SPECTRAL MANIFOLDS FOR A CLASS OF OPERATORS

BY
DanierL Kocant

Introduction

Various generalizations of the spectral theory for self-adjoint operators have
been considered. Probably best known is the work of N. Dunford [3], [4]
on spectral operators, which possess a countably additive resolution of the
identity. Others, including R. G. Bartle [2], R. C. Sine [11] and F. Wolf
[13], have considered classes of operators for which the uniform boundedness
of the resolution of the identity is not required. In these latter papers the
basic operators were assumed bounded. In this paper we consider spectral
manifolds for a class of (in general) unbounded operators and obtain generali-
zations of results in [2] and in [9]. The operators are closed, are defined on
dense subsets of a Banach space, have spectra on the real axis and their
resolvent operators satisfy a growth condition considered by R. G. Bartle in
[2] for bounded operators. The class includes the self-adjoint operators in
Hilbert space and operators of the form —¢A where A is the infinitesimal
generator of a strongly continuous group of bounded operators on a Banach
space and has spectrum on the imaginary axis.

In Section 1 the basic properties of local spectra and resolvents for an
operator T of the class are obtained. The principal result is the Approxima-
tion Theorem 1.13 which shows that the vectors with compact spectra are
dense in the space X. The “Lorch Approximation” (Theorem 1.23) is derived
for a first order growth rate. In Section 2 it is shown that 7' has invariant
subspaces. It 7T lacks point spectrum, then certain spectral manifolds are
shown to be quasi-complementary in reflexive spaces. In Section 3 under the
further assumption that 7 has only continuous spectrum, these manifolds
are shown to be quasi-complementary in arbitrary Banach spaces and a
“resolution of the identity’” for 7' consisting of closed projections is obtained.

Section 1. Properties of the local spectrum

Let T be a closed linear transformation defined on a dense subset D(T)
of a Banach space X. If the complex number g is such that u/ — 7T has a
range which is dense in X and has a bounded inverse we say that u is in the
resolvent set p(T) of T and write R(x) = (uI — T)™". The complement
o(T) to p(T) is called the spectrum of T. 'The following properties are well
known:
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0.1. R(u) is an analytic function of u on the open set p(7') and satisfies
R(p) — R(B) = (B — w)R(p)R(B) [12, Th. 5. 1C].

0.2. If T is closed and p(7) is non-empty and p(u) is any polynomial
then p(7T) is a closed operator [6, Th. 7, p. 602].

0.3. If the polynomial p(u) is of degree k and if the vector z is in the domain
of T* and pisin p(7T') then R(u)™2 is in the domain of 7™ and p(T)R(p)"x =
R(u)™p(T)x. In particular, R(u) commutes with each power of T [6, Th. 8,
p. 603].

0.4. If T is closed, densely defined and has non-empty resolvent set p(7')
then 7™ is densely defined for each positive integral m [6, Lemma 9, p. 648].

1.1. We shall further assume that the spectrum of 7 is on the real axis and
that the resolvent operator R(z) satisfies the n-th order growth condition:

|Imz|"|R(2) || < K for 0<|Imz|<1 and

(Gn)
|[Imz||R(z) || < K for |[Imz|>1

for some positive integer n, some positive constant K and all non-real .

For any z in X an X-valued analytic function F(z) is called an analytic
extension of R(z)x if its domain D(F) is open in the complex plane and the
equation (u — T)F(x) = x holds for each u in D(F). R(z)x is said to have
the single-valued extension property if any two of its analytic extensions agree
on their common domain. If this is the case then R(z)x has a maximal
analytic extension £(z) analytic on an open set p(z) called the (local) resolvent
of z. The complement o(x) to p(x) is called the (local) spectrum of z. We
note that the assumption that 7 has a real spectrum implies, since p(7T") is
everywhere dense, that any two analytic extensions—in fact, any two con-
tinuous extensions—of R(z)x must agree on their common domain. Some-
times £(z) itself will be called the resolvent of x.

The following properties are immediate consequences of the definition of
local resolvent and spectrum:

1.2(1) (2 — T)4(2) = x for all z in p(x) and £(z2) = R(z)x for all zin
P(T)1
1.2(ii) o(x + y) < o(z) Uo(y) and o(kx) = o(x) for any scalar k
0 and
1.23ii1)  (ax + by)*(2) = ai(z) + bj(z) for all z in p(x) n p(y) and for
any scalars a and b.

1.3 Lemma. If A is any bounded linear operator which commutes with T
then o(Ax) C o(x).

Proof. Since (2I — T)A%(z) = Az for all 2z in p(z), it follows that
p(z) C p(Azx).

1.4 LemMma. For each x in D(T), o(Tx), < o(x).
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Proof. Let F(z) = 2z #(z) — x for 2 in p(x). Then F is analytic and a
calculation shows that (z2I — T) F(z) = Tx. If {2}, is a sequence in p(T)
converging to a real u in p(z), then F(u) = lim;F(z;) and a calculation shows
that Tz = lim;(ul — T) F(2;). Since ul — T is closed, it follows that F(u)
is in D(T) and (I — T) F(p) = Tz .

