SOME EXAMPLES OF ALMOST HERMITIAN MANIFOLDS

BY
ALFRED GRAY

1. Introduction

Because of their nice topological properties Kéhler manifolds have been
studied much more extensively than other kinds of almost Hermitian mani-
folds. In the study of non-Kihler almost Hermitian manifolds it is natural
to consider those whose almost complex structure satisfies similar but weaker
conditions than those of Kihler manifolds. Calabi and Eckmann [3] have
given several examples of complex non-Kéhler manifolds which show that the
Betti numbers of complex manifolds are not as regularly determined as those
of Kihler manifolds. In a different direction it is known [1], [9] that the
homogeneous spaces Go/ Ay = S°, Fy/ Ay X Ay, Ee/As X Ay X Ay Er/As X As,
Eg/As, Es/A2 X Ee¢, and Es/As X A4 have homogeneous almost complex
structures which are not complex. Calabi [2] has also proved that orientable
six-dimensional hypersurfaces of R’ have almost complex structures which are
usually non-Kéhlerian.

In §2 we propose several conditions for an almost complex manifold which
are slightly weaker than its being parallel (in which case the manifold would be
Kihler). The manifolds we discuss include complex and almost Kéhler mani-
folds; also S° with the almost complex structure derived from the Cayley
numbers falls into a class of manifolds which we call nearly Kihlerian. Our
definitions were first given by Kotd [12], but we have reformulated some of
them in terms of the exterior derivative d and the co-derivative é.

We also determine the inclusion relations between the classes of manifolds
we discuss; these relations formally resemble those in the classification theory
of Riemann surfaces. Next comes the question of whether the various in-
clusions are strict. Two methods of constructing almost Hermitian manifolds
for the examples of strict inclusion are given. The first in §3 uses conformal
diffeomorphisms. In §4 we give the second method, which may be described
as follows: a certain class of seven-dimensional manifolds, which includes
parallelizable manifolds, is considered. These manifolds have a ‘“vector cross
product tensor’” which is defined by means of the Cayley numbers. Then
orientable (six-dimensional) hypersurfaces of these seven-dimensional mani-
folds are almost complex and provide a great many interesting examples.
Our work generalizes that of Calabi [2], who considered orientable hyper-
surfaces of R”. A particularly interesting consequence of our work is that for
any orientable hypersurface of R’ with its almost complex structure induced
from the Cayley numbers, the Kihler form (or fundamental 2-form) is co-
closed.
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2. Types of almost Hermitian manifolds

Let M be a C” real differentiable manifold, §(M) the ring of real-valued
differentiable functions on M, and ¥(M) the module of derivations of ().
Then ¥(M) is a Lie algebra over the real numbers and the elements of ¥(M)
are called vector fields. An almost complex manifold M is a differentiable
manifold equipped with a (1, 1) tensorJ (which we may regard as an (M )-
linear map J : ¥(M) — ¥(M)) which satisfies J* = —1I, where I is the
identity. Such a manifold is orientable and even-dimensional. M is almost
Hermitian provided it is almost complex and has a Riemannian metric { , )
for which (J/X,JY) = (X, V) for all X, Y ¢ ¥(M). Any Riemannian almost
complex manifold may be made almost Hermitian, and so we shall henceforth
deal only with almost Hermitian manifolds. To describe the geometry of an
almost Hermitian manifold M, it is useful to consider two special tensors.
The first is a 2-form F, called the Kdhler form, and it is defined for X, ¥ ¢ X(M)
by F(X,Y) = {JX, Y). Since it is skew symmetric, it is in fact a differential
form. The second, called the Nijenhuis tensor, is a (1, 2) tensor S defined by

(21)  8(X,7) =[X, Y] +JUX, Y] +JIX,JY] - JX,JY],
for X, Y e X(M). It is easy to see that
S(X,Y) = —-8(Y, X), SWJX,Y) =8(X,JY) = —-JS8(X,Y).

