ON THE KERNEL OF CONSTANT-SUM SIMPLE GAMES WITH
HOMOGENEOUS WEIGHTS!

BY
BezarLEL PELEG

Introduction

The kernel of a characteristic function game was defined by M. Davis and
M. Maschlerin [1]. Itisprovedin [1] that the kernel is a subset of the bargain-
ing set M{”; so each outcome in the kernel is “stable”, in the sense defined
in [2]. Indeed, unlike the classical solution of von Neumann and Morgen-
stern, in which a set of outcomes is considered as one solution, each particular
outcome of the bargaining set possesses its own stability. Thus, the ac-
cumulated theoretical and experimental evidence that justifies the outcomes of
the bargaining set theory, justifies a fortiori each single outcome of the kernel.
On the other hand there is an example (see [1, Section 6]) which indicates that
the outcomes of the kernel should not be considered as preferred to other out-
comes of M{?, since restricting the outcomes to the kernel may lead to the
omission of ‘‘reasonable” outcomes.

It would be very interesting to study the question of the exact location of
the kernel in the bargaining set M{”. Apparently, the kernel represents
either a specific extreme type of negotiation, or, perhaps, it can be interpreted
as a final stage of the negotiations, when the players are determined in forming
specific coalition structures. We refer the reader to [1, Section 6] and to
[5, Section 14] for heuristic information on this subject.

In addition to being a subset of M{”, the kernel has many interesting
mathematical properties (see [1] and [5]); for example the kernel is highly
sensitive to many possible symmetries that a game may possess [5]. This
makes the kernel a good “indicator” of certain symmetries that may exist in a
game. This paper and [6] show also that the kernel is sensitive to additive
structures of the game.

At present, however, the kernel should mainly be regarded as a tool for in-
vestigating the bargaining sets. As such it proves quite useful (see [5]). The
present paper is a contribution in this spirit. We investigate here the geo-
metrical structure of the kernels of certain classes of simple games. We con-
jecture that similar results are true for a wider class of games, and, moreover,
that they hold also for the bargaining set itself.

We now describe the contents of the paper. Section 1 supplies the necessary
definitions and Section 2 the proofs of the lemmas. The proofs of the main
results—(a) the main simple vector is an extreme point of the convex hull of
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the kernel (Theorem 3.5) and (b) the kernel of an n-person constant sum
simple game with exactly n minimal winning coalitions is star-shaped,
(Theorem 4.4)—are given in sections 3 and 4 respectively. We conjecture
that Theorem 4.4 can be generalized to cover all simple games.

Strong use is made of Isbell’s results on weighted majority constant-sum
homogeneous games in [3] and [4].

We are indebted to Professor R. J. Aumann for a stimulating discussion
concerning Theorem 3.5.

1. Definitions

A simple game is a pair (N, W), where N = {1, 2, .-+, n} is a set with n
members, and W is a set of subsets of N. The members of N are called
players; subsets of N are termed coalitions. The elements of W are termed
winning coalitions. The set of the minimal winning coalitions is denoted by
w™.

A simple game (N, W) is constant-sum if a coalition Se W &N — S¢W.
A constant-sum simple game has homogeneous weights if there exist n positive
weights w; , - -+, w, and a number ¢, such that

SeWe D sw;=q and SeW'e D sw; = q.

q is called a quota.

Constant-sum games with homogeneous weights were defined by Von
Neumann and Morgenstern in [7].

Let (N, W) be a constant-sum game with homogeneous weights. We shall
always assume that there are no dummy players, so that each player is in at
lease one minimal winning set. It is known (see [3]) that there exist minimum
integer homogeneous weights for (N, W), which are unique. We shall use

the notation [wy, - -+, w,] for (N, W), where wy, - --, w, are the minimum
integer weights. We shall also assume that the weights are given in non-
decreasing order, i.e. that w; < -+« £ w, .

A quota that corresponds to wy, -« -, w, is (1 + D iy w;).

Let G = (N, W) be a constant-sum game with homogeneous weights. The
characteristic function of @ is the function v defined on the subsets of N by
v(S) =1if SeW,and v(S) = 0if S¢ W.

An imputation is an n-tuple of real numbers that satisfies z; = 0,
i=1,---,mand Y g2 = 1.