The lemma which follows can be proved as in [5, pp. 254-255], by replac-
ing the continuity of 7' by its closure.

1.5 LemmA. Let J be any bounded open interval in (— o, ) and let
{x;}; be a sequence of vectors such that p(x;) D J for each j. If x = lim;z;,
then p(x) D J.

1.6 CororLARY. Let F be a closed set in (— », «). The set of all vectors
whose spectra are in F is a closed linear manifold in X.

1.7. For a development of further properties of local spectra we introduce
integrals of a type first considered by E. R. Lorch [9] and used later by N. Dun-
ford [5]. For each pair a, b of real numbers with ¢ < b, let C(q, b) denote a
piecewise smooth Jordan curve meeting the real axis at the points a and b
at non-zero angles (say, at right angles). Such a curve will be called an
admissible contour. Let K(a, b) be the operator defined on X by

1.7(1) K(a, b) = —}-— (z — a)"(z — b)"R(z) d.
27t Je(ap)
The finite growth rate (G.) of R(z) near the real axis shows that the integrand
in 1.7(1) is bounded on the contour C(a, b). Thus the integral exists as an
improper Riemann integral in the uniform operator topology and represents a
bounded linear operator. The analyticity of the integrand off the real axis
shows that the integral is independent of the contour C(a, b) provided that it
meets the requirements above.
More generally, we may form integrals of the type

1761) J(a b ) = fc I — @) — bIR(:) d

where f(z) is a complex-valued function analytic in some neighborhood of the
closed interval [a, b] and C(a, b) is an admissible contour which lies in this
neighborhood. Properties of 1.7(i) were first studied by E. R. Lorch in the
case where 7T is a (not-necessarily bounded) self-adjoint operator acting on a
Hilbert space (n = K = 1). The operator K(a, b) here is the operator
—Ku(n, n) of [9]. The proof of the following lemma given there [9, pp.
141-142] is valid for arbitrary Banach spaces and will not be repeated here.

1.8 Lemma. (i)

K(a, b)K(a,b) = .2% [C (= @)"( — DRGE) de
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(ii) If (a, b) and (c, d) are disjoini open intervals, then
K(a,b)K(c,d) = 0.
1.9 Lemma. Let C(a, b) be an admissible contour and let f(z) be analytic
wnside and on C(a, b). J(a, b; Nz isin D(T) for each x in X and
TJ(a, b;fHz = f( 2f(2)(z — a)"(z — b)"R(2)x d2.
¢ (ad)

Proof. Approximate J(a, b; f)z by Riemann sums and use the identity
TR(z)x = zR(z)x —
for z in p(T') and the closure of T to show that J(a, b; f)x belongs to D(7T)

and

TJ(a,b; Nz = fc( " 2f(2)(z — a)"(z — b)"R(2)x dz

— f( y f2)(z — a)"(z — b)"x dz.

Since the latter integrand is analytic, the assertion follows.
1.10 Remark. It follows from 1.9, by induction, that J(a, b; f)x is in
D(T™) for each positive m and that
T"J(a, b; flxz = f f(2)(z — a)"(z — b)"R(2)x dz.
¢ (a;b)

Hence if p(2) is any polynomial then J(a, b; f)z is in the domain of p(7") and

p(T)J (a, b; flz = 4/;1(416) p(2)f(2)(z — a)"(2 — b)"R(2)x da.

1.11 CoroLLARY. For each x in X
(i) K(a, b)z is in the domain of T™ for each m > 1 and

p(T)K(a,b)xr = 2;” fcw,b) p(2)(z — a)"(z — b)"R(2)x dz
for any polynomial p(z),
(i1) 4f u 4s outside C(a, b) then the local resolvent of K(a, b)x is given by
1 (z —a)"(z —b)

27t Jocab) b —z

i R(z)x de
and
(iii) o(K(a, b)x) C [a, bl no(x).

Proof. (i) and (ii) follow from Lemma 1.9 and Remark 1.10 following it
(note that f(z2) = (p — 2)7" is analytic inside and on C(a, b), for u outside
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this contour). Thus, p(K(a, b)x) contains the exterior of each admissible
contour C(a, b) so that ¢(K(a,b)x) C [a, b]. (iii) now follows from Lemma
1.3.

1.12 Lemma. lim || K(a, b) | = 0 as | b — a| tends to zero.

Proof. Choose any @ and b with b — a < 2 and choose for C(a, b) the
circle of radius (b — @)/2 and center (a + b)/2. The change of variable
z2— (a+b)/2 = re’ withr = (b — a)/2 yields the estimate

n n 2nen . n K _ onyr.m
l[(z a) (z b) R(z)“S’l‘ 2 lSlnﬁl W——ZK’I".
Hence,
| K(a,b) || < (1/27)(2"Kr")(2nr) = 2"Kr"™ = O(|b — a|™™).

