the closure of the commutator subgroup of G r. Then C is compact, and
since G is type I,

a®G/p/\C=[a®x:xeG/p/\Cl

is open in G r [7, Theorem 2]. Thus o, € 0 ® m eventually, and therefore we
can assume that d,, = d,, for all . By what we have said above about the topology
of Gd , it follows that

tro,(x) — tro(x)

uniformly on compact subsets of Gr. The formula for the trace of an induced
representation now shows that

trog (x) — tr (indgF o) (x)
uniformly on compact subsets of G. On the other hand,
indg o =@,m(p,indg, o) p,

where the finite direct sum extends over all irreducible subrepresentations of indgF o
Thus, uniformly on compact subsets of G,

tr g (x) — Zm (o, indgF o) trp(x).
o

Theorem 1.1, with B = C.(G), now shows that m(p, indgF o) = M(p, (7ty)y) for
each such p. In particular, by the choice of the net (774)q,

m (w,ind§ o) = My(m). m]

We continue with two consequences of Theorem 2.1. As before, G will denote a
Moore group.

COROLLARY 2.2. My () =d, foreverym € G//G\p - G.
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Proof. This follows immediately from Theorem 2.1 since 7 occurs with multi-
plicity d, in indgr 1., the pull-back to G of the left regular representation of G/ G r.
O

COROLLARY 2.3. My(n)? <[G : Grlforeverym €G.

Proof. Choose an irreducible subrepresentation o of 7 |G . Since the dimension
of indgF o equals d,[G : GF], Theorem 2.1 and Frobenius reciprocity show that

do[G : Grl = dpm (7, indg_0) = dy m(o, 7|GF) My (n) = dy My(7)?,

whence My(m)2 <[G:Gpr]. O

In particular, it follows from Corollary 2.3 and [3, Theorem 2.6] that, for a Moore
group G, C*(G) has bounded trace. Not surprisingly, however, this has been known
before. The most comprehensive results about locally compact groups with C*-
algebras of bounded trace can be found in [18].

Recall that if A is a C*-algebra and © € A, then 7 is said to be a Fell point if
it satisfies Fell’s condition (that is, there exist a neighbourhood V of 7 in A and a
positive element a in A such that p(a) is a projection of rank 1 for all p € V). It has
been shown in [1, Theorem 4.6] that 7 is a Fell point if and only if My () = 1. Itis
therefore of interest to deduce from Theorem 2.1 a necessary and sufficient condition
for # € G to have upper multiplicity 1.

COROLLARY 2.4. Let G be a Moore group and w € G.Letc € G F be such that
w|Gg > o. Then

dn

M >
v 2 516 5.1
Furthermore, My (n) = 1 ifand only d, = d,[G : S;].

Proof. By Mackey’s theory there exists T € §,, such that t|GF is a multiple of
candmw = ind?ﬂ 7. Then, by Theorem 2.1 and Frobenius reciprocity,

My(r) = m(r,indg, o) = m (ind§ <, indg (ind, )

v

m (1:, indé’F a) =m(o, 7|GF).

Since d; = d.[G : S;] and d; = m(o, T|GF)d,, we get

dx
My(m) > G 51

In particular, if My () = 1, then d; = d,; and hence d, = d,;[G : S,].
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Conversely, suppose that d, = d,[G : S;]. Then 7 is an extension of o and with
I' = S, /G it follows that

ind$_ o = ind$ (md (thp)) = ind§ (:@indf;F 1GF)
= ind§ (1 ® ®yerd, - ¥))
= Oyerdy - indg, T®y).

Now, by Mackey’s theory again, all the representations indg (t®y),y €T, are
irreducible and pairwise inequivalent (see [12] and [15, Lemma 2]). It follows that

My(r) = m (ind§ 7,ind§, o) = 1. o

COROLLARY 2.5. Let G be a Moore group. Then C*(G) is a Fell algebra (that
is, every w € G is a Fell point) if and only if G/GF is abelian and every o € Gp
extends to some representation of its stability group.

Proof. Suppose that My () = 1 forallw € G. Then the dimension formula
of Corollary 2.2 shows thatd, = 1 forall 7 € G//G\p, which impliesAthat G/Grpis
abelian. Also, as we have seen in the proof of Corollary 2.4, if T € S, is such that
T = indG T and t|GF is amultiple of o, then 1|Gr = o provided that My (7) = 1.

Conversely, let G/ G r be abelian and suppose thatevery o € G r extends to some
T, € S Then every m € G is of the form 7w = 1nds (t; ® x) forsome o € Gp and

X € m Since yx is 1-dimensional, we get
dy =d; 0x[G: So] =d,[G : S;].

