GALOIS THEORY IN SEPARABLE ALGEBRAS OVER
COMMUTATIVE RINGS

BY
F. R. DEMEYER!

Introduction

In [1], M. Auslander and O. Goldman introduced the notion of a Galois
extension of a commutative ring. The study of these Galois extensions was
continued by S. Chase, D. K. Harrison and A. Rosenberg in [3] and by Harrison
in [8]. Further work by Harrison [9] indicates that the notion of a Galois
extension will have significant applications in the general theory of rings.

Throughout, K will denote a commutative ring (with 1) and S (with 1) a
faithful K-algebra. Let G be a finite group of algebra automorphisms of S.

We call S a Galois extension of K with group G in case

1. K=28%
2. thereexists @1, -+ ,Zn ; Y1, * ', Yn € S such that for all a € G,
Z;mia(y;)=l f a=-c¢e
=0 if ae

where if H is a subgroup of G, 8¥ denotes
{reS|a(z) =« forall aeH}

This paper has as its purpose the study of not necessarily commutative
Galois extensions of a commutative ring K. We show that if S is a Galois
extension of K with no central idempotents except 0 and 1 then the center of
S is left fixed by a normal subgroup of the Galois group. This reduces the
study of Galois K-algebras S to the situation where S is either commutative
or S is central over K. We concentrate here on the study of central Galois
K-algebras whose Galois group is represented by inner automorphisms. The
Galois group will always be represented by inner automorphisms in case K is a
principal ideal domain, local ring, or field. We show that any central Galois
K-algebra S whose Galois group G is represented by inner automorphisms is a
separable projective group algebra. In case K has no idempotents but 0 and
1 we employ this result to find all the central Galois K-algebras with an
Abelian Galois group of inner automorphisms. We conclude with an applica-
tion to the commutative theory by giving a Kummer type theorem for Abelian
extensions when appropriate roots of unity are present.

This paper forms a part of the author’s Doctoral Dissertation at the Uni-
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The author extends his heartfelt thanks to Professor Harrison for his advice
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Section 1

Let S be a Galois K-algebra with Galois group G and let C be the center of S.
Let
H={aeG@|a(z) =z forall zeC};
then we have

TuroreM 1. If S has no central idempotents but 0 and 1, then H s a normal
subgroup of G and C = S".  Moreover C is Galois over K with group G/H and
S s Galois over C with group H.

Proof. Let G/H be defined as a group of automorphisms on S” by
aH(z) = a(z). Viarestriction G/H may also be viewed as a group of distinct
automorphisms on C.

Since 8 is a Galois extension of K, there exists @1, -+, &n ; Y1, -+, Ya in
S so that 2z a(y:) = 8. (8 is Kroneckers delta). Let

tr (—2) e Homg (S, K)
be defined by
tr (—a)(y) = tr (zy) = Daco alay).

{tr (—x:), y:} form a dual basis for S as a K module so S is finitely generated
projective as a K module (Prop. 4.4 of [2]).

Let e e S ®x 8" (8 the opposite algebra of S) be given by & = Do ® ys .
For all z € S,

(x® e = D aitr (yjaz:) ® y: = (1 ® )¢

so by Proposition 7.7 of [2] S is separable over K. By Theorem 2.3 of [1], C
is then separable over K and since C has no idempotents but 0 and 1 by
Theorem 1.3 of [3], C' is a Galois extension of K with group G/H. One can
show that S” is a Galois extension of K with group G/H by employing the
definition or by a straightforward generalization of Lemma 2.2 of [3]. Let
i : C — 8" be the inclusion map; 7 commutes with the automorphisms in G/H
so by the appropriate generalization of Theorem 3.4 of [3] or by a computation
using the definition ¢ is onto. This proves the theorem.

Examples show that the hypothesis that S contain no proper central idem-
potents is necessary. However by a generalization of the techniques de-
veloped in Theorem 7 of [8], if K has no idempotents but 0 and 1, one can

2 The author wishes to thank the referee for many helpful suggestions.
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write S as a direct sum of Galois extensions of K which contain no central
idempotents. In the course of the proof of Theorem 1 we showed that any
Galois K-algebra S is separable finitely generated and projective over K, this
fact will be employed in the sequel. We will now characterize the central
Galois extensions S of a commutative ring K with a Galois group @ represented
by inner automorphisms on S.

U(K) will always denote the multiplicative group of units of K. We re-
call that f : @ X G — U(K) is called a 2-cocycle of G in case

f(ab, ¢)f(a, b) = f(a, be)f(b, ¢)

for all @, b, ¢ in G. A 2-coboundary ¢q : G X G — U(K) is a 2-cocycle with
the property that there is a map p : G — U(K) so that

q(a, b) = p(a)(b)p(ab)™.

