SUBGROUP-DETERMINING FUNCTIONS ON GROUPS

BY
ANNE PENFOLD STREET!

l. Introduction and notation

Let G be a group and let S be a subset of G.  Suppose that S is a subgroup
of @ if and only if for every «, y €S, f(x, y) ¢ S. What forms may the func-
tion f take?

This question was first raised by Higman and Neumann [6] and investigated
by Hulanicki and Swierczkowski [8], who introduced the following definition.

DEeriNITION. A group G has property P if and only if there exist integers
ai,bi,2 =1, ,r,andm;,n;,j =1, -+, s, such that

(i) the word

goy = &My .. gy (1)

defines a binary operation in @, not identically equal in G to zy or to yzx;

(ii) the elements of G form a group G, under the operation « o y, in which
the m® power of  is denoted by [z]”, the inverse of & by 2™ and the com-
mutator of y and = by [y, ], ;

(iii) the operation zy is a word in G-, i.e. the law

zy = [@ o lylst o o2l o [yl (2)

holds identically for every z, y € G.
In this case, x o y is called an s-function on G.

They pointed out that, if G has property P, then o y™ is a subgroup-
determining function on @, different from the obvious ones, namely
filz, y) = xy™", folx, y) = 2 'y and their transposes.

It follows from results in [6], [10] and [16] that neither an Abelian nor a
free group possesses property P, and that no s-function may be defined on
the variety of all groups, nor on the class of all finite nilpotent groups, nor
on the class of all finite p-groups, for p a given prime. However, in [8] it is
shown that if G is nilpotent of class 2 and if its commutator subgroup, &,
has finite exponent, then @ has property P, and all possible s-functions on such
a group are determined. @G and @, are shown to be isomorphic if G is also
periodic.

In this paper, we discuss further classes of groups with property P, the
s-functions that can be defined on them and the relation between G and G, .
In II, we prove the following:

Received January 12, 1967.

1 This paper is taken from the author’s doctoral dissertation written under the direc-
tion of Professor Michio Suzuki at the University of Illinois.
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Turorem 1. The transformation from G to G, preserves the following:
(i) the group identity
(ii) the inverse, powers and order of each element
(iii) the order and exponent of each subgroup
(iv) the lattice of subgroups
(v) the normaliser and commutator subgroup of each subgroup
(vi) the mized commutator subgroup of each pair of subgroups
(vil) the centraliser of each element.
Any s-function on G must have the form

zoy = ay [[suf (3)

where, if H = (x, ), the subgroup generated by = and y, then u;e H' and f;
is an integer modulo the exponent of H', for every i.

CoroLLARY. This transformation preserves central and derived series and,
consequently, milpotency, nilpotency class, solvability and derived length.

In III, we consider nilpotent groups whose commutator subgroups have
finite exponent, and find five additional classes of such groups with property
P. We assume the standard properties of finite p-groups and nilpotent
groups, as set out in [3], [5], [9] or [13], the collecting process of P. Hall [4],
and the method due to Meier-Wunderli [14] for writing down a standard set
of basic commutators. G; (G?) denotes the st lower central (derived) sub-
group of @ = Gy = G®. n; (m;) denotes the exponent of G; () and
ni(k) (my«k)) denotes the least common multiple of the exponents of the
7t lower central (derived) subgroups of the k-generator subgroups of G.
G = G is also denoted by G'. For x, y ¢ G, the commutator of z and y
is defined as

(2, y) = 27"y 2y
and for w > 2, a left-normed commutator of weight w is defined inductively as
(xla cety Tw-1, xw) = (((111, Tty xw—l)) xw)*

G is called j-metabelian if and only if every j-generator subgroup of G is
metabelian.

The nilpotent groups which we find to have property P are of two types,
both of which may be regarded as generalisations of class 2 groups. The
first type are those for which (y, z°) = (y, )® is true for some integers a;
using this property, we obtain the following results:

TueoreM 2. Let G be a nilpotent group of class k, such that ne is finite and
the least prime divisor of ns > k. Let a, b be any two integers satisfying

(2,20 —1) =1 (4)
nqe/a + b — 2ab (5)
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ng/a(a — 1) (6)
Ny 4’ a (7)
Ng 4/ a—1. (8)

Then G has property P and xoy = zy(y, x)* is an s-function, such that
zy = zoyoly,al. inG,.

TurOREM 3. Let G be a p-group such that ns is finite ani for every 3-generator
subgroup, H, of @, H' is a regular p-group. Let a, b be any two integers satisfy-
ing (4), (5), (7) and

ng/a. (9)

Then G has property P and x oy = zy(y, )" 18 an s-function, such that
wy = xoyoly, 2l in Go.

The second type are those in which the Lie-Jacobi identity takes on a
particularly strong form: in any group G, this identity is true in the form

(2, 9,2)(y,2, %) (2,2, 9) =1 (mod Gy) (10)
but, under special circumstances, this statement may be strengthened. Thus
(%, 9,2)(y,2,2)(2, 7, 9) =1 (11)

if and only if G is 3-metabelian [1], and if G is nilpotent of class 4, then
(7, y, 2, w)(¥, 2, T, w)(2, 2, y, w) = L. (12)

Many groups in which either (11) or (12) is true have property P, as shown
in the following theorems:

TaEOREM 4. Let G be a nilpotent group of class 3, such that n. is finite.
Then G has property P and x o y is an s-function if and only +f

zoy = ay(y, )"y, ¢, ) (y, 2, )~

where a, f are any integers satisfying (4) and

ny/ala — 1) — 3f (13)
and at least one of (7), (8) and
na(2) 4 f. (14)
Then, if and only if b, g are integers satisfying (5) and
ns(2)/f + g + 12fg (15)

we have
b — .
ay = zoyoly, 2l oly, a, 2lloly, 2 y.,° nG,.