Let 2 be an imputation and 7 and j different players. For S € N we denote
e(S,z) = e(8) = v(8) — Xsxr. Alsowe denote

Wi=1{Q:QeW,7¢Q and je¢Q} and
s,-j(x) = §; = max {G(T) : TEWij}.

1 outweighs 7, written 7 >> j, if ; > 0 and s;; > s;; . The imputation z is
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balanced if there exists no pair of players k and [ such that &k >> 1. The kernel
of the game @ is the set of all balanced imputations.

2. Some properties of the s;; functions

Let [wi, ---, w,] be an m-person constant-sum game with homogeneous
weights. Two players are symmetric if and only if they have equal weights.
We denote by T4, ---, T, the different classes of symmetric players, ar-
ranged in increasing order of weights.

Lemma 2.1. Let x be an imputation in the kernel; if 1e¢Th, je Th and
k= h,then x; = x;.

Proof. Suppose z; > z;. Let s;; = e(S). If S; = (S — {2}) v {5}
then S;e Wj; and s;; = e(8S1) > e(8); so j outweighs ¢, which is impossible.
Hence we conclude that z; = z;.

A proof of a more general result is given in [5].
Let ¢ and j be two different players; we denote

W ={Q:QeW™, 7¢Q and je¢Q}.
LemMA 2.2. If © and § are two different players then W75 1s not empty.
A proof of this result can be found in [4, p. 438]. See also [5].

Lemma 2.3. Let x be an imputation in the kernel; if i e Th, je Th1 and
either x; = 0 or s;; 1s attained by a coalition S e W7, , then there exist players
P, -+, D¢ such that w,, < w, u = 1, -+, w; = Zi=1wpu,(md
X g u=1 xpu .

Proof. Let Q@ = Sif x; > 0, and an arbitrary set in W7; otherwise. Let
R=(@Q—1{j})ui{i. ReW,;. Since@ — {j} ¢ W, R contains aset B, e W7;.
Let p1, -+, p; be the players of Q — Ry. wi = D5y Wy, and w,, < w;,
w=1,---,t If z; = 0 then by Lemma 2.1, 2, =0, =1, .-+, ¢ and
=0 = Zf,.,lx,,u. If z; > 0 then we have ¢(Q) = s;; = s;5 = e(Ry),
and the inequality z; = D% 2, follows.

Let SeW™. We denote d(S) = min {h: ThnS ¥ 0}. A coalition
PeW™ is obtained from S by substitution if P = (S — {i}) u @, where
teTasynSand Q C U{T,:g < d(S)}. We remark that if S, P, R e W",
P is obtained from 8 by substitution, and R is obtained from P by substitu-
tion, then R is obtained from S by substitution. These definitions and
remarks will be useful in what follows.

LemMa 2.4. Let x be an imputation; if © and j are different players, then
either there is an Se W7; such that s; = e(S), or there is an Re W,
R = {{JuRy, Roe W" and w; > w; for all t € Ry, such that s;; = e(R).

The proof, which is straightforward, is omitted.
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LemMA 2.5. Let x be an vmputation in the kernel, and let Tor1y -+« ) Th s
a = 0, be the classes of the players that are assigned positive payments i x.
IfieThandjeTr,a + 1 = h <k, then both s;; and s;; are attained by minimal
winning coalitions.

Proof. Ifm — 1= a+1,4e Ty andje T, then, by Lemma 2.4, either
s;; 1s attained by a coalition in W75, or there is an Re Wy, R = {i} u Ry,
Rye W™, Ry € T,, such that s;; = e¢(R). If the second possibility holds
then, since the players of T, are symmetric, we have that

sji Z e(Ro) > e(R) = sy,

which is impossible; so s;; is attained by a coalition in W¢; . The proof that
s;; is attained by a minimal winning coalition follows directly from Lemma 2.4.