The group Z°(G, K) of 2-cocycles of G modulo the subgroup B*(@, K) of
2-coboundaries is the second cohomology group of G, H*(G, K). If fis a
2-cocycle in G we denote its projection in H*(G, K) by | f | and if ’ is another
2-cocycle so that | f/ | = | f| we say f is cohomologous to f’.

A projective group algebra KGs is a free K-module with K basis {U, | a ¢ G}
and multiplication given by a, U, ap Uy = az o Ua f(a, b) where a, , ap € K,
a, beG and feZ* (G, K). fand g are cohomologous cocycles if and only if
KG@G; is isomorphic to KG, under a map carrying basis elements to basis ele-
ments. We associate in this way the projective group algebras KG; and the
elements of H*(@, K).

Remark. It has been shown in [13] that if each element in the class group
of K has order relatively prime to the order of G and if S is a central Galois
extension of K with group @, then every element in G is inner on S.

Turorem 2. Let S be a central Galois extension of K with group G and as-
sume all the automorphisms in G are inner on S; then S is a projective group
algebra KG; .

Proof. We need the following lemma which appears to be well known; a
proof in this generality appears in [6].

Lemma 1. Let KG; be a projective group algebra and let (G:1) denote the
number of elements in G. KGy is a separable K algebra if and only if (G:1) is
a unit in K.

Now let S be a K-algebra satisfying the hypothesis of the theorem. For
each a e G there exists 21, - -+ , Tu, Y1, * - , Y in S s0 that S b(ys) = dap
for all beG. Pick U, €S, one for each a e @, so that a(z) = U,zU,". As-
sume Y., ap Up = 0 with as ¢ K. Then for each a ¢ G,

0 = Zi xi(Zb ay Up)y: = ae Ua.
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Thus the U, are linearly independent over K. Define
f:G@X G- UK)

by f(a, b) = U, U, Usy . By the associative law in S, f is a 2-cocycle of G
and D .. KU, = KG; is a subalgebra of S.

One can show that S has K rank equal to (G:1) exactly as in Theorem 4.1
of [3]; so if K were a field, then by a dimension argument S would equal KG; .
If A is a commutative K-algebra, then as in [3] or by employing the definition,
one can see that A ®x S is a Galois extension of A with group G. Thus for
every maximal ideal % of K, K/% ®x S is a central Galois extension of the
field K/ with group . Since K/ ®x S is a central Galois extension of the
field K/A, by Lemma 1, (G:1) belongs to no maximal ideal of K so
(G:1) e U(K). Since S = K, KGy is central over K and we have shown
then that KG; is a central separable K-algebra. By Theorem 3.3 of [1],
S = KG; ®x S’ where S’ is a central separable subalgebra of S and each
element in 8’ commutes with every element in KG,. But if z¢S and
Usx = 2U.forallae Gthenz e S’ = K508’ = Kand S = KGy .

We can prove a converse to Theorem 2.

TaEOREM 3. Let @ be a finite group and KG; a projective group algebra which
1s central separable over K; then KG; 1s a Galois extension of K with group G,
where if a ¢ G and U, 1s the basis element of KG; corresponding to a, then a(z) =
U, Uz " for all z e KGy .

Proof. Since KG; is central, K-e = K is exactly the fixed subring of KG;,
under action by the elements in G. 'We show that the set

{(G:1)TU, Us | a e Gy

satisfy the condition of the definition. To do this let tr e Homx (KG; , K) be
given by

tr (:v) = ZMG a,(x) = ZaeG Ua -’EU;l-
For any b € G,

> e UsH(G: 1)UL = Doaee a(Un) U (G1) 7
ZaeG a(Ub) = tr (Ub) e Ke.

On the other hand, a(U,) = U1 o« where a e U(K) and aba™ = e if and
only if b = e. Thus tr (U;) = O unless b = ¢ and

2aee U (G:1)70(UL) = tr (U)Us (G:1)7 = 8oy .
This completes the proof.

Section 2

If S and 8’ are Galois extensions of K with group G we say S is G-isomorphic
to 8’ in case there is an algebra isomorphism F mapping S onto S’ so that for
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any ae@, xeS; aF(z) = F(ax). If KG; and KG, are central Galois ex-
tensions of K, then K@, is G isomorphic to KG, if and only if f is cohomologous
to g. The study of the G-isomorphism classes of central Galois extensions
with inner Galois group is reduced by Theorem 2 and Theorem 3 to the study
of the subset of H*(G, K) which yields the central projective group algebras.

In what follows let G be an abelian group. A pairing of G with itself to K
is a biadditive mapping ¢ of G X Ginto U(K). ¢ is called skewif ¢(a,a) =1
for all a e G. Let P (@, K) denote the set of skew pairings of G to K. If
| f| e H(G,K),we call | f | symmetric in case f(a, b) = f(b,a) for all a, b € G.
(If " is another 2-cocycle so that | f | = | f| then f'(a,b) = f'(b,a).) We
denote the subgroup of H*(G, K) whose representing cocycles are symmetric
by Hiym(G, K).

