A NOTE ON FOURIER-LAGRANGE INTERPOLATION

BY
R. E. CHAMBERLIN

1. Introduction

Marcinkiewicz has given an example of a continuous function f whose
Fourier series {S.(z, f)} converges uniformly (on [0, 27]) but whose sequence
of Fourier-Lagrange interpolation polynomials {I.(x, f)} diverges almost
everywhere (see [2, page 40]). In this note we give a continuous function
¢(z) with the property that {I.(z, ¢)} converges uniformly to ¢(x) but
{S.(z, )} diverges at a point. Using a standard construction, ¢ can be modi-
fied to give an example with {S,(z, ¢)} diverging on an everywhere dense set
in [0, 27]. The details of this latter construction are not carried out.

We are indebted to Professor G. Alexits for suggesting the problem treated
here and for helpful discussions during its preparation. Also we remark that
several classical results will be used without specific reference. All of these
may be found in Zygmund [1], [2].

2. A preliminary construction

We first define a set of functions which will be basic in the construction of
the example. To describe these functions it is convenient to introduce certain
sets of integers and certain subsets of [0, 2«].

D1. pi, P2, -+, px or simply {p.},» will denote the first £ odd primes,
indexed in order.

D2. p™* will denote a certain member of {p:}r. A(p*) will denote the set
ULze™ [domr/p*, 2(2v + 1)7/p*].

D3. ¢* is a positive integer, subject only to the restriction that if m is an
integer with 1 < (2m + 1) = 2, 2m + 1) = pi*ps® --- pi* where
0=<e =€

D4. For each number y = (2mu)/(pi --- pi) (with u an integer),
yeA(p*),let A = A(y) be a positive number less than 2/(p; - - - px)*". De-
note the totality of such y by B(k, p*, ¢*) and let C(k, p*, ¢*,\) denote the set
A(p™\U, (¥ — N\ (¥), ¥ + N\(y)) where the union is taken over ally ¢ B(k,p*, ¢*).

For some applications, the members of B(k, p*, ¢*) will be subscripted in
order from left to right (i.e,, y1 < 92 < +++ < Ya).

DerinirioN 1. For a given choice of k, p*, ¢* and \ as defined in D1-D4,
let (%, p*, e*, \; z) be the continuous function on [0, 27] defined as follows:
1° ¢(k, p* €*,\;2) = Oforz e B(k, p*, €*) u ([0, 27]\A(p™));
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2° d’(k’ P*, 6*, A; .’D) = lforze C(k7 p*7 6*, )‘)’
3° ¢k, p*, e* \;x) is extended to the rest of [0, 27] so as to be continuous

on [0, 2x] and linear on each subinterval for which it has not been defined in
1° and 2°.

For example if y ¢ B(k, p*, *) but is not an endpoint of one of the intervals
in A(p*), then

o(k, p*, ", \;2) = (AN (& —y)  for 0= (z—y) =N\y)
and
o(k, p*, e*, \; @)
=1-1/My)z—y+NMy)) for —My) =(z—y) =0

In Definition 1, the functions ¢(k, p*, e*, \; ) are 0 in [r, 2a] so that in
certain formulas involving the Dirichlet kernel D,(u), the substitution 1/u
for 1/(2 sin 4/2) can be made with impunity.

Notice that ¢(k, p*, e*, \; ) is very nearly the characteristic function of
A(p*). However, it is continuous and also is zero at a certain critical set of
points. For simplicity ¢(k, p*, ¥, N\; ) will sometimes be denoted by
¢(—; z). In what follows certain properties of {I.(z, ¢(—; x))} will be
discussed and these will be denoted by P followed by a suitable integer. Later
on properties of {S,(z, ¢(—; z))} will be developed and these will be denoted
by @Q followed by a suitable integer.

P1. ,,,(a: o(—;z)) =0forl = 2m + 1) < pyorif 2m + 1 divides
(pr -+ p)™

For let ™ = 2xu/(2m + 1). Then
In(z, ¢(—; ) = 2/(2m + 1) 2% ¢(—; 2™ )Du(z — &™) = 0
since ¢( —; z™) = 0 for each ™ (see D3 and 1° of Definition 1).