The theorem which follows is fundamental in our work on local spectra.
It shows that the vectors with bounded (compact) spectra are dense in the
Banach space X. In the case where 7' is bounded all local spectra are bounded.
In this sense, relative to spectral analysis, Theorem 1.13 allows us to pass
from bounded operators to unbounded operators.

1.13 TurorEM (The Approximation Theorem). For each r > 0 let
1 22 n
Ir = —2—71-—2, e [1 —_ 7'.—2'] R(Z) dz.

The operators I, converge strongly to the identity operator I on X as r becomes
infinite.

Proof. SincezR(z)x — x = TR(z)x we have

Iat:—ac—i —1—-'2—2}nR(z)xdz——1—xf [1—2—2]n—1dz
" - 21 c(—rr) L 72 271 C(—r,r) 2 2
_ 1 _1 _ é:l" 2R(2)x — 2,
27|'i c(—rr) L 7"2 2
_ 1 —1 _ gf:l" TR(2)z iz
2o L 12 2 '

If zisin D(T), then TR(2)x = R(2)Tx by 0.3 and hence I, x — z = J,(Tx),
where J, is the operator defined by

Jo= @ [ = )T /RRE) e
C(—r,r)
We shall show that || I, || = O(1) and || J, || = O(+™*). This will show that
z = lim, I, x for z in the dense set D(7T) and, hence, (cf. [6, I1.3.6]) for all =
in X.
To prove the uniform boundedness of the I, for » > 1 and the uniform con-
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vergence of the J, to zero we choose for the contour C(—r, r) the circle C, with
center at the origin and radius . Let A(r) and A(—r) be the intersections at
r and —7 respectively, of C, with the horizontal strip —1 < Im z < 1 and let
K+ denote the circular arc above this strip and K— the arc of C, below this
strip. On A(r) and A(—r) we have the estimate (using z = re”)

K _
_ < < n . n__ 27; n
“ [1 2:| B < 2" [sin o] ™ | sing | Kr
while on K-+ and on K— we get the estimate
2-n
2 n . n K n —1
—~ < -
l[l rz:l R(z) || < 2" |sin 6 | \smﬂl"'2K

Thus, writing C, as the sum of four contours none of which has length exceed-
ing 7r we get

1Ll < (2/20)(2"Kr™) () + (2/2m)(2"Kr™) (nr) = 2°K[L + 7).
Similarly,
| | < (2/2x) (2"Kr™ ) (wr) + (2/27) (2°Kr ™) (wr) = 2"K[r™" + 17"
Thus for » > 1 we have || I, || < 2""K and || J. | = 0(+), QED.

1.14 CoroirARY (The Density Theorem). The vectors with compact spectra
are dense in X.

The corollary to the Approximation Theorem which follows is basic to our
later work. For a bounded operator many results on spectra are obtained
from the operational calculus which is based on the formula

= (2r))7" | R(2) de.
c
The next result allows us to write

= (2r)~" f R(z)x dz
(o}
for the dense set of vectors with compact spectra, where the integrand R(z)x
denotes the analytic function £(z).

1.15. CoroLLARY. Let x be any vector with bounded spectrum. Let C be
any piece-wise smooth rectifiable Jordan curve containing o(x) in its interior.

(1) x = Z%ifcR(z)x dz (or %fcﬁ(z) dz)

(ii) i) = L [ B2,

2w cp — 2z

for each u outside C and
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(iii) #£(u) 7s analytic at infinity and has the value O there.

Proof. The analyticity of £(2) outside ¢(x) shows that any integral of the
form [ ¢ f(2)#(2) dz where f(2) is entire is independent of the path C as long
as C contains ¢(z) in its interior. Choosing such a C' and then any positive
r such that the circle C, of radius r and center at the origin contains C in its
interior we get

I,x=—2;1r—ifcr[ ]R(z)xdz=——f|:1——~] £(2) dz

ﬁ(z)dz+2( 1)()—-[

Letting r — o we get x = (2ri)™" [¢£(2) de, proving (i). The proof of
(i1) is similar to that of Lemma 1.9 and its Corollary 1.11. Applying ul — T
to the integral in (ii) we get

(ul — T) 1 R(z)x d

2rtden — 2

= 2(2) d.

¥

1
= %LR(z)xdz—x

for u outside C. Thus, this integral is an analytic extension of R(z)xz to the
exterior of C.