If we extend the Riemannian connection Vx of M to be a derivative on the
tensor algebra of M, then we have the following formulas:

(2.2) Vx(J)(Y) = Vx(JY) — JVx(Y),
(2.3) Vx(F)(Y, Z) = (Vx(J)(Y), Z).

It will be necessary to have explicit formulas for the exterior derivative and
the co-derivative of F. By standard formulas (ef. [11]) these are computed
to be

(24) dF(X,Y,Z) = &Vx(F)(Y, Z),

(2.5) OF(X) = — 2201 (Ve (F)(Bi, X) + Vou,(F) (JE: , X))}
where © denotes the cyclic sum over X, Y, Z ¢ ¥(M) and
{E17 e 1Em}JE17 e )JEm}

is a frame field on an open subset of M.
Tueorem 2.1. Let X, Y, Z e X(M). Then
(2.6) 8(X,Y) = —=Vx()(JY) + Vor(J)(X) — Vox(J)(Y)
+ Vr(J) (JX),
(2.7) 2vx(F)(Y,Z) = dF (X, Y, Z) — dF (X, JY,JZ) — (X, 8(Y,JZ)),
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(2.8) 2Vvx(F)(Y,Z) 4 2v.;x(F)(JY, Z)
=dF(X,Y,Z) — dF(X,JY,JZ) + dF (Z,JX,JY)
+ dF(Y,JZ,JX),
(2.9) 2V(F)(Y, Z) — 2V,x(F)(JY, Z)
= (S(X,JY), Z) — (8(X,Z2)JY) — (S8(JY, Z), X).
Proof. The proof of (2.6) follows from the fact that
Vx(Y) — Vy(X) = [X, Y];
(2.7), (2.8) and (2.9) are consequences of (2.6) and the formula
(2.10) Vx(F)WJY,Z) = Vvx(F)(Y,JZ).

We shall call an almost Hermitian manifold Kahlerian if Vx(J) = 0 for
all X e X(M), almost Kihlerian if dF = 0, nearly Kdhlerian if

Vx()(Y) + Vr(J)(X) = 0
for all X, Y e X(M), quasi-Kdhlerian if
V() (Y) + Vx(J)JY) = 0

for all X, Y ¢ X(M), semi-Kdihlerian if 8F = 0, and Hermitian if S = 0. Kotd
[12] uses the terms H-space for almost Kéhlerian, K-space for nearly Kih-
lerian, *0-space for quasi-K#hlerian, and almost semi-Kéhlerian for semi-
Kihlerian. An almost complex manifold is complex if and only if S = 0.

As a consequence of Theorem 2.1 we get the following corollary, which gives
a useful alternate characterization of Hermitian manifolds.

CoROLLARY 2.2. Vx(F)(Y,Z) = Vux(F)JY, Z) forall X, Y, Z e ¥(M)
if and only if M is Hermitian. Vx(F)(Y,Z) = —V;x(F)(JY, Z) if and only
if M is quasi-Kdhlerian.

Let &, @R, MUK, QK, 8K, and 3C denote the classes of Kihler, almost Kihler,
nearly Kihler, quasi-Kéhler, semi-Kihler, and Hermitian manifolds re-
spectively.

TureorEM 2.3. We have

cax <
x oK C 8% and X C 3C.
Cax C

Furthermore X = 3 n QX = QX n NXK.

Proof. That & C @x follows from (2.3) and (2.4), X € QX from (2.3)
and (2.8), @k C 8$x from (2.3) and (2.5), and ® C 3¢ from (2.6). It is
obvious that X € UK, and 9tk S QX is a consequence of (2.10). Further-
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more X C 3¢ n QX is obvious and the reverse inclusion follows from (2.9).
Finally if M e WX we have dF (X, Y, Z) = 3Vx(F)(Y,Z),for X, Y, Z ¢ ¥(M),
and hence 9UX n GX = X.