TuroreEM 5. Let G be a nilpotent group of class 4, containing no elements of
order 2 or 3, and such that n, is finite. Then G has property P and xoy is an
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s-function if and only if

zoy = ay(y, ©)"(y, z, )’ (4, 2, )7 (v, , &, &) (y, 2, %, ¥) (v, 7, v, ¥) ™
where a, f, d are integers satisfying (4), (13) and

ne/f + 2d (16)
na/af (17)
my(3)/a + 2f (18)
and at least one of (7), (8), (14) and
n(2) 1 d. (19)
Then, if and only if b, g are iniegers satisfying (5), (15) and
n4(2)/fg (20)

we have

ay = woyoly, al.oly, & alloly, &, yl. o ly, 2, z, 2l " o [y, x, @, yl o [y, 2, y, 1"
m Go .
CoroLLARY. Let G be a 3-group, such that G is nilpotent of class 4 and n, is

finite. Then if ny > 3, G has property P and x oy s an s-function if itis of the
form defined above, with d = 0.

TueEorREM 6. Let G be a 3-metabelian nilpotent group of finite class, such that

ng 1s finite. Let a, b, f, g be any integers satisfying (4), (5), (13), (15) and
na/f (21)
and at least one of (7), (8) and (14). Then G has property P and
zoy = ay(y, )"y, 2, 2)(y, &, y) ™~
is an s-function such that
ay = zoyoly, alioly, 2, alloly, &, yl.* in G,.
In certain special cases, we prove the isomorphism of G and G- :

TuroreM 7. Let G be a periodic group such that ne s finite and either

(1) @G s nilpotent of class 3 and contains no elements of order 3, or

(i1) @ s nilpotent of class 4 and contains no elements of order 2 or 3.
If xoy = ay(y, x)" where a is an integer satisfying (4) and (9), then G is iso-
morphic to G, .

It follows from Theorem 5 that, in metabelian groups of class 4 where (11)
holds, two distinet families of s-functions may be defined, but in the general
case where only the weaker statement (12) is true, the functions in one of these
families are no longer associative.
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In IV, we consider metabelian, but not necessarily nilpotent, groups.
They are of special interest because all the known pairs of strictly index-
preserving, normaliser-preserving, lattice-isomorphie groups are either Abelian
(and thus do not possess property P) or metabelian, and by Theorem 1, it is
only among such pairs of groups that there exist examples where @ is not
isomorphic to G.. We write (y,12) = (y, ) and induectively

(y’kx) = (y’k—lxy 113);

in a commutator (x;, 2, 23, - , Tw), each z; is called a component of the
commutator, 2; and x, being the inner components and 3, - - - , x, the outer
components. Using this notation, we may state the following results:

TrEOREM 8. Let G be a metabelian group. Then
(i) permutations of the outer components of a commutator do not affect the

value of the commutator,

(ii) the basic commulators of the 2-generator subgroups of G are all of the
form (yx,;y) for some integers j, k,

(i) (g, 2") = [Tk= (n2)°™" where C(n, k) = (&).
If the commutator factor group, G/ G, has exponent r, then

(iv) (29, 07) = Iz (2 yue) ",

(v) (2 ypz) = []im (2 y2)™°"",

(vi) any commutator containing r identical outer components may be deleted
Sfrom the basic set,

(vii) for every 2-generator subgroup of G, there exists a complete set of basic
commutators containing (v* + 2) commutators, namely x, y, (y, ), (Y1),
('!/, x, y): Tty (yn‘x)7 (yﬂ‘—lxa y)a ) (y; Tﬂ'—-ly)y (yﬂ‘x’ y): (yﬂ‘—lxﬂy);
Tty (yﬂ Lyr—1 y)) ] (y,r Tyr—2 y)) (yﬂ‘—l Tyr—1 y)y (yﬂ‘ ZLyr—1 y)'

If, in addition, G’ has exponent t, then
(viii) any s-function on G must be of the form

Toy = xy H,.l u;’
where uy = (Y, ), + -+, Uz = (Y,r &,r—1 Y) and each f; is an integer modulo t.

Given a presentation of a specific metabelian group in terms of generators
and relations, we may then test each function in this finite set to see whether
any of them is, in fact, an s-function.

TuaroreEM 9. Let G be a metabelian (but not nilpotent) group, such that G/G
has exponent 2, and Q' has exponent an odd prime. Then no s-function may be
defined on G.

In V, we discuss several examples, which show to what extent the results
obtained earlier are best possible. In particular, an example is constructed
of a group G which is not isomorphic to G, .

We make the following convention: in any expression involving both the



104 ANNE PENFOLD STREET

original group operation and the o operation, the original operation will be per-
formed first, unless indicated otherwise by parentheses.

Il. The relation between G and G,

Proof of Theorem 1. (i) Any binary operation on G can be written in the
form (1). Let 1 denote the identity of G. Then 101 = 1, and hence 1 is
also the identity of G, .

(i) By (i),2 = zol =2 =loz =", Thus ) :a;= D :bi= 1.

xox-—»l = xzia,‘—Eibi = xO =1

[~1] 1

and hence 2™ = 27!, oz = 27 = 2* and by induetion [z]” = 2™ for
m any integer. Since the group identity and the powers of each element are
preserved, so is the order of each element.

(iii) The underlying sets of G and G, are the same. We denote by ¢ both
the identity mapping of this set onto itself and the identity mapping of the
power set of G onto itself. S is a subgroup (subset) of @ is denoted by
S < (S)G.

Let S < G. Then 8* C G.. By the definition of s-function, z,y ¢S = S*
implies z oy € 8%; thus 8% < G, . Similarly S, < G, implies $*~ < G.

