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300 H. DYM AND H. P. MCKEAN

F@) = @r)™” [ ¢ ™ is the customary (inverse) Fourier transform. Do
not confuse it with the eigendifferential transforms foaq and foven of 4.4. Aisa
non-negative, even, summable weight function on R'. A" is the jacked-up
weight function ='A/(1 + 4°). R*'(R®") is the open upper (lower) half-
plane. Given closed submanifolds A < B of a Hilbert space, B/A stands for
the annihilator of A in B.

1. Introduction

The purpose of this paper is to exploit the connection between stationary
Gausstan processes and (de Branges) spaces of integral functions, continuing
the work of Levinson-MecKean [11] in which the Markovian-ness of such proc-
esses was described in the language of Hardy functions. De Branges spaces
provide us with an eigendifferential transform in the space Z(A) = L*(a, R'),
A being the spectral weight of the process, patterned after the customary
Fourier sine-cosine transform for Z(1) = L*(1, R') = L*(R"), and this trans-
form turns out to be just the tool for predicting the future of the Gaussian
process on the basis of a bounded segment of the past. The set-up and the
results are explained in the rest of part 1. The reader familiar with the papers
of de Branges [2]-[6] will see that most of parts 3 and 4 is due to him. But
our situation is more special than his, so the results are more concrete and the
proofs are simpler. Besides, his proofs are often hard to follow as they are
spread out over a long series of papers, and it is our hope that the present
paper will make this beautiful development available to a wider public.

1.1. Stationary Gaussian processes. Consider a stationary Gaussian process
with sample paths t — ¢ (¢) e R', universal field F, probabilities P (B), and ex-
pectations E (f), let E (r) = 0, and let M be the Hilbert space formed by closing
up sums

f=art)+ -+ +cat(tn)

with complex coefficients under the norm f = /E([f[?). Given a closed
submanifold M; < M, define F; to be the smallest Borel subfield of F over
which M; is measurable. Using the fact that perpendicular submanifolds of
M have independent fields, it is easy to see that M; can also be described as
the biggest closed submanifold of M that is measurable over F;; esp., the
projection upon Mj is just the conditional expectation E (- |Fy). This geo-
metrical principle establishes a perfect correspondence between Borel subfields
of F and closed submanifolds of M and permits us to express a wide class of
problems concerning the Gaussian process r in geometrical language. Of
special interest are the submanifolds

M® = Nuspan [t(t) ta — 1/n <t < b + 1/n]
M~ = M~ = the past

M ™ = N M™°" = the remote past

M* = M™ = the future
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MY = the projection of the future upon the past = the splitting manifold
M’ = M® = the germ
M., = span[3"t(0):n = 0, 1, 2, etc.]’

and the corresponding fields

F® = Ny field [t(¢t):a — 1/n <t < b+ 1/n]
F- = F = the past

F® = N F™ = the remote past

Ft = F* = the future

FY'~ = the splitting field

F' = F® = the germ

F, = field [0"¢(0) : » = 0, 1, 2, etc.].

F*~ (= the splitting field) calls for a little explanation. Given 2 fields
such as F~ and F*, there is always a smallest subfield F™'~ of F~ which splits
F~ and F? in the sense that F~ is independent of F* conditional on the knowl-
edge of F*'~:

PA NAT|F"") = P(A™|FY)P(AY|FY") for A* e F-

Because of the correspondence between submanifolds and subfields explained
above, this (smallest) splitting field is simply the field of the projection M+~
of the future upon the past, as is plain from the perpendicular splitting

M=M/M"0oM"™ oM.

F*'~ is closely connected with the prediction problem of Kolmogorov-Szegs-
Wiener which is to compute the projection of r(¢) upon the past for fixed
t> 0. F''" canalso be viewed as a measure of how non-Markovian the process
is: for instance, the case F'~ = F~ may be termed anti-Markovian, while the
case F*'~ = F’, in which the process splits over its germ, may be regarded as
increasingly favorable as the dimension of M’ gets smaller, the simplest case
being the Ornstein-Uhlenbeck process for which dim M° = 1.

I

1.2, Trigonometrical approximation with a Hardy weight. Because g is
Gaussian, its distribution in function space is completely determined by the
knowledge of the inner products E[t ()t ()] = Q(| s — £|). Q is the Fourier
transform of an even non-negative mass distribution A on R' of total mass
E[z(0)] < w:

Elx(t)x ()] = [e"“7"A,

This formula provides us with a new geometrical picture of the process g:
it states that the map g(t) — exp (¢y¢) provides an isomorphism (inner
products included ) between M and the Hilbert space Z = Z(A) = L*(4, R'),
and this fact permits a wide class of problems concerning the process ¢ to be

2 9 stands for differentiation with respect to time. d7r(0) may not be defined for all
n > 0.
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stated in the language of trigonometrical approximation in Z, esp., the following
submanifolds of Z come to the fore:

Z® = Nysspan [e7:a — 1/n < ¢t < b + 1/n)

=z

Z—-eo = nt<oo Z-eot

zt=27"

2" = the projection of Z* upon Z~
2’ =2

Z, = span [(7y)":n = 0, 1, 2, etc.].}
Z7™* = Z since, if feZ is perpendicular to Z °®, then f*AeL'(R') and
(fA)* = 0, so that fA = 0.

Szegd’s alternative can now be stated; for simplicity, it is supposed that A
has a density relative to Lebesgue measure, denoted by the same letter. The
problem is to describe the remote past Z7° (alias M™~, alias F~~), and this
comes out in the following striking way:

. lgA — -
either ¥ > —w, Z =0, and Z7 #12Z
lga _ —0 4

The reader will note that [ (1 ++) ™" 1gtA < [ A < o sothat [ (1 ++) 7 Iga
can only diverge to — . Aissaid to be a Hardy weight if [ (1 + )" lg A >
— o ; the reason will appear in a moment. The reader will also notice that
perfect prediction of the future on the basis of the whole past is possible
precisely in the non-Hardy case. The dividing line between the Hardy and
the non-Hardy case is A = exp (—|v|), approximately. The reader will
note that the polynomials cannot span Z in the Hardy case [Z, C Z7].

A is now assumed to be a Hardy weight, and a theorem of Paley-Wiener
[13] is invoked to express A as | & |?, in which % ¢ L* (R") is extensible to an ou-
ter Hardy function of class H*' on the open upper halfplane R**} subject
to B* = h(—v) on R'. Using the language of Hardy functions, the princi-
pal results of Levinson-McKean [11] on the Markovian-ness of the process
can be stated in terms of the manifolds

ZoZ">oZ NZ">2 >z,
as follows:
(1) Z~ = Z'7 iff h/h* agrees on R with the ratio of 2 inner Hardy functions.
(2) Z'" =27 N Z' iff h/k* agrees on R' with an inner Hardy function.

3 n takes only such values as make [yA < «.
¢ Levinson-McKean [11, 103-4] gives a rapid proof of Szegé’s alternative.
5 The reader who is unfamiliar with this terminology will find an explanation in 2.1.
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() Z'™ = Z'iff 1/h is an integral function of minimal exponential type (see
5.2 for a new proof).
(4) Z' = Z, is possible (see 3.5 for an example).

The situation is especially simple (and also well known ) if A, and with it ,
is a rational function?’

(5) dim Zt"" = n < o« iff A is a rational function of degree 2n.
The following easy tests can be applied in this case:

6) Z=Z NZ"ifFh = 0on R
(7) Z2NZ'=Z" 4 h % 0on R
Q) Z=Z"ifh=00nR

9) 2’ = Z., automatically.

The special case that r splits over its germ [(8)] is of particular interest since
the following statements are the same:

(10) Z° = Z™" is of dimension n.

(11) 1/h is a polynomial of degree n.

(12) Dlx] s a white noise for some differential operator D of degree n with
constant coefficients [D = (2r) *h (—149)].]

(13) F™* and F*° are independent, conditional wpon the knowledge of
th) ik <nforany —o0 <a=Ht< -+ <t =b< w,

1.3. de Branges spaces of integral functions. To see more deeply into the
structure of Z, it is necessary to introduce the apparatus of de Branges spaces
of integral functions. This is done in 3 [de Branges subspaces of Z] and 4
[eigendifferentials] after some simple preparations have been disposed of in 2.

Given an integral function E subject to | E| > | E*| on R*"}® define B(E)
to be the class of integral functions fof v = a + b e R? subject to

(1) I =SBl < =,

. 2 X 2
(ab) s I < g EOLZIEWE ),
7o
An elaborate study of such spaces has been made by de Branges [2]-[6], so it
is just to call B (£) the de Branges space based upon E. A wide class of spaces
L*(A, R') permit a spectral decomposition [eigendifferential transform] ex-
pressed in terms of an increasing family of such spaces. The model for this

¢ Levinson-McKean [11, 122].
7 9 stands for differentiation with respect to time.
S EX = [BE(MI*
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decomposition is the Fourier sine-cosine transform for
Z() = L*(R") = L})(1, R'):

feL*(R") is first split into even and odd parts and these are expressed as

(28)  fovn = 7 [ 08 YTfove 4T
0

(2b)  foaa = 7 ° f sin yTfoaa dT.
0
A theorem of Paley-Wiener [13] tells us that the map

R
(334) feven i 7|'_1 ./; COS 'YTfeven aT

R
( 3b) fodd g ‘ll‘_l j; sin "/Tfodd dT

is the projection onto the class of integral functions of exponential type <R,
and it turns out that this is just the de Branges subspace of L* (R') based upon
E = exp (—iyR).
The eigendifferential transform for Z (A] will now be described. Z is first split
into 3 pieces,
Z2=2,92%Z, ® Z/2",

and 3 corresponding spectra are introduced: a discrete spectrum (for Z.), a
singular spectrum (for the so-called gap Z°/Z.), and a type spectrum (for
Z/Z°). The statement made below about the singular spectrum is merely
conjectured, though part of the desired picture could be extracted from de
Branges [2]-[5]; the rest is proved, subject to a technical condition on the type
spectrum to be discussed at the end of this section. The discrete spectrum is
visualized as a countable series of points T, (n = 0, 1, 2, etc.), one to each
moment f ¥"A < o, placed as follows:

—0 < Ty<Ti <Ty<ete. <T, <O

T. = supss T is placed to the left of 0 if a gap Z°/Z., # 0 is present; T = 0
otherwise. The singular spectrum is visualized as the interval (7., 0] and
the type spectrum as the interval (0, « ). On the union of these spectra is
placed a pair of positive mass distributions @*. On the discrete spectrum, @*
lives only on the even-indexed points, @ only on the odd-indexed ones. On
the singular spectrum, @* is jump-free and 4/dQ~ dQ* = 0, explaining the
adjective singular, while on the type spectrum, @ is still jump-free but now
V/dQ~dQ* = dT.

Given a fixed number y ¢ R%, let A = A" (y) and B = B” (y) be the solution
of

(4a) dA = —yBdQ~
(4b) dB = +yA dQ*
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with A = 1 and B = 0 to the left of 7, taking them continuous from above
at the jumps of Q*. A and B are the so-called eigendifferentials of the title

of this section. Then £ = A — 4B is an integral function with the following
properties:

(a) E@©) = 1.

