ON AN INEQUALITY OF BANACH ALGEBRA GEOMETRY
AND SEMI-INNER PRODUCT SPACE THEORY

BY
B. W. GLICKFELD

Introduction

A fundamental result, due to Lumer [4], in the theory of complex semi-inner
product spaces, is that if T is an operator on a s.i.p.s., then

Q) ITI =4|W(T)l, where [W(T)| = sup{|[Tz,a]l:[z] = 1}.

Bohnenblust and Karlin, in an earlier study [1] of the geometry of the unit

sphere of a Banach algebra, showed that if A is a Banach algebra with identity,
then

(2) llall =ep(a), all aed,
where ¢(a) = Max,jm im,o, (| 1 + r2a ] — 1)/r.

If A is an algebra of operators on a s.i.p.s., it follows immediately from Lemma
12 of [4] that | W (a)| = ¢ (a), all a ¢ 4; thus (1) may be replaced by

) [T = el W(T)

Here we first sharpen the estimates used in [4] to obtain a direct “semi-inner
product space” proof of (1’). To do this we introduce the integral formula

1 el
T = o fc =T d¢, all positive integers N,

in place of the more usual

1 cdt

T omider =T
Then we give an example of a two-dimensional s.i.p.s. X so that the shift
operator T on X satisfies || T[] = 1 and | W(T)| = 1/e. This proves that e
is the best possible positive constant in the inequalities (1’) and (2). If Y is
the closed interval [1/e, 1] and Z the unit circle, then X is the subspace of
C(Y X Z) generated by f*(y, 2) = —ezy(logy) and ¢*(y, 2) = y.

The author would like to acknowledge a helpful conversation with E.
Bender.

The notation and terminology used here for semi-inner product space
notions is that of [4]. All normal spaces considered here have complex scalars
and are complete. If 4 is a continuous function on a compact Hausdorff space,
Il 2] will denote the ‘“sup” norm of k. r and s will always denote non-
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negative real numbers, while A, u, {, and z will denote complex numbers. If
T is an operator, 7 (T') will denote its spectral radius.

1. The proof of | T | < e| W(T) |
We take the following lemma virtually intact from [4, p. 33].

Lemma 1.1. Let T be an operator on the semi-inner product space X so that
|W(T)| < 1. Then

®3) =T = Q- |waT)h™

Proof. Sincer(T) = |W(T)| < 1,I — T isinvertible. Nowif | z| = 1,
we have via the Schwarz inequality that

I — Tl z[d— Dz, 2]l = (& 2] — |[Tz, 2]l =2 1 — [W(T)|.
Therefore, for all z,
=Tz A - |WTD|=].
Setx = (I — T)™ 'y, where ||y || = 1, to obtain
1z 0= |W@HIT = 1)y,

from which (3) immediately follows.
Next we present the integral formula referred to in the introduction.

LemMa 1.2. If T s an operator on the Banach space X so that r(T) < 1,
then

-1 & L
(4) T = SN fc T=TF de, for each positive integer N,

where C 18 the unit circle in the complex plane.
Proof. Observe that (4) can be obtained by differentiating

™= 1 & d¢

T 2 et —T

formally N — 1 times under the integral sign with respect to T. This differ-
entiation is both natural and easily justifiable within the framework of the
Lorch theory of analytic functions in commutative Banach algebras [3]. A
proof via the standard operational calculus [2, p. 566], goes as follows: First
notice that (4) is valid if T is replaced by a complex number z of absolute value
<1. But if r is a positive number between r(7T') and 1, C’ is the circle of
radius  about 0 in the complex plane, and ¢ is a complex number of magnitude
1, the operational calculus shows that

1 de _ 1
2mide C — 2@ —T) @ — TV’
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Thus
1 & - L f ¢ de di
Srile G =T ° ~ @PN Je o G = 2@ = T)
1 f f ¢ dg de
T @m)NJeJe G — 2z —T)
_ 1 dz T.

2ridorz — T
Lemmas 1.1 and 1.2 together yield

Lemma 1.3. Under the hypotheses of 1.1,
5) ITINQ— W)Y =1, all positive N.

Proof. The usual absolute estimates applied to (4) yield
N

, allN.

[S——

-T
(5) now follows from a simple application of (3).

Remark. When N = 1in (5) wehave | T||(1 — |[W(T)|) £ 1. If| T|
is taken to be 2, then 1 — |W(T)| < %,s04|W(T)| =2 2 = || T||. Thisis
the proof of (1) that appears in [4].

THEOREM 1.4. If T is an operator on a sip.s. X, then |T | < e| W (T)|.

Proof. If |W(T)| = 0, it follows directly from (5) that T = 0. If

| W (T)| # 0, we may assume without loss of generality that | W (T')| = 1.

For each positive integer N, apply (5) to the operator T/(N + 1) to obtain
ITI|W/N+1))" = 1.

Let N — » to obtain || T || =< e.

2. An example in which || T || = ¢ | W(T) |

We begin by constructing a two-dimensional positive cone P of continuous
non-negative functions on the closed interval ¥ = [1/e, 1]. Let f and g be
defined on Y by f(y) = ey logy and ¢g(y) = y, and set

P={rf+sg:r,8 = 0}.
The following relevant properties of f are verified via the calculus:

(a) f(1/e) = 1,f(1) = 0,f = 0, f and f are strictly decreasing on Y,
f'(1/e) = 0,and f'(1) = 0.