P2. If2m 4+ 1 and (pips -+ pu)° are relatively prime and if all points
a{™ which are in A(p*) are also in C(k, p*, e*, \) then

L(%, ¢(—;2)) — O(1) + O((logp*)/9)
where ¢ = (2m + 1)/p*.
One has
In(, $(—;2)) = 2/(2m + 1) 2% ¢(—; #”)Du(z — ")
= 2/(2m + 1) 205" PSR Do — 2)
(since ¢( —; ™) = 1 in the terms left in the sum). Let

z = (2um)/(2m + 1) + (2a)/(2m + 1)
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where 0 = o < 7. Then
Dn(z — &™) = {sin ((m + $)(mor — wr + @))-2/(2m + 1)}
/{2sin (((wo — p)m + @)/(2m + 1))}
= {(sin (o — w)w) cosa + (cos (w0 — u)7) sin o}

/{2 sin ((po — w)w + @)/(2m + 1)}.
Therefore

(#)  In(x, 6(—;2)) = (22020 2208005 (=1 /(e — w7} sin e 4 0(1).

In () the symbol Y’ means that if one of the ranges ([2rg] + 1, [(2r + 1)q])
includes uo then this term is not included in the sum.

Consider a block of terms Y i %1 (—1)*™/(uo — )7 and suppose that
u ¥ mo in this range. Suppose for example that we < [2rq] + 1. If
[(2r 4+ 1)q] — [2rq] is even, then successive terms of the block can be paired
to give some terms of a series which is absolutely convergent (i.e.,
Se 1 x1/(x(n)(n +1))). If[(2r + 1)g] — [2rq] is odd, this pairing leaves
over one term, (—1)*"t® ™4 /(4 — [(2r 4+ 1)g])7). The set of all paired
terms of (*) is dominated by the series ) we1 1/(x(n)(n 4+ 1)) (or more
properly by twice this series since in general we have terms to the left and
right of ).

The worst possible case for the unpaired terms is to start with 0 < e < [q]
and to have each integer [(2r + 1)¢] — [2rq] odd. But then the sum of the un-

paired terms is dominated by 1 + X127/ 1/gn = 0((logp*)/q) + 1. The
result P2 follows.

P3. Suppose (2m -+ 1) is not relatively prime to (p; - - - px)* but does not
divide (py - - - p)®". Suppose further that each point of {(2uw)/(2m + 1)}
which is in A(p*) but not in B(k, p*, €*) is in C(k, p*, ¢*, \). Then

Let 2m + 1 = pi* - pf*pfk4* - .. pl* where eithers > k and f, = 1 or
fo>e€, o fu>ewithr 21120 <6< - <6 2k). If
q =pl™ .. pliplhy - plt,
the numbers { (2ur)/(2m + 1)} which are in B(k, p*, ¢*) are just those of the
form {(2vgmw)/(2m + 1)}. Since ¢ is odd, ¢ — 1 is even and the numbers

({(2um)/(2m + DI\{(2vgm)/(2m + 1)}) n A(p™)

occur in blocks of ¢ — 1 consecutive integers where ¢( —; xﬁ”‘)) = 1 while at
the remaining points of {z{™}, ¢( —; 2{™) = 0. Therefore,

In(z, ¢) = 2/(2m + 1) 22, 28025 Du(z — 2™)

and with a suitable pairing of consecutive terms in this latter sum it is clear
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that
[In(z, ¢(—;2))| < 21 1/(x(n(n + 1)) + L.