(5b) E*(v) = E(—v).

(5¢) |E| > |E*|onR™.

(5d) E 1is root-free on the closed upper half-plane.

(5¢) E 1is of precise exponential type [Zo A/dQ~ dQ* = max (0, T').
(5f) [exp (¢y max (0, T'))E] is an outer function of class H'*, esp.,

[ @+ elE] < =

Define B(E) to be the de Branges space based upon E. Then for any
T < R,B(E") c B(E®R) C Z, the injections B(E") — B (E?) — Z are isomeric,
and B(E") becomes dense in Z as T T «. B(E) has a reproducing kernel
expressible as

E(a)*E(8) — E(a™)E*(8)

J(a, B) = Ja(B) = —2mi(B — a*)

(6) 1 (™ O
=1 [ a@*a® de* +1 [ Bl2)*B(6) ag;

this means that f = (f, Jo.)a = [ fJ.A for fe B(E). For general f¢Z, the
map f — (f, J+)a is the projection upon B(Z), and these projections can be
thought of as an eigendifferential transform pasr,

(78) fus = [ B,

(Tb) o = [ Afs,

mapping Z (A) onto L*(Q”) ® L*(Q"), with inverse transform

(82) fota = 7 [ Bfua d@’,

(8D) fovn = 7 [ Afovn 4",

mapping L (Q7) @ L*(Q") back onto Z(A), and a Plancherel formula
98) 7l fovalls = [ o I* dQ*

@)l foaalls = [ Ifoaal® @7,
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expressing the fact that these maps are isometries up to a factor /= The
projection upon B (E) is simply the map

+ 7+
(10) S [ Ao d@* + 77 [ Bfua 007

/=00

T

this statement is the analogue of the customary Paley-Wiener theorem for
Z(@1) = I*(R"). The reader should be advised that while the eigendifferential
transform provides an elegant spectral resolution for Z (A), one does not know
what it is the spectral resolution of! Undoubtedly, it comes from some im-
portant operator which is connected with A ina natural way; esp., the mass
distributions Q* should have some natural probabilistic interpretation, but
this has eluded us to date.’

The picture can be made more concrete by the actual identification of the
spaces B(E). As T runs over the discrete spectrum, A(B) recapitulates the
even (odd) orthogonal polynomials of A, and B (E) runs through the poly-
nomial subspaces

Z, = the polynomials of degree <n in Z,
ending with
Z,, = the span of polynomials in Z.

As T runs over the type spectrum (0, « ), B(#) runs through the spaces
Z" =Z" = Nysspan[e”:|¢t| £ T + 1/n).

Z" can also be identified as the class of integral functions feZ of exponential

type <T.°

The discussion of (4) on the type spectrum [4.1] requires a hopefully super-
fluous

TrcaNICAL ConpiTION. Z% is continuous in the pair ab.

As is plain from the definition Z* = N Z* (¢ < a < b < d), so the meaning
of the condition is that U Z* (¢ < ¢ < d < b) should be dense in Z®. This
is automatic if @ = — o or b = -+ » since the map f — exp (¢yc)f sends
Z® into Z*****° and

lime 4o || exp (Gve)f — flla = 0.
The proof for —« < a < b < « eludes us, but the following condition is
sufficient:
A(ky) < constant X A(y) far out, uniformly ask | 1.

This covers all examples of any practical significance including the case that

* Gelfand-Levitan’s paper [7] on the inverse scattering problem is closely related to
(4) and (9).

10 Levinson-McKean [11, 135-142]. A new and simpler proof of this fact will be found
in 3.2.
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Proof. Clearly, it is enough to deal with the case —a =b = T > 0. Pick
feZ” define fy = f(v/k), and use the fact, proved in 3.1 that Z” is exactly the
class of integral functions belonging to Z of exponential type <T. By the
bound on 4, the tail of [ |£.[* A is bounded by a constant multiple of the tail
of [ |f[*Aask | 1. Butalso f; tends to f uniformly on compacts, so f; tends
tofin Z. At the same time, f; ¢ Z™* since it is of exponential type < T/k.
This completes the proof.

1.4. Prediction. The classical prediction problem of Kolmogorov-Szegs-
Wiener is to compute the projection upon the past of £ (¢) [alias exp (#yt)] fo-
fixed ¢ > 0. This can be done most elegantly in the language of Hardy funcr
tions and Fourier transforms following Karhunen [9] [see 5.1]. Now suppose
that only the knowledge of a bounded segment ¢(s) : —7 < s < 0 of the past
is permitted. In trigonometrical language, the problem is to project exp (v¢)
upon Z~™, or what comes to the same thing, to project exp [¢y (¢ + T/2)] upon
the submanifold Z”™* of integral functions of exponential type < T/2. The
eigendifferential transform described in 1.3 is the appropriate tool for this, and
it develops that, as funciions of @ = T/2 and b = ¢t 4+ T/2, the odd and even
prediction errors /D= and the total error /D = \/D* + D satisfy

a*D*/9Q™ (2)9QT (a) + 0°D~/0Q™(a)9Q™ (a) = 9°D/db’,

under the technical condition f A < o [see 5.2]. The method also leads to
a simple proof of the fact that the process ¢ splits over F~™°, t.e., F'~ < F™,
iff exp J‘gi'yT/Z Yh is the reciprocal of an integral function of expomential type
< T/2.

The problem of prediction on the basis of a bounded segment of the past has
been studied in the electrical literature; see, esp. Ragazzini-Zadeh [14] for the
case of rational A. Grenander-Szegé (8, pp. 188-191] also studied this problem
for stationary chains [see 5.2.9)].

1.6. Germ and gap. From a probabilistic point of view the presence of a
gap Z°/Z. # 0 is something of a conundrum.

F'~ = Fiff h/h* cannot be expressed on R' as the ratio of 2 inner functions;
in this case, the minimal splitting field is the whole past and the process may
be called anti-Markovian. At the opposite extreme stands the case F'~ = F°
in which the process splits over its germ [see 5.2.7]. If no gap intervenes
[FT~ = F’ = F,], the situation is simple enough: the splitting field is just the
field of "2 (0) : n = 0, 1, 2, etc. and the process

3() = [e(®), 0x(2), 8% (2), ete.]
s a nice Gaussian diffusion in a possibly infinite number of dimensions. If

i Levinson-McKean [11, 121-123] proved this for T = 0.
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dim M, = n 4+ 1 < o, which is the same as to say that 1/4 is a polynomial of
degree n + 1, then
3 =[x, 0t -+, 0"

is a diffusion on R"* with (singular) generator

i) d i)
G—x15;‘,+xz‘%—l+ +x”6x,,_1

— ooz + o+ cazl 2+ Lat 2
n+1 0 n n, ax” D) n+16x§,

as the reader can easily check using the fact that the differential operator
D=1+ - + cas 3] = [V2rh(—30)]"

sends t into a standard white noise [1.2.12]. But if 1/A is a transcendental
function, the picture is not so simple. 3 is still a diffusion, but the part
()¢ 8°/82% of G disappears over the horizon, and it is not clear how G
should be expressed. The situation is even more confusing if a gap is present.
Assume for conversation’s sake that dim M, = «. Then the germ 3 at time
t ¢ R’ still performs a Gaussian diffusion on R”, but it is not fully described by
[t, 9x, ete.] any more: ¢ is necessary to adjoin an infinite number of local func-
tionals from M°/M,, to fill out the rest. The example of 3.5 shows that this
peculiar situation can actually occur, but it is an open problem to make a con-
crete picture of it.

2. Preparations

At this place, it is convenient to list for future use some simple facts about
Hardy functions, integral functions of exponential type, and de Branges spaces.

2.1 Hardy functions. Paley-Wiener [13] first proved the basic facts
about this class of functions. Bring in the Poisson kernel p,(a) =
(b/7) (@ + ") ;let py o f(a) be the customary convolution on R':

S oo(a = e)f (c) de.
A function f = f(a + ) defined on R*" is a Hardy function there [f ¢ H for
short] if
(1a) f 4s analytic on R*,
(1b) lims,0f(a + ) = f(a) exists a.e. on R',
(1) [ (1 +a)1g" |f] < =,
(1d) Ig|f(a+ )| < polg|f]| (a) on R*.

Because of (1¢) and (1d), either f = O or (1 + @®)"1g |f| e L' (R'). Accord-
ing to Beurling’s nomenclature, f ¢ H is an outer function if f # 0 and (1d) can
be sharpened to

(1e) lg|f(a+ )| =melglf] (a) on B™,
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in which case 1/f is likewise an outer function. fe H" is an inner function if

(2a) |f| = 1ae. onR
@b) |f] < 1onR™.

Given f ¢ H*, the expression

(3) fous(@) = exp [i el /32]

mJ B —a

is an outer Hardy function on R*" with
(3b) lg[fou(a + b)) | = polg|f] (a),

and fin = f/fousisinner. This shows that any f e H™ is the product of an inner
and outer part, and it is easy to see that this splitting is unique up to a multi-
plicative constant of modulus 1.

H~ denotes the class of Hardy functions on the open lower half-plane R*".
The definition is similar and f ¢ H™ iff f* ¢ H™.

H™ is the class of functions f ¢ H* for which fo. (@) = lims 0 f(a + b) be-
longs to L*(R'); for such functions, f;(a) = f(a + 4b) also belongs to L*(R")
for any b > 0, and

@ N7l = forll = supsso || fo [l2;

esp., f is completely determined on R** by the function fo. on R, so it is per-
missible to confuse them. (4) leads to an alternative description of H*" as the
class functions f defined on R*" satisfying 1(a) and

(5) supsso || folz < oo.
A third description of H*" is as one-sided Fourier transforms.” Define the
inverse Fourier transform f = (2r)™” [ exp (—dat)f. Then f e L*(R") can
be extended over R*" to a function of class H*" iff f = 0 on the left half-line.
Because of this and the corresponding statement for H*>~, L* (R') = H*~ @ H**;
in fact, this splitting is just the image under the (forward) Fourier transform
of the perpendicular splitting L* (R') = L*(— «, 0] ® L¥[0, «).

A non-negative function A ¢ L' (R') can be expressed as | & | for some outer
function h ¢ H** iff

62) [+ Iga> e,
as is clear from the bound
(6b) f(l + ) gt A< fA <

and the formula (3a) with +/A in place of f. A can be made to satisfy
B* = h(—v) on R'if A is even; this makes f real.

12 Paley-Wiener [13].
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A function % ¢ H*" is outer if (1le) holds, but the condition can also be ex-
pressed in any of the following ways:

(7a) lg|h(a+ )| = pbOIg I k| (a) at a single point of R**, for example at 1.

(7b) [¢"*h : t > 0] spans H*"

(7¢) || > |f| on R* for any f € H** with the same modulus as h on R*.