We remark that quasi-K&hlerian manifolds have the property that any
almost Hermitian submanifold is a minimal variety [8]. Theorem 2.3 is proved
by Koto [12] in a different form.

3. Conformal diffeomorphisms of almost Hermitian
manifolds

Let (M, { , ) and (M° ( , )°) be Riemannian manifolds and
¢: M — M° a diffeomorphism. If X e ¥(M) let X° ¢ ¥(M°) be the vector
field on M° corresponding to X induced by ¢. Then ¢ is called a conformal
diffeomorphism provided there exists o ¢ F(M) such that

(3.1) (X, Y op = (X, Y)
forall X, Y eX(M). ForfeF(M) define grad f e (M) by
(grad f, X) = X(f)
for all X e ¥(M). Then we have
Lemma 3.1. Ife : M — M’ is a conformal diffeomorphism with
(X', Y oo = (X, V),
then if Vx and Vo are the Riemannian connections of M and M° respectively
(3.2) V(Y% = {vx(Y) 4+ X(0)Y + Y (o)X — (X, YV)gradc}".
Proof. This follows from (3.1) and the formula
2vx(Y), 2) = XY, Z) — (X, [Y, Z)) + Y(X, Z)
-, X, Z) — ZX, Y) + (Z, [X, Y)).

Next we suppose that ¢ : M — M° in addition to being a conformal diffeo-
morphism is also almost complex; that is, we assume M° has an almost complex
structureJ® : ¥(M°) — ¥(M°) which satisfiesJ°X° = (JX)°; then M° isalmost
Hermitian. Let F° and 8° be the Kéhler form and the Nijenhuis tensor cor-
responding to J°, 8° the coderivative of M° determined by ( , )’. Also let
¢* be the map induced by ¢ which takes differential forms on M° back to
differential forms on M.

ProrosiTioN 3.2. We have the following formulas:
(3.3) F'(X° V) oo = &F(X,Y),
(3.4) ¢"(F') = ¢F,
(3.5) o*(dF°) = é°{2ds A F + dF},
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(3.6) Vo) (Y') = {(Vx(J)(Y) + JY(0)X — Y(o)JX
+ (JX, V)grad ¢ + (X, Y)J grad ¢}°,
E(Vx(F)(Y, Z) + JY (e (X, Z)
— Y(o)F(X, Z) + F(X, Y)Z(o)
— (X, YWZ(0)},
(3.8) SF' (X" oo = SF(X) + (n — 2)JX ()
(n =dim M = 2m),
(3.9) SU(X° Y = S(X, V), for X,Y,Ze¥(M).

Proof. (3.3), (3.4), (3.5), and (3.6) are elementary consequences of (3.1)
and (3.2), while (3.9) follows from (2.1). For (3.8) we first observe that if

{E1,+++ ,En,JEy, -+ ,JEy}
is a frame field on an open subset of M, then
{(e7E’, -, (€°Ey)°, (6 JE, +++, (€ TE)"}
is a frame field on an open subset of M°. Hence by (3.7)
XY 0p = —6 3Ty (Ve (FO) (Y, X°) + Voaro(F)(J°EY, X°)) op )
= — > " {Ve,(F)(E:, X) + JE(c){B:, X) — Ei(o){JE;,X)
—JX (o) + Viu,(F)(JE;, X) — Ei(oc)JE:, X)
+ JE:(eXE:, X) — JX(0)}
= §F(X) 4+ (n — 2)JX (o).

THEOREM 3.3. Let ¢ : M — M° be a conformal diffeomorphism between
almost Hermitian manifolds. If M e 3C then M° e 3. On the other hand sup-
pose dim M > 4 and ¢ is not homothetic (i.e., o s non-constant). Then if M
is in one of the classes K, @K, K, @K, or SK, M° is never in any of these classes.