P1-P3 show that if m is not too large (relative to p;) and if p,/p™ is of the
same order of magnitude as log p*, | In(z, $( —; z))| is bounded (the bound is
uniform if (p* log p™)/ps is uniformly bounded and if the other hypotheses of
P1-P3 are met uniformly). We now put some further restrictions on the

numbers {A(y:)} which will make | I.(z, ¢( —; 2))| bounded for all m and z.
Let

Nys) = (prp2 -+ pe) "¢

(recall the definition of y; from D4). With this choice for N(y;) and with
(p*log p*)/p < M (say) we have

LemMA 1. Suppose we have a class of functions
{¢(k, p*, ", \; )}

with | p* log p*/pr | < M where the ¢’s of the class are constructed in accordance
with Definition 1 and the N(y) are chosen as above. Then {I.(x, ¢(—; x))} is
uniformly bounded in m, x and the class {¢p(—; z)}.

The proof of Lemma 1 consists of examining | I.(z, ¢(—; z))| for m in
several ranges (the ranges adding up to all of the positive integers) and show-
ing boundedness in each of these ranges. We emphasize that for a single
¢(—; z) the boundedness is trivial since each ¢( — ; 2) is Lipschitz (and hence
I.(z, ¢(—; z)) — ¢(—; z) uniformly. However in the construction of the
example in Theorem 1 below we need to consider a sequence of functions of
the type ¢(—; z) and to have | I.(xz, ¢(—; z))| uniformly bounded even
though the set of Lipschitz constants of the sequence of functions is not
bounded.

If 2m + 1 < pe, | In(x, ¢(—; x))| = 0 by P1, so Lemma 1 is valid for
this range of m. If p, < (2m + 1) < (p1pz--- p)*, and 2m + 1 and
(pips - -+ pu)° are relatively prime, Lemma, 1 follows from P2 since p*(log p™)
/(2m 4+ 1) < m and all points of the form (2au)/(2m 4+ 1) in A(p*)
are also in C(k, p*, €* \) (since the minimum distance from points
{2mu/(2m + 1)} to points {27v/(py - -+ pi)*"} is greater than 2r/(py - - - Pi)*).
A similar argument shows that if p, < (2m 4+ 1) £ (pr--- px)* and
2m <+ 1 are not relatively prime then the hypotheses of P3 are satisfied and
{| Im(z, ( —; 2))|} is uniformly bounded in this case.

Finally we treat the case (2m + 1) > (p1 +++ p&)®. This will be handled
by some sublemmas which will be prefixed by P ( continuing from the previous
set P1 — P3).

P4.
In(m, ¢(—;2)) = (1/7)( i o(—; @™ )(—1)°"*/(4o — 1)) sin & + O(1)
where 2 = 2mwi/(2m + 1) + 2a/(2m + 1) (0 £ & < =) and Y’ means the
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term ¢ = 7 is deleted. O(1) is uniform for the class of functions {¢(—; z)}.
For I.(x;¢(—;2))
= (2/(2m + 1)) X% ¢(— ;2" ) Du(z — 2i™)
= (2/(2m + 1)) 2% ¢(—; 2™)
-(sin (w(do — 2) 4+ @))/27w(% — 2)/(2m + 1) + O(1)
= (1/m) (i ¢(—; ) (= 1)/ (i — ) sin a + O(1).

The O(1) term in this last formula is uniform for the class of functions
{¢(—; x)} and P4 is established.

P5. Suppose ¢(—; ) is linear in an interval [a, b] (and either increases
from 0 to 1 or decreases from 1 to 0 there). Suppose further that

[6(—; ™) — ¢(—;aiR)| =1 for z{™ ¢[a, b).
Then

2ok o(—;5 2™ (—1)7/ (G —1)
= 0(1) DBk 1/ — 20) (30 — (20 + 1))
+ O(1)n 2Bk 1/ (4o — 20)

where N; and N, are (respectively) the smallest and largest indexes of ¢ with
(m)
z" ela, b

Assume first that Ny — Ny + 1 is even and that ¢(—; 2{™) decreases from
1t00in [a, b]. Then

> o(—; ai™) (1) (6 — 4)

= (=1 H($(—; 27/ (io — N1) — &(—; @¥h)/(lo — N1— 1)
dooee o d(—; M)/ — No + 1) — ¢(—; 287) /(40 — No)}

= (=1)"¢(—; 2§?)(1/ (G — N1) — 1/(do — N1 — 1))

+l/(Go ~ Ny = 1) + -+ + ¢(—; 2832)(1/ (% — Na + 1)

— 1/(4 — N3)) + 91/(% — Na)}

0(1) 282k 1/((o — 26)(do — (2 + 1))

+ O(1)n 2Bk 1/ (40 — 26).