(7d) [a llf1 = [§|f1fort = 0andany f e H*" with the same modulus as h on
R

(7a) isthesimplest test in practice. (7b) can be used to make a slick proof of

®) 5_@ ﬁf (C)

simply check (8) forf = exp (4y¢) (1 — ¢y)™" (¢ > 0), note that (1 — 4v) " is
an outer function so that the functions f span out the whole of H >+ and use the
fact that evaluation at @ = a 4+ b e R*" is a continuous application of H**
thanks to (1d) and the resulting bound

©) [f@+d) < explppelg|f] @)] < polf (@) =< |2/

Proof of (7). (7a) is plain from (1d) and the fact that a non-negative
harmonic function cannot have a root unless it is =0. (7b) is the same as to
say that for f ¢ H**,

dB = 0 or f(a) according as « belongs to R~ or R**:

span [¢7f 1 t > 0] = fin H™Y,

which is easy to check by computing annihilators in L' (R'). (7¢) is immedi-
ate from the fact that f = fout X fin. (7d) can be found, stated a little dif-
ferently in Robinson [15]; see 5.1 for a quick proof.

A couple of simple bounds for outer Hardy functions are deduced from (le)
for future use:

(10a) 1g|h(a 4 )| > —constant X (1 + o) for fired b > 0
(10b) |ERe®)| = €® for R T o and fized 0 < 6 < .

Proof of (10a). Divide the integral of (le) into 2 parts, one for |¢| < 2a,
one for | c| > 2a, and estimate as follows:

o L4l [ gkl _b [ Ig[h]
lg I h(a’ + Zb) I 2 b ‘/;c|52a 14 ¢ T Jic|>2 02/4 + b
> —constant X (1 + d°).

Proof of (10b). |Re® — ¢*> (1 — |cos 8]) (R® + ¢*), so
—1 0 sin0 lglh|
R |og ] (Re”)| < 20 [ 82
sin 6 [log |||
~a(l —|cosb])) R+ ¢
= o(1).
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2.2. Integral functions of exponential type. Boas [1] is the best general
reference for this subject. Boas [1, p. 92] proves that if f # 0 is an integral
function of exponential type, i.e.,

(1) T = limgs o B maxococar 1g [ f(Re”) | < o,
and if

(22) [+ S| <
then
(a) lg|f(a+ )| < psolg|f| (@) + kbon R™
with
(3b) k = lim B2 f'lglf(Re")lsinada,
Rt ® ™ Jo
esp.,
@) [+ Mg [f] < .

If f is root-free on R**, then (3a) can be improved to
(4a) lg|f(a+ )| = poolg|f] (@) + kb on R*™
with
(4b) k = limpye b7 1g | (D) |.

A useful consequence is the following fact:

(5) if A = |h|* on R* for some outer function h ¢ H** and if f ian integrals
function of exponential type <T which belongs to Z(A) = L’(A, RY), then
exp (iyT)fh e H**.

Proof of (5). feZ(A)and [ (1 ++*)7"1g” || < = s0
g™ [fP<lg"|/mlP+1g [ < |f['Aa +1g |A]

is summable on R relative to the weight (1 + 4*)™, and (2a) holds. Be-
cause & = (3b) cannot exceed the type T, it follows from (3a) that

lg | e"7f| < pyolg|f| (a) for v = a + b e R**.
But also 4 is outer, so
lg [¢"fh| < poolg |fR] (a),

and exp ((YT)fh e HY n L*(R') = H*, as stated.
A convenient form of the Phragmen-Lindel6f principle is stated for future
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use:

(6) i an integral function f is of exponential type in a sector D : o < 6 < B of
opening B — a < m, i.e., if

fimgs o R maxacoss 1g | f(Re¥) | < w,
then
supp | f| < supep | f].

2.3. de Branges spaces. Given an integral function ¢ with [e | > | €|
on R* and ¢ = e(—-), define the associated de Branges space B (e) to be the
class of integral functions f of ¥ = a + b such that

W 51 = [157eP < =

and

() 1l < Iy EOLZEDF 6 ),

The principal task of this section is to prove that B (e) 7s a Hilbert space with
reproducing kernel

e(a)*e(B) — e(a*)e*(B)
—2m(B — a¥) )

This means that J, ¢ B(e) for a ¢ R?, and

@) f=(J) = [ el

(3) Ja(ﬂ) = J(a’ B) =

esp., for any v = a + @b ¢ R,
(5) max |f(y) [ for f e B(e) with || f|| < 1

= J(v,7)
— le(’Y) |2 ;rb| ex(’Y) |2 (b % 0)
- IB(Z) |2 o (b = 0)

in which § = —phase e and 6° = 36/3da. Under the condition (1), (2a) is the
same as the milder looking bound

(2b) | f(¥)[* £ constant X () |24—1;bex('y) ¥ (b # 0).

The results of this section can all be found in de Branges [2]-[5].
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Proof of (4) from (1) and (2b). Given an integral function f subject to (1)
and (2b) and a point o ¢ R*", the estimate

[e

e
justifies the evaluation

(Re®) do < constant X l _%__ _ o(1)

VR sin 6

Jy=1 [1_4
e

2t ) e B — a’

A similar proof justifies
- L [f_d8
2m J e* B — o’
and (4) follows for a ¢ R*". The reader will check that the same formula holds
on the rest of R’

Proof that (2a) = (2b) under the condition (1). The same line of proof
shows that J reproduces itself: J(a, 8) = (Ja, J3), 50 (4) now implies

[F@) [ =1 IDF < I 1all = 1T (@ a),
and this is just the bound (2a). J. ¢ B(e) follows at no extra cost from
,Ja(ﬁ) |2 = I (Ja’ Jﬁ) l2 =< ” Ja ”2 J(IS: B)’
which is just (2a) forf = Jq.

Proof that B (e) is a Hilbert space. 'The only troublesome point is to see why
B (e) is closed under addition, and that is plain from (2b).

Proof of (5) should be plain.
The following additional facts about de Branges spaces will be of general use:
(6) B(e) 1s the same as B(e1) (inner products included) iff
e = k(e +e)/2 — k(e — e)/2

for some real number k = 0, esp., e is completely determined by B (e) under the
additional condition ¢(0) = 1. J = (3) is unaffected by this transformation.

(7) A de Branges space is closed under the map f — f*; it is also closed under
the map

f= 1) = FB) — f(@))/(B — @)
for any o € R?, if 1 ¢ B(e).

Proof of (6). Define ¢; asin (6) fork ¢ 0. Then e’ = &;(—-), and it is
easy to check that the function J = (3) based upon e, is the same as that based
upon e, esp., 4wbJ (v, v) = |e|* — | X > > 0 on R*, so that e, definesa de
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Branges space B(e;). But then B(e) and B(e;) have the same reproducing
kernel, esp., J, : w ¢ R’ spans them both, and the stated identification follows
from

J(a; B) = (Janﬂ) = fJaJ;‘lel_z = (Ja,Jp)1 = fJanlell—z-

The converse is even simpler to prove.

Proof of (7). B(e) is closed under the map f — f* since the bound (2a) is
symmetrical about R'. Now consider the map f — f, for fixed a ¢ R%. Jf, is
an integral function, || f.|| < «, and, if 1e¢B(e), then1 < || 1|*J (8, 8) and
|fa| < constant X J (B, B), which is just the bound (2b) for f,. But
(2a) = (2b) in the presence of (1), so f. € B(e), as stated.

3. De Branges Subspaces of Z

Given an even non-negative (spectral) weight A ¢ L'(R') subject to the
Hardy condition [ (1 + 4*)™ 1gA > — », put A = | A |* for some outer func-
tion k ¢ H*" with 2* = h(—v) on R' and introduce the space Z = Z(A) =
L*(A, RY) of measurable functions f defined on R' with

IFIl=1IFlla = V[|fPA < =.
The principal task of this part is the identification of
Z" = Z"(A) = Nusispan [ : [t| < T + 1/n]

for T > 0, first as a de Branges space [3.1], and second as the class of all inte-
gral functions f belonging to Z of exponential type < 7' [3.2]. The fine struc-
ture of Z° is also examined, with special attention to the gap Z°/Z, .

3.1. Z7 as a de Branges space. The purpose of this section is to prove
that Z” is a de Branges space based upon an integral function E satisfying
(1.3.5):

1) E@©) =1.

(2) E*(v) = E(—7).

(3) |E| > |E*|on R™.

(4) E 1s root-free on the closed upper half-plane.

(5) E s of precise exponential type T

6) [exp (iyT)E]™" is an outer function of class H*®, esp.,
Ja+""glE| < .

(1) is imposed to make 4 = 27 (EX + E) and B = (20) " (E* — E) satisfy
a pair of coupled first order differential equations in T > 0 for fixed v ¢ R?, as
will be proved in 4.1 under an extra technical assumption. £ = 4 — ¢B
stands in the same relation to Z* = B(E) asexp (—yT) = cosyT — isinyT
does to

Z'(1) = ('/;tlsr eivtf(t) dt:j;”g |f|2 < oo) = B(e 7).
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The reader will recognize this identity as a statement of the Paley-Wiener
theorem for Z(1) = L*(R").

The proof is made by identifying Z” as the de Branges space based upon the
function

(7) e = the projection of [exp (1yT)h]™" upon Z* (A™), divided by the AT norm
of this projection,

A being the jacked-up weight = A/ (1 + ~*), and then adjusting e by means
of (2.3.6) toget (1). The reader will deduce (2)~(6) from the corresponding
properties of e; only (6) offers any difficulty, and this is easily overcome using
(2.24). The actual proof is divided into 8 steps. Anticipating future use,
it is convenient to prove a little more than is needed for the present purpose
[step 8].

StEp 1. Z"(A) s inhabited by integral functions of exponential type < T,

esp., the map f — f(w) is a continuous application of Z* (A) for any w € R?, and
there is a bound | f(w) | < constant X || f|la with a constant not depending upon
f which is uniform for w confined to a compact figure of R, esp., e e Z" (A™) is an
integral function of exponential type < T'.

SteP 2. Z7(A) 15 closed under the maps f — f* and
f=f@B) = (fB) — f(@))/ (B — a);
in fact, fa € Z¥(A) for any f e Z7 (AT).
Stee 3. [ e*fAT = (f/e) (i) for any f ¢ Z7 (AT).
Step 4.

e(a)¥e(B) — e(a™)e*(B)
—2m(8 — a*)

is the reproducing kernel for Z" (A), t.e., Jo € Z" for a € R®, and f = (f, J+)a for
any f ¢ Z", esp.,
max |f(v) | for f € Z" (&) with || f]] £ 1

Ju(B) = J(a, B) =

le(y) ! = [N
47b (b = 0)

2
T
in which v = a + b, 0 = —phase ¢, and 6° = 38/da.

StEP 5. € =e(—v),|e| > | €| on R™, and e is root-free on the closed upper
half-plane; also, e is of precise exponential type T.

StEP 6. [exp (4yT)e]™ is an outer Hardy function of class H**.
Step 7. Z7(A) = B(e) inner products included, esp., for any f ¢ Z" (4),
8a) W71 = [177e;
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also,

(80) IFIA+ = [17Plr(1 + 4 ol

SterS. 7 [J(ny)AT =7 [ QA +4)7 < .
WarnNING. (8a) holds with E in place of e, but step 3 and (8b) do not.