(8.7) Vxo(F)(Y° Z") oo

Proof. The first statement follows from (3.9). Next suppose M is in one
of the classes &, @K, 9K, OK, or 8K ; then by Theorem 2.3, M ¢ 8X. Con-
sequently by (3.8) for all X° ¢ ¥(M°) we have

P (X" oo = (n — 2)JX (o).
Hence for n = dim M > 2, 8°F° = 0. Hence M’ ¢ 8% and so M° is not in
any of the classes X, @K, 9UX, or QX either.

4. Vector cross products on seven-dimensional manifolds

Let M be a sev_en-dimensional Riemannian manifold. We shall assume
the existence on M of a vector cross product which is a (1, 2) tensor

P %(M) X ¥(IM) — %(IT)
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(we also write P(4, B) = A X B) having the following properties: for
A, B, Ce¥(M)

(4.1) AXB = —B X 4,
(4.2) (A X B,C) =(4,B X (),
(43) (AXB)XC+AX(BXC)=2A4,CB —(B,h)A — (4, B)C.
Then \ : ¥(M)° — §(M), called the scalar triple product, is defined by
M4, B,C) = (4 X B, C);
by (4.1) and (4.2) it is a 3-form. Similarly a vector iriple product is defined by
[ABC]l= (A XB)XC—(4,CB + (B, ()A.
For example, any parallelizable manifold has such a tensor. Let
(Ey, -, By

be a frame field defined globally on M, and consider {Ey, --- , Es} as a basis
for a seven-dimensional vector space. We can add a vector I to make
{I, Ey, ---, E¢ a basis for the Cayley numbers with I the identity. Then
the vector cross product X is the projection of the Cayley product onto the
space spanned by {Eo, ---, Es}. In fact for A, B in this space we may
define X by

(4.4) AB = —(A,B) + A X B

where AB denotes the Cayley product. Explicitly, X is given by (4.1) and
cyclic permutation of the form

E; X Ejpy = Ejys (J GZI);

each of these seven equations is to be permuted cyeclically to yield fourteen
other equations. We extend X to all of ¥(M) by §(M)-linearity. Then
(4.1), (4.2), and (4.3) follow from (4.4) and the properties of Cayley mul-
tiplication [7].

Roughly speaking, P and X\ correspond toJ and F, except that the former
have one more degree of contravariancy; we shall exploit this analogy in
Section 5.

PropoSITION 4.1. Let M be a seven-dimensional manifold with Riemannian
connection V, vector cross product denoted by P or X, and scalar triple product \.
We have the following formulas:

(4.5) Vi(P)(B,C) = V(B X C)— ViB) X C— B XViC),
(4.6) V4(P)(B, C) = =Vi(P)(C, B),
(47)  (Va(P)(B, C), D) = (B, V4(P)(C, D)),

V4(P)(B X C,D) + V4(P)(B,C X D)

(4.8)
= —B X V4(P)(C,D) — V4(P)(B,C) X D,
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(4.9) Vi(\)(B, C, D) = (Vu(P)(B, C), D),
(410)  d\(4,B,C,D) = (S&V.(P)(B, (), D) — V5(\)(4, B, (),
3\4, B) = —2i-0(Vs,(P)(4, B), E))

= =20V (\)(E:, 4, B),

for A, B, C, D, e%_(]l/:f) and {E,, ---, E¢} any frame field. Here § denotes
the coderivative of M.

(4.11)

Proof. These formulas are consequences of (4.1), (4.2) and (4.3).

Remarks. For R' we may choose {E,, ---, Ee} parallel. Then P is
parallel, i.e., V,(P) = 0, and so
(4.12) Viu(B X C) =V, (B) XC+ B X V,uC)

for all 4, B, C ¢ ¥(R").