Hence there is a one-one correspondence between the subgroups of G and
of G, where 8* = S,. By (ii), this correspondence preserves the exponent
of each subgroup; since ¢ is the identity mapping, it also preserves the order
of each subgroup.

(iv) The one-one correspondence defined in (iii) is also a lattice-isomor-
phism. Firstly,

ia;+2iby

rteS®nT® o zeSnT & ze(SnT)?

hence 8 n 7% = (Sn T)® and ¢ preserves greatest lower bounds. Secondly,
x € (S°, T*) if and only if

d,

T = slofflo .. ogftolyh
for some integers ¢;, d; and some s;€8, t;eT, ¢ = 1,---, k. By repeated
applications of (1), we may write © as a word in 8;, ¢;,¢ =1, -+ k, with

respect to the original group operation. Hence
ze(S, T) = (8, T) and (8% T* C (S, T).
A similar application of (2) to z ¢ (S, T) shows that
S, T) = (8, T)* S (8", .

Hence (S, T) = (S, T)* = (S*, T?) and ¢ preserves least upper bounds. By
(iii), ¢ is a strictly index-preserving lattice isomorphism.

(8) can be proved in two different ways. Since no s-function can be de-
fined on an Abelian group [6], we know that forallz,y e G,x o y = zy (mod H’)

where H = (z, y) < G, and (3) follows. Alternatively, we could apply Hall’s
collecting process to (1) and since, by (i), D i@ = Db = 1, (3) follows.
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(v) In the expression for z oy, we write each u; = u(y, ) to avoid con-
fusion while calculating the commutators in G. .

1oy_log[:oy

[z, yl, = 2~
= oy [T udy™, &) o oy [Tia uiy, @)
= a7y [T wy™, 27 2y T Tia uiy, @)
Tl wiay [y, @)%, 7% [Haudy™, 271)7)” (22)
= (%, y) [Tmwiy™, o) (Tlim wiy™, a7, ay)
JTia uiy, )
JTiw wiCzy Tl wy, )7, &7 Tl wy™, 27177

Hence [z, y]. may be expressed as a product of commutators in G and H ' CH.
Since zy may be written as a word in G, , a similar argument shows that (z, y)
may be expressed as a product of commutators in H_ and hence H' € H ' .
Thus H' = H : . (v) and (vi) follow from this result, by Theorem 1 of [2].

(vii) Let Cq(S) denote the centraliser in G of 8 & @ and let x e Co(S).
ForallseS,zo0s = xs = sz = sox, hencex e Ca (S,) and Ce(S) € Ce(8,).
Similarly, Ce,(8,) € Ce(8) showing that Ce(S) = Cg,(S,) and ¢ preserves
centralisers.

lll. Nilpotent groups with property P

The following identities will be used:

(z,y2) = (=, 2)(x, y)* = (=, 2)(z, y)(2, ¥y, 2) (23)
(2, 2) = (x,2)"(y, 2) = (&, 2)(%, 2, Y)(¥, 2) (24)
()" = (z,y) = (z,9)~ (25)
e = (y,2)7 Y = ()Y YY) (26)

(z, 9y, 2)(y, 2, x)(2, 2, ¥)
= (y, x)(2, 2) (2, y)* (2, y)(x, 2)"(y, 2)*(z, 2) (2, 2)" (27)
Witt identity: (z, v, 2)"(y, 27, 2)*(2, 2, y)* = 1 (28)
Macdonald identity [12]: (u, v; z, y) (29)
= (0,57, ") (u, v, 57, y)™
where (u, v; 2, y) = (u, v, (x,y)).

Proof of Theorem 2. (i) (7) and (8) are sufficient to ensure that zoy
does not reduce to xy or to yz.

(ii) (% @) = 4 (y(y, 2)* = (y, 2)* [Tsudt® (30)

by Hall’s collecting process, where, for each integer ¢, each u; is a basic com-
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mutator of weight w; in y and (y, z), and

fta) = ea(§) + o () (31)

for some rational integers c;; .

If @ = 0, 1 then (3, 2) = (y, z)°; hence f(0) = f(1) = 0. Byinduection,
as in [4], ¢cx = O for all integers <.

Since @G is of class k, the weight of u; as a commutator in 2 and y cannot
exceed k, and thus the weight of %; as a commutator in y and (y, ) cannot
exceed (k—1),1.e. w; < k—1. Hence (31) becomes

fila) = ci (g) 4 s A i (k ﬁ 1). (31")
By (6), since no prime divisor of ns is less than k, n;/f:(a) for each 7 and
(v z) = (y, )" (32)
Similarly,
(x(y, 2))* = 2%(y, 2)° (33)
and by (5),
(@ y) = 1. (34)
(iii)
xo (yoz) = aya(z, ¥)*(ve(z, v)*, 2)*
= ayz(z, ¥)* (2, 2)"(2,¥) (2, 4, ©)° by (24), (32), (33)
= xyz(2, ¥)*(2y, ®)* by (33)
= xyz(z, zy)*(y, )* by (23) and (24). (35)
(zoy)oz) = ay(y, x)%(z, 2y(y, ©)*)*
= ayz(2, 2y)*(y, 2)* by (6), (23), (32) and (33). (35')

By (35) and (35’), the o operation is associative.
(iv) By (4), (5) and (6), it follows that (ny,2b — 1) = 1 and

ng/b(b — 1). (36)
roy = xy(y, z)* = xy(y,2") by (32)
= 2" %" (37)

£ oyoa’ by (36) and (37)
- x(l—b)(l—u) yl—axb ya,xa(l—b) by (37)

1—ab 1—a, b a_bla—1)

=g Ty xy'x by (34)

zoyoly, zl

— xyx—ab( x—ab’ y)y—axbyawb(a—l)

zy by (32).