A similar argument holds when N; — N1 + lisodd. In this case there is an
unpaired term (say ¢( —; ;™)) and this gives rise to a term O(1)91/(4y — Ny).
The case where ¢(— ; z) increases from 0 to 1 is treated by taking ¢(—; zi™)
as the unpaired term. (The factors O(1l) are universally bounded-inde-
pendent of [a, b] and Ny and N, .)

The case (2m + 1) > (p1 --+ pu)* is somewhat different than when

I
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2m+ 1= (p1--- p)*". InP6 the range
(py--- pk)c‘ <2m4+1< (p1--- pk)Ne.

is treated where N is the number of points in B(k, p*, ¢*). The case
2m + 1> (py -+ pu)™ requires only a slight modification and will not be
treated explicitly. We emphasize that O(1) is used to mean bounded for the
class of funetions considered in Lemma, 1.

P6. If m is such that
(pi p)™ = (2m 4+ 1) < (pr -+ pu) ™"
then | I.(x; ¢(—; x))| = O(1).

First note that ¢( —; x) is either 0 or 1 except in “small” neighborhoods of
the points {y:} where it consists of one or two linear parts (depending on 7).
The fundamental points {z™} where ¢( —; ™) 5 0, 1 are in the neighbor-
hoods of points {y;} where1l =7 < (n — 1).

Let 2m + 1 = 6(py --- pu)™ where 1 £ 60 < (p1--- px)*. The points
{x{™} where ¢(—; z{™) 5 0, 1 are of the form 2mu/(2m + 1) where

Ni(3) = v8(py -+ pu) " — 0(py -+ p1) ™
Su=(py--- pk)(n—l')v* + 6(py - - - pk)(n—i)e‘
= Ny(%)
(v is determined by the index of the point y;). From P4 and P5it follows that
2/(2m + 1)| 2% ¢(—; 2”) Dz — ™)
= |{0(1) 23508k 1/(20 — §)(2060 — §) + 1)

+ O(L)ns SRSk 1/ (40 — 24)} sin a|

where .
i = 1/6(pi -+ pu) ™
and
x = 2mi/(2m + 1) + 2a/(2m + 1) 0=a<).

Now

W@/ ) _

1/(10 - 2.7) l
J=IN1(8)/2]

% — ue(pl oo pk)("—l)a‘ + o(pl - pk)(n—z')s‘

fo— W(ps - PO — (s e )

_ 0(p1 . pk>(n—i)e‘ }
0(1){(% — (pi - )"

= 0(1) log
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Let ¢ = »0(p1 - -+ o)™ . One has
2ors | RS R 1/ Go — 29)
0(1) 2215 (1/pr -+ p) ™ 0(py -+ - o) " /0w — ¥(3))
“(pr )" 4 0(1)
O(L) (2 1/ (v — v/ (pr -+ p) ™™ 4+ 0(1) = 0(1)
sincen < (p1 -+ px)°. Clearly
2oia 2R 172Gk — §)(2(6 — §) + 1) = 0(1).

Therefore
(A) 15 2K ¢(— ;5 2™) Dn(z — &™) = 0(1)
where the O(1) in (A) is uniform over the class of $(—; z)’s we are consid-

ering.
In the expression

(B) In(z;6(—;2)) = 2/(2m + 1) Zime ¢(—; &™) Du(z — 2i™)

the set of terms where ¢(—; zi™) = 1 (i.e., the set of terms corresponding
to 2™ e C(k, p*, e* \)) can be divided into blocks in C;(k, p*, e* \) where
C;(k, p*, e* \) is the arc-component of C(k, p*, e* \) between y; and ¥+ .
If there is an even number of terms of (B) in a given C;(k, p*, e* \) we
leave this block unchanged. If there is an odd number of terms, we lump the
“last” term (one farthest to the right) with the contiguous block in (A).
With this modification, the estimate in (A) is still valid (see P5) and the re-

maining terms in (B) occur in blocks of even numbers of consecutive terms,
ie.,

(C) ZiZw(?)ecg(k,p‘,e*,M Dm(x - x;'m))

That (C) is bounded follows as in P3. Therefore (B) is uniformly bounded,
over the class {¢(—; )} we are considering in Lemma 1, and Lemma 1 is
proved.