Proof of Step 1 (adapted from Levinson-McKean [11, p. 114]). Given
f € Z"(A), choose a trigonometrical sum f* = k; exp (ivt) + ete. with |4 ],
etc. < T+ 1/nand |l f—f|]a<1/n. Pickce; > T and n solarge thatc, > T
+ 1/n. Then exp (¢ve)f"h ¢ H, so by (2.1.9),

©a) |k’ (@ + ) < ||fhls/md = ||f*|[a/md (B > 0);
similarly,
(9b) le""'“f"h* |2 (a + 1) < ||j”‘|]i/1r [b] (b <0)

since exp (—iye)f"* ¢ H. Recall the bounds (2.1.10). By (9) and
(2.1.10a),

10) Jexp (—e¥ )" S allflla (0= £1)

with constants ¢, and ¢; not depending upon f or upon n. Because the left side
of (10) tends to 0 at the ends of the strip b < 1, it lies under the same bound in
the whole strip, and esp.,

"] < es|if"]la nthedisc|v| < 1.
An application of (2.1.10b) to (9) now implies that foranyc; > 0 andn T «,

(11a) |€"f*| Re®) < co [|/*]la €™ (0 = 7/4, 37/4)
(11b) |e™7f"| (Re”) < o || [|a € (0 = 5v/4, Tw/4)

with a constant ¢s depending upon ¢; alone, and now the Phragmen-Lindel6f
principle (2.2.6) applied to each of the 4 sectors between 6 = =/4, 3r/4, 57 /4,
and 77/4 shows that forn T o,

12) |f"] L e ||f* ||a €7 on the whole of R

for any ¢ > T and some c¢s depending upon ¢; alone. Now pick
n=m <m <ete. T » s0asto make f* converge locally uniformly on R’ to
an integral function /. f = f° a.e. on R', so they may be identified, and f° can
be viewed as an integral extension of f. (12) applies to this extension with the
same constants, and that finishes the proof of Step 1.

Proofof Step 2. f—f*maps z” (A) into itself since exp (¢yt)* = exp (—dvt).
As to the map f — f., pick a trigonometrical sum f” ¢ Z"*/"(A™) approximat-
ing f € Z" (A™) as in the proof of Step 1: ||f — f*|la+ < 1/n. Using the fact
that

(eiﬂt)a _ eiﬁt . eiat

t
— =1 f 6P gs ¢ Z'(A),
B - a ()
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and the bound of Step 1, one finds that || fo — fa [|a < constant X ||f — f" ||a+.
Ja€ Nuzy 27" (8) = Z7(a)
follows, and the proof is complete.
Proof of Step 3. By the definition of e,
= k X the projection of ¢™"/h* upon Z7 (AY).

with a constant k£ > 0 chosen so that || ¢ ||a+ = 1. This definition is possible
since the projection is #0in view of (2.1.8) applied toexp (syT)h/ (v + ¢) e H**:

ei‘yT + ei»yTh .
[ a7 = [ siam = 0 %0
A second application of (2.1.8) to exp (&yT)fh/ (v + %) ¢ H** [see 2.2.5] gives
T,
[ = [ P f” = ka"h(3),
and the stated formula follows upon puttmg f = e and eliminating
= [l ela+ €"/eh (3).

Proof of Step 4. GivenfeZ ' (A)and a = a + b e R}, (1 + B*)fa e Z7 (A7),
as the reader will deduce from Step 2. Because this function has a root at
B = 1, Step 3 gives

*
=fﬁu+¢mf=[%ﬁ%t§ﬂA

Replacing f. by f% and conjugating the result gives

0= [ et + ppa = [£1O =S,
and combining these two formulas, it develops that
(18)  (fy Ja)a = f(a) (1, Ja)a.
Now J, € Z"(A) by Step 2; also, by Step 1, since ¢ = 0, || J. ||a has at most a
countable number of roots. An application (13) with J, in place of f gives

[ Jalla = T (e @)1, Ja)a < (@, @) | 1]la | Jalla-

This shows that the integral function (1, J.)a is non-negative; as such, it is
constant, and this constant may be evaluated as 1 by putting & = ¢ and using
Step 3 to compute

(1’ Ji)A

fe(i)e* — e(i)xeA
2mi(y — 1)

. +\X
D) [ oy + i = S [ oy + a*
1—-0=
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The rest of Step 4 is obvious.

Proof of Step 5. € = e(—+~) follows from the fact that f = [exp (¢vT )h]™
satisfies < = f(—«) on R', since the projection upon Z” (A™) commutes with
the map f — f*. The rest follows from the evaluation of J (v, v) in Step 4 and
from the bounds

1< 1[aJ (v, v) and & < [[e™"7 |3 J (@, i) < |e@) [P (b T ).

Proof of Step 6. eeZ” (AT), so exp (iyT)eh/ (1 — iv) e H* by (2.2,5), and
since h/ (1 — %y) is an outer Hardy function, exp (¢yT )e is itself a Hardy
function. Now the additional fact that e is of exponential type and root-free
on the closed upper half-plane permits the application of (2.2.4) to the func-
tion exp (¢yT)e:

lg|e""e| (a 4+ ib) = pyolg|e| (a) + kb on R**
with k as in (2.2.4b), .
k = limgs . b ' Ig | e77e| (ib).
By the final bound of the proof of Step 5, k¥ = 0, and the proof of Step 6 is
completed by anticipating (Sa), which states that || ¢ ' ||z = || 1]]a < o.

Proof of Step 7. Step 5 shows that a de Branges space B (¢) may be based
upone. By Step 4,Z" (A) and B (¢) have the same reproducing kernel, so they
are identical (inner products included ), and (8a) follows. Asto (8b), simply
note from Step 2 that f; = (v — ¢)7'[f(¢)e — e(¢)f] belongs to Z" (A) and com-
pute || f1 ||a using (8a), || e |la+ = 1, and the formula of Step 3.

Proof of Step 8. The fact that [e| > |€*| on R*" and ¢ = e(—v) permits
us to express e as a Hadamard product of the special form™

_ ar 11 (1 YNTT (1 _ v

¢ = (0 11 (1 w)I—Il (1 o ¥ z‘b,,) (1 — ibn)

with

keR', an>0, b,<0, ¢a<0, D Cn > —, D bs/(ah+ b2)> —w.

But this means that, on R,

9

ab

and since each term under the summation is positive,
v [ mat = [ lefoat

can be computed term-wise:

f|6|29'A+= -Ic||en1++e(§=0|imagw|f’ e

= —lgle|] = —k+ (E)_olimagwll'y— wl|?,

2
At
)

13 Boas [1, 129].
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By Step 2,¢/ (v — @) € Z(A), so (8b) can be applied with the result that
f lefo°a™ = —k + Z |imag w | f =

@ |27r(1 + )

(/]
- fw(lT- o fa—blg lel 7.-<1——+ )

But it is also easy to see from the Hadamard product that |e(a + ) | is an
increasing function of b > 0, o by Step 6 and Fatou’s lemma,

[ p—— Ig | oy + i) |
B8l s~ |

evaluated al b = 0

= %lg!el(’b) < o,

and this finishes the proof of Step 8. Actually, 8 g e/db = ps o 6° (a) on R™,
as a little more attention to the proof will show.

3.2. Z" As integral functions of type <7 belonging to Z. Levinson-
MecKean [11: 135] proved that Z”(A) can be identified as the class of integral
Sunctions of exponential type < T belonging to Z(A). A much simpler proof of
this fact can now be made using the machinery of 3.1. Because Nzsr Z*(A) =
Z" (A), it is enough to check that any integral function f ¢ Z(A) of type <T
belongs to Z”(A).

Proof. Given such fof type Ty < T, (2.2.5) tells us that exp (iyT1)fh e H .
Because exp (¢yT)e is an outer Hardy function, |f/e| (Re”) tends to 0 ex-
ponentially fast as B T o for fixed 0 < 8 < 7 [2.1.10b]. A similar appraisal
of | f/¢*| (Re®) holds for # < § < 2. The rest of the proof is adapted with
simplifications, from de Branges [3, p. 131]. Define

Q) = | e(@)f(v) — e(Nf(w) 1,
Y —w
with & e Z(A) perpendicular to Z”(A). The plan is to check that @ = 0 and

to deduce that f ¢ Z"(A). Q[e] is an integral function of exponential type, as
is the corresponding function Q[¢*] based upon €, and

Qi) — QU] = (o) [ Cdelr) = el

= — 21nf(w)(k, Jo) = 0,

so thatj = Q[e]/e = Q[¢¥]/€” is also integral. Besides, j is of exponential type,
as can be deduced from the estimate (based on the Poisson formula for the
circle)

g"iv) | L a L lg* | j(Re®) | db for | v | < R/2,
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using the bound
1 <||1]2 J(Re®, Re*’) < ¢ | e(Re®) |*/R sin 6
on R to justify

B [T 167 (Re") 10 < o+ B [ 16" | o(Re®) [ do

<c¢+ R fo lg" (R sin 6)™ dg

< (R T ©)

and makmg a similar appraisal of [2, 1g* I] (Re®)|. By the estimates of f/e
and f/e* at the beginning of the proof, j (Re”) = o(1)asR 1 « for6 = /4,
3wr/4, 5n/4, Tr/4, and an application of the Phragmen-Lindeléf principle
[2.2.6] shows that j is bounded on the whole of R®. But this means that j is
constant (=0), and so

h= —ole(w)f(y) — flw)e(y)] e Z7(4)

e(w(y — w)
for any w ¢ R*. The proof is now completed by putting w = b and noticing
that
b2 le|’A

tendsto0asb T oo since If/e | (3b) is exponentlally small far out.

3.3. Z° and the gap Z°/Z,,. Z°(A) turns out to be quite a complicated ob-
ject. To begin with, one may distinguish the polynomial subspaces

Z,(A) = the polynomials of degree <n belonging to Z (A),
and their closure
Z.,(A) = the span of all polynomials in Z (A).
Z,(A) (n £ ) is a de Branges space based upon the function
eny1 = the projection of 1/h upon Z,41 (A") divided by the A* norm of this
projection.

€n+11s a polynomial of degree n + 1if n < « and f ¥"A < «, and an integral
function of minimal exponential type if n = < ; it may be adjusted as in
(2.3.6) to obtain a function K., satisfying (1.8.5) for T = 0, such that
Z.(A) = B(E.;1). The proof is exactly the same asin 3.1. Z, = 2’ in nice
cases, but in general there is a gap Z°/Z,, % 0 between them, as an example of

Levinson-McKean [11, p. 130] shows. 3.5 is devoted to this point. The
presence of a gap sounds implausible if one recalls that any f ¢ Z° is an integral
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function of minimal exponential type, and as such has a nice power series.
But what makes the gap is that this power series does not converge in Z! The
actual structure of Z°/Z,, is open to conjecture [see 1.3]. The rest of the pres-
ent section is devoted to tests for the nonexistence of the gap. An alternative
discussion of the functions E,; (n < ) is the subject of 3.4.