For three-dimensional manifolds a vector cross product may be defined
in a similar fashion via the quaternions. In this case we have (4.1), (4.2),
and

(A X B) X C = —(C, A)B + (B, A)C

which implies (4.3) and that [A B C] = 0. A three-dimensional Riemannian
manifold has a vector cross product if and only if it is orientable, in which
case we may assume (A X B, () = w(A4, B, C) where v is the volume element.
From this it follows that B X C = (B A C) and that

Va(B X C) = Vu(B) X C 4+ B X V4(C)

so that the vector cross product is always parallel. Dimensions three and seven
are essentially the only ones where a vector cross product can be defined
(cf. [5], [16]).

5. Certain six-dimensional almost Hermitian manifolds

Let M be a Riemannian manifold imbedded in another Riemannian manifold
M. Let

E(M) = {X| M |X eX(M)};

then we may write ¥(M) = ¥(M) @ ¥(M)™ where ¥(M)™ is the collection of
vector fields normal to M. Let

Py X%(M) — X(M)
be the natural projection. The configuration tensor [8] is an F(M )-linear map

T:%(M) X ¥(M) — E(M)
defined by

Tx(Y) = Vx(Y) — Vx(Y) for X, Y eX(M)
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and
Tx(Z) = PyVx(Z) for X eX(M),Z e ¥(M)™.

Then Tx(X¥(M)) < X(M)*, Tx((¥(M)*) © X(M) for X e%(M),
Tx(Y) = Ty(X) for X, YeX(M), and (Tx(Z), W) = —(Tx(W), Z) for
W, XeX¥(M), Ze¥(M)*. The configuration tensor is equivalent to the
classical second fundamental form, which in our terminology would be the
linear transformation X — Tx(Z) for X ¢ ¥(M), Z ¢ X(M)™*. The mean curva-
ture vector H of M in M is defined by H = Y7 Tx,(E:) where n = dim M
and {E., ---, E,} is a frame field on an open subset of M ; this definition is
independent of the choice of {E1, ---, E,}. M is called a minimal variety if
H = 0. Similarly if T < 0, M is called totally geodesic, and if Tx(X) =
Ty(Y) for all X, ¥, eX(M) with || X || = || Y ||, M is called totally umbilic
(cf. [8], [14]). ]

We now consider a special case. Suppose M is a seven-dimensional orient-
able Riemannian manifold on which there exists a vector cross product denoted
by either P(A, B) or A X B, and let M be a (six-dimensional) orientable
hypersurface of M. Then we may choose a unit vector field N globally
defined on M, which is a basis for ¥(M)™*. Since N has constant length, it is
easy to see that Tx(N) = Vx(N). Define J : ¥(M) — %(M) byJA =
N X A. On account of (4.1) and (4.2) we have (N, JA) = 0 so actually
J:¥%(M) — %(M). Furthermore from (4.3) it follows that J°4 =
— A and from (4.2) and (4.3) that(JA,JB) = (4, B)for A, B ¢ ¥(M). From
(4.3) we also have the useful formula

JA X B =—J(A X B) — (A, B)N.

Let F be the Kéahler form of M; by (4.2) we have F(A4, B) = (N, A X B)
for A, Be¥(M). We may choose canonical frames on M so that By = N;
such frames then have the form {N, E,, JE,, E,, JE,, Ey, JE4}.