3. Properties of S.(0,¢(—;2))

In this section we discuss certain properties of S.(0, ¢(—; z)). The
properties will be labelled by Q followed by an integer.

Ql. Let n = [p*/2]. Then 8.(0, ¢(—; x)) = (1/20) log n for n suf-
ficiently large.

Recall that
(1/7) fo | Do(z) | dz = (2/7%) logn + O(1) where O(1) < 2.
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From this it is elear that if x,(x) is the characteristic function of A(p*) then

5400, 30(2)) = (1/) [ ¥ a(2)Da(a) do

ziam [ | Du(@)] s = (1/%) log n + O(1) = (1/10) log .

Now ¢(k, p*, €*, \; ) is an approximation to x,(z) and it is clear that if ps
is large enough relative to p* that
8x(0, ¢(—; 2)) > (1/2)8.(0, xa(x)) > (1/20) log n.
Q2. If m/p* = 8, then 8,(0, ¢(—; x)) = O(1)8 logm + O(1).

Notice that ¢(—; z + 2x/p*) = ¢(—; x) for 2, x + 2x/p* ¢ C([0, =).
Let di(v), da(»), ds(») and du(») be defined by the conditions

1° di(v) = 2mv;/p* (j = 1,2, 3,4) (v; an integer < [p*/2]);
2° 0 = di(v) — 2vmr/m < 278/m, 0 = (2 + 1)n/m — do(v) < 2w6/m
< ds(») — (20 + Dw/m < 278/m,
0 < 20y + Da/m — du(v) < 278/m;
3° da(v) — di(v) = du(v) — ds(v).

Then 8, (0, ¢(—; z)) = (1/m) fof ¢(—; 2) (sin mx) /2 dr + O(1)

Im/2] 20D n/m
= (1/7) Z; /; ¢(—; ) sin ma/z dx + O(1)

T/m
['ri‘z] dy(v) dao(») 2v+D 7 /m d3(»)
- (1/«){ [+ +
y=1 2vf/m dy(») da(v) 2v+) 7 /m

dg(v) 2(r+1) 7 /m
+ f +[ ¢(—; x) sin ma/x dxp + O(1)
d d

3(v) 4(v)
[m/2] [m/2] pda(»)
= 0(1){ 21 1/v + EL.: [d( ) o(—;x) (sin mz/x
y= p== 1(v

sin m(z + ds — di)
+ g )dx}+ 0o(1)

= 0(1)sInm + O(1)
since | (ds — di) — m/m| < 4nd/m. This proves Q2.

Q3. Ifm> (p1 -+ px)* then | S.(0, ¢(—;2))| < 2. For ¢(—; ) is a
Lipschitz function and its Fourier series converges to it.
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4, An example
We state our main result as

TurOREM 1. There exists a continuous function ¢(x) with {S.(0, ¢(x))}
diverging but with {I.(z, ¢(x))} converging uniformly to ¢(z) (on [0, 2x]).

The function ¢(z) is of the form
(h o(x) = Y im (1/)d(ki, P, €f, Ni; @)

where the parameters {k;}, {p7}, {¢f} and {\;} are chosen so that ¢(z) satisfies
the conditions in Theorem 1.