To prove (iii), choose for C a circle C, with r fixed and sufficiently large so
that o(x) is in the interior of C,. Choose any p > r and consider z and u
such that |2 = » < p < |u|. The series

1 + 21/[1.1 + z2/ﬂ2 + 23/”3 + e
converges to p(u — 2)”" uniformly for all such z and u. Hence, the series
S %0 £(2)(2/p)’ converges to pf(z)(u — 2)™* uniformly for z and x. In-

tegrating the latter series term-by-term over the circle C, and dividing through
by 271 we get, using (ii),

(V) W) = 2 on [ 28) g, _ T

w i=0 W

Here we have used that p(T)x = (1/2%) fgp(z)R(z)x dz for any poly-
nomial p(z), the proof being identical to that of Lemma 1.9 and Remark
1.10. The convergence of the series in (V) for all u with || > pshows that
the series S(B8) = 2= T’z8’ has a positive radius of convergence and thus is
analytic at 8 = 0 and has the value zero there. Hence, from (V) we have
3
4(u) ——+ vy T +7;4 + o

is analytic at infinity and has the value zero there, QED.
1.16 LemmA. o(x) 2s emply if and only if x = 0.
Proof. If x = 0 then £(z) = 0 for all z. Conversely, if o(z) = 0, let
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M = max || £(z) || for |z| < 1. If0 < r < 1, apply Corollary 1.15(i) to the
circle | 2| = 1 to get ||z || < Mr and let r — 0.

1.17 TerorEM. T s bounded if and only if each vector x in X has a bounded
spectrum.

Proof. If T is bounded then each local spectrum is contained in the com-
pact set o(7T'). Conversely, if each z in X has a compact spectrum then
D(T) = X. This follows from the closure of T and the integral representa-
tion of Corollary 1.15(3).

For a proof of the lemma which follows see [2, Theorem 7 and Corollary 2].
Note that the boundedness of 7 is not required but merely the representa-
tion x = (2mi)~" f ¢ R(2)z dz if the spectrum of = consists of a single point.

1.18 Lemma. o(x) = {a} if and only of (T — ol)"z = 0.

1.19 TerorREM (The Unique Representation Property). IfA;, A, -+, An
are pairwise disjoint subsels of the real line and if x; and y; are vectors with spectra
in A; for each j and if D 7 x; = D 7 y; then x; = y; for eachj = 1,2, -+~ ,m

Proof. 'The vector &, — 41 = 2 s (y; — x;), by 1.2 (ii), has spectrum in
the set A1 n (Asu A3 U --- U A,,) which is empty. By Lemma 1.16 we get
T3 = y1. A similar argument for any index j shows that x; = y; .

1.20 CoroLrARY. Ifa(x) consists of the distinct real numbers ay , s, «++ , Qm
then x can be wrilten uniquely as a sum Y5 x; with o(x;) = {a;} for each
j=1 .- m

Proof. The uniqueness follows from 1.19. For the existence of such a
representation, let C; be a (small) circle with centera; ,j = 1, - -+ ,m and with
C), exterior to C; for j = k. By Corollary 1.15(i) we have

e = (2ri) [ 4) de = 3 (2r)™ [ #(2) de = 2
c j=1 c; =1
where z; = (2r7)™" fcj £(2) dz. To show that o(x;) = {a;}, define

w(u) = 200) [ #(2)(u—2)" da.
Cj
Then w is analytic for u outside C; and a direct computation using the closure
of T shows that (uI — T)w(u) = ;. Hence o(x;) is interior to any suf-
ficiently small circle having a; as center, so that o(z;) < {a;}. Ifo(x;) = 0
then 2; = 0 and a; ¢o(2), contrary to the hypothesis. Hence o(z;) = {a;}
and the proof is complete.

The next theorem, a generalization of 1.13, might serve as the basis of a
(germinal) operational calculus which has much in common with an opera-
tional calculus due to W. G. Bade (see [1]). As this is not needed in the sequel
it will not be developed here.

1.21 TaroreM. If p(z) is a polynomial of degree m and x s wn D(T™)
then
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lim, (2rd)~ fc @I = /TR

exists and equals p(T)x.

Proof. 1If p(z) = 1, the result is merely 1.13. Using this for z in D(T")
and Tz in place of z and the fact that R(z)Tz = TR(z)x = 2R(z)z — z,
we get

T = lim, (20i)™ [

c(—rr

) [1 — (2/r)’"2R(2)x de.

The assertion follows for 7%z by induction and then, by linearity, for p(T)z.

This section concludes with a proof of the Lorch Approximation in the case
where R(z) satisfies the first order growth (G;). A proof for bounded 7 can
be found in [2, Theorem 9]. The proof given here uses the following lemma
whose proof is the observation that if z has compact spectrum, then in the
Laurent expansion for £(z) in any annulus between ¢(z) and infinity the co-
efficients of the positive powers must be zero by 1.15(iii).

1.22 Lemma. If o(z) C [a, b] < Interior (C) and a < t < b, then
f(z——t)”’”R(z)xdz=0 form =1,2,3,---.
C

1.23. TaeorEM (The Lorch Approximation for (Gi)). Let R(z) satisfy
(Gy) and let € > 0 be given. If J is any closed interval of length less than
2¢ and k is any point in J, then

[ (T —kDz || < Q2K+ D)=l
for every x with spectrum in J.