Corollary 2.4 now shows that My () = 1 forall w € G. O

We conclude this section with two remarks illustrating the usefulness of Corollar-
ies 2.2 and 2.5.

Remark 2.6. Every natural number arises as the upper multiplicity of some irre-
ducible representation of a Moore group.

To see this, let m € N and let S, be the group of permutations of {1, ..., m}. Let A
be any non-compact locally compact abelian group and form the semi-direct product
G = S, x A™, where S, actson A™ by permuting the components. Then G is a Moore
group with Gr = A™. By Corollary 2.2, My () = d, forevery € (;//Fp = §m
Now, §,, has an irreducible representation of dimension m — 1. In fact, the so-called
Specht module associated to the partition (m — 1, 1) of m is irreducible of dimension
m — 1 (see, for instance, [S, Theorem 4.12 and Example 5.1]).
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Remark 2.7. Suppose that G is a semi-direct product G = H X N where H is
finite, N is abelian and N = G. Then C*(G) is a Fell algebra if and only if H is
abelian. This follows from Corollary 2.5 once we have shown that if H is abelian,
then every 0 € N extends to a character of its stability subgroup. However, this
is guaranteed by the fact that this stability group is of the form H, x N for some
subgroup H, of H and that H, is abelian.

3. Lower multiplicity for Moore groups

Let G be a non-compact Moore group and 7 € G. Notice that since G is non-
compact, 7 cannot be open in G and thus My () is defined. The purpose of this
section is to show that, like My, (), the lower multiplicity M (7) can be realized as
the multiplicity of 7 in a certain induced representation ind,(f, 7. Here H is a subgroup
of G containing G and 7 is an irreducible representation of H. However, although
there are only finitely many possibilities, there seems to be no canonical choice of
the pair (H, 7).

LEMMA 3.1.  Let G be a Moore group and N a closed normal subgroup of G such
that G/ N is abelian. Let ® € G and

Gyx = {oe G: pIN ~ 7IN}.

If (po)o is a net in GN,,, converging to some p € GN,,,, then tr pe(x) — trp(x)
uniformly on compact subsets of G.

__ Proof. By the remark preceding Theorem 2.1, it suffices to show that G N C©
Gg4,. Tothatend, fix p € Gy . Then, since G/N is abelian,

p < ind$(p|N) ~ ind$(w|N) =7 ®indS Iy ~ 7 ® G/N.

Thus there is anet (xg)g in (T/TV suchthatw ® xg — pin G. Itfollows that d, <d;.
Similarly, ¥ < p ® G/N, and as before this yields that d, < d,, as required. O

Let G be any locally compact group and H an open subgroup of G. Let t be a
unitary representation of H and 7 = indf, 7. In the course of the proof of the next
lemma we shall use the fact that if 7 (C*(G)) is finite dimensional, then H must have
finite index in G. This conclusion is not surprising and has been shown to be true in
[9, Lemma 3] whenever H is a closed (not necessarily open) normal subgroup of G.
Since the proof is very short and much less technical in the case of an open subgroup,
we include it for convenience.

Let w(C*(G)) be of dimension d, and suppose that H has at least d 4 1 different
left cosets in G, say agH, ...,a;H. Fix some v € ‘H, and f € C.(H) € C.(G)
such that (f)v # O and define & € H, by £&(h) = t(h~")v for h € H and
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&(x) = 0forx € G\ H. Next, observe that for a and x in G, w(L, f)&é(x) = 0 if
x ¢ aH, while 7(L, f)£(a) = t(f)v. Now there exist Ag,...,As € C such that
Z?:o Aj(Lg; f) = 0 and Ax % O for at least one value of k. It follows that

d
0= an(Le fHE@) = M T(f)v,
Jj=0

a contradiction.

LEMMA 3.2. Let H be a Moore group and define subsets S of ﬁp and T of H by
={oe He: S, =H}andT ={r e H: t|Hp ~ o for some o € s}.

Suppose that (1,), is a net in T converging to some 1 € T, then tr 7, (x) — trt(x)
uniformly on compact subsets of H.

Proof. LetN = HpandletC denote the closure of the commutator subgroup of
N. Then C is compact and hence v ® N/C /C is open in N for every w € N.