Define e, as above, so that Z,(A) = B(es), and e as in 3.1 so that
Z°(A) = B(e). Because e is of minimal exponential type, either it is a poly-
nomial of degree 0 = n + 1 < oo, in which case the bound |f* < || fII*J (v, v)
implies that Z° (A) = Z,(A) = Z,(A), or it is a transcendental function with an
infinite number of roots. Confining attention to the second alternative, the
objective is to prove the following facts:

(1) dim Z°(A) = o, esp., there is a gap unless dim Zo(A) = .

Q) Z.(A) = 2°A) iff e e Zo (™).

(3) dim Z°(A)/Z.(A) = 0 or + ®, .c., either Z°(A) = Z,(A), or Z°(A) is of
nfinite dimension over Z,(A).

(4) Z,(A) = Z°(A) iff 1 = inf || p ||a+ for p € Zo (AT) with p (3) = e(3).

(5) Z.(A) =Z°)if|e* = 2 meoka ¥ on R with ko > 0 < kb, ks, etc.,
esp., this is the case if all the roots of e lie in the sector —3n/4 < 0 < —=n/3;
a finite number of exceptional roots does not spoil the nonexistence of the gap.

Proof of (1). e has an infinite number of distinct roots w, and the functions
(y — ) "e are independent.

Proof of (2). Z.(A) = Z°(A) implies that (y — w) "e e Z,,(A) for any root
w of e. But then it is possible to find a polynomial p such that
| (¥ — @) — plla < 1/n, and e ¢ Z.,(A™) follows from the appraisal

’ I'Y_wI2AS21+IwI2.
(1 4+ +?) mn?

Conversely, ¢ ¢ Z,, (A") implies that e, = e, esp., the reproducing kernel for
Z°(A) is the same as that for Z,, (A), so that these 2 spaces are identical.

Proof of (3). dim Z°(A)/Z.(A) < implies a dependence over Z,(A)
among the functions (y — w)e:

[ C + C2 4+ -+ Cn ]eeZoo(A)-

Y — w1 Y — w2 Y — Wn

lle-('v-—w)pll’i+=” 0

Y — w

But this means that e = pf for some p ¢ Z,(A) and some rational function

f=py/p_withdegp, = degp_ + 1. eeZ,(A") follows easily, and an appli-
cation of (2) does the rest.

Proof of (4). TUse the formula of Step 3 of 3.1

14 Levinson-McKean [11, 125]. The present proof is simpler; see Levinson-McKean
{11, 127] for a sharper test.
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Ip = elfir = lp I — 2Re [ e"pa* + 1

= |lpli+ + 1 — 2 Re (p/e)(4)
and apply (2).

Proof of (5). A partial sum D ,<n k» ¥** can be expressed as | p |* on R"
p being a polynomial which is root-free on the closed upper half-plane. Now p
is an outer Hardy function on R*", so that

2\ (i) = 1 ‘g"’/e'ro (m1 ).

But also, by (3.1.8b),

Iplhe = [|2 2

8o the formula in the proof of (4) can be apphed to complete the proof of the
first statement. The rest follows from the Hadamard product for e [see the
proof of Step 8 of 3.1].

3.4. Alternative discussion of Z,,. Another proof that Z,(A) (n < ©)isa
de Branges space will now be explained under the condition [ v*"A < © (n >0);
the modifications needed for the general case will be self-evident. The form-
ulas (1), (2), and (3) will be familiar to students of Szeg [17].

Define Az, (Bawm1) to be even (odd) orthogonal polynomials of degree
2n(2n + 1) for the weight A, subject to a special normalization to be imposed
in a moment, and put Asu1 = A2, Boie = Banir, En = An — 1Bs, and

_ ~ Eup(@)*Ean(B) — n+1(a*)En+1(I3)
(1) Jao(B) = J(a’ B) = —27i(8 — a¥)

forn < «. GivenfeZ,(A),f.is a polynomial of degree <=, and as such it is
perpendicular to the numerator of Jo. Thus, {f, Ja)a = f(a) (1, Ja)a ; esp.,

0 #” Ja ”2A = J(“; Ot)(l, Ja)A)

from which one infers that (1, J.)a is constant 0, as in the proof of Step 4
of 3.1. Computing this constant for « = 0 gives

B n41 # 0,
Y

(1, JO)A = An+l(0) f

and so it is permissible to take 4,41 (0) =1 andf (my)'BpnA =1 (0 >0),
with the result that

2)  (f, Ja)a = f(a) for any f e Z (D).

Now E,, satisfies (1.3.5) for T = 0, as the reader will check using

G) M/ ST@Y) = (Bualy) P = |EXa(y) [))/4nd (b # 0)
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as in the proof of Step 5 of 3.1. This permits us to base a de Branges space
B(E.41) upon E,y1, and it is evidently the same as Z,, (A) since it has the same
reproducing kernel. The map f — (f, J.)a can now be identified as the pro-
Jjection upon Z,(A). Asn T o, this tends to the projection upon Z. (A), and
it is easy to deduce that E,,; converges in Z, (A™) to some integral function
E, of minimal exponential type. The point at issue is to verify that
Z,(A) = B(E,). Define J as in (1) with n = . Then (2) holds for
feZ,(A), and the rest of the proof is just the same as for n < .

3.6. Example of a gap. This section contains an example of a gap
[2°/Z,, # 0] adapted from Levinson-McKean [11, p. 130].
Consider the weight A = |e|™ based upon the Hadamard product

e = Il (1 = 7v/wa)
with

Wn = Gn + by, an =sign (n) X7* and b, = —e """ (n = 0).
The problem is to check that

(1) A s a Hardy weight.
2) dimZ,(A) = «.
(B) Z°(A) 5 Z,(Q), t.e., there is a gap.

Bring in the function

7 =TL (1 = ysign (n)/n") = sin m/&:;inh W\/;’

and note for future use the following simple bounds:

(a) 0<a<|fle]<e< oo (vxn]|21)
(b) 0<c < |flell (v —ww)/(y F)| Les< won|yFn| <1

Proof of (1). As can be seen from the product, e is an integral function of
minimal exponential type, and | ¢(a + 4b) | is an increasing function of b > 0.
Thus

f|e(a+ib)l"2das fA,
and ¢ ¢ H*" will follow from the fact that [ A < o, which is proved in the
next step.
Proof of (2). As n runs through the integers >2, the intervals
A=[—3)n"~1), B=Pm'-1,72+1), C=Mn+1, (n+3)

provide a covering of [9/4, « ), and A is estimated on each of these. Begin-
ning on the interval 4, one finds
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|sin vy | 2 [sin 7 (v/nF =1 = n) | 2 es/n,

sinh 74/ > sinh 7 (n — 3) > ¢5 €™,
so by (4a),
A <L crnlexp (—2mn).

A similar bound holds on C, while on B,

—
|sin #4/5| = |sin #n 1/1 4+ X ngn ’ 2 en |y — 0,
sinh w4/ > sinh 77?2 — 1 > ¢y €™,

so by (4b),

6 —2mn

ne

A<c
= 4o (v = 2t F e’

and

f A < cnle ™ f 1/(¥* + e7™) = mepn’e ™.
B

(2) is immediate from this.

Proof of (3).
[v[™ < 7" II4 |e[/4xb  on R**
since v" € Z°, so

/2 0y |—1 < —n 2 do
'/; Ie(Re )l do__CuR ‘/; vm

is a rapidly decreasing function of B. (4a) permits us to carry this estimate
over to e<for R = m* + 2 (m 7 ), and this justifies the use of Cauchy’s
formula to compute the integral

400 2 0 2
= P = — D o
Q = L D () db = —2r 2 B (ul

for any polynomial p. Now suppose Z°’ = Z,,. Then it would be possible to
find polynomials p which are real on 4R' and tend to (¢y) (¢ — 1) in Z(4),
and this would make @ diverge since € > 0 on 4R’ so that by (4a),

2 2 0
timQ > [Im® ()b = [ ST (@) B> on [ i) B = o,

The proof is completed by checking the contradictory over-estimate:
Iim Q < . Apply the bound |[p(v)|* £ |[p | J (v, ¥) at a root wy of €%,
using (4b) and the fact that || p [|a is bounded:

[p@n) P < o ll3 le(wn) /@n |ba]) < cue™ |F(wn) [*

A second application of (4b) justifies the bound
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| & (@n) | = limysup |€°(r)/ (v — wn) |

2 c’ [fn)/ wn = n') | = &'¢™ [ f(on) |-
But this means that

|2°/€< | (wn) < e | f(wn) |
< ¢ n | sin 7[n 4+ O(e™/n)] | sinh #[n + O (¢ ™/n)]
< o n—s,
and now the final contradiction is easily obtained:
Im Q < Tim 27 D mmt | 07/€°] (02) < et Domean® < <0,
4. Eigendifferentials

The object of this part is to establish the differential equations (1.3.4) on the
discrete spectrum and on the type spectrum, and to discuss the eigeudifferen-
tial transform (1.3.7). 4.1 deals with the type spectrum (0, « ) under the
extra technical condition discussed in 1.3: Ug<r Z% is dense in Z*. 4.2 deals
with the discrete spectrum. The eigendifferential transform is assembled in
4.3, assuming the singular spectrum to be as conjectured in 1.3.

4.1. Type spectrum for Z/Z°. Think of the A, B, E, J associated with
Z7(A) = B(E) in 3.1 as functions A, B*, E*, J" of T > 0. The purpose of
this section is to prove that under the technical condition stated above there
exists a pair of jump-free positive mass distributions @ defined on the type
interval (0, « ) such that

(a) Q@ )= /)|y A"a = — /) [ v"A"A"

o

(1b) Q") /=) |l v 'B'|li = #J7(0,0),
(2a) dA” = —yB" dQ",
(2b) dBT = +yA" dQ",

(3) = 8) = [ A%()*47(8) 4@ + [ B"()*B"(8) dq,
(4) +/dQ-dQ*t = dT.*

The explanation of (4) is that while E” is of exact exponential type 7T, this
type can also be computed from (2) as the integral

[ v

There is evidence from the examples of 4.4 for thinking that dQ* = p™ dT with
p = —1limpy o (B/A) (¢b) for a wide class of weights A, but the proof escapes
us. The proof of (1)-(4) is divided into 8 easy steps.

15 [ is a half-open interval 0 < Th < T < Ty < . f'stands for f72 — 71,
16 (4) means that f1n/p~p* dQ = the length of I, in which @ = @~ 4+ Q* and p* =
dQ*/dQ.
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Step 1. A" and B” are continuous relative to the distance in Z (A™).

Proof. Z"(A™) is continuous from above by definition and from below by
the technical condition so the projection upon Z"(A™) is jump-free. The
statement is immediate from this using the projection recipe (3.1.7).

StEP 2. The interval functions Q° = (1) define jump-free non-negative mass
distributions on (0, « ).

Proof. Because of Step 1, it suffices to prove that Q* is additive. Step 3
of 3.1 implies that for0 < t < 7,

(5) f'y_lAT sin v¢A = constant X fer*g%'y—t (1 4+ ¥)at = 0"

and it follows from Step 1 that
(6) f v ATfA = O for any odd f ¢ Z7(A).