Proof. LetJ = [a,b] withd — a < 2¢ and let ¢ = 1(a 4+ b). Choose s
and ¢ such that s < @ < b < t and so that (s + ¢) = ¢. Define the operator
S = S8(s, t) by

S = (2,”;)”1/ (=38 —1) R(2) de,
c z—c
where C = C(s, t) is the circle with center ¢ and radius » = (¢t — s). An
estimate on norms using (G1) shows that on C, the integrand for S is bounded

by 2K so that || S || < 2Kr. Lets(xz) € J. Then from 1.22 (with m = 1),
1.15(i) and the identity

(z—a)(z—Db)/(z—¢)=2—c+ (ab— )/(z— ¢)
it follows that

(T = o)z = 20i)™ [ (2 = O)R(2)o de

= (2ri)™ fc (Z—:)# R(2) d.
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Thus
(T —¢el)x — Sz = (21ri)—1fc(z —a)z—b) — (2 —s)(z — 1) R(z)x dz

2 —C

= (ab — 02)(27ri)'1f (z —¢)"'R(2)x de = 0,

again by 1.22. Hence Sz = (T — c¢l)zandso || (T — cl)z| < 2Kr| z|.
Since this holds for each r = (¢ — s) greater than (b — a), it follows that

(T = eDz| < 2Ke | z|.
If k& is in J, the triangle inequality now yields
(T = kx| < 2Ke[[z] + 3(b — a) < (2K + De ||z [, QED.

Section 2. Assumption of no point spectrum

2.0. Throughout this section we shall assume that T lacks a point spec-
trum. Thus, 7' is closed, densely defined, has a real spectrum containing no
eigenvalues and R(z) satisfies (G,).

2.1 Remark. A non-zero vector cannot have a discrete spectrum. IFor, by
1.16, 1.18, 1.20 and 2.0 it follows that if = has a finite discrete spectrum then
z = 0. Hence, if « has an infinite discrete spectrum then each approximating
vector I, x to « is zero and z = 0.

2.2 LemMA. Let J1, Ja2, -+, Ju be closed intervals in (— o, ©) which
pagrwise are disjoint or have at most a common endpoint. If D 7 T; = D g1 Y;
with o(x;), o(y;) < J; for each j then x; = y; .

Proof. This follows from 2.1 and 1.19.
We now consider the case where o(z) is contained in an interval.

Definition, Notation and Discussion. If a and b are finite real numbers let
(a, b) denote the open interval ¢ < ¢ < b and [a, b] its closure. Let

M(a,b) = {z:0(z) Cla,bl}, M(—w,a)={z:0() C (—,a]} and
M(b, ») = {z:0(z) C [b, =)}

Let L(a, b) denote the closure of the range and N(a, b) the nullspace of the
operator K(a, b) defined in 1.7. The span (denoted by V ---) of any col-
lection of manifolds is the smallest closed linear manifold containing each of
them. Two closed linear manifolds M and N are called quasi-complementary
fM VN =Xand MnN = (0). This is equivalent to the existence of a
closed densely defined idempotent E which has M as range and N as null-
space [10, Lemma 10]. E will be called a closed projection or, simply, a pro-
jecton.

E. R. Lorch in [9] showed that L(a, b) and N(a, b) are orthogonal com-
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plements in the case where T is a self-adjoint operator in a Hilbert space X.
In this section we show that M (a, b) and N (a, b) are quasi-complements if X
is reflexive and in Section 3 we prove that these manifolds are quasi-comple-
ments for an arbitrary space X in the case where 7" has a purely continuous
spectrum.

2.3 LEmMA. The vector x 1s in N (a, b) <f and only if (a,b) C p(z).

Proof. Suppose first that K(a, b)x = 0. Let C(a, b) be an admissible
contour and let u be inside C(a, b) and outside [a, b]. If B(u) is applied to
0 = K(a, b)x (written as an integral over C(a, b)) the resolvent equation
0.3 yields the result

R(wz = (p —a) ™ (p — b)™(2m0) ™" I (z — a)"(z — b)"R(2)z da.

The right-hand side of this equation represents an analytic function of u for
w inside C(a, b), and an application of uI — 7T to this expression yields z.
This follows by an argument similar to that in the proof of 1.9. This ex-
pression is thus an analytic extension of R(z)z into the interior of C(a, b) so
that (a, b) is in p(x).

Conversely, suppose that (a, b) < p(z). For real s and ¢ with ¢ < s <
t < b, let Cla, s), C(s,t), C(i, b) and C(a, b) be admissible contours no two
of which meet off the real axis and such that the first three are in C(a, b).
If F(z) is defined as

(z— a)"(z — 8)"(z — 1)"(2 — b)"R(2)x,
then

(2mi) " , F(z) dz = (2xi)~"

(a,
{f F@de+ [ PR+ [ @) dz}-
C(a,s) C(s,t) c(t,b)

The analyticity of £(z) inside and on C(s, t) shows that the integral over this
contour is zero so that by 1.11(i) this equation can be written as

(T — sI)™(T — t[)"K(a, b)z
= (T — t)"(T — bI)"K(a, s)x + (T — al)"(T — sI)"K(t, b)x.