Now let 0,,0 € S be such that 7,|N ~ o, and T|N ~ o. Since 0, — 0o in
N, we have 0y €E0Q 17/2‘ eventually. Thus we can assume that for every « there
exists A, € I\/J/\C such that 0, = 0 ® A,. By hypothesis, o and o, are H-invariant.
However, A, need notl)e H -invariﬁr&

Consider any w € N and x € N/C such that w and w ® x belong to S. Then, for
everya € H,

R =@RY) ' =0'"@x" =0® x‘,

so that (x“)) ® w = w. Now, let X, = {u € 17/\6': w®u = w}). Then X,
is a closed subgroup of IV/?' and hence of the form X, = m for some closed
subgroup M of N (containing C). By definition of X,,, w ~ ind®, u(@|M). Moreover,
tro(x) = ux)tro(x) forallx € N and u € m This implies that trw(x) = 0
for every x € N \ M, and this in turn implies that M is open in N. By the remark
preceding the lemma we conclude that M has finite index in N and hence in H. Let
L be the largest normal subgroup of H contained in M. Then L is of finite index in
H andif u € 17/\6‘ is such that w ® 4 = w, then u|L = 1;.

We now apply this to w = o. Thus there exists a normal subgroup L of finite
index in H with the property that x?|L = x|L for alla € H whenever x € 1\7/?‘ is
suchthato ® x € S. Since o, = 0 ® A, € S, we have AS|L = A,|L forevery o and
every a € H. That is, all the A,|L are H-invariant.

Let K = {x € L: Ay(x) = 1 forall @}. Then K is normal in H since all A,|L are
H-invariant. Furthermore, since the set of all characters A, |L separates the points of
L/K,itfollows that L/K is contained in the centre of H/K. Thus H/K has a centre
of finite index and hence a finite commutator subgroup. Let E denote its pull-back
to H. Then E /K is finite and H/E is abelian.
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By definition of K, for all @ we have,
K ~04|lK =0|K @ Ly|K =0|K ~ T|K.

Choose an irreducible subrepresentation y of t|E. Since 7,|E — t|E, for Each o
there is an irreducible subrepresentation y, of 7, |E such that y, — y in E. Let
J = ker(indﬁ (r|K))and A = C*(E)/J. Then A is a finite dimensional C*-algebra
since 7 is finite dimensional and E /K is finite. Moreover, since 7,|K ~ 7|K,

ker yo 2 ker 7o 2 ker (indE (1, K)) = J.
Thus y, — y in A and hence Yo = y eventually. It follows that
WlE~G(e) =G(y) ~T|E

eventually. Therefore we may assume that 7,|E ~ t|E, thatis, 7, € I‘-I\E,,, for all
a. An application of Lemma 3.1 now shows that tr 7,(x) — tr7(x) uniformly on
compact subsets of H. O

Let G be a Moore group and o € Gr. A subgroup H of G containing G is
called admissible for o if there exists a net (0, ), in G r with the following proRerties:
oy = 0,0 ¢ G(oy) and S,, = H for all «. Then clearly H C S, since G is a
Hausdorff space.

LEMMA 3.3.  Let G be a non-compact Moore group and let o € G F. Let H be
an admissible subgroup for o and let T € H such that T|G ¢ is a multiple of 0. Then

My () < m(m,ind§ 7)

Jor every irreducible subrepresentation &t of indg T

Proof. Let m be an irreducible subrepresentatlon of de 7. Since 7 is an irre-
ducible subrepresentation of de o and de Oy —> de o, there exist To € H
such that t,,le ~ 0y and T, — T in H Let m, = de T,; then m, € G and
n, — ind$ t, and hence m, — 7 in G. Moreover, , # m for every « since
w|Gr ~ G(0), 74|GFr ~ G(0,) and G(o,) N G(o) = @ by hypothesis.

An application of Lemma 3.2 shows that tr 7, (x) — tr t(x) uniformly on compact
subsets of H. This implies that

tr g (x) = tr (ind§ 7o) (x) > tr (ind§ 7) (x)
uniformly on compact subsets of G. Now

tr (ind§ 7) = Zm (o, ind§ 7) trp,
P
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where the sum extends over all irreducible subrepresentations p of ind$ t. It follows
from Theorem 1.1 that m(p, indg 1) = M(p, (T4)s). In particular,

My () < M(, (Tg)e) = m (m,ind§ 7). O

COROLLARY 3.4. Let G be a non-compact Moore group, leto € G F and suppose
that S, itself is admissible for o. Then M () = | for every irreducible subrepre-
sentation of indgr o.

Proof. Given such a m, there exists T € S:, sothat m = indg" tand t|Gfisa
multiple of 0. Now Lemma 3.3 with H = S, gives that M, () < m(m, indg” 7)=1.
O

The following example is a typical application of Corollary 3.4.

