SURGERY IN A FIBER BUNDLE

BY
KA1 WANG

Introduction

For an oriented smooth compact manifold M of dimension m let &, (M) be
the surgery space which is defined by Quinn in [9], [14, p. 240]. This space has
the property that its homotopy groups are the Wall groups of 7,(M). Let
¢ = (E, B, p, F) be an oriented smooth fiber bundle, i.e., E, B, F are oriented
smooth compact manifolds, p: E — B is smooth and the orientation of E is
induced by the orientations of Band F. Let b = dim B and f = dim F. There
is a pull back map p*: Z(B) - L, (E) [14, p. 240]. In this paper, we will
study this map in the case that n,(B) = n,(E) = Z,, a cyclic group of odd
prime order p. At first, recall the following:

THEOREM 0.1 [14, p. 240]. For a finitely generated group =, let L,(n) be the
Wall group of © with trivial homomorphism 1: n — Z,.

() UL (M) = Ly (M),

(i) Lay(l) = Z and Lyy+5(1) = Z,.

(iii) Let P be an odd prime, then L2k+1(Zp) = 0, Lz,‘(Zp) = sz(l) @
EZk(Zp) and L, (Z ) is a free abelian group of rank 3(p — 1).

Our main result is the following:

THEOREM 0.2. Let & be a smooth fiber bundle as above with structure group H.
If the identity component of H has a finite index, then for i > 0, n,(p*) is given by
({(F)xy, I(F)x;) iff = 0(mod4)andb + i = 0 (mod 4),
n(p*)x = S(u(F)xy, I(F)x,) iff = 0(mod 4) and b + i = 2 (mod 4),
0 otherwise,
where (xy, x;) = x € Ly, (1) ® Ly, (Z,), and I(F)((F), respectively) is the
index (Euler characteristic, respectively) of F.

This paper is organized as follows: In Section 1, we study the G-signatures of
G-fibered manifolds. In Section 2, we apply the result of Section 1 and the theory
of free G-bordism of Conner-Floyd to study the Atiyah-Singer invariants of
free G-fibered manifolds. In Section 3, we will apply the result of Section 2 and
the results of Sullivan to prove our main result.

1. The G-signatures of G-fibered manifolds
Let p: E*" —» B?™ be an oriented smooth fiber bundle with fiber F?* where
B, E may have nonempty boundaries. Then for each integer ¢, there is a bundle
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H'(F; R) of coefficients over X with fiber H'(F; R). Let H(B, dB; # '(F; R))
be the s-dimensional cohomology module of (B, dB) with coefficients in
H'(F; R)[13]. Let A%(B; #'(F; R)) be the image of the natural homomorphism

j*: H(B, 0B; #'(F; R)) » H(B; #'(F; R)).
It is easy to see that the bilinear form ¢ on A™(B; #*(F; R)) defined by
¢(j*@, j*®)) = (@ v b) n [B]) n [F]

is nondegenerate and ¢(j*(a), j*(d)) = (— D™ *d(j*(a), j*(b)).

Let G be a compact Lie group which acts smoothly on E and B such that p is
equivariant. It is clear that there is an induced G action on #*(F; R) and
consequently A™(B; #*(F; R)) is a G module. It is also clear that the bilinear
form ¢ is G-invariant. Then we can define the G-signature of ¢ as in [1] which
will be denoted by Sign (G; &) where & stands for the bundle (E, B, p, F).

THEOREM 1.1. Let G be a compact Lie group and let ¢ = (E, B, p, F) be an
oriented smooth fiber bundle as above. Suppose G acts smoothly on E and B such
that p is equivariant. Then

Sign (G, &) = Sign (G, E).
where Sign (G, E) is the G-signature of the G action on E [1].