I
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Proof of Theorem 3. (i) (7) is sufficient to ensure that z o y does not re-
duce to xy or to yx.

(ii) By Hall’s collecting process, as in the previous proof, and by (9),
if a=mn=9p" then (v, z) = (y, )" (32)

If a = hp", for some integer h, then (32) follows from (9) by induction on .
In particular,

((y,2)%2) = (y,7,2)" =1 by (9), (38)
and since H’ is regular,
((z, y) (@, 2))" = (=, y)*(=, 2)" (39)
(4™ = ((x, y)(x, y, y727))" by (26)
= (z,¥)* by (38) and (9). (40)
(yo, y27)" = (g, 2,2y )" =1 by (9). (41)
(i) 2o (yoz) = ayz(z, y)"(yz, )" by (38)
= zyz(z, ¥)*(y, )*(2, z)* Dby (38) and (39). (42)

(xoy) oz = aya(y, x)"(2, wy)* by (38)
xyz(z, ¥)*(y, £)%(z, )* by (38) and (39). (42%)
By (42) and (42’), the o operation is associative.

(iv) ly, ], = (y, ®)"™ by (40) and (41). (43)

Hence, if b is an integer satisfying (5),

zoyoly, 2l = zy(y, x)*o (y, )" by (43)
= zy by (5) and (9).

Proof of Theorem 4. (A) the properties of the integers a, b, f, g.

(i) Any one of (7), (8) or (14) is necessary and sufficient to ensure that
z o y does not reduce to zy or to yx.

(i) Given an integer a satisfying (4), there exists an integer b such that
(5) is satisfied.

By (5) and (13), (ns(2), 12f + 1) = 1 and hence there exists an integer
g such that (15) is satisfied.

By (5), (n2,2b — 1) = 1 and by (4), (5), (13) and (15),ns/b(b — 1) — 3g.

(B) the necessity of the given conditions.

(i) Since @G is nilpotent of class 3, the commutators (y, z), (v, z, ) and
(y, x, y) form a basic set in the components « and y [14]. Thus, from equation
(3), any s-function on @ has the form

zoy = ay(y, ©)*(y, , )" (y, x, y)".



108 ANNE PENFOLD STREET

By Theorem 1, (ii), inverses are the same in G and @G, ; hence
(€l ey ) (yox) =1
which implies

(g, 3 2)(y, 2, 9) "2 =1
and hence

(¥, 2, 2)"* = (y, 2, 9" = L.
Thus we may write the s-function as
zoy = zy(y, 2)"(y, &, 2) (y, 2, y) ™. (44)
(i) By direct computation, we find from the associative law that
(% 2,2 (2,2, 9) (2,4, 2)" 7 = 1

and hence by (11),

ale—D-8f _ 1

(x,2,9)

Since G; is Abelian, this proves (13).
(ii1) By (13) and (44),

ly, 2], = (y, x)l—-2a(y’ e, x)a(zu—l)(y’ z, y)a(Za—l)
—_ 1-2a a+6f at+6f ( 45 )
(y, ) (y, z, 2)*™(y, z, y)
[yy x, z]n = (y, x, z)wa_lﬁ = (y’ x, z)l2f+l. (46)

(iv) By Theorem 1, G, is nilpotent of class 3 and, by the proof of (44),
xy, expressed as a word in G, , must have the form

vy = zoyoly, alloly, z, 20 [y, z, yI.°
and hence by (45) and (46)

(y’ x)a+b—2ab(y, z, x)f+a+l2fa(y’ z, y)—f——a—l2fn = 1. (47)
Taking commutators of both sides of (47) gives
(y, 2, z)a+b—2ab =1 (48)
Putting zy for z in (47), we find by (23), (24) and (48) that
(y, 2)™ = (y, @, &) = (y, 2, )T =

which proves (5) and (15).

(C) the sufficiency of the given conditions.

The existence of an identity and inverses with respect to the o operation
follows from the definition of oy as in Theorem 1. xo (yoz), (xoy) oz,
ly, «], and [y, =, 2], are evaluated as in (B). Associativity follows from the
given conditions and (11), and by direct computation,

zoyoly al.oly,  elloly, o yl.* = a.
Proof of Theorem 5. (A) the properties of the integers a, b, f, g, d.
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(i) Any one of (7), (8), (14) or (19) is necessary and sufficient to ensure
that z o y does not reduce to xy or to yx.

(ii) Integers satisfying (4), (5), (13) and (15) must exist, as in the
previous proof, but the existence of integers satisfying the remaining con-
ditions depends on the values of nz , ns , 14 and ms(3).

If there exist a, f, d satisfying (4), (7), (8), (13), (14) and (16)—(19), then
there exist b, ¢ satisfying (5), (15) and (20). The existence of b and g satis-
fying (5) and (15) follows as in the previous proof; that (20) is also satisfied
follows from (13), (15), (17) and the fact that G contains no elements of
order 3.

(B) the necessity of the given conditions.

(i) Since @ is nilpotent of class 4, (y, z), (¥, z, z), (v, , ¥), (¥, , z, ),
(y, z, z, y) and (y, «, ¥, y) form a basic set in the components ¢ and y [14].
Since G/@G, is nilpotent of class 3, by Theorems 1 and 4, an s-function on G
must have the form

zoy = xy(y, z)*(y, , 2)’(y, 7, (¥, z, , 2)"(y, 2, 7, ¥)™(y, =, y, ¥)™.

Since inverses are the same in G and G- , we have

(7 oy ) (yox) =1
which implies

((y, 7, %, 2)(y, 2, y, y) ") % = 1

and since G contains no involutions
(¥, @ @, )% = (y, 2,2, ) = (y, 2,9 = L
Hence the s-function can be written
zoy = zy(y, 2)(y, ¢, 2)' (¥, % ¥) 7 (4, , 7, 2)(y, =, %, V)" (¥, 2, ¥, v)*.
(ii) The alternative law in the form
(zox)oy = zo(zoy)
implies

a(a—1)—3f ( Yy af+ds—5d—3f ( Y
) 4

(¥, z, ) z, @, y) T < 1 (49)
By taking commutators with both sides of (49), we find
n4(2)/a(a — 1) — 3f.