TuEOREM 5.1. We have the following formulas for A, B, C e ¥(M):
(5.1) Va(F)(B, C) = (Vu(P)(B, C) — Ta(B X (), N)
= V.(\)(B, C, N) —(T4(B X C), N),
(5.2) V.(F)(B,C) + Vs(F)(4,C)
= V.(\)(B, C, N) + Vs(\)(4, C, N)
—(T4(B X C) + Ts(A X C), N),
(5.3) Va(F)(B,C) + Vsu(F)(JB, C)
= V.(\)(B,C,N) + Vu(M)(IB, C, N)
— (T4 — TsaJ)(B X C), N),
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(54) Vu(F)(B,C) — Vuu(F)(JB, C)
= V.N)(B,C,N) — Viu(\)(JB, C, N)
— (T4 + TsuJ)(B X C), N),
(5.5) (H,N) = S {Vs,(\)(E:i, Exy N) — Vig,(\)(JE;, Ex, N)
— Ve, (F)(E;, Ex) + Vis,(F)(JE:, E)}
= $S{dF(E;,JE;,JEy) + d\(N, E; ,JE; ,JEy)}
— ${dF(E:, E;, Ex) + d\(N, E:, E;, E)},
(5.6) 8F(A) = 6N\(4, N),
for A,B,Ce¥(M).Here E;: X E; = Ej.
Proof. For (5.1) we have
Vi(F) (B,C) = (V4(N X B) — N X V4(B), C)
= (V4(P)(N, B) + V4(N) X B, C)
= (Vu(P)(B, C), N) + (T4(N) X B, C)
= (Vu(B)(B, C), Ny — (T4(B X C), N).

The proofs of (5.2), (5.3), and (5.4) are obvious consequences of (5.1).
For (5.5) we have

(H, N) = &;{Ts;(E:) + Tss,(JE;), N)
= &{(T's(E; X Ei), N) — (Ts5,(JE; X Ey), N)}
= &{Vs;(N)(Ej, B, N) — Vie,(\) (JE; , Ei, N)
— Ve, (F)(E;, Ex) + Vs, (F)(JE;, E)}

by (5.1). For the second part of (5.5) we compute the Lie derivative
Ly(\). We have

Ly(\)(E:, E;, Ex) = N\(E:, E;, Ex) — N[N, Eil, E;, E)
— NE:, [N, Ejl, Ex) — ME:, E;, [N, Ei)
= —(Vn(E:) — Vg, (N), E) — (Va(E;) — Vu;(N), Ej)
— (B, Vn(Er) — Vg (N))
= —(T5,(E:) + Ts;(E;) + Tr(Ex), N).
Similarly

Ly(N)(E:, JE;, JE) = (Ts,(E:) + Tis5;,(JE;) + Ti5(JE:), N).
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Hence we have
(5.7) ©Ly(N)(E:,JE;,JE) — Ly(\)(E:, E;, Ey)
2> (T5,(E:) + Tuu,(JE:), N)

It

= 2(H, N).
Let v denote the interior product operator; we have [10, p. 35]
(5.8) LN = dLN>\ + (34 d)\ = dF + Iy d)\

The second part of (5.5) now follows from (5.7) and (5.8).
For (5.6) we may assume without loss of generality that A = E;. Then

8F(E:) = —Vu,(F)(E;, E:) — Vig,(F)(JE;, E:) — Vg, (F)(Ex, E:)

— Vg (F)(JEy , E;)

—Ve;,(N(E;, E;, N) — V,5,(\)(JE;, E:, N)

= V5 (\)(Ex, Biy, N) — Vog,(\)(JEs, E:, N)

— {(Tw; — Tsu; J)(E; X E:), N) — {((Ts, — Tsz,J)(Ex X E:), N)
N(E;:, N) + (Ts;,(Ex) — Tiu;(JEr) — Tg(E;) + Tys,(JE;), N)

= §\N(E:,N).
COROLLARY 5.2. If M is totally geodesic in M, (5.1) reduces to
(5.9) V4(F)(B, C) = V4(N\)(B,C,N).

M is totally umbilic in M if and only if
V.(F)(B, C) + Vs(F)(4, C)
=V.N)(B,C,N) + Vs(\)(4,C,N).
If M is either Hermitian or almost Kdhlerian, (5.5) reduces to
(H,N) = &{Vs,(N)(E;, Ex, N) — Vos;(N)(JE;, Ex, N)}
= $Sd\(N, E:,JE;,JE:) — 3 dN(N, E:, E;, Ey).

Proof. The proofs of (5.9) and (5.11) are obvious, while (5.10) follows
from the fact that there is a function « : M — R such that

T,(B) = K4, B\N for all 4, B ¢ X(M).