Example 3.5. Let G = §,, x A" be as in Remark 2.6. Then, for each o € X’",
the stability group of o is admissible for o. This can be seen as follows. If o =
©1,...,0n) € A" (0; € A) and ¢ € S,,, then ¢ belongs to the stability group of o
if and only if o,y = oj forall j = 1,...,m. Now, since A has no isolated points,
there exists a net (@), in A™ convergmg to o such that 0@ # o for all o and
aj‘") = o“” if and only if 0; = o; foreach@ and all 7, j € {1, ..., m}. Corollary 3.4

shows that M, (7) = | forevery m € G.

Now we are ready to combine Lemmas 3.2 and 3.3 with Theorem 1.1 and results
from [2] to obtain the formula for lower multiplicity alluded to at the beginning of
this section.

THEOREM 3.6. Let G be a non-compact Moore group and let w € Gando € G F
such that o < |G . Then

My (m) = %in m (7, ind§ 7),
(H.7)

where (H, 1) runs through all pairs consisting of an admissible subgroup H for o
and an irreducible representation T of H such that 1 < indg tand t|Gr ~ 0.

Proof. Inview of Lemma 3.3 it suffices to show that m (r, indf, T) < M () for
some pair (H, 7).

By [2, Proposition 2.2] there exists a net €2 in G \ {7} converging to  such that
M () = M/ (, ). By Proposition 2.3 of [2], 2 possesses a subnet 2, satisfying
M (m, 2,) = M (m, ;). Since G/ G is finite and by successively choosing further
subnets, we find a subgroup H of G containing G ¢ and a subnet Q = (7y)q Of £27
with the following properties:
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(1) 4 |G F ~ G(oy) for some o, € 5F such that o, — o in 6; and S,, = H for
all a.

) e = indf, T, Where t, € H is such that 7,|Gr ~ o, and 7, — 7 in H for
somet € H.

Of course, (1) and (2) imply that t|Gr ~ o. It follows from Lemma 3.2 that
tr 7, — tr 7 uniformly on compact subsets of H and therefore, uniformly on compact
subsets of G,

tr 7 (x) — tr (ind§ 7) (x) = Zm (o, ind§ 7) tr p(x),
o

where the sum extends over all irreducible subrepresentations of md 7. Since Q
converges tosr in G (i) and (iii) of Theorem 1.1 now show that 7 isa subrepresentatlon
of md o and that

m (7, ind§ ) = M(r, Q).

Summarizing by the choice of 2, £2; and €2 and since €2 is a subnet of 2, we get
m (m,ind§ 1) = M(m, Q) = M(mr, Q) = ML (7, ) = ML(n),

asrequired. 0O

COROLLARY3.7. Letm € Gando € 6; be such that 0 < n|\Gp. If the
representation indf;’r o is multiplicity free, then M () = 1.

Proof. By Theorem 3.6 there are a subgroup H of S, contammg G r and some
T € Hsuch thatt|Gp ~o,m < md tand M () = m(m, md 7). By hypothesis,

Se i Sy (o H
indy o = indy (indg, o)

is multiplicity free and hence so is its subrepresentation indi‘,’ T (notice that T <
indgF o). Now, for every irreducible subrepresentation p of indf; T, indga p is irre-
ducible, and the mapping p — ind‘si p is injective. Since w = indga p for some such
p, it follows that 7 occurs only once in ind$, 7, as was to be shown. O

The hypothesis of Corollary 3.7 that indg’F o be multiplicity free is fulfilled, for
instance, if G splits in G (that is, G is a semi-direct product of some finite group A
with Gr) and Gr and A N S, are abelian.

Itis conceivable that M, (77 ) might be equal to 1 for every irreducible representation
7 of a Moore group. However, we incline to the opposite view and hope that the
formula of Theorem 3.6 will be useful in the attempt to construct a Moore group G
and an irreducible representation 7w of G with My () > 1.
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4. Finite multiplicities for SIN-groups

In this final section we turn to SIN-groups. Recall that a locally compact group
G is said to have small invariant neighbourhoods if G has a neighbourhood basis of
the identity consisting of sets V such that x~!'Vx = V for all x € G. In particular,
discrete groups are SIN-groups. The representation theory of SIN-groups, notably
the left regular representation, has been studied in [6] and [19]. Moore groups are
precisely those SIN-groups which are of type I.

For a SIN-group G, it is immediate from the definition that the subgroup G r of all
elements with relatively compact conjugacy classes is open in G. The reduced group
C*-algebra C7(G) is the image of C*(G) under the left regular representation, and
G, < G denotes the dual space of C}(G). Recall that G, =G ifand only if G is
amenable.

LEMMA 4.1.  Let G be a SIN-group and let I be a non-zero closed ideal of C}(G).
If I is a type 1 C*-algebra, then G /G is finite and the commutator subgroup of G ¢
is relatively compact.