We continue the proof by induction on A. We assume that if by > h =
a+ 1,k > b, veTh and je T, then both s; and s;; are attained in W™;
we shall show that this is true also for ¢ ¢ T, and j ¢ T , where &k > h. This
will be done by induction on k. So we assume now thatif h + 1 = &k < k,
ieTh and je T, , then s; and s;; are attained by minimal winning coalitions.
We shall prove now that if ¢ 7% and je T%, then s;; is attained in W3, .
Suppose there is no R ¢ W7; such that s;; = e(R); by Lemma 2.4 there is an
S such that s; = e(S), S = {7} uS, and Sy e W". From the existence of
such an S we shall derive a contradiction. Denote e(S) = ¢ and e(S,) = é.
8§ = ¢ + x;. Our first step will be to show

(251) If QeW™, e(Q) = & and Qn(TyuTyu --- uTy) # @, then
QDTa+1UTa+2U"'UTk.

To prove (2.5.1) we shall show firstly that @ n (Thu T%) # §. Assume,
per absurdum, that Q n (Thu T:) = B. Letre@QnTyq ;if d(@Q) = h — 1
then (@ — {r}) u {7} contains a set P ¢ W7; such that e(P) = ¢, contradicting
our assumption that s;; is not attained by a minimal winning coalition. If
d(Q) = h + 1let p e Tyq-1; by our induction hypotheses s, is attained by
a coalition in W75,. It follows from Lemma 2.3 that there exist players
P, -+, Pt such that w, = D Wp, , T = D %y, and w,, < w,,
=1 --,t Let @ = (@ — {T})U{ply ] pt} e(Q1) = e(Q) and
QqnTy, = 0,50 Qin T, # @is impossible. Also, by what we have already
shown d(Q:) = h + 1. d(Q) > d(@:). We can continue and construct a
sequence of sets @, , g = 1,2, - - -, having the same properties as @, such that
d(Q,u1) < d(Q,), which is absurd. So we conclude that @ n (Thu T%) = 0.
We proceed now to show that @Q D Thu Tw. IfQnTh =@ and Tx — Q #= 0,
then we can, by interchanging symmetric players, obtain a set @, that satisfies
e(Q1) =e(Q),7eQrandj¢ Q. Sincee(@Q:) = § > ¢ = sy5, thisis impossible.
Hence if Qn T) = @ then @ D T:. In a similar way we can show that if
TonQ # @ then Q D T,. Since @ n (Tru T;) # @, it follows that
Q D ThuT:.. We are able now to complete the proof of (2.5.1). Suppose
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there is a pe (Togp1u ---uTh) — Q. Since je@ and x, > 0 we have that
Spi = Sjp = e(Q). Let sp,; = e(U). Since sy = ¢ < e(U), 2¢U.
If w, > w; then, by our first induction hypothesis, we can choose U e W™.
But, by what we have already shown, U must contain 7% , which is absurd.
Sow, < w;. Let Uy = (U — {p})u{s}. UreW; and

e(U)=eU)+ap,—x; 20+, — ;>0 — 2= ¢ = 855,

again a contradiction. Hence @ D Ty U - -- u Ty and the proof of (2.5.1)
is complete. Our second step will be to show

(2.5.2) There is no coalition @ ¢ W™ that satisfies

e(Q =6 and QD Topu---uTy.
Let

D=1{Q:QeW", e(Q =6 and Q D Teau --- U Ti}.

We shall show that if @ e D then @ D Tyy1u --- u T, . This will prove that
Dis empty, sinceif Q D Toryu -+ U T thene(Q) = 0, whiled > 0. Assume
that each P e D contains Ty U ++ - U Thyy1,andlet Q e D. If Ty, — Q = 0,
let ce Thyy — Q. s;o = e(Q), so there is a coalition U e¢ Wg; such that
s;; = e(U) Z e(Q). Sinceje¢U, by (25.1), Un(Thu ---uTy) = 0. Let
reUnTyyy and pe Towy—1. Since s, is attained by a minimal winning
coalition there exist, according to Lemma 2.3, players py, - -+, D¢, Wy, < Wy,
u =1, -+, t such that

U= (U - {r})ufp, -+, pdeW" and e(U1) 2 e(U).

We can continue, using this method of substitution, and obtain eventually a
coalition Uge W™ such that

e(Up) 286 and Uin (Tiu---uTy) # 0.
By (2.5.1), Uy D Toau ---uT,. Now, if d(U) < k + ¢ then
UOZP ToprU - U Thyp,

contradicting our assumption that each PeD contains this set. If
d(U) = k + ¢ then we have Uy D Ty -+ - U Tryy1 ; using Isbell’s in-
equality® [3, p. 185] w, < w(T1) + -+ + w(Trsy—1 — {p}) + 1, we have

w((Tyu - uTy) —Up) =2 wp, — 1= w;.