By repeated substitutions of xy for z in (49) and by (23) and (24), since G
contains no involutions,

ny(2)/af + dy — 5d — 3f (50)

and similarly, putting yx for y,

n(2)/f —af +d —ds. (51)

r, x, x)
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From (49), (50) and (51), we have
n3(2)/a(a — 1) — 3f (52)

and
ny(2)/f + 2d. (53)
By (51) and (53), the s-function may be written

zoy = ay(y, z)"(y, z, ) (y, z, ¥) 7 (¥, 2, 2, )Xy, 2, 2, )" (y, 2, y, )™

assuming G contains no involutions.
We obtain additional information on the invariants and the divisibility con-
ditions by applying the following lemma:

Lemma 1. (Levi, [11])  If every 2-generator subgroup of a group G is nilpotent
of class 2, then G 1s nilpotent of class at most 3 and nz/3.

In our case, G/Z(@) is nilpotent of class 3, where Z(G) denotes the centre
of G. Let ng denote the exponent of (G/Z(G));. Consider the 2-generator
subgroups of the central quotient group; let ns(2) denote the least common
multiple of the expo,nents of the third terms in their respective lower central
series. By (53), n5(2)/f + 2d, and by Lemma 1, ns/3(f + 2d), i.e.

(¥ 2,2)""™ =1 (modZ(@))
and (y, z,2,w)*""™ =1
which implies
ne/3(f + 2d). (54)
If G contains no elements of order 3, this implies (16); similarly, from (52),
ny/ala — 1) — 3f.

(iii) By direct computation, the associative law implies

(W, 2, A" (2, 9, 2)" (@, 2, )2, 25y, @)

(W, % 2, W) (2 35 2, )", y, g, 07, y, @, y)

—af —af—d(2a—1) +a) —d
(2, ¥, 2, )" (2, y, @, 2) "7V (y, @, 2, 1) (e, y, 7, 2)7

(y, x, x, 2)" @Dy oy, ) TY(y, x, 2, y) O (55)
(2, 2, 4, 2) ™z, w, 2, y) Ny, 7, 2 2)" Ve, o, @, y)~HHED
(2,2, 9,9) " Pz y 2) 7" =1
Putting yz for y in (55) and applying (23), (24), (52) and (53) gives
(y, @3 2, )" (y, @, 2, ©) (2, x, y, x)~ VTSN
(2, Y, 2, )"z, @, @, y) I (56)

2 d—af—
(y’ x’ x’ z)a st = 1’
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Since G is nilpotent of class 4, by (29)

(y) x; z, x) = (y7 x’ z’ x)(y’ x’ x’ z)_l = (z’ x’ y, x)_l(z’ x’ x’ y) (57)
which, with (12), reduces (56) to

(2, @, 9, ) (2, o, @, y) ¥ = 1. (58)
By (54) and (58),
(z, 2, 2,y) "™ =1 (59)
and by (56), (57) and (59),
(y, z, 2, €)™ (2, z, y, 2)™™ = 1. (60)

(59) and (60) are true provided only that G contains no involutions; if G
contains no elements of order 3 either, then (y, z, 2, w)"™ = 1 and (16)
follows.

(iv) By (53), using the expression found in (ii) for the s-function,

ly, 2], = (y,2) 7 (y, 2, 2)** P (y, 2,9)" %" (y, x, z, x)" @D

. (y, z, %, y)—(a+3f) (2a-l)(y, z, v, y)—(a+2f) (2a—1) (61)
a—1)2 —a(2a0—1)2 —a(2a—1)2
v, 2,2, = (4,2, 2)* 7" (y,2,2,2) """ (y, x, y,2) "
'(y .2 z)—a(2a—l)2 (62)
) Ly &

(2a—1)3

[, 2, 2, w], = (¥, 2, 2, w)~ (63)

(v) By Theorem 1, G, is nilpotent of class 4 and zy must have the form
ay = woyoly,al.oly, z 2l o ly, o, yl. o [y, , =, 2l;
€(2b—1)

oly, x, 2, yl." o ly, x, 4, y1.°
where

n3(2)/b(b — 1) — 3¢
n4(2)/g + 2e
n4/3(g9 + 2e).
By (23), (24), (61)—(63), we find
(v, x)a—-—b(Za—l) (y, z, x)f+0(2a—1)2 (v, x, y)~~f—g(2a—1)2

d—ag(2a—1) 2—e(2a—1) 3+b7 (2a—1)
(y, w’ x’ x)

(2a—1) (d—ab+ag (2a—~1)—e(2b~1) (2a—1) 2)
(¥, 2, 2, ¥)

(4, @, 4, y)
Taking commutators of both sides of (64) gives

(64)

—dtaga—D) +e(a—13+bf -1 _

a+b—2ab

(y, z, 2) (4, @ 2, 2) T (y, 3, y, )T = 1 (65)
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and again with (65) gives

(y, , 2, w)*™ ™ = 1 which implies ns/a + b — 2ab. (66)
Putting 4 for y in (65), by (65) and (66) we have
(3, @, @, 2)" Y = (y gy, o) T 2 g (67)
since G contains no involutions. Hence, by (65) and (67),
(y, 2, 2)"7"™ = 1 which implies ns/a + b — 2ab. (68)

