DISTRIBUTION OF IRREGULAR PRIMES

BY
Hucea L. MONTGOMERY'

1. Introduction and prerequisite results

In 1850 E. E. Kummer verified [5] (see [6]) the Fermat conjecture for all
prime exponents of a certain type; he called these primes regular. The pur-
pose of this paper is to outline our knowledge of the irregular primes and to
obtain a new result about them, Theorem 3.1. To prove this result we will
use several arithmetic properties of the Bernoulli numbers, By = —3%, B, = &,
B; = 0,B, = —4%, Bs = 0, ---. The following five theorems state these
properties; their proofs [1], [3], [11] are well known and will not be included.

TurorEM 1.1. For all integers n > 1, Bapi1 = 0 and sgn By, = (—1)""%

TueoreM 1.2 (von Staudt-Clausen). For every positive integer n, there is an
integer G(n) such that

By = G(n) — (L/h+ 1/ + -+ + 1/L),

where Uy, Iy, -+, I, are precisely those distinct primes for which l; — 1 divides
on,1 <1< r.

The theorems above make it clear that if we write Bz, = N2,/Ds, in lowest
terms with Dy, > 0, then Dy, = lilp -+ - I, and sgn Nop, = (—1)""%

TreoreM 1.3 (J. C. Adams). If I is an odd prime, I” divides n, and | does
not appear in Do, , that is, 1 — 1 does not divide 2n, then 1" divides N2, .

The preceding theorems enable us to write n = ny ne, where n; and n, are
relatively prime, n; divides N3, , and every prime in n. appears in D, .

TuEOREM 1.4. For any positive integers n and t

Not = Dy Son(t)  (mod &),

Sen(8) = Dzt

Tueorem 1.5 (E. E. Kummer). If s an odd prime, ny and ny are positive
integers, and 2n, = 2ny # 0 (mod ! — 1), then

Bsu, /M1 = Ba,/n2  (mod ).

The connection between the Bernoulli numbers and the irregular primes is
given by the following:

where, by definition,
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DEerFINITION. An odd prime [ is regular if and only if [ does not divide any
of the numerators

(1) Ny, Ny, Ng, -, Nus.

2. Knowledge of irregular primes

At the time of Kummer’s proof only a few irregular primes were known to
exist, but by 1940 H. S. Vandiver [12] had abandoned his project of listing the
irregular primes because he had begun to doubt the existence of an infinity of
regular primes. He found that of the primes less than 4002 approximately
39% areirregular. The irregular primes less than 300 are 37, 59, 67, 101, 103,
131, 149, 157, 233, 257, 263, 271, 283, 293. Fermat’s conjecture has been veri-
fied for all irregular prime exponents having certain properties. In this
manner the conjecture has been verified for all odd prime exponents less than
4002 [9].

It is not known whether there are infinitely many regular primes, but in 1915
K. L. Jensen showed [4] (see [12]) that there are infinitely many irregular
primes of the form 4m + 3, and in 1955 L. Carlitz gave a simpler proof [2] of
the weaker assertion that there are infinitely many irregular primes. In 1963
I. S. Slaviitskil asserted [10] that there is an infinity of irregular primes of the
form 3m <+ 2, but his proof by contradiction was the result of a mistake in
signs: no contradiction is obtainable when the error is corrected. However,
his assertion is contained in our Theorem 3.1.

After L. Carlitz [2] we will call an odd prime ! which divides the numerator
of Ngy./n a proper divisor of Na, , and all other prime divisors of Na, ¢mproper.
In Lemma 1 we will show that an odd prime [ is irregular if and only if 7 is a
proper divisor of some Bernoulli number. Little is known about the highest
power [” of [ in the numerator of Na,/n, except that w > 1 is possible. F.
Pollaczek noted [8] that 37* divides the numerator of Na,/142. Apparently it
is not known whether I can divide any of the numbers in (1).

3. Distribution of irregular primes
We begin by proving two lemmas to Theorem 3.1.

LemMA 1. An odd prime is irregular if and only if it is a proper divisor of
some Bernoulli number.

Proof. I. Suppose [ is irregular. Then [ divides Ny for some £k,
1 <k< (- 3)/2. Butland k are relatively prime, so [ also divides the
numerator of Nu/k, and hence [ is a proper divisor of Ny .

II. Supposel is a proper divisor of Now . Thenk 5 0 (mod (I — 1)/2) by
Theorem 1.2, because we know that I does not appear in Dy, . Let &’ be the
least positive residue of k modulo (I — 1)/2, so

%k = 2k % 0 (modl — 1) and 2< 2K <1 — 3.
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By Theorem 1.5 [ is also a proper divisor of No . Thus ! divides Ny , which
isin (1), so [ is irregular.
Lemma 1 complements Theorem 1.3 in that if 7 is regular and [” is the highest

power of [ in n and ! does not appear in D,, , then [” is the highest power of
lin Ny, .

The following lemma will be used in conjunction with Theorem 1.4 to deter-
mine congruence properties of Nog once those of Dsq are known.

LemMa 2. If P is an odd prime and k = 1 (mod ¢(P?)), then
Su(P) = P/6 (mod P?).
Proof. Su(P) = 205 ™
= > 534 (mod P?)
= P’/3 — P"/2 + P/6
= P/6 (mod P?).

TuroreM 3.1. If P is an odd prime then there are infinitely many irregular
primes not of the form mP 4 1.