ProrosiTioN 1. Let K be a commutative ring, G a finite abelian group, and
assume K has no more than m distinct m*™ roots of 1 where m s the exponent of
G, then the map

F: H (G, K) — Pu(G, K)
given by F(| f])(a, b) = f(a, b)f(b, a)™" yields the split exact sequence
0 — Him(G, K) — H'(G, K) — Pa(G, K) — 0.

This proposition was proved by the author in case G has odd order but the
proposition for all finite abelian groups is an immediate consequence of
Theorem 2 and Corollary 3 of [14].

It is clear that a domain can have no more than m distinet m™ roots of 1.
In [10], G. J. Janusz has developed a theory of separable polynomials with co-
efficients in a commutative ring. One of the results there is the following:

ProposiTioN 2. Let K be a commutative ring without idempotents except 0
and 1 and assume m s a unit in K; then there are at most m distinct m*™ roots of
14n K.

A pairing ¢ of G to K is called nonsingular in case ¢ (a, G) = 1 impliesa = e
for all @ e G. Let I be the subset of Py (@, K) consisting of the non-singular
skew pairings of G to K. If (G:1) ¢ U(K) then as we saw in the proof of
Theorem 2 there are no central Galois extensions of K with group G. On the
other hand

TraEOREM 4. Let K be a commutative ring without tdempotents but 0 and 1
and assume (G:1) is a unit in K; then the G-isomorphism classes of central
Galots K-algebras with Galots group represented by inner automorphisms s in
one to one correspondence with T X Hrym (G, K).

Proof. The central Galois K-algebras with Galois group represented by
inner automorphisms is in one to one correspondence with the G-isomorphism
classes of central projective group algebras KG; with the action of G on KGy
given by a(U,) = U, U, U, for a, b e G and U, , U, the basis elements in KG;
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corresponding to ¢ and b. Let KG; be a central projective group algebra.
By a simple computation, for all a, b € G, a(U) = Uy f(a, b)f(b, a)™". Define
the skew pairing ¢ on G to K by ¥(a, b) = f(a, b)f(b, @)™ Since K -¢ is the
fixed subring of KG; under action by the elements in @, ¢ is non-singular. The
correspondence of Proposition 1 then yields the result.

We could have replaced the hypothesis that K have no idempotents but 0
and 1 in Theorem 4 by the weaker hypothesis that K contain no more than m
distinct mt™ roots of 1 where m is the exponent of G.

To complete the classification theory we have begun it remains to examine
the conditions a non-singular skew pairing of an Abelian group G to a com-
mutative ring K impose on the structure of G and K, to give a description of
all such pairings, and to apply this information to study the algebra structure
of the corresponding Galois algebras. First, it is easy to see that the existence
of a non-singular pairing of G to K is equivalent to the existence of a primitive
mt™ root of 1 in K where m is the exponent of @. We now describe the con-
ditions imposed on an Abelian group G by the existence of a non-singular skew
pairing of @ to K in the situation where K contains no more than m distinct
m® roots of 1.

PropositioN 3. Let K be a commutative ring, G a finite Abelian group of
exponent m, and assume K contains no more than m distinct m* roots of 1. Let
¥ be a skew non-singular pairing of G to K; then G = H, ® H, and there is an
isomorphism o : Hy — Hs and a non-singular pairing 8 of He to K so that

1. z,b(hz s h,) =1 fOT oll hy e H;

2. 1//(h1 5 hz) = tll(hg , hl)_l = ﬁ(a(hl), hz) fOT all hi e H; .

The non-singular pairings on H to K correspond to the isomorphisms from H to
Hom (H, U(K)). Conversely, any ¢ so defined is a skew non-singular pairing
of Gto K.

Proof. Write G=H,® --- ® H,, the H; Sylow p-subgroups of G. One
easily checks that ¢(H:, H;) = 1if 7 £ 7, and that ¢ restricted to H; is a non-
singular skew pairing of Gto K. Let C be a cyclic direct summand of H = H;
of largest possible order, and let ¢ generate C. (C:1) = p” for a prime p. By
the non-singularity of ¢ on H and the hypothesis on K the map b — ¢(b, -) of
H to H* = Hom (H, U(K)) is an isomorphism. The element y(c, -) has
order p” in H* so there then must exist an element d ¢ H so that ¢(¢c, d) has
order p" in U(K). By maximality of the order of C, d must also have order
p". Let D be the cyclic subgroup of H generated by d, then we contend that
DnC = {e}. Let Dn C be generated by the element m in H. Since m ¢ D
and ¢ is non-singular, ¢(m, d) = 1. Sincem eC, m = ¢ with r < p".