Proof. Let VN(G) be the von Neumann algebra generated by the left regular
representation of G. Since G is an SIN-group, VN(G) is a finite von Neumann algebra
[4, Proposition 13.10.5]. By hypothesis on I, the weak closure I of I in VN(G) is
a type I von Neumann algebra. Thus there exists a non-zero central projection E
in VN(G) such that E(VN(G)) is type I, finite. The statement of the lemma now
follows from [6, Satz 2] (see also [19, Theorem 3]). O

In what follows, for w € G,, we denote by M(; () and My (v) the upper multi-
plicity of 7 viewed as a representation of C;(G) and of C*(G), respectively.

THEOREM 4.2.  For a non-compact SIN-group G the following three conditions
are equivalent.

(i) There exist m € G, such that My, () < oo.
(ii) There exists a non-empty open subset V of G such that Mj (p) < oo for all
peV.
(iii) GF has finite index in G and a relatively compact commutator subgroup.

Proof.  Suppose that (i) holds. Then the set of all p € 6, with M[;(p) < oo is
non-empty and open in G, by [1, Proposition 2.3]. Thus (i) implies (i’i\).

Let V be as in (ii) and let I be the closed ideal of C}(G) with I = V. §ince
Mj (p) is defined for every p € V, no singleton {p}, p € V, can be open in G,. It
follows from Theorem 4.4 of [1] that p(C} (G)) 2 K(H,) and hence p(I) 2 K(H,)
forevery p € I. Thus I is a type I C*-algebra by the Glimm-Sakai theorem and then
(iii) is a consequence of Lemma 4.1.
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Finally, let (iii) be satisfied and denote by C the closure of the commutator subgroup
of Gr. Then G/C is almost abelian and hence every p € C/;/\C has finite upper
multiplicity relative to C*(G/C) (see Theorem 2.1). However, since C is compact,
C*(G/C) is an ideal of C*(G) and hence that multiplicity coincides with the upper
multiplicity of p relative to C*(G) (see [3, Lemma 2.7]). This proves (i). O

In particular, since groups as in (iii) of the preceding theorem are amenable, this
shows that if G is a non-amenable SIN- -group then My (r) = oo for all # € G,.
In this case there may or may not exist p € G with My(p) < oo. For example, if
G = I, the free group on two generators, then My (p) = oo forall p € G because
C*(IF,) is antiliminal, whereas if G has Kazhdan’s property (T') then My (1) = 1.

As an additional example consider an arbitrary non-compact nilpotent SIN-group
G. For such G, it has recently been shown in [8] that M () = oo for each infinite
dimensional 7 € G. This implies that My(m) = oo for every w € G. On the other
hand, M, () = 1 for every finite dimensional = € G [8].

We conclude this section with a precise description (in the situation of Theorem 4.2)
of the set of all irreducible representations with finite upper (respectively, lower)
multiplicity.

THEOREM 4.3. Let G be a non-compact SIN-group and suppose that G satisfies
one (and hence all) of the conditions of Theorem 4.2. Then there exists a compact
normal subgroup K of G such that

G/K = {m € G: My(m) <oo})={n € G: My (n) <oo}={n €G: d, < o0}.

Proof. We know that G/G is finite and C, the closure of the commutator sub-
group of G, is compact. We define a normal subgroup X of G by

={x € G: p(x) = 1 forall p € G such thatd, < oc}.

Then K € C since G/C is aMoore group. By definition of K, G¢/K is amaximally
almost periodic group with relatively compact commutator subgroup. Assuch, Gr/K
is a Moore group [17] and hence so is G/K. Thus

G//T(=[neazd,,<oo}.

From Theorem 2.1 we know that My () < oo for every m € (T/T( . Note that, as
in the proof of Theorem 4.2, My (;r) is the same relative to C*(G/K) as relative to
C*(G). To complete the proof of the theorem it remains to show that M () =
forevery m € 6\’6/7{

__Suppose w € G is such that M, () < oo. Notice that {7} cannot be open in
G since G is non-compact. It follows that 7 (C*(G)) 2 K(H,). Now, G being a
finite extension of a group with relatively compact commutator subgroup, C*(G) has
a T, primitive ideal space [7], [15]. Hence & (C*(G)) is simple, whence m (C*(G)) =
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K(Hz). Since G is a SIN-group, L' (G) (and hence C*(G)) has a central approximate
identity F. Thus, for every f € F,n(f) is compact and 7 (f) € C - 1 since 7 is
irreducible. This forces 7 to be finite dimensional, so that x € G/K. 0O
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