Letting s — a-+ and using the closure of (7' — ¢I)"*(7 — bI)", by 0.4, and the
fact that K(a, s)x — 0, by 1.12, we get

(T — a)™(T — tI)"K(a, )z = (T — al)™K(t, b)z.
The invertibility of T — al by 2.0 now yields (T — al)"K({,b)z =
(T — tI)"K(a, b)x. Letting ¢t — b— and using the closure of (7 — al)"
and the fact that K(¢, b)x — 0 we get 0 = (T — bI)"K(a, b)x. Hence
K(a, b)x = 0 by the invertibility of 7' — bI, Q.E.D.
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2.4 LEMMA. A necessary and sufficient condition for
(*) (T — o) (T — bI)"z = K(a, b)z
s that x be @n N (c, d) for each interval (¢, d) disjoint from (a, b).
Proof. Let x satisfy (*). Apply K(c, d) to this equation for any interval
(¢, d) which is disjoint from (a, b) and use 1.8(ii) and 2.0 to get K(c, d)x = 0.
Conversely, suppose z satisfies the condition. Consider any approximating

vector I, x to x with r > max (Ja|, |b]|). Let Cy = C(—r, a), C; = C(a,b)
and C; = C(b, r) be admissible contours in C'(—r, r). Then

(T — a)™(T — bI)"I, 2

= (21r1l)'"1f (2 —a)"(z —b)"[1 — (2/r)T'R(2)x dz

C(—rr)

Sha @)™ [ 6= @) = 011 = /) TRz de

p(T)K(=ra)x + (I — T°/r")"K(a, b)x + q(TIK(b, 1)z

where p(T') and ¢(T') are polynomials in T by 1.11(i). By the assumption,
K(—r, a)x = K(b, r)x = 0 so that

(T — a)™(T — bI)" I,z = (I — T*/7")"K(a, b)z.

Letting r — o and using the closure of (T — al)"(T — bI)" we get
(T — o)™(T — bI)"z = K(a, b)z, QE.D.

2.5 THEOREM. M (a, b) consists precisely of those wvectors which satisfy
equation (*) of Lemma 2.4.

Proof. x is in M (a, b) if and only if p(x) D (—«, a) u (b, ). The
result now follows from 2.3 and 2.4.

2.6 CoroLLARY. M (a, b) s a closed linear manifold which is tnvariant
under T.

Proof. This follows from 1.4 and 1.6, because any vector which satisfies
(*) of 2.4 is in the domain of 7.

These results imply the existence of (non-trivial) invariant subspaces for
T. For a different proof in the case of a bounded operator see [2, Theorem 6].

2.7 TurorEM. If X £ (0) then T has non-trivial invariant subspaces.

Proof. We assume that 7" has no eigenvalues, otherwise the eigenspaces of
T meet the requirements. If 7' is an unbounded operator, then since X 5 (0)
and X is the span of the manifolds M (—r, r), r > 0 by 1.13, it follows that
at least one of the manifolds M (a, b) is different from X and (0). If T is
bounded we may assume that ¢(7) has only one component; for, otherwise,
there are invariant spaces of the form (2ri)™ [¢ R(2)X dz where C is a con-
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tour about one component which excludes the others. The problem thus is
reduced to the case where o(7') = [a, b], a bounded interval. A straight-for-
ward argument then shows that for any ¢ between o and b at least one of
M(a, ¢) and M(c, b) is different from X and (0).

2.8 Remark. ‘““One-sided” improper integrals. Suppose x is such that
(s,t) < p(x). Then for any a and b with s < @ < ¢ < b the integral

Va,b:0) = [ fe) =) R e

C (a,b)
exists for any entire function f and satisfies:

(i) Y(a, b; ) is independent of a provided that s < a < ¢ and
(it) (¥ (a, b;f)) < [t, b].

Similarly, integrals of the form [z f(2) (2 — a)"R(2)x dz exist in the case
where ¢ < s < b < t and have analogous properties (i’) and (ii’).

29 Lemma. N(a,b) = M(—w,a) V M(b, »).

Proof. IfxisinN(a,b),then (a,b) C p(x) by 2.3. Consider any approxi-
mating vector I, x to « with r > max (|a|, |b|). Choose any s and ¢ with
a < 8 <t < band admissible contours C; = C(—r, s), C; = C(s, t) and
C; = C(t, r) which are in C(—r, r). Then I,z = z, + x2 + x3, where

5 = (200 [ 11— (/)T R()z de.
Cj
Since £(z) is analytic inside and on Cy, 2, = 0. By 2.8(ii) and (ii’), ¢(x1) <
[—r, a] and o(2xs) C [b, r] so that [,z isin M (— », a) + M(b, ). Letting
r— o, wegetxisin M(—x,a) V M(b, ©) so that

N(a,b) € M(—,a) V M(b, »).

For the reverse inclusion we show that N(a, b) contains M(— «, a) and
M(b, »). Letx bein M(— o, a) and consider any approximating vector
Iz withr > |a|. Ase(l,x) C [—r, a] by 1.11(iii), it follows from 2.3 that
K(a,b)I,z = 0. By the continuity of K(a, b) it follows that K(a, b)x = 0
so that N(a, b) D M(— o, a). Similarly, N(a, b) D M(b, =), so that
N(a, b), by its closure, contains M(—«, a) V M(b, »), QE.D.