This shows that v A" is perpendicular to y "A*inZ(A) if I n K = @, esp., it
shows that Q" (I) = = ||y A" ||4 is additive. The second expression for @~
is also an easy consequence. The additivity of Q" follows from the fact that
the map

f_') (f’ JS)A = (f’ BI/W'Y)A

is projection onto Z"/Z"" followed by evaluation at 0, so that
/m)|¥B' A = #[J™(0,0) — 2J7(0,0) + J™(0, 0)] = =J(0, 0),
as in the second part of (1b).

Step 3. The interval function M (I) = = [ J" (v, y)A' < o« defines a jump-
free non-negative mass distribution on (0, « ).

Proof. Use Step 1, Step 8 of 3.1, and the fact that J” on the diagonal is an
increasing function of T' > 0.

Step 4. || v A" ||a+ and || y7'B ||a+ are bounded above by
QU =Q )+ Q)+ MU).

Proof. By (6),f = v A’ is perpendicular to Z™ (A), so that f = (f, J<)a,

esp.,
YA P L IR O y) = 7@ T (v, v),
and so

74" lar < 4/ 70D [ 7, ma = VEDID < QD)

as stated. The estimation of ||y "B’ ||a+ is even simpler: just use the bound

17 ¢T is the function (3.1.7).
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[T (e, B) P = | Ja, T5) [P < T (@, @)J* (8, B)
to check

Iv7B" 13+

2 [ 17588 < 70, 0)x [ J(y, v)a*

QY (IHM(I) < Q)™
Step 5. The following formulas hold for functions belonging to Z7 (A™):*®
(Ta) [ AT = —ii(0)/e"(0)"(5)  (f odd)

(1b) [ A%fa* = jG)/"(O)"G)  (f even)
(70) [ vBTAT = J(0) — J(D)e"(0)/e"(i) (f even)
(1d) [ BYAT = —(0)e"(0)/e"()) (f 0dd).

I

Proof. Step 1 shows that it is enough to check (7) for f = cos v¢ and/or
sinytand 0 < ¢ < T. (7a) is immediate from Step 3 of 3.1:

T .
—1 4T - + _ e —1 . + _ sinh ¢
f'y A sinyt AT = /ewT(O)'y sin vt A FOFD)’

and differentiating this with respect to ¢ proves (7b). As to (7d), Step 3
of 3.1 gives

fBT sin vt AT = —e"(0) feT* sin vt AT = sinh ¢ e”(0)/e"(3),

and (7c) follows upon introducing C (t) = [ v 'B” cos vt A™ and noticing that
—(' is the integral just evaluated, while

c—-0C" = f(BT/r'y) cos yt A = fJg cosyt A = 1.

Step 6. Check (2) and (3).
Proof. By Step 4 and (7b) with f = 1,
[Te™ 0)e™ ()] — [" (0)e™ @7 < [Iv7A" v 1T < QU v [la+.

Q is jump-free, so d[e” (0)e” (1)]™'/dQ exists at almost all points T' > 0 relative
to Q and can be integrated back. Pick such a 7T and use the bound of Step 4
to select ¢ = & > & > ete. | 0 80 as to make

Q(T, T + e 'y 4™ — A4"]
converge weakly in Z (A") to an (odd) function A*eZ”(A*). By (7a)
[AfAt = —if @) dle” (0)e" (0)]7'/dQ for odd f e Z" (A™),

18 ¢T ig the function (3.1.7).
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esp., the full weak differential coefficient
A® = lim, o Q(T, T + ] AT — A"
exists, and comparison with (7d) reveals that
A = (1) dle”(0)e” ()]
€”(0) aQ

Because evaluation at v ¢ R’ is a continuous application of Z” (A™), this also
holds pointwise, together with a bound

|y 7?4 (v)| < constant || ¥ A" ||la+ < constant X Q(I),
permitting us to integrate back with the result that

BT

(88) 4'(x) = [ B*(y)p~dQ withp” = _:ng dle <00>15 @O
Similarly, (7b) and (7¢) may be used to verify that
(8) B'y) = v [ 47" dQ with p* = —e" ("0 deT(Ozl/QdeT(i).

J' can then be expressed as
(9) 77'(e B) = [ 47()*4"(B)p" d@ + [ B(a)*B"()p™ dG,

as the reader will check by computing dJ” with the aid of (8), and it remains
only to check that dQ* = p*dQ. But, by (1b) and (9)
QD) = x7'(0,0) = [ p7 dg,
while, by (1a) and (8a),
I Y B" _ o oy o [ -
e = -L[vaa=[afZrde= [auhia- [
as advertised.

StEP 7. Q™ is positive.

Proof. (3) shows that if Q" (I) = 0, then the even part of J* vanishes.
But this means that the even part of Z”(A) is unchanged as T runs over I,
and that is false. Q (I) = 0 leads to a similar contradiction.

StEP 8. /dQ~ dQ*+ = dT.

Proof (adapted from de Branges [3, pp. 147-149]). Define p™ = dQ*/dQ as
above,p = (5+ 7%7),and C = (3). Then (2) can be expressed asdC = yp
dQC and for any constant ke SL(2, R'), d(kC) = v (kpk™) dQ (kC). Now
integrate to get d(kC) = ~ (kpk™) dQkC, i.e.,
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Ty
KC™ = RC™ 4 v fT (kpk™) dQ(kC).
1

Now iterate to obtain

L Ty . .
kO™ = Z Y f kpk—l dQ f kpk“l aQ --- f ](;pk_-1 dQ(n-fold) X kC T‘,
T Ty T

n=0

make the crude appraisal
(k07| < exp o1 [ 1ok | d@ ] 1hem |
I

and compute the exponential type of both sides:
T — T1 £ f | kpk™ | dQ.
I

Both sides of this bound are additive in I so it still holds if & is replaced first by
a step function from I to SL (2, R') and then by a Borel function of the form
k=1l 3-1

with ! bounded from 0 and «. But then

—12
| kpk™ | = the norm of [pf/lz _7()) l] = the larger of p I and p™/T' = m

so that

T—T<f I d Wi dQ,
? 1= IN(p~>0=pt) p Q+ IN(pt>0=p™) p / Q+ IN(p~p*>0) m dQ

and to obtain dT < 4/dQ~ dQ™, one has only to make ! | 0 on the first region,
I T « on the second, and to make ! approximate /p+/p~ on the third. To
prove the opposite inequality, use

7 dJ" (b, ) = (|A"() 'p* + | B" (@) 'p7) dQ
> 2| A"B" (i) | V/pp+ d@Q
= 2rbJ7 (ib, i) \/pp* dQ

to infer that d1g J” (ib,3b) > 2b+/ p~p*t dQ. Thisleads easily to the described
bound:

o J"(ib, ib)
2Ty — Ty) = lim b7 1g L% )
(T =T = I b e T )

= lim bt [ dlg (b, b) 2 2 [ V/pp* dQ
I I

bt oo
in view of the overestimate
J7 (b, i) < |E" (@) */4xd < exp [2b(T + o(1))]

19 | k~1pk | is the conventional norm of k~!pk as an application of R2.
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and the underestimate .
A7 < || €77 |2 J7 (@b, ib).

4.2. Discrete spectrum for Z,. As in 3.4, it is now supposed that
[+4"A < » (n > 0); the modifications needed for the general case will be
self-evident. The content of this section is that the orthogonal polynomials
A, and B, of 3.4, augmented by B_; = By = 0 and 4, = 1, can be obtained
from difference equations similar to (4.1.2); this fact will be familiar to stu-
dents of Szegd [17]. The precise statement is that if

Agnyz — Ao
Y

2

(12) @ (2n+ 1) = 7| Buaa* = L @) =0

and if

2
Boniy — B

(1b) Q%(2n) = | A2 |2’ = H p K Q*(2n + 1) =0,

then

(2a) Agnyr — Ao = —¥Bann @ (2n 4 1),
(2b) Bsnis — Bower = +vA42m Q* (2n),
B) wa(e, B)
= D event<n Ar(@)*Ar (B)QT (k) + Loaaven Bi(2)*Bi(8)Q” (k),”
@) Taxl@ @n+ 1)+ QF(@2n)]
< 1J0(0,0) + (Ju)i2(0,0)/7J0(0,0)° < .2

Proof. Because Aq, B1, 4, ete., are the orthogonal polynomials of A, it
is evident that (3) is a correct expression of the facts for

Q @n + 1) = 7| B |[a® and Q" (2n) = «|| Aa ||2™
J. can also be expressed as in (3.4.1), or, what is the same,

Tu(a, B) = Ansa(a) Bn+1§rl~‘z; : f:).,.l(a) An1(B) .

A comparison of (3) with this expression gives
78 — @) (ot — Ju) (@*, B)
(8 — @)Bui1(a)Bumn (8)¢ (2n + 1)
= Asny2(0)Bumi2(8) — Aznir(e)Bania ()
~— Bani2(@)Asni2(B) + Bonya(a)Aoma (8)
= [Asnt2(a) — Aom(a)]Bani1 (B) + an odd function of e,
and (2a) follows by fixing 8 and matching even parts. (2b) is even easier:

2 J, is the reproducing kernel of Z.(A).
21 Jy, means 92J/0adB.
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just look at the two expressions for (Jen — Jaw—1)(0, v) and it drops out.
The remainder of (1) now follows from (2):

2 — 2
l A2n+2 - A2n - Q (2n + 1) ” an+1 HzA - Q_(2n + 1)
™ Y A Ly
- 2 + (02
:-—r an+l ¥ Buns A = Q (:n) ” Az ”3& = Q+(2n)’

and (4) is evident from (3) and the fact that B/, 41 (0) = 7/, (0,0) > 7Jo(0,0)
= Q% (0):
1J0(0,0) = D neo| 42.(0) QT (2n) = D 7a0@t(2n)
7 (J0)12(0,0) = 20| Bzntr (0)FQ™ (2n + 1) > 776 (0,0)° X 70Q™ (20 + 1).
Step 8 of 3.1 should be compared with
(8) [ Jaa(r, M)A = 0() = 6(—) = 2uw (8 = —phase E,).
Proof. wJna(yv,v) = |Ea.|’0" = A, B, — A, B, is positive on R' and of

degree 2(n — 1). As such, it is expressible on R' as | p |* for some polynomial
of degree n — 1, so that

v [Taarn) = [IpPa = [1p/Ba = 6() = 0= =)
= [ (4B, — 4,BA.

But for an even degree n = 2m, (2a) tells us that

top coefficient Agm = —2mQ™ (2m — 1) X top coefficient Bam— ,
80

f (Aom Bym — Agm Bom) A = — f Asm Bam1 A

2mQ~(2m — 1) f top coefficient Ban—1 XY™ "Bam_y A

2mQ~(2m — 1) || Bama |3

= 2mm.

]

The proof for odd degree is similar.
An aid to computation is the fact that

(6a) top coefficient Asn = (—1)"Q”(2n — 1)Q*(2n — 2) --- @~ (1)Q*(0)
(6b) top coefficient Bana = (—1)"Q*(20)Q" (20 — 1) --+ Q™ (1)Q*(0).

This is immediate from (2).
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The reader will easily cast (2) into the form suggested in 1.3: simply take
points
-0 < Ty < T < Ty <ete. <0,
use the notation Q*(T%,)[Q (T2n-1)] in place of QT (20)[Q” (2n — 1)], and
define
A" = Apn (T £ T < Tonpa)

B" = Buin  (Tan £ T < Tauge).