Remark. In the proof we will determine an integer @ = 1 (mod P) for
which | N2 |/Q # 1 (mod P), so that N has at least one proper divisor not
of the form mP -+ 1. If @ is chosen properly, it may be shown that this

proper divisor is distinet from some original set of primes, pi, p2, -+, Ps .
Proof. Let p1, p2, -+ -, ps be s distinct primes with p; > 5. Then we will
show the existence of an irregular prime, p.4;, distinet from py, ps, -+, s,

and not congruent to 1 modulo P.
Let I be a prime such that

(2) 1= -1 (modI126(P)pi(pr — )pa(p2 — 1) -+ ps(ps — 1)).

But [ appears in Dy, where u = (I — 1)/2;1et I’ > 5 be the least prime (other
than 2 and 3) in D,, such that I’ 2 1 (mod P). If ' = (I’ — 1)/2 then V'
appears in Dg,r . Furthermore, u’ divides u so the primes in D, are from
among those primes <!’ in Dy, . Thus the only primes in Dy, which are not
of the form mP + 1 are 2, 3, and I'.

We will now show the existence of an appropriate number, », such that, if
u'n = @, then

Daq = Dy and Q=1 (mod 66(P")pi(p1 — 1)pa(pa — 1) + -« pi(ps — 1)).

Let di, da, - -+, d. be all divisors of u/, and let Iy, Iz, - -+, I, be r distinct
primes obeying

Li > U-66(P)pi(pr — L)pe(pe — 1) -+~ po(ps — 1).

We consider the simultaneous congruences
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n=1/u (modV-66(P)pi(p1 — )pe(pr — 1) -+ pu(ps — 1)),
n= —1/2d; (mod ), 1<i<r.

We see that u’ is relatively prime to

V-66(P)py(pr — 1)pe(p2 — 1) -+ pu(pe — 1)
because u’ divides u and by (2)

p=—1 (mod6s(P)pi(pr—1) -+ ps(ps — 1)).

Also, 2d; is relatively prime to I; because 2d; < I’ < l; and [; is prime. The
moduli of (3) are pairwise relatively prime, so there is a solution to (3),
which is unique modulo the product of the moduli. This solution is clearly
relatively prime to each of the moduli, so by Dirichlet’s theorem [6] we may

choose 5 to be a prime satisfying (3). Set Q@ = u'y. First we show that
D2g = Dy . The divisors of 2Q are

di,de, -, dn,

2dy, 2dz, -+, 2d,,

din, dam, -, drm,
2dyn, 2dsm, -+, 2d, .

When 1 is added to each member of (4), the primes appearing in the first two
rows are precisely those of Dy, . All members of the third row are even when
1 is added, and by (3) 2d;9 4+ 1 is divisible by ;. Therefore Dy = Dy,
and hence Dyo/6 = I’ (mod P).

We turn now to consider Nyg. Weput n = @ and ¢t = P in Theorem 1.4
and apply Lemma 2 to obtain

Nz P = Dsg S:q(P) = Dy-P/6 (mod P?),

(3)

(4)

so that
(5) N2Q = Dzo/ﬁ =] (mod P).

As we noted earlier, we may write @ = @ Q. with @, and @, relatively prime,
where Q; divides N3¢ and every prime in @, appears in Dyg . The only primes
in Dyq which are not of the form mP + 1 are 2, 3, and I/, but (3) assures us
that @ = 1 (mod 60’), so all primes in @, are of the form mP 4 1, and hence
Q. = Q =1 (mod P). But the numerator of N2o/Q is precisely the integer
N2g/Q:1 = I (mod P). From relation (5) we see that I’ £ 0 (mod P), be-
cause Nqg and Dyq are relatively prime. Theorem 1.1 assures us that Nog > 0,
so we have the positive integer Nso/Q1 52 1, # 0(mod P). Thus there is at
least one prime p,.1in Nag/@Q: which is not of the form mP + 1. If p,.1is such
a prime, then p,,1 is a proper divisor of Nsq , 50 by Lemma 2 p,4, is irregular.

It remains to show that p,y; is distinet from py, p2, +-+, .. The con-
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gruence (3) affords us the hypotheses of Theorem 1.5, which yields
By/Q = By/1 = ¥ # 0 (mod p;), 1<i<s,

SO Psy1 is distinet from py, P2, +« -, Ps, and the proof is complete.
The most general result we can state now is

TurEOREM 3.2. If T is an integer T > 2, then there are infinitely many ir-
regular primes which are not of the form mT + 1.

Proof. If T has an odd prime factor then the assertion is true on the
strength of the previous theorem. On the other hand, if 7' is a power of 2,
T = 2*, k > 2, then the assertion follows from Jensen’s result that there are
infinitely many primes of the form 4m 4+ 3.

For certain values of T we may state our results more precisely. For
T = 3, there are infinitely many primes of the form 3m + 2. For T = 4 we
have Jensen’sresult. For T' = 6 we have a result equivalent to that for 7' = 3,
because all primes of the form 3m + 2 are also of the form 6m + 5, with the
single exception of the prime 2.

It might be expected from these results that if 7 > 2 then there is a de-
ficiency of irregular primes of the form mT + 1. However, this is not borne
out by the numerical evidence of J. L. Selfridge, C. A. Nicol, and H. S.
Vandiver [9]. There are 334 regular primes less than 4002, and 216 irregular
primes less than 4002. If we group the latter modulo 12, for example, we find
that forty-nine are congruent to 1, sixty-six are congruent to 5, forty-three are
congruent to 7, and fifty-eight are congruent to 11.

I wish to thank Professor Paul T. Bateman for his kind assistance in direct-
ing this research and his aid in the preparation of this paper. The author is
also indebted to Professor Leonard Carlitz for his suggestions and for confirm-
ing the author’s suspicions of Slaviitskil’s proof.
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