2.10 THEOREM. There exists a closed idempotent which has M (a, b) as its
range and N (a, b) as its nullspace.

Proof. Define Ex = (T — ol )™ (T — bI) "K(a, b)x for each x for which
this expression exists and let D(F) denote the domain of E. Let z be in
D(E) and let y = Ex so that (T — a)"(T — bI)"y = K(a, b)z. Applying
K(a, b) to this and using 1.8(i) we get

(T — o)™ (T — bI)"K(a, b)y = (T — aI)"(T — bI)"K(a, b)x
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so that by 2.0 K(a, b)y = K(a,b)z. Hence
(T — o)™ (T — bI)"K(a, b)y = v,

or By = y, ie., B’ = Ez, so that E is an idempotent on D(E). M(a, b) is
the range of E, as Ex = x is equivalent to (*) of 2.4 and N(a, b) is, clearly,
the nullspace of E. The closure of I follows from that of M (a, b) and of the
operator (T — al)"(T — bI)".

2.11 LemMA. Ifa < b < ¢, then N(a, ¢) = N(a,b) n N(b, ¢).
Proof. Let C(a, b) and C(b, ¢) be admissible contours in C(a, ¢) and let

F(z) = (z— a)"(z — b)"(z — ¢)"R(2).
Then

@)™ [ F@ de= ()" [ F@) e+ @) F) de.
C(aic) ¢ (a,b) ¢ (b,e)
By 1.10 this equation can be written
(T — bI)"K(a,c) = (T — cI)"K(a,b) + (T — al)"K(D, ¢).

The assertion follows from this identity and from 2.3 and 2.0.

Since M (a,b) n N(a,b) = (0), the sets M (a,b) and N (a, b) are candidates
for quasi-complements in X. However, it seems difficult to show that their
span is X without making further assumptions, such as (1) X is reflexive or
(2) T has a purely continuous spectrum. This section concludes with a
result in case (1). Section 3 is concerned with obtaining the result in case (2).

2.12 TunorEMm. Let X be reflexive and let T and its adjoint T™ have empty
point spectrum. Then M(a, b) and N(a, b) are quasi-complements in X.
Moreover, if -+ a;1 < a; < Qjy1 -+ 18 any partition of (— o, ) with 4+ »
and — o as the only limit points of the a; , then X = \/; M (a;1, a;).

Proof. Let L* (a, b) be the closure of the range and N *(a, b) be the null-
space of K(a, b)*, the adjoint of K(a, b). As X is reflexive, T has the same
properties as T'; viz., (1) T™ is closed and densely defined in X*, (ii) T™ has
a real (and eigenvalue-free) spectrum and (iii) its resolvent R(z; T™) satisfies
(G,), since R(2; T*) = R(z; T)* and R(2) = R(z; T) is a bounded operator.
Hence since L(a, b) n N(a, b) = (0) by 2.10 and the fact that L(a, b) C
M (a, b) it follows that L*(a, b) n N*(a, b) = (0¥). Taking the orthogonal
complement of this in X we get X is the span of N(a, b) and L(a, b) so that
X = N(a,b) V M(a,b). By 2.10 it follows that M (a, b) and N(a, b) are
quasi-complements.

If z is in N(a;_1, a;) for every j, then 2 = 0 by 2.3 and 2.1. Thus
N;N*(a;—1, a;) = (0%) by symmetry in X*. Taking orthogonal comple-
ments in X we get \/j L(a,-_l, aj) = X so that \/j M(a,-_l s aj) = X, Q.E.D.
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Section 3. Assumption that T has a purely continuous
spectrum; the “resolution of the identity” for T

3.0. Throughout this section we will assume, in addition to its other
properties, that 7' has a pure continuous spectrum.

This will guarantee that certain direct sums will be dense in X. For con-
venience, we use the following notation: let Dy = X, Dy = D(T) and induc-
tively for &k > 1,

Dy = {z:2 Tz, - -, T 'z are in D(T)}.

The lemma which follows is a direct consequence of 0.3 and induction on m.
In fact, the asserted set inclusion can be replaced by an equality.

3.1 Lemma. If z 4s non-real, then R(2)D,, C Dypy1, m = 0,1, 2, «-- .

3.2 Lemva. Theset (T — a1 [)(T — asI) --- (T — @ I)D,is densein X
for any real numbers ar, @z, * -+, G

Proof. Introduce the “Cayley transform” operator defined by
V==0Gl—T)Gl 4+ T)" = (T —i)R(—1).
Since V is closed and has X as domain, it is bounded. If
ki = (¢ — a;)(5 + ;)7

then a computation yields V. — k;I = (1 + k)(T — a; I)R(—17). By
assumption T has only continuous spectrum, hence (V — k;)X = (T — a; I) Dy
is dense in X. An induction argument and 3.1 complete the proof.