This makes (2) assume the form (4.1.2) = (1.3.4); it also makes (1) look
like (4.1.1).

4.3. Eigendifferential transforms. The contents of 4.1, 4.2, and the results
about the singular spectrum conjectured in 1.3. can now be brought together
in a uniform notation patterned after that of 4.1, assuming the technical con-
dition stated at the beginning of 4. Q%, the so-called eigendifferentials A and
B, E = A — iB, and the kernel J for B(E) are defined on the full spectrum

(To<Ti <T:<ete.)+ [T, 0] + (0, )
so as to have
(la) @ () =="|v"4"a
ab) Q") =='Ilv'B'|l;
(23') T2n - T2n-—1 Q— (T2n—1) > O = Q+ (T2n-l)
(2b) T2n+1 - T2n Q+(T2n) > 0= _(Tzn)22
(32) +/dQ—dQ* = 0 on [T., O].
(Bb) /dQ~dQ*+ = dton (0, «).
(4a) dA = —yBdQ subject to A = 1 to the left of T,
(4b) dB = +~A dQ* subject to B = 00 >t<he left of T,
E(a)*E(B) — E(a*)E*(B)
(5)  wi(e,B) = =ETE

T+ T+
= [ a@*a@d* + [ Bl")B@)dQ”

6) B(E") — B(E") — Z(A) are isometric injections for any T < R < .
(7a) BE)=Z,A)for T =T, (n < »).
(7Tb) B(E)=Z"Q)for0 < T < .

The fact that the map f — (f, J.)a is projection upon B (¥) can now be ex-
pressed in the language of eigendifferential transforms as indicated in 1.3.

Given feZ (A), define a pair of eigendifferential transforms, comparable to
the classical sine-cosine transforms for Z (1) = L?(R'), by the recipe

(88) Joww = [ Afa
(8b) foas = [ Bf.

(Il

22 Thig spacing is adopted merely for definiteness though it is believed to have a
natural meaning: see the final remark of 1.3.
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Apart from a factor +/m, the mapping /\ is an isometric application of
Zeven (A)[Zoaa (A)] onto L (Q1)[L?(Q7)] as indicated by the Plancherel formula

©9) 7l fowalls = [ Vovn | 0@
@)l fuaalh = [ Ifoaa| 2,

and the inverse mapping is simply

(103') feven = (feven)v = 7"—1 [_: Afeven dQ+
(10b)  foaa = (foaa)” = 7' f_: Bfoaa Q.

As in the classical case of Z(1) = L*(R'), the integrals in (8) [10] must be
interpreted with due caution in L’(Q*)[Z(A)]. The fact that the map
f— (f, J+)ais the projection p upon B (£) can now be expressed as follows:

T+

(11&) pfeven = f Afeven dQ+
TH

(116)  Wus = [ foua dQ7,

esp., apart from a factor v/, /\ is an isometric mapping of Beven (£ )[Boaa (£ )]
onto L*(Q*, (—«, T]) [L*(Q, (=, T])]. (11) is the counterpart of the
customary Paley-Wiener theorem for Z (1) = L*(R'); it provides the basis for
the prediction recipes of 5.2.

Proof of (8)-(11). It is most convenient to prove first that the inverse
transform \/ defined by (10) is an isometric application of L*(Q*) ® L*(Q™)
onto Zeven ® Zoaa = Z; for this purpose, it will suffice to deal with the even
functions. Bring in the even inverse transform of the indicator function of a
bounded interval I = (T, R]:

! f A dQ* = B'/ry = J3(v).
I
Because of (1b),
r(J5, JE) = 2775 0,0) = «7Y[v'B"™ % = Q' N K),

so the mapping \/ applied to such indicator functions extends to an isometry
of L*(Q") tnto Zeven (A) (see (9)). To see that this extended map is actually
onto, it is enough to notice that the image of L*(Q") contains

kin
S A [ A) dQ,
(k=1)/n

k<lnT1+1
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which converges in Z (A) to the reproducing kernel
T+
To(e,8) = 77 [ A(e)*4(8) dQ*

for Beven (E7), and to use the fact that these functions span out the whole of
Zyenasarunsover R®and T 7 . At the same time, one sees that \/ maps
L*((T, R], Q%) onto Beven (E")/Boven (E”)

for any T < R, and it is this observation that leads to (11). Now for a
general function f e L}(Q"), the inverse transforms can be defined as

T
f" = lim 7r_1[ AfdQ+ m Zeven(A)y

T4

and, for the proof of (10), it remains to check that

()" = lim bAf'A in L}QY) = f.

a{—®bt® Vg

Because of (9), it suffices to prove this in case f is the indicator function of a
bounded half-open interval I. Using the notation f5, = f* X the indicator
function of the interval ab, it develops that
b 2
- Lars],
b © b 2
= + — -+ v v -+
QD) 2fldQ f AfA+L°(fa AfA) dQ

el 18 = 20 19 Pa + lim [ 1(0AC@)

b T
[ r®a® [ a@aw et

b pb
w51 = 2l + limw [ £ 6(8)77 (2, 8)
=i — 2rll i lla + }lfng (£ , the progection of fa, upon Z7)4

= wl|f|a — =l fa i,

and this expression | Oasa | —« and b T «, as desired.

4.4. Some examples. The computation of @, A, B is very complicated in
general. The following simple examples will give the reader some idea of how
to go about it.

Example 1 [A = (1 + +*)7']. Z°(A) is simply the space of constants, as is
easily deduced from the fact that an integral function of minimal exponen-
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tial type that sitsin Z (1) = L*(R') is = 0; also, 1/h = 1 — ¢y is integral
and of minimal exponential type, so the projection recipe (3.1.7) gives
e = exp (—iT)(1 — i) = E,
the spectrum consists of (0, « ) plus the point 0 = Ty = T, and
A" = cosyT — vsinyT, BT = ycosyT + sin T,
dQ"T = dT + a unit mass placed at T = 0,  dQ~ = dT.

The lump of mass QY (0) = 1 attached to the space of constants Z° = Z,
comes from the evaluation

Q") = ol = = ([ 1+ 497) =1

Ezample2[A = (1 ++")7%. 1/h = (1 — #y)*isstill an integral function of
minimal exponential type, so the projection recipe gives

e’ = exp (—ivT)(1 — iy)' = E,
and for T' > 0,

A" = (1 — 4*) cos yT — 2v sin 4T, B" = 2y cos yT 4+ (1 — 4*) sin 4T
dQ~ = dQ* = dT,

much as before. But now Z° = Z; = polynomials of degree <1, and one
needs 4,, By, and 2 lumps of mass to complete the picture:

Ao = 1, Q+(To) = 2, To = —2,
Bl = 2‘7, Q—(T1) = %, T1 = T.;o = 0

Example3[A = ¥* (1 4+ ~°)7%]. Z"isjust the space of constants as in Example
1, but the computation of A and B is much more complicated. The idea is
to express A" (B”) as a kind of Gram-Schmidt superposition of cosines (sines)
of lower exponential type, as in the paper of Gelfand-Levitan [7]: for example,
one could seek to impose the (formal) condition f ATcosvtA=0(0<t<T)
upon some (formal) representation A” = [§ K (T, t) cos vt df and hope that
this would pin down A. As it happens this K is not an honest function, so
it is better to put

T
A" = cos vT + ¥ f K(T,t) cos vt dt
0

with K (T, -) e L*[0, T], which can be justified by an application of the stand-
ard Paley-Wiener theorem to the function v 2(4 — cos yT) e L(R'). A is
now computed by this plan, assuming that K (T, -) is a polynomial. B can
be guessed at in the same fashion, but it is more efficient to put dA = —yBdQ™
and to adjust @ so as to make [ (B/zy)4 = 1. Q" can then be computed
on (0, « ) from 4/dQ~ dQ+ = dT. This recipe gives

AT = (T + 2)'[2 cos T — v sin ¥T + v " sin vTY,
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BT = (2T + 3) sin 4T + (T + 2)y cos yT — Ty ' cos ¥T + v * sin 4T,
dQt = (T + 2)%dT, dQ = (T + 2)7%dT

on the type of spectrum, and it is easy to verify that this is correct. @ is
to be augmented by a jump @*(0) = || Ao||a> = 2 to account for the space
7’ = Z,.

Example 4 [A = v*(1 4+ 4*)™]. The method is the same as for Example 3,
and the formulas are as follows:

AT = (3/2)(T* 4+ 9T + 27T + 24) ' [2(3T + 8) cos T — 2(T + 3)y sin 4T
+ 6(T + 2)y ' sin T — 2Ty * cos vT + 2y"* sin 4T
B" = (1/6)(T + 3)7'[6(T* + 8T* + 21T + 15) sin T
+ 2(T° + 9T* + 27T + 24)y cos T — 6T (T* + 6T + 10)y™" cos yT
— 2(T® — 18T — 30)y *sin vyT — 6T (T + 3)y ° cos vT
+ 6(T + 3)y* sin yT].
_ (T° + 97" + 27T 4 24)°
9T + 3y

aqQ~

aQt

dT+§X the unit mass ot T = 0

_ 9(T + 3)°
(T* + 9T* + 27T + 24)°

5. Prediction

The results of 3 and 4 are now applied to the Gaussian process r. 5.1 will
refresh the reader’s memory of the Kolmogorov-Szegé-Wiener problem of
prediction using the whole past; the solution is expressed by means of Hardy
functions, following Karhunen [9]. 5.2 deals with the same problem when
only a bounded segment of the past £(s) : —T < s < 0 is permitted. The
eigendifferential transform of 4.3 is the correct tool for this; the reader will
note that only the type spectrum comes into play, so this part is independent
of any conjectures concerning the singular spectrum. 5.3 is devoted to the
germ B° and esp. to the significance of the gap Z°/Z., .

dT.

6.1. Prediction using the whole past. Given a stationary Gaussian process
with sample paths ¢ — ¢(¢) and spectral weight A, the standard prediction
problem is to project z (¢) for a fixed ¢ > 0 upon the past

M =M™ = span [¢(s) : s < 0],
or, in trigonometrical language, to project exp (¢y¢) upon
2" =Z"" = gpan[exp (1ys):s < 0] Z(A) = L*(4, RY).

This problem was solved independently by Kolmogorov [10], Szeg6 [16],
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and Wiener [18], but it was Karhunen [9], who first noticed how easily it may
be done using Hardy functions.
The first step is to recall Szegé’s alternative [see 1.2] which states that

either A 1s non-Hardy [f (1++4H1ga = —oo] andZ =2 =2

or AisHardy[[(1+'y2)_llgA>—oo]andZ#Z";éZ"“=O.

A non-Hardy means that the prediction is perfect, so only the Hardy case needs
to be discussed. Express A as | & |* with h e H* and A* = h(—«) on R' as
usual, but do not assume that % is outer. Because

ho= (21r)"mfexp (—tyt)h

vanishes on the left half-line, the process ¢ can be identified as a filtered white
noise hob* = f.,st h(t — s) db(s), b being a standard Brownian motion and
b* = white noise its (formal) derivative with respect to time.