Repeated substitution of yx for y in (64) shows that
ny(2)/—d + ag(2a — 1)* + e(2a — 1)* + bf(2a — 1) (69)
and similarly, by repeated substitution of zy for z in (64)

ny(2)/d — ag(2a — 1)* — e(2a — 1)* + bf(2a — 1). (70)
By (69) and (70), since G contains no involutions,
ny(2)/bf(2a — 1) (71)
and
ny(2)/d — ag(2a — 1)* — e(2a — 1)% (72)
By (68) and (71),
n(2)/bf,  nu(2)/af,  nu(2)/bg,  nu(2)/ag. (73)

By (72) and (73),

n4(2)/d — e(2a — 1)% (74)
By (73), since n4(2)/g + 2e, we have

ny(2)/ae, ni(2)/d +e,  ny(2)/ad
and (20) is true. Hence the s-function may be written as
zoy = ay(y, 2)"(y, ¢, ©) (v, 2, ¥) (v, 2, 2, 2)"(y, &, &, ¥) (v, 2, y, )™
and zy as a word in G- becomes
vy = zoyoly,aloly, 2l o ly,z,yl." o ly, %, 2, 21, o [y, @, 2,y © [y, 2, y, Yl -
If @ contains no elements of order 3, so that (16) holds, then by these divisi-
bility conditions and (12) applied to (55), we have
(¥, @52, 2)" (y, 252, 1)V (2, 252, y)" = 1
and hence
(9, &5 2, 0)" = 1. (75)

(75) implies (18), since the second derived group of every 3-generator sub-
group of G is Abelian and generated by commutators of this form. Applying
the divisibility conditions to (64) gives

(y, )7y, @, z) Ty, @, y) T = (76)
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and, substituting 4° for y in (76), we find
(y, x, x)f+a(2a—1)2 — (y’ z, y)f+0(2a—-l)2 =1

which implies n3(2)/f + g(2¢ — 1)* or, equivalently, (15). From (15)
and (76),

(y, w)a+b-—2ab =1

which implies (5) and (4), since G contains no involutions and thus @’ is
a product of regular p-groups.
(C) the sufficiency of the given conditions follows as in Theorem 4.

Note. (1) If G contains elements of order 3, we know only that
n(2)/f + 2d and ny/3(f + 2d).

In this case, the given conditions with d = 0 will satisfy the identities but
may be more restrictive than necessary.

(2) Consider the case d = 0, for G a p-group, p > 3. (Analogous though
more complicated statements are true for each permitted value of d and for
direct products of p-groups.) Then me(3) = p”, for some & > 0, and since
p is odd, G is 3-metabelian if and only if G'is metabelian [1]. If G is metabelian,
k = 0, and the divisibility conditions become

(ng, 2¢ — 1) = 1; ns/a(a — 1) — 3f; ne/a + b — 2ab; ny/f

and hence a = 0 or 1 (mod p) are both possible. If G is not metabelian,
k > 0, p"/a. This leaves only one possibility: a = 0 (mod p).

(3) Necessity can be proved in Theorems 4 and 5 because the sets of
basic commutators in class 3 or 4 groups have only one commutator of given
weight in each component, and hence appropriate substitutions and expan-
sions will give equations involving only one basic commutator. But for
groups of class 5 or higher, this technique will no longer work, since the sets
of basic commutators contain more than one commutator of given weight
in each component.

Proof of Theorem 6. (i) Any one of (7), (8) or (14) is sufficient to
ensure that x oy does not reduce to zy or to yz.
(ii) By (24) and induction on k, since G is 3-metabelian,

(g, ®)"2) = (9,2, 2)" (77)

and in particular, by (21),
((y, 2, 2),2) = ((y, 2, 9),2) = 1. (78)

(iii) By (11) and (13),
W, 2, 2z, 7, (2 v, 2 = (4, 3, 2) (2 2, ) (5 y, O (79)

and associativity of xz oy follows from (77)-(79) by direct computation.
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(iv) By (77), (78) and (21),

ly, 2le = (y, 2)*(, y, &y ™) (80)
and by (80) and (13),

12/+1

[y! x’ z]o = (y’ x’ z) (x, y? x_ly—l’ z)*a( y’ x’ z’ z_l)a( x’ y’ x"ly_l’ z, 2—1)'“ (81)

(v) woyoly, alloly, x, oy, z, yI.°
= ay(z, y, Y )@ ((y, )", y, 7Y )% zy(y, ©)*)°

by (80), (81), (5), (15) and (21)
= zy.

Proof of Theorem 7. Let b be any integer such that (5) is satisfied. By
(9), ns/b. Let
n=a+b—2ab=rp. . p

where p1, -+ -, ps are distinet primes.
Since @ is a periodic nilpotent group, G = P X Q, where

P=P1><°"'XP3

is the direct product of the Sylow p;-subgroups of G, 2 = 1, ..., s, and the
Abelian subgroup, @, is the direct product of the remaining Sylow subgroups
of G. Also, G, = P, X @, where P, and @, are the groups formed by the
elements of P and @ respectively, under the operation z o y.
Let m = 1 — 2b. Then (n, m) = 1, by (4). Define a mapping, ¢, of G

onto G, as follows:

2 = 2" foranyzeP

¥ =y foranyyeQ
(zy)? = 2°0y® foranyzeP,yeQ.