In the next section we investigate in detail orientable hypersurfaces of
R’. Other parallelizable seven-dimensional manifolds are, for example, seven-
dimensional hyperbolic space, the seven-dimensional sphere, and U(4)/U(3),
which with an appropriate invariant metric is diffeomorphic but not isometric
to the seven-dimensional sphere. For these manifolds the covariant derivative
of \ does not vanish.

(5.10)

(5.11)
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6. Orientable six-dimensional hypersurfaces of R”

As we have noted, the vector cross product on R’ is parallel and so Theorem
5.1 simplifies considerably in this case.

TaEOREM 6.1. Let M be an orientable hypersurface of R’ with sts almost
complex structure induced from the Cayley numbers. Then
(6.1) M €% if and only if M is totally geodesic, i.e., M is a hyperplane of R'.
(6.2) M e NK if and only if M s locally isometric to a sphere.
(6.3) Me@QKifand only if T4 = TsaJ for all A e X(M).
(64) MesCifandonly if Ta = —Tsad for all A e X(M).
(6.5) 1If either M ¢3¢ or M € @K, then M is a minimal variety of R’.

(66) Meaxifandonly if Ty = Tsad for all A e X(M) and M is a minimal
variety of R.

(6.7) M esx.

Proof. (6.1), (6.3), (6.4), (6.5), and (6.7) follow from Theorem 5.1,
and (6.2) follows from Corollary 5.2, since S°(r, p) is totally umbilic. For
(6.6) we observe that if M e @X, then M ¢ @K and so T4 = T,4J; this with
(6.5) proves the necessity. For the sufficiency we first note that Ty = TyuJ
for all A e ¥(M) implies M ¢ @K. Now for any quasi-Kihler manifold M we
have

(6.8) dF(JA, B, C) = dF(A, JB, C) = dF(4, B, JC)

for all A, P, C ¢eX(M). Hence if M is a minimal variety (5.5) reduces to
(6.9) dF(E:, E;, Ey) = 0.

Furthermore by direct calculation we have

dF(JF;, Ej, Ek) = <—TE,(JE1,) + TE,‘(JE]') + TEE(JEk)) N)
and

dF(JE;, JE;, JE) = (T's,(JE;) + Ts,(JE;) + Ts,(JEw), N);
therefore by (6.8)
(6.10) dF(JE,, E;, E,) = dF(JE;,JE; ,JE;) = 0.

By using (6.8) and linearity any expression dF(A, B, C') can be reduced to
either (6.9) or (6.10). Hence dF = 0 and M ¢ QX.

Parts of this theorem are given in a different form by Calabi [2] and
Fukami and Ishihara [6].

COROLLARY 6.2. Let M be an orientable hypersurface of R’ with its almost
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complex structure induced from the Cayley numbers. Then if either M ¢ QX or
M e3¢, M cannot be compact.

Proof. M must be a minimal variety, but there are no compact minimal
varieties of R’ (cf. [13], [15]).

No examples of six-dimensional hypersurfaces of R’ which are almost
Kihlerian but not Kéhlerian are known.
We next investigate some special cases of Theorem 6.1.

TuarorEM 6.3. Let R be a three-dimensional linear subspace of R closed
under the vector cross product, and let M, be a surface in R’. Define
M = M, X R, where R* is the orthogonal complement of R. Then [2] we
may assume that {Ey , - - - , Es} is a frame field on M such that Ey = N is normal
to M and E, and E, are tangent to M, .

(6.11) M eQX, M ¢ QX u 9K if and only if M, is locally isometric to a sphere
8(r, p).

(6.12) M e3, M ¢ R if and only if M, 1s a nonplanar minimal surface of R
(6.13) M e8%K, M ¢ QX u 3¢ if and only if M is neither a minimal surface nor
locally isometric to a sphere.