®) FW)/y — @) =eallyeY.

From (a) and elementary caleulus we have the following:

I 7| < N maxj

(¢) IfhePandh = 0, hassumes its maximum at exactly one point, which
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we denote by y,. For notational convenience, choose some point of ¥ and
denote it by %o .

We now define a mapping [ , ]of P X P into the non-negative reals by

[u, 0] = u(y)o @) = u@)lv], u, veP.
[ , ] will be called a semi-inner product for P (although, of course,
(P, [ , 1) is not a semi-inner product space) because [ , ] satisfies the

conditions

(1) [+ w, 0] = [ur, 0] + [wa, ],
(i) [ru, ] = rlu, v],7 2 0,
(i) fu,u] = [lu|f and

v) [0 = Jlull o]l

Let S be the “shift” mapping of P into itself given by S(rf + sg) = rg.
We can now define || S || and | W (S)]| by
|S]| =sup{Sh:heP,| k| =1} and
| W(8)| = sup {[Sh, Al : heP, | h] = 1}.
We will show that || S| = 1 and | W(S)| = 1/e. Then we will construct a
complex s.i.p.s. X (described in the introduction) modeled closely enough on
P so that the results || S|| = 1 and | W(S)| = 1/e can be carried over to

IT|| = 1and |W(T)| = 1/e, where T is the shift operator on X which is
analogous to S.

Lemma 2.1. || S]] = 1.

Proof. Clearly | S(f + sg)ll =r|gll < ||7f + sgl,s0 | S|| = 1. Since
S8(¢) =g, and ||f]| = |lgll =1, 8] = 1.

Lemma 2.2, |W(S)| = 1/e.
Proof. Foreach yeY let

Ty=1{h:heP,||k|| =1, and w = y},
and set
W, = sup {[Sh, h] : h e Ty}.

It is sufficient to show that each W, = 1/e. Observe that when
h=rf+4+sgeP,and ||| =1,

[Sh, h] = [rg, h] = ryn,
)
W, = sup {ry : rf + sgeTy}.

Now when y = 1/e, T'yye = {f}, so Wy, = 1/e.
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When 1/e < y < 1, it is not hard to see that rf + sg e I, iff the two linear
equations in r and s,
1) fy) +sy=1 and 7f'(y) +s =0,
are satisfied. But (1) has the unique solution

r=(fly) = f @) =1/ey

s= U@ —F@y~ = = @)/ey.

Thus W, = (1/ey)y = 1/e.
Finally we consider the case y = 1. »f + sgliesin Ihiff r £ —1/f’(1) and
s = 1. Therefore 4; = —1/f'(1) = 1/e; 2.2 is proved.

Now let Z denote the unit circle in the complex plane and define f* and ¢g*
onY X Zby f*(y,2) = 2f(y) and g* (y, 2) = g(y). Set

X = {M* 4+ ug™ : \, u complex]}.

and

We provide X with a semi-inner product as follows: Select, for each ¥ ¢ X,
some point (yy , 2¢) of ¥ X Z at which | ¢ | attains its maximum. For e, ¢ in
X define

lo; ¥] = @ (e )¥ (w)-
Clearly the norm induced on X by [ , ] is the sup norm.

We now establish the strong relation between the norms in P and in X.
Define U : X — P by

U + wg™) = NS+ ulg
Clearly U maps X onto P.
Lemma 23. U = ¢ ll, all ¢ € X.
Proof. Write y = M* + ug™.
If (y,2) e Y X Z, then since
@ o) = IMF @l + lull 6" @2l = INFQ) + |ul g@),
el = U@

If y ¢ Y, there are real numbers o and 7 so that
INF@) + [rlg@) = N"F@y) + ueg (@)

= [Ny €“) + ug* (v, 7).

Therefore | U@)|| = (| ¢ ]|
We shall also need the following lemma, which establishes a link between the
semi-inner produets of P and of X.
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LEmma 24. IfyeX and ¢y £ 0, then yy = yuy) .
Proof. Since

Il =1¥@,2)l = U@ W) = 1TWDI = 11v],

all the terms in the preceding inequality are equal. Therefore U (¢ ) assumes
its maximum at ¥y ; 80 ¥y = Yoy -

Now let T be the shift operator on X defined by
TS+ vg) =M.
Note that UT = SU.
TrEOREM 2.5. || T| = 1, and | W(T)| = 1/e.

Proof.
1T =sup{|TY]: ¢l =1}
=sup{[| UTy| : (¢ = 1} (by 2.3)
= sup {|| SUY | : |¢| = 1}
= |8 =1

Now consider ¢ = N* + ug™ ¢ P, where || ¢ || = 1.
Ty, 1| = [N g" (o, 2 ¥y, o)

= MMy = [NMyow (by 2.4)
= [SUy, Uy].
Therefore | W (T')| = sup {[SUy, Uy] : ¢ e P, || ¢ = 1} = W(S) = 1/e.
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