Hence (Uy — {i})u Tiu --- u T, contains a coalition B e W". Since i¢ R
and e(R) = §, this contradicts (2.5.1). So we can proceed to show by in-
duction that each @ ¢ D contains Thy1U -+ U Ty, and complete the proof
of (2.5.2).

We conclude from (2.5.1) and (2.5.2) that there is no Q e W™ that satisfies
e(Q) =2 dand Qn (Thu ---uTi) # @. But, starting with S, and using our

2 If F is a coalition then w(F) = D perws -
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first induction hypothesis and Lemma 2.3, we can apply the method of sub-
stitution and obtain an S; e W™, such that

e(S1)) =26 and Sin(Tiu---uThy) # 0.

So we reached the desired contradiction, and thus proved that s; is attained
by a minimal winning coalition. The proof that s;; is attained in W7; is
similar. The proof of Lemma 2.5 is now complete.

LEmMA 2.6. Let « be a balanced imputation and let
E={S:8e¢W" e(S) = ¢(Q) for all Q C N};
then N {S: SeE} = .

Proof. Suppose M = N{S:Se¢E} #@. IfieM andj¢M thens;; > sj;.
Since z is balanced, x; = Ofort ¢ M. It follows that max {e(Q) : Q e W™} = 0,
which is impossible since [wy, ---, w,] has an empty core.

A detailed proof of a more general result is given in [5].

LEMMA 2.7. Let x be a balanced imputation, and let Tor1, <+, Twm be the
classes of the players that are assigned positive payments inx. IfieTh, h £ q,
andjeTy, k = a + 1, then si;; = sj:, and s;; is attained by a minimal winning
coalition.

Proof. Let E be as in Lemma 2.6. There is an Se¢ E such that j¢.S.
We have that s;; = e(Su {t}) = e(8) = sj; ;sincex; > 0, s;; = 845, and there-
fore s;; = s;;. Also, if there is no R ¢ W73; , such that s;; = e(R), then, by
Lemma 2.4 there is a P = {j} u Py, Poe W", such that s;; = ¢(P). Since
e(Py) £ e(8) and z; > 0, e(P) < e(S) = sy, contradicting the equality
85 = 8ji ; SO 8j; Is attained in W™,

LeEmMA 2.8. Let x be a balanced imputation. If ¢ and j are different players
then Sij = Sji.

Proof. If x; > 0 and x; > O then s;; = s;; since « is balanced. If z; = 0,
let E be as in Lemma 2.6. There is an S e E such that 7¢ 8.

8ij = e(SU {1/}) = B(S) = 8ji .

If z; > 0 then by Lemma 2.7, s;; = s;; ; if #; = 0, the same argument shows
that s;; = si;, and therefore s;; = sj;.

LEmMA 2.9. Let x be a balanced imputation and let Ty, - - - , T, be the classes
of the players that are assigned a zero payment inx. IfieTh,jeTi,h <k = a,
then s;; is attained by a minimal winning coalition.

Proof. We assume that if h < hi < k = a, ¢¢T, and je Ty then sy
is attained in W™, and we shall show that the same is true if 2¢ T, and j ¢ T,
k > h. This will be done by induction on k. So we assume now that if
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h<k<k =aieThandje Tk , then s;; is attained in W™, and shall prove
that if ¢ T, and j e Ty then s;; is attained by a minimal winning coalition.
If s;; is not attained in W™, then there is a coalition S, S = {5} u Sy, Soe W™,
such that s;; = e(S). We shall show that the existence of a coalition S
with the above properties leads to a contradiction. Let e(S) = 8. Our
first step is to prove

(29.1) If QeW™ e(Q) 2 6and Qn(Thu ---uT:) # @then Q D T).

Suppose that T, — @ = @. By interchanging symmetric players, if
necessary, we can obtain a Qe W™ such that 7¢Q; and e(Q:) = e(Q).
j ¢ @ since sj; is not attained in W™. Let uw e @ n T, where b £ k.
(@1 — {u})u {j} contains a coalition Q, e W7; that satisfies e(Q:) = ¢(Q:),
contradicting our assumption that s;; is not attained by a minimal winning
coalition. Hence we conclude that Q@ D T .