(n, m) = 1 implies that m is co-prime to the orders of the elements of P,
hence ¢ is one-one and onto. Thus it suffices to prove that, if G satisfies
(i) or (ii), ¢ is a homomorphism on P.

m m (¢4 ‘m,
(@)™ = 2"y, 2Py, 7, 2)""(y, & )" (y, @, 2, )"
: (y: T, T, y)h(m)(y, Z, Y, y)fs(m) (mod Gs)

by Hall’s collecting process, where fy(m) and fs(m) are integral linear com-
binations of (3) and (§), and fe(m), fi(m) and fs(m) are integral linear
combinations of (%), (3) and (¥). Since ns/b, either (i) or (ii) is sufficient
to imply that

(xy)m = (xy)l—Zb = xl—-2by1—-2b(y, x)b(Zb—-l). (82)
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m _om 125 195, 1% _1-%v\a
hoyt =2y (Y )

= xl——2by1—2b(y, x)a(Zb—l)z(y’ z, x)—ab(%—l)z(y’ z, y)—ab(2b—-1)2
(y, =, , x)ab(2b—1)2(2b+l)/3(y’ x, T,y
(y, z, v, y)ab(%—1)2(2b+1)l3 (mod G5) by (23) and (24)
= 7%y, ©)*® " by (i) or (ii) and (9). (83)
By (82) and (83), since ny/a + b — 2ab, (zy)™ = 2" oy™. Hence

(zy)® = a®oy?

)abz (20—1)2

which proves the theorem.

IV. Metabelian groups with property P
Proof of Theorem 8. (i) follows from (11) since

(xl,x2’"'7xi—17xi;xi+17xi+2y"',x”)
= (@) Teya; 1,y -0y @) (Bagr, (@1, -0, Tica), T) 7, T, o0y Ta)
= (xly"'yxi—lyxi+17xi)xi+2’""xn)°

(ii) The inner components of a basic commutator in the subgroup (z, %)
are y and z in that order. Since @ is metabelian, only simple commutators
are needed in the basic set. By (i), any basic commutator of weight w may
be written (y, xx, ;y), for some integers 7, k such that j + k + 1 = w.

(i) (y,2°) = (y, 2)*(y, z, x) by (24) and (iii) follows by induction on n.

(iv) If G/G has exponent r, then 2" ¢ G’ and hence (2, y, ") = 1 for
every , ¥, ze G. This implies, by (24), that (2, y, 2™") = (2, y, ") and
(iv) follows from (iii).

(v) By (iii), [Tie (2, %, ) °“® = 1 and (v) follows.

(vi) By (i), any commutator containing r identical outer components may
be put into the form (2, y, .x). By (v), it may then be expressed as a product
of powers of

(z) Y, 112), ] (z’ Y, T—lx)7

and is therefore not needed in the basic set.

(vii) There are 2 basic commutators of weight 1 in (z, y), namely z and y.
By (ii), there are (w — 1) basic commutators of weight w, for every w > 1.

For w < r 4+ 1, the commutators have not more than (r — 1) outer com-
ponents, and hence they all belong to the basic set. For w > 2r 4+ 1, the
commutators have at least (2r — 1) outer components, each of which is
either z or y. Hence at least r outer components are identical, and all these
commutators may be deleted from the basic set. Forw =r + k2 <k <,
the commutators have (r -+ k — 2) outer components. Those which belong
to the basic set are those in which no more than (r — 1) z’s or y’s oceur
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among the outer components i.e. those of the form

(yy ®, r—-ly), (y, 1+1Z, 1'-—2?/)1 ) (y; 1T, k—-ﬂ/)’ (yy Ly k—-ly)'

There are (r — k + 1) = (2r + 1 — w) such commutators for each k.
Hence, the number of commutators in the basic set is

24+ 20 (w—1) + D (2r + 1 — w)
=24+ r(r+1)/2+r(r—1)/2 =2+

(vgii) If G’ has exponent ¢, (vii) and (3) imply (viii). This gives a set
of {7 functions, among which all possible s-functions must occur.

Proof of Theorem 9. (i) Since G is metabelian and G/G’ has exponent 2,
we have by (11) and (29) that

(u: v 2,Y, wy) =1 (84)
is a law in G.
By an argument similar to that of the preceding proof, a 3-generator sub-
group (z, ¥, 2) < G has a basic set of commutators

2, Y, 2, (¥, ), (2, ), (2, ¥), (9, 22), (2, %), (Y, %, ¥), (2, %, ¥), (2, 2Y),
(Y, 2, 2), (2, 3, 2), (2, 9, 2)(¥, %, ¥), (2, %, V), (2 2, 2), (¥, @, ¥, 2), (85)
(2, %, Y, 2), (2, 2, 2), (¥, 2%, Y, 2).
By (11) and (25),
(¥, %, 2) = (2,9, ¥)(y, ¢, 2) (2, 7, ¥)™. (86)

(ii) By Theorem 8, any s-function on G must be of the form

Loy = xy(y7 x)c(y’ Zx)d(ys x, y)e(y9 2, y)f

where ¢, d, e, f are integers modulo ¢, the exponent of G'.
Since inverses are preserved, by direct computation

(x oy ™) (yoex) = 1= (y, ) (g, 7, 9)"

and hence either
d—e=0 (modt) (87)
or
(y, %) = (y, %, y) isalawin G. (88)

Suppose (88) is true. Choose any two elements u, v ¢ G and let y = (u, v).
Then (88) implies (u, v, 2) = (u,v,2)"* = 1, and since ¢ is odd, (u, v, z) = 1
is a law in @, i.e. G is nilpotent of class 2, which is a contradiction. Hence
(87) holds, and any s-function on @ is of the form

roy = xy(y, x)c(y, Zx)d(y) x, y)d(y’ 2r, y)f' (89)
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(ili) By (84) and the associative law, direct computation shows that
(2,2, 9)*(2, 2%, ¥)°(%, %, ¥, 2) (4, o, ¥, 2)° = 1 (90)
is a law in G, where
A=c—c + 2cd + 8d° — 3d — 8df — 4cf + 6f
B = 8d* — 2cd — Sdf + 2f
C = 8d&* — 2cd — 8df + 2f + 4¢f
D = 4d* — cd + §.