Proof. Using the standard Plancherel formula for L (R') and the fact that
h is real, one verifies

Elhob*(t) hob*(8)] = fiL(tz — )h(ts — 8)* ds = fe”“‘"“A.

This means that %o b* and ¢ are identical in law, so that the two may be
identified.

Because the distribution of r = Ao b* depends upon the modulus | 2| = v/A
only, ¢t is permissible to pick h to be an outer function, and this is precisely
the condition that the past

M~ = span [t(t) : t < 0]
should coincide with the Brownian past span [b () — b(0) : ¢t < 0].

Proof. (2.1.7b) tells us that span At — -):t < 0] fills up the whole of
L} (— =, 0] iff & is outer, so that

span[b(t) — b(0):¢ < 0] = [[2kdb: ke L’ (— o, 0]]
is the same as
0
M™ = spa,n[[ Rt — ) db:t < 0]

iff A is outer.

But if & is outer, so that M™™° matches with the Brownian past, then the
projection of ¢ (t) upon M~ is the same as its projection upon the Brownian
past, and this is just the expectation of 7 (¢), conditional on the Brownian past:
[ h(¢t — 8) db(s). The prediction error /D (= the norm of the co-projec-
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tion) is easily evaluated from this:

0
D= inf E[‘g(t)—[kdb

keL?(—,0]

1- [

A simple proof of the test (2.1.7d) for outer H * functions can be based on
the above. Pick fe H*" with the same modulus on R' as the outer function
h. Then 1, = fo b has the same statistics as ¢ = hob*. Define p; [p] to be
the projection upon the past of t1[t]. Because the past of ¢ is the same as the
Brownian past, it contains the past of 1; as a submanifold, and so E (| ;111 |°) <
E(|pr:|?). But also pi 11 is identical in law to pz, so

[T162 = By = BunP) < BpuP) = [ 17,
and (2.1.7d) follows from the fact that
1hlz = E(2l) = Equl) = If 3.

5.2. Prediction using a bounded segment of the past. The device of match-
ing fields is not available if it is desired to predict ¢ (¢) from a bounded segment
of the past £(s) : —T < s < 0; this is due to the fact that the field F~™ never
matches the corresponding Brownian field. The proper tool is the eigen-
differential transform of 4.3 associated with the spaces Z*(A) : T > 0. The
best prediction is the conditional expectation
(1a) vz = Elz@)|F ™,
and the prediction error /D is the norm of the co-projection:

(a) D =E( @1 —pxl).

Now in the trigonometrical language of Z (A), the best prediction is the projec-
tion of exp (¢yt) upon Z~™°(A):

(Ib) pe™ = ¢ X the projection of ™™™ upon Z7* (),

and the error is

(2b) /D = || co-projection of ¢"""*e""* upon Z"* ||a.

To compute (1b), one splits f = exp [¢y (T/2 + ¢t)] into even and odd parts and
projects them separately:

/2
(3a) projection of cos ¥(T/2 + t) upon Z%2 = »~* [ K*(-,T/2+ ) AdQ*
T/2

(3b) projection of sin v(T/2 + 1) upon Zedz = » | K (-,T/2 + $)BdqQ",

in which K¥(-, T) = [A cos yTA[K (-, T) = [ B sin T A] is the even
[odd] transform of cos vT [sin ¥T]. Definea = T/2and b = T/2 4+ ¢{. Using
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the Plancherel formula (4.3.9), the prediction error (2) may be computed,
as follows:

b
(4) D = D(a,b) = «* [ K*(-,b) d@* + f‘fbK“(.,b)de-E D*+ D,

The reader who is familiar with P. Lévy’s idea about Gaussian processes
[12, 279-312] will see from the formula

BT ()] = [ yTaSiTes = o7 [ K=(, TOK*(:, T) dQ*

that K* is the kernel of a non-singular representation of the odd [even] part
¢ [r*] of ¢ as a so-called white noise integral:

) = [ K, 1) av

Here, y* is a white noise based upon @*, i.e., 5 (— «, T']is a standard Brownian
motion run with the clock @*(— o, T]; in these representations, the fields
match, so they provide explicit prediction formulas much as in the classical
case of 5.1.

Example 4. 4.3 provides a simple illustration of the recipe.
A=~+14+4")" andfor T>R >0,

K*(R,T) = e~ ®™ [1 —R(T-;_;‘ R)]

K®T) =1 ""R+2— (T—R)R+1)]
p* = wfo (1 — ) ds =%f° AP

- *_2,[ s(T/2+t—s+1):r
D —1r‘£e 1-— T/o+¢—s+2 ds

n = fot|7z|2+T_1[41rfote_2’s(1—-s) ds+o(1)] (T ).

The purpose of this section is to prove, under the extra technical condition
f+°A < o, that the errors v/D* and /D, as functions of a = T/2 and
b = T/2 + t, satisfy
(5) oDt oD _ 9D
0Q~(a)3Q%(a) ~ 0Q*(a)9Q(a)  Ob*
subject to the side conditions

(6a) lim;yoD =0

b>a>0)72

% [ y6A < o is used to justify differentiation under the integral signs in K*(-, T') =
[ A cos vTA and K~(-, T) = [ B sin yTA. The conjecture is that (5) holds in general.
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¢
(6b) D > limgyw D = f |h
o
(6b) is attained, i.e.,
t
(7a) D = f | h|* for any choice of t and T
0

and (5) simplifies to 8’D/da’ = 8°D/ob’ iff one of the following equivalent
conditions holds:

(7b) 1/h s an integral function of minimal exponential type.
(7c) dQ* = constant X dT on (0, »).
(7d) FY" = ¥ ie., ¢ splits over its germ.®

(7) can be amplified as follows. For any T > 0, the following conditions are
equivalent:

(8a) D = ftlhlzforanyt > 0.

0
(8b) [exp (vT/2)R]™ ds an integral function of exponential type <T/2.
(8¢) dQ* = constant X dT on [T/2, «).
(8d) 1 splits over F 7.2

Grenander-Szegd [8, pp. 188-191] discuss briefly the prediction of stationary
chains using a bounded segment of the past. The cheapest of their results
can be adapted to the present case as

9) VD(T/2, T/2 + t) — [o|h[*, which is the error introduced by using a
bounded segment instead of the whole past, is exponentially small for T T o if h
has an H*Y extension to a strip 0 > b > —k of R*, s.e., if h(- — ik) e H™.

Proof of (5). [~+°A < o permits us to differentiate under the integrals
defining K*: the results are

8KT _ 9K 9K~ _ oK'
3Q(a) ab "’ 3Q+(a) ab "’
K+ K" K~ K~

307(@)9Q(a) ot ' 30 (a)9Q (a)  ob ’
K* and all the displayed partials being continuous on ¢ > b, and now a

straight-forward differentiation of (4) supplies us with the formula
D" D" _ 20KK"
0¢~(a)oQ*(a) ~ 0Q*(a)9Q(a) = b

24 (7b) = (7d) was proved in Levinson-McKean [11, 121-123].

2 Levingon-McKean [11, 142] indicated a proof that if, for fixed T > 0, D = [ | b |*
at a single time ¢ > 0, then (7) holds. This is false, but the reader will easily see that
for (8) to hold it suffices to have D = [¢ | h |* on an open interval of times ¢ > 0.
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But also K* = 0 on the diagonal,® so

8D 1 *8 i) 2k, 1[0 0 2 e
53_;.rfagl.)K(,b)dQ +;fua-5K'(,b>dQ

b
_gf (K* dK~ + K~ dK*)
T Ja

- §ICK+(a, b)
and (5) follows.

Proof of (6). (6a) is plain. (6b) follows from the fact that, as T T o,
A/D(T/2, T/2 + t) decreases to the error for prediction using the whole past.

Proof of (7). Suppose (7a) holds. Then the projection of exp (¢yt) upon
Z~™ is independent of T, esp., the projection upon Z~° is the same as the
projection upon Z°, and as such it is an integral function of minimal exponential
type. The projection upon Z™° can be expressed on R' as

1

h*

0
X the projection of €"*h* upon H™ = 1 X (2r)7Y? e (eh*) ds
h* —0
1 0 A A
= o o Erh(t — s) ds ¥
ei‘Yt ©

== [ ¢"h
h™ A/ 2n Jy ’
and so the conjugate function

ft = e—i‘yt(h /2'—1'_)—1 /; ei‘ya"‘b

belongs to Z°. Pick ¢ > 0 so that

t+s

t+é
lim 7" h = h(t)= ocmdﬁa‘lf k] < .
840 t 340 t

Then, as the reader will easily check, 87| fis — f:[a+ stays bounded as
6 | 0, so that the pointwise limst
lims 087" (furs — f1) = —évfe — h(t) (hv/20) ™ Z° (A7),

i.e., 1/h € Z°(AT), which is the statement of (7b).® Now suppose (7b) holds.
Then e = (3.1.7) = [exp (5yT)h] " for T > 0. A, B, and Q* can now be
computed and (7c) can be verified:

R(0)*dQ* = h(0)* dQ™ = dT.

26 (4,1.6) and [ v*A < « take care of K*. The reader will cope with K-,
27 b is real since h* = h(—-) on R

28 This part of the proof is adapted from Levinson-McKean [11, 122].
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A routine computation now shows that
K*(a,b) = h(0)'K (3,b) = V7/2h(O)h( — a),
which implies
P N e “pe
p* =1 [ (&*yaet= /2 [ 141}
™ Ja 0
so that (7a) and (7b) are the same; also, it is plain that (7a) = (7d), so it

remains only to check that (7¢) implies (7d). Butif k™ dQ" = kdQ™ = dT,
then

AT = A’cosyT — kB’ sin yT, B” = B’ cos yT + kA" sin vT
by (4.1.2), and for f ¢ Z7,

. lF1* |f12
I£la= f(—A“T)z—+(TgT)E” f(\/k'AT)2+ (B"/v/k)*

_ f If1°
k(A% + (B"/k

by (2.3.6). Because UZ” spans Z,
1713 = J17F1VEA" = B /AR
for all f ¢ Z, and since +/kA° — B°/A/F is an outer function on R**,
1/h = VEA® — iB°//k ¢ Z°(AT)
up to a factor of modulus 1, i.e., (7b) holds.
The proof of (8) can be left to the reader with the proof of (7) as a model.

Proof of (9). Suppose h possesses an H*" extension to a strip below R* of
width k > 0. Then [§ ¢* |A[* = ¢ < «, and so

t

0<D(T/2T/2+0) — [ [hP
0

< || projection €™"* wpon Z777 |4

iy (T+8)

= || projection e upon Z7°||%

= [oi[BP

< e—m'c,
as advertised.

Added in proof. After this paper was prepared the authors learned of the
deep results of M. G. Krein [IMS-AMS Selected Translations in Math. Stat.
and Prob., vol. 4 (1963), pp. 127-131] in which he solved the extrapolation
problem by different methods than presented here. An account of his work
will appear in a survey article, Exirapolation and interpolation of stationary
gaussian processes, currently being prepared for publication.
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