The next result that we need is

(2.9.2) Thereisno @ e W™ such that @ D T and ¢(Q) = .

Let D = {Q:QeW™, e(Q) = 6 and Q@ D T:}. We shall show that if
Q e D then

QD Trau- - uTy,.

This will prove that D is empty, since if @ D Tiy1u -+ - u T then e(Q) = 0,
while we know (see the proof of Lemmas 2.6 and 2.8) that

6 =max {e(P): PeW™ > 0.
Let
b=min{g:g=k+1,3QeD suchthat T, — Q = @}

and let PeD such that T, — P # @. If ce T, — P then, by Lemma 2.7
or our second induction hypothesis, there is a coalition U in W¢; such that
sei = e(U) = e(P). Sincei¢U,Un (Thu---uTy) =0. LetreUn Ty
and p € Tawy—1 ; then either z, = 0, or, by Lemma 2.5, s,, is attained by a
minimal winning coalition. So, according to Lemma 2.3, there exist players
Pr, 0, Pty Wp, < Wp, u = 1, -+, ¢ such that

U= (U—={rHu{p, -, pd eW" and e(U,) = e(U).

We can continue, using this method of substitution, and obtain eventually
a coalition Uy e W™ such that

6(Uo)_2_5 and Uon(T1U"'UTk)?£ﬂ.

By (2.9.1), Uo D Tn. Now, if d(U) < b then U, ;2 Thau -+ U Tb_1,
contradicting the definition of b. If d(U) = b then Uy D Txy1u -+ U Thy
using Isbell’s inequality we have

w((Tiu-uTy) — U 22w, — 12 w.
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Hence (Upu Tyu ---u Ty) — {1} contains a coalition R e W”. Since 7¢ R
and e(R) = 4, this contradicts (2.9.1). This completes the proof of (2.9.2).

It follows from (2.9.1) and (2.9.2) that there is no @ ¢ W™ such that
e(Q) = 6 and Qn (Thu ---uT:y) ¥ 0. But, starting with S, and using
Lemmas 2.5 and 2.3, we can obtain by substitution a coalition S;e W™,
such that e(S1) = dand Sin (Thu ---u T:) # 0. So we reached the desired
contradiction and the proof is complete.

Lemma 2.10. Let x be a balanced imputation and let Ty, ---, T, be the
classes of the players that are assigned a zero payment in x. If for each i e T,
k> 1, si; 1s attained in W™, then for all 1 < h £ min (a, k — 1) and for each
7€ Th, sj; is attained by a minimal winning coalition.

Proof. Let si; = e(8), Se W". We know (see the proof of Lemmas 2.7
and 2.8) thate(S) = max{e(Q) : Qe W}. IfjeTs,1 <h =< min (a,k— 1),
and j ¢S, then 8; = (8 — {1}) u {j} contains a coalition S; ¢ W7; such that
e(82) = e(S). s = e(S).

3. Extremeness of the main simple vector

Let [w,, -+, w,) be an n-person constant-sum game with homogeneous
weights. The normalized main simple vector is the vector

= (wi, -+~ ,wn)/z;;lwi.

In this section we shall prove that z° is an extreme point of the convex hull
of the kernel.

LemMA 3.1. The normalized main simple vector x° is balanced.
Proof. Since w;, ---, w, are homogeneous weights,
e(S) = max {e(Q) : Qe W}

for each Se W". By Lemma 2.2, for each pair of distinct players ¢ and j
there is a minimal winning coalition that contains ¢ and not j; so s;j = s,
and 2° is balanced.

A proof of Lemma 3.1 is also given in [5].

LEmMa 3.2. If x s a balanced tmputation then x,/w; = x1/w, for
i=1,---,n.