3.3 TueoreM. The manifolds M(— «, a) and M(a, «) are quasi-com-
plements in X, for each real a.

Proof. By 2.1, M(— o, a) n M(a, ») = (0). Let D" = (T — aI)"D.
and let D” be the set of all vectors y of the form

y= (T —al)'I,z = (2ri)™" crm (z — a)"[1 — (2/r)T'R(2)x dz

for all z in X and positive r. By 3.2, D’ isdense in X. By 1.21, the elements
of D’ are approximable by vectors in D”, so that D” is dense in X. We will
be finished if we show that each element of D” isin M (— «, a) + M(a, ).
For thislet y = (T — al)"I, x be a vector in D”. If r < a, then

0'(:13) c [—7‘> T] c [_7" a]

so that y isin M(— o, a). If —r > a, then o(z) C [a, r], so that y is in
M(a, ©). Finallyif —r < a < r, theny = y’ + y” where

y' = (2ri)™" f (z — a)"[1 — (2/r)T'R(2)z dz
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isin M(—», a) and
v = @)™ [ (e = )L — (/) TR(2)a d
is in M (a, « ), the integrals being taken over admissible contours C(—r, a)
and C(a, r), resp., in C(—r, r). Hence
X=Cl(D") =M(—x,a) V M(a, »).

3.4 Remark. By 3.3, there exists a closed projection E(a) which has
M(— o, a) as range and M (a, «) as nullspace. We call the family

{E(t) : —o <t < o}

so obtained the resolution of the identity for T. Let M (E) denote the range
and N(E) the nullspace of any projection £. The family satisfies:

(1) if s < ¢ then E(s) < E(¢);i.e., M(E(s)) € M(E(t)) and N(E(s)
D N(E(?)),

(2) any bounded linear operator which commutes with 7 commutes with
each projection of the family and

(3) lim,e E(t)xr = x and lim,,—, E(t) = 0, for a dense set of vectors.

The first assertion is obvious. The second follows from 1.3. For (3), let
2 have bounded spectrum, say o(x) C [a, b]. Then z is in M(— «, ¢) for
allt > band zisin M (s, « ) forall s < a. Hence (3) holds (at least) on the
dense set of vectors with compact spectra.

Theorem 3.3 has the following generalization.

3.5 TaEoREM. Let {a1, as, -+, an} be any set of real numbers with
ajy < a;. Then

0) =M(—wo,m)nM(ar,a:) 0 -+ nM(@n, ©)
and

X =M(—0o,a) VM, a)V - NV M(Gni, @)V M(Gn, ©).
Proof. Let
D={T—-a)"T—aI)" - (T — anl)"Dun
and let D” be the set of all vectors of the form
y=T—-—al)" - - (T —a,. "I,z
for z in X, r > 0, and then proceed as in the proof of 3.3.

3.6 CoroLLARY. Ifa < b,then M(a,b) and N(a,b) are quasi-complements
n X.

Proof. X = M(a,b) V (M(—®,a) VM(, »)) = M(a,b) V N(a,b)
by 3.5 and 2.9, while (0) = M (a,b) n N(a, b) by 2.10.
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This shows that the closed indempotent E = E(a, b) introduced in (the

proof of) 2.10 is a projection. The next result shows the relation of E(a, b) to
the spectral family of 3.4.

3.7 TurorEM. Ifa < b, then E(b) — E(a) is a densely defined idempotent
which has M (a, b) as its range, M(— «,a) + M (b, =) as ils nullspace and
E(a, b) as its closure.

Proof. If P and Q are idempotents such that P < @ (i.e., such that
M(P) c M(Q) and N(P) D N(Q)) then @ — P is an idempotent which has
M(Q)n N(P) as range and M(P) + N(Q) as nullspace. Hence
E(b) — E(a) isan idempotent with M (— ,b) n M(a,» ) = M(a,b) asrange
and M(—w, a) + M(b, ) as nullspace. The proof of 3.6 shows that
E(b) — E(a) has a dense domain. Thus taking closures in the relation
E(b) — E(a) S E(a,b), we get [E(b) — E(a)] = E(a,b).

3.8 CoroLLARY. The projections E(t) are pairwise densely defined.

3.9 Remark. More generally, any finite subset of {E(¢) : —® <t < «} has
a common dense domain. For, suppose &4 < < -+ < lw and let
D = N~y D(E(t)). Leta be any vector of the form & = Y j— x; with o in
M(—o,t), Tnin M(t,, ©) and x; in M (t;, t;r1) for j 5% 0, m. Then each
z;18in D and E(t:)x;is 0 for k < jand is x; for k > j. Thus

M(—wytl) +M(t1;t2) + - +M(tm7 00)

is contained in D and hence D is dense in X by 3.5.

The family {E(t) : — o < t < o} isseen to have many of the properties of
the classical resolution of the identity for a self-adjoint transformation in a
Hilbert space. The results above could now be used to obtain the integral
representation of such a transformation in the case of a pure continuous
spectrum. The details are given in the author’s dissertation.
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