Proof. If A e¥%(M) let A; denote the component of A tangent to M,
and let T be the configuration tensor of M, in B;. Then

TA(B) = TA](BI) = TlAl(Bl)

for all A, Be¥(M). Moreover M; is an almost Hermitian submanifold of
M, that is, JA4;, = (JA):. If M QX then
TA(B) = TJA(JB) = TIJA1(JB1)

for all A, Be¥(M). In particular T, (E:) = Ts5,(JE1) = T (E1); this
implies that M; is totally umbilic, and therefore locally isometric to a sphere.
Conversely, if M is locally isometric to a sphere it is totally umbilic and so

TA(A) = TlAl(Al) = T1J41(JA1) = TJA(J.A.)-

This implies M e QX.

Furthermore M ¢ @% since if H denotes the mean curvature vector of
M we have H = Ty (E)) + Tg(E:) = 2Ty (E:)) # 0. Also M ¢ NXK,
since

Ts,(Bs X Es) + Tp(Ey X Es) = Tu(E1) — Te(Es) = Te,(E) #= O
This proves (6.11); (6.12) and (6.13) can be proved in a similar fashion.

7. The strictness of the inclusions

The following theorem together with Theorem 2.3 determines all possible
inclusion relations among the various classes of almost Hermitian manifolds
defined in §2, and shows that they are all strict.
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TraEOREM 7.1. We have

< @R <
x GRUNK < 0K < QR u (8K n3e) < 8K
< IR <
and
< 8K <
X< 8Knie SK u I < Q3.
< ¥’ <

Here G3C stands for the class of all almost Hermitian manifolds.

Proof. ® < 9X. Let S° be imbedded in R’ with its almost complex
structure determined from the Cayley numbers. Then S° ¢ 91X by Corollary
5.2, but S° ¢ %.

X < @X. Dombrowski [4] has shown that the tangent bundle of any
Riemannian manifold whose curvature does not vanish has an almost com-
plex structure which is almost Kihlerian but not Kihlerian.

AX < Q@GR u K. Since X = @X n K we have

@R U AK\EK = NK\X #= 0.

FNK < @K u K. The proof is similar to that of GK < @K u NK.

QK U NK < QK. By (6.11) §* X R* e Q% but §* X R*¢@X% u 9K where
the almost complex structure is induced from the Cayley numbers.

9K u (8K n3) < 8K. Let M; be a surface in R® which is neither minimal
nor locally isometric to a sphere, and let M = M; X R* £ R". With the
almost complex structure induced from the Cayley numbers M e8X but
M ¢ Q% u 3C.

Q%X < X u (8% n 3¢). From the relation @K n 3¢ = X we have

QX u (8K n 3)\QK = 8K n Fe\X = 0.

% < 8K n 3. Let M, be a minimal surface in R®. Then by (6.12),
M, X R*e8% n 3 but M; X R'¢X, where the almost complex structure is
induced from the Cayley numbers.

8% n 3¢ < $x. This is a consequence of the strict inclusion

QX u (8% n 1) < SK.

$X n 3 < 3. Let M be conformally flat, but not flat, and even-dimen-
sional. For example, we may take M to be hyperbolic space, or a sphere
minus a point. With the almost complex structure induced via the con-
formal diffeomorphism of M into Euclidean space M e3C but M ¢SX by
Theorem 3.3.

$K < 8K u 3. We have $X u 3IC\SX = 3C\$X n 3¢ = 0.

3 < $K u 3¢ Similarly $% u 3C\3¢ = SK\SX n 3¢ = 0.

$% u 3¢ < @3. Let M be conformally equivalent to a manifold M° e $%
for which M° ¢3¢. For example, we may take M° = S°\{p} and M = R°
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with the stereographic projection as the conformal diffeomorphism. Then
M e @3¢ but M ¢ 8K u 3C.

9.

10.

11.
12.

13.

14
15

16
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