Proof. Let Ty, ---, T, be the classes of symmetric players. We shall
prove by induction on k that if 7€ T% then z,/w; = x1/wy. If 2, = 0 the
inequalities follow since the x; are non-negative. If 2; > 0, assume that the
inequalities hold forie 7% ,h = k — 1,andletr e Th—1andje T . By Lemma
2.5, s,; is attained by a minimal winning coalition, and therefore, by Lemma
2.3, there exist players pl, -+« , ps such that w, < wj, w =1, .-+, ¢
w; = 2 4wy, and x; = D 4_ix,. By our assumption xz,, = (w,,/wi),
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and so we have

Wy, W;
Z, = Zﬂx1=_jxl-
u=1 Wi w1

CoroLLARY 3.3. The maximum amount that player 1 gels in the kernel is
wy/ D mey w; , and it is achieved only in the normalized main simple vector.
Remark 3.4. The more general inequalities

/Wy S To/We -0 = Tu/Wn

are not always satisfied by balanced imputations; e.g.(0, 0, 0, 0, 1, 1) is in the
kernel of [1,1, 1, 1,2, 3].

TarEorEM 3.5. The normalized main simple vector is an extreme point of
the convex hull of the kernel.

Progf. Lemma 3.1. and Corollary 3.3.

4. The kernel of partition games

Let G = [wy, - -+, w,] be a constant-sum game with homogeneous weights;
G is a partition game if it has exactly » minimal winning sets. Partition
games are described and discussed by Isbell in [3] and [4]. The name is due
to Isbell [4, p. 433]. Let T:, -+, Tw be the classes of symmetric players in
G. If G is a partition game then (see [3], [4]), T» consists of exactly one
player, T—1 has at least two players, and T’ contains also two or more players.
The minimal winning sets of @, which we shall denote by Sy, ---, S., are
given by

Sm — U£(=1q+l)/2] Tois ,

and forj =1, ---,m — 1,
S = {j}u Ugg{_kﬂ)/z] Try2iz1 ,

where T is the class that contains j.
Let G be a partition game. We divide W™ into two sets:

Ay = {S;:7<m,jeT;,i=1(2)} and A, = W™ — A,.
It follows from the above description of the members of W™ that

(i) N{S:8Sed;} = 0and N{S:Seds} = 0.
(ii) If SeA; and P is obtained from S by substitution, then Pe A4; .
(iii) Player 1 is in exactly two minimal winning sets: Si e A; and Sy e 4o .

LemMmA 4.1, If = is a balanced imputation then
e(Sm) = e(81) = max {e(8) : SeW}.
Proof. LetE = {S:SeW™ e(S) = ¢(Q) for all Qe W}. We know (see
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Lemma 2.6) that N {S: Se¢E} = @. Hence E intersects both A; and A .
From Lemmas 2.5 and 2.3, (ii) and (iii), it follows that both S; and S, are
in E.

CoroLLARY 4.2. If x is balanced and i and j are nmon-symmetric players,
then s;; 1s attained by a minimal winning coalition.

Proof. 1t follows from Lemma 4.1, (iii) and Lemma 2.2 that sy is at-
tained by a minimal winning coalition for all k 5 1. Lemmas 2.5, 2.7, 2.9
and 2.10 complete the proof.

Lemma 4.3. The kernel of a partition game s star-shaped.
Proof. Let G = [wy, --- , w,] be a partition game, and let

xO = (w17 ;wn)/Z;‘Llwi

be the normalized main simple vector of G. We shall show that if z is bal-
anced then the whole segment [2"z] is contained in the kernel. Let ¢ and j
be different players, and let # = t«” + (1 — )z, where0 < ¢t < 1. If{andj
are symmetric then, since 27 = 2y and z; = 2;,

) + (1 — g = ) + (1 — Oz; and s5(F) = s;(F).

If ¢ and j are not symmetric let s;;(x) = e(P, z) and s;; = e(Q, ). By
Corollary 4.2 we may assume that both P and @ are minimal winning sets.
Since e(8, 2°) = max {e(Q, 2°) : Qe W} for all Se W™, s:;(2°) = e(P, 2°)
and s;:(2°) = e(Q, 2°). Hence s;(%) = e(P, ) and s;:(%) = e(Q, &).
By Lemma 2.8 s;;(x) = s;j:(x), 50 s;;(Z) = s;:(%), and the proof is complete.

THEOREM 4.4. Let G be an n-person constant-sum simple game with exactly
n mintmal winning sets; then the kernel of G is star-shaped.

Proof. @ is either the seven-player projective game or a partition game
(Isbell, [4]). The kernel of the seven-player projective game is known to be
star-shaped (though not convex, [5]).
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