Choosing # = ¥ in (90) implies that (2, 22)*™*® = 1is a law in G and, as
in (ii) above, we find that
A—2B =0 (modi). (91)
Choosing z = z in (90) implies similarly that
C—-—2D=0 (modt¢). (92)

Taking commutators of both sides of (90) with yz twice, expanding and
comparing with (90) shows that

((y, 2, 2)'(y, &, 9,2))" =1

((:l/, 2‘7;)2(?/7 2%, y))B =L (93)
As in (ii), since @ is not nilpotent, (93) implies that B = 0 (Z), and hence
by (91), A = 0 (¢).
Thus (90) becomes (¥, , ¥, 2)°(y, o, ¥, 2)° = 1, and letting z = (u, v)
this leads to

and letting z = =z,

(u; v Y, z)c = 1.

Since @ is not nilpotent, C = 0 (¢), and hence by (92), D = 0 (i).
Since ¢ is an odd prime, the only solutions of these four simultaneous
congruences are ¢ = Qor 1,d = 0, f = 0 (), which lead to

Toy = Xy Or yx.

V. Examples
(i) Let p and ¢ be primes such that

p=1 (3), g¢=1 (3), p=1 (9. (94)
Let G(m, n) be the group of order 2pq defined by
Gim,n) = (s, t,u|s® =t =u’' = (s5t) = ;8 =", t* ="
where m, n are integers modulo p, g respectively such that
m#1, m*=1 (modp), n#l n*=1 (modyq).
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By the Ramification Theorem of Honda [7], if m is fixed, the two values =,
n® lead to isomorphic groups, but the two values m, m* lead to two non-iso-
morphie, strictly index-preserving, normaliser-preserving, lattice-isomorphic
groups.

The operation z oy = xy(y, )" is associative on @ = G(m, n) if and only
if

k(k —1) =0 (modpq)
and by the congruences (94), this allowsk = 0,1, p,1 — p.

The choice of &k = 1 — p gives G, = G(m’, n), which is not isomorphic to G.
Thus the results of Theorem 1 are best possible.

(ii) Let T be the 2-Sylow subgroup of the symmetric group of degree 8.
B. H. Neumann [15] has shown that T is nilpotent of class 4, 2-metabelian
but not 3-metabelian and of exponent 8. We show two additional properties
of T':

(A) no s-function may be defined on T, even though integers exist which
satisfy the divisibility and co-primeness conditions of Theorem 5.

(B) a binary operation can be defined on 7' which induces an s-function
on a maximal subgroup, H, of T, such that H has exponent 4.

This shows that Theorems 3, 5 and 6 are best possible in the sense that we
cannot remove the restrictions from their hypotheses i.e., we must in general
require that the commutator subgroups of the 3-generator sub-groups of G
be regular p-groups (in Theorem 3), that G contain no involutions (in Theorem
5), and that G be 3-metabelian (in Theorem 6).

Using the permutation representation of T given in [15], we find n, = 4,
ng = ng = 2 and Ty = Z(T); hence any s-function on T' must induce an
s-function on T/T;. Letn; be the exponent of (T/Ts);. Then ne =mng = 2.
By Theorem 4, since T'/T is nilpotent of class 3, the only possible s-functions
on T/T, are

zoy = a2y(y, z)* fora = 0orl.

Hence the only possible s-functions on 7' must be of the form

zoy = ay(y, )Y, 7, 2, ©)*(y, , z, ¥)*(y, , y, ¥)® (95)

where @ = 0, 1, 2, 3 and d; = 0, 1 for each 7.

Suppose there exists an s-function of the form (95) for a = 1 or 3. Then
since d; = —d; (mod n4), and since (z, ¥, , ¥) = (&, ¥, ¥, ) in a nilpotent
group of class 4,

T ¥y =vyoz = ay(y, )" (¥, v, 2, 2)"(¥, 2, 2, ¥) (¥, 7, y, ¥)®

ig also an s-function of the form (95), where ¢ = 0 or 2 respectively. Hence it
suffices to show that no s-function can be defined on T with ¢ = 0 or 2.

We consider each function of the form (95) fora = 0,2 and each d; = 0, 1,
and exhibit for each such function, three elements of T which do not asso-
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ciate. In the notation of [15], these are as follows:
ifa=0,d =1, thenazo(azoam) # (azoaz)oa;.
ifa=0,d =1, thenajo(azoasas) # (a10a3)°a203.
ifa=0,d;=1o0rifa =2,di =ds =0,d> = 1,

then ay0 (azoa3) # (a10a2)0as.
ifa=2d +do+ds =0(2), then (mazoas)oazar # a1as0(az0as a1),

ifa= 2,d1= 1,d2= d3=001'd1= d2= 0,d3= 101‘d1 = dg——- d3= 1,
then ay azo (20 a1 a3) % (a1a30° as) © 4y a3,
On the maximal subgroup H = (T’, 10, as), two s-functions can be

defined, namely
zoy = ay(y, x)* fora = 2, 3.

(iii) Let M be the example (due to B. H. Neumann [15]) of a 3-metabelian
but not metabelian group. M is nilpotent of class 4, and n, = 8, ny = 4,
ns = ny = 2. Hence from Theorem 6, we know that two s-functions may be
defined on M, namely

zoy = xy(y, z)* fora = 2, 3.

However, we find that for this particular group, there are 4 additional s-func-
tions, namely

zoy = zy(y, x)a(y, z, =, 2)(Y, %, @, ¥)(¥, =, ¥, y) fora=0,1,2,3.

The associativity of these additional s-functions follows from (11), and from
the properties of M quoted above. In each case, for the s-function as stated,
we have

xy = xoyoly, zliely, x, z, zl,0ly, z, 2, yl,oly, =, y, ¥l,.

This example shows that the conditions stated in Theorem 6, while sufficient
for the existence of s-functions, may be more restrictive than necessary.
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