Then we have ¢(c, d)" = ¢(c’, d) = ¢(m, d) = 1 with r < p" which by
choice of ¢ and d implies 7 = p" and m = 1. Let N = C 4+ D and let

N' = {heH|¥(h N) = 1}.
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N n N’ = {e¢} and N’ is a subgroup of H. Let N* = Hom (N, U(K)), then
N* = {¢(h, -) eHom (N, K) | h e H}
and H =~ H* N = N* by the hypothesis on K. Define a biadditive map
y:N X H—UK)

by v(b, h) = ¢(b,h) forbeN,he H. (b, h) = 1foralldeN if and only if
h e N’ so we have the exact sequence

0 — Hy/N' — N¥,

Thus (N:1)(N’:1) = (H:1) and N ® N’ = H. 4 restricted to either N or
N’ is a non-singular skew inner product on N or N’ so inductively we need
only verify the proposition for N. N =2 C @ D with C =< D by a(c) = d.
Define a non-singular pairing of C to K by 8(c’, ¢) = ¢(¢’, d°). « and 8
satisfy the conditions of the proposition. The proofs of the remaining state-
ments are straightforward and so we omit them.

In the course of the proof of Proposition 3 we have shown that if ¢ is a
non-singular skew pairing of a finite Abelian group G of exponent m and a com-
mutative ring K with no more than m distinet m* roots of 1, then

G=EN1® -+ @ Ng

with ¢(N;, N;) = 1 (2 5 j), ¢ restricted to N; non-singular, and with N; the
direct sum of two cyclic groups of order p;* for some prime p; and integer n; .
This yields a corresponding decomposition for central Galois extensions in the
following way : if S is a central inner extension of K with group G and associated
pairing ¢, and if G = N; @ N, with ¢(N1, Ny) = 1, then 8§ =~ 8" ® 8" and
SV is a central Galois extension of K with group N; (¢ # 7). Those facts
follow with some work from the representation of S afforded by Theorem 2.

This completes our description of the central extensions in case G is Abelian.
One can ask why can be said in case the Galois group G is not necessarily
Abelian. We saw in the proof of Theorem 2 that if S is a central Galois ex-
tension of K with group G, and if 9( is a maximal ideal of K, then K/ ®x S is
a central separable K/9-algebra of dimension (G:1) over K/%. Thus any
Galois group of a central extension must have order a perfect square. By
elementary number theoretic considerations we can rule out, for example, the
symmetric groups S, and alternating groups A, from consideration as candi-
dates for groups of central extensions. If we let K be the complex numbers,
then the existence of a central Galois extension of K with Galois group G is
equivalent to the existence of a faithful irreducible projective representation
of @ in some central simple algebra over K. This problem has received some
study in [12], but little is known about groups admitting such representations.

We now apply these ideas to obtain an elementary Kummer Theorem for
commutative rings without idempotents but 0 and 1.
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THEOREM 5. Let S be a commutative faithful K-algebra and assume that the
class group P(K) of K s trivial and that S has no idempotents but 0 and 1. As-
sume also that S ts a Galois extension of K with cyclic group H, that (H:1) = n
18 a unit tn K and that there is a primitive nt® root of 1 in K; then S = K(a)
with a a unit in S and o" € K.

Proof. Let b generate the cyclic group H. Define f: H — U(S) by
f(b*) = 4" where v is a primitive n* root of 1in K. Since f(bc) = f(b)b(f(c))
where b, ¢ ¢ H we apply Hilbert’s Theorem 90 (Corollary 5.5 of [3]) to infer
that there is an a € U(S) so that f(b%) = a-b(a)™ = 4. We conclude that
b(a) = vo, b*(a) = v'8, and the elements v'x are distinct. Also, o ¢ K since
b(a") = " s0 «a satisfies the polynomial p(z) = 2" — k for some ke U(K).
Let A be the K-algebra K(a). A is a K-subalgebra of S on which H acts
faithfully as a group of algebra automorphisms and A” = K. By Theorem
1.3 and Theorem 3.4 of [3] the proof will be complete when we show A4 is
separable as a K-algebra.

Let A’ = KH; where KH; is a projective group algebra with f defined by

FOLB) =1 if i+j<n
=k if (+j>n

By Lemma 1, A’ is a separable K -algebra. There is an obvious algebra homo-
morphism of A’ onto A and since the homomorphic image of a separable
algebra is separable, A is separable and this proves the result.

CoroLLARY. Let S be a faithful commutative K-algebra without idempotents
but 0 and 1, assume P(K) is trivial, and assume S is a Galois extension of K with
Abelian group G of exponent m. If m is a unit in K and there is a primitive
mt root of 1 n K then S is G-isomorphic to Si ® x - - - ® g Sn with the S; Galots
extensions of K with cyclic group H; .
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