The sequences of parameters are generated inductively. For the first set of
parameters choose p; = 3, ky = 4 (so that py, = 11) ef = 3 and theset\
by the formulas in the paragraph preceding Lemma 1. Now suppose for
1 < m parameters have been chosen so that

1° pf > 2% (ptilog pii)/p¥ < 1, and p¥ satisfies the conditions on m
in the hypotheses of Q3;

2° k; satisfies the conditions (pi log p7)/pr; < 1, and pi, > (pF)%

3° e satisfies the conditions of D3;

4° for the given choice of k;, pi, ef the set \; is chosen in accordance with
the formula Ai(y$?) = (p1 -+ pe;) """ (see the paragraph preceding
Lemma 1).

One now proceeds to generate the parameters for the index n. First one
chooses py so that the conditions of 1° are met for ¢ = n. One has only to
choose p; large enough. Then k, is chosen so that the conditions of 2° are
met (for the given p5). Clearly this will be possible for k, sufficiently large.
Finally ey and \, are chosen so as to satisfy 3° and 4°.

Let ¢ be the function defined by the formula (1) with the set of parameters
satisfying 1°-4°. We show that {S.(0, ¢(x))} diverges. Given pJ, let
n; = [p;7/2]. Then

81;(0, () = 8n;(0, 22ii (1/3)9(ks, p¥, €F) Ni; @)
+ 85,00, (1/1")¢(ki, p, €5, N5 )

+ Snj(O) Z?"J’+l (1/7/2)75(101 ) p;k) 6?, i 5 1?) )'
From 1° and Q1,

8,.;(0, (1/77)¢(k;, p}, €f, N5 2)) = (1/204°) log p;/2 > (27 log 2)/(205%)
while
8,,(0, 23T (1/)(—; ) + 8u;(0, Limin(1/57)e(—; ) = O(1)

from Q2 and Q3. Hence the subsequence {S,,;(0, ¢(x))} is unbounded so
that {S.(0, ¢(x))} diverges.
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To prove that {I,.(z, ¢(x))} converges uniformly to ¢(zx), we remark first
that from 2°-4° it follows that Lemma 1 holds for the set {¢(k;, p¥, er, Ni; )}
used in the definition of ¢. Given ¢ > 0, choose 7, so that for n = ng

lo(z) — 21w (1/7)(—;52) | < &/3.

If M is a bound for {I.(x, ¢(k:, pr, er, Ni; x))} choose ny so that M/ny < /3.
Finally choose mg so that for m = mg and n, = max (ng, ny),

| Ln(z, 2202 (1/)8(—;5 2)) — 224 (1/8)e(—;2) | < &/3

(this latter is possible since 12 (1/48)¢(—; ) is Lipschitz). Then for
m = mo

...‘n2

[ Ln(z, ¢(2)) — ¢(2) | = [¢(x) — 22 (1/8")e(—; )|
+ | 228 (/D) e(—;52) — L2 (1/4) Ln(, ¢(—;2)) |
+ 2 men(1/8)] In(z, ¢(—; 2)) |
<e/8+¢e/3+¢/3=c¢

Therefore {I.(x, ¢(x))} converges uniformly to ¢(x) and Theorem 1 is
established.

5. Concluding remarks

The example in Theorem 1 is such that {S.(z, ¢(x))} diverges at 0 and =
while converging at other points of [0, 27]. First, ¢(z) can be modified so that
{Sn(z, ¢)} diverges only at a single point (say x,) and {I.(z, ¢)} converges
uniformly to ¢(x). Secondly, given an arbitrary sequence of points
{z;} < [0, 27], we can construct a set of functions {¢,(x)}, with ¢.(x) having
the behavior at x; that ¢(z) has at 0 and with {I,.(z, ¢,(x)} converging uni-
formly to ¢;(x). Using a standard construction, the {¢:(x)} can be used to
construct a function whose Fourier series diverges at least at each of the
points {z; but whose interpolation series converges uniformly.

Finally we remark that it is relatively simple to construct a function ¥(zx)
with {S.,(0, ¢(x))} divergent and with {I,(z, ¢(z))} convergent to y¥(x)
but not uniformly convergent. The major complications in our proof are
forced by wishing to make the convergence of {I.(z, ¢)} uniform.
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