Proof. By [12], there is a covergent E, cohomology spectral sequence of
bigraded algebra with ES* ~ H%(B, 0B; #'(F; R)). Let ES* ~ A%(B; #'(F; R)).
This spectral sequence is functorial on the category of fiber bundles and fiber
preserving maps. It is clear that for each g € G, g acts on ¢ as a fiber preserving
map. Thus g induces a map g*: ES;* — E%* which is a spectral sequence iso-
morphism and which induces an isomorphism of some filtration of A*(E; R)
and which in turn induces an isomorphism of A *(E; R) which coincides with
the induced action of g on A*(E; R). Hence E$* are G-modules and differen-
tials of the spectral sequence are G-homomorphisms, etc. Now it is easy to
follow formally the arguments of [3] to prove the theorem. m

COROLLARY 1.2. Let p: E*" — B?™ be a smooth fiber bundle with fiber F?* as
above. Let H be the structure group. Let G be a compact Lie group which acts on
E*" as bundle isomorphisms [5]. If the identity component of H has finite index,
then

Sign (G, E) = I(F) Sign (G, B).
Proof. Let m: P — B be the associated principal H bundle. Note that

E = P xy F. There is a G action on P which commutes with the principal H

action such that g(p, f) = (gp,f) where g€ G, pe P, and fe F [5]. If H is
connected, then it is easy to see that

A*(B; #'(F; R)) = H*(B; R) ® H'(F; R)
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and the G action on H*(B; R) ® H'(F; R) is given by gu @ v) = gu ® v
where g € G, u € A%(B; R) and v € H'(F; R). It is clear that

Sign (G, &) = Sign (G, A™(B; R) ® H*(F; R)) = I(F) Sign (G, B).

Thus Sign (G, E) = I(F) Sign (G, B) by Theorem 1.1.

If H is not connected, but the identity component of H has a finite index,
then we can use an equivariant version of [11] to prove the Corollary 1.2
without difficulty. m

Remark 1.3. The assumption in the Corollary 1.2 that G acts as bundle
isomorphisms is necessary. For example, let B and F be nontrivial G manifolds
and let G acts on B x F by g(b, f) = (gb, gf), then, by [1],

Sign (G, B x F) = Sign (G, B) ® Sign (G, F).

2. The Atiyah-Singer invariants of free Z,-fibered manifolds

Let ¢ = (E*~1, B>~ 1 p, F?*) be an oriented smooth fiber bundle where
E, B, F are closed. Let Z,, p an odd prime, act smoothly and freely on E as
bundle isomorphisms such that the induced action on B is also smooth and free.
Then for each g € Z,, g # 1, the Atiyah-Singer invariants (g, E) and (g, B)
are defined as in [1]. In this section, we will prove the following.

THEOREM 2.1. Let & = (E, B, p, F) be an oriented smooth fiber bundle with
free Z, action as above. Let H be the structure group. If the identity component
of H has a finite index, then for eachg € Z,, g # 1,

o(g9, E) = I(F)G'(g, B).

Proof. Let n: P — B be the associated principal H-bundle. Then there is
an induced Z, action on P which commutes with the principal H action on P
and E is equivariant diffeomorphic to P x 4 F where the Z, actionon P xyz F
is given by g(p, f) = (gp, f) forge Z,, p € P and f € F. Note that the induced
Z, action on P is also free and thus P is a principal oriented Z, x H-manifold
[4]. For a compact Lie group K, let Q,(K) be the principal K-bordism group
of Conner-Floyd [4]. By [6], we have an exact sequence.

0 = Qu(Z,)) ®a Uu(H) > QuZ, x H) - Qu(Z,) *q Qu(H) — 0.
Note that Q.(Z,) = Q. ® ﬁ*(Zp) and fi*(Zp) is a torsion group [4]. Since
Qy xq Qu(H) = 0,
Q.(Z,) *q Qu(H) is a torsion group. Thus there exists a principal oriented
Z, x H-manifold W such that oW = kP v (Us=1 X; x V) as principal
Z, x H-manifolds for some k where X; (respectively V) are principal H
(respectively Z,) manifolds. Let M = W xy F, N; = X; xg F, Q = W/H,
Z;, = X;/H. Let#: M — Q be the induced projection. Then (M, Q, %, F)is an
oriented smooth fiber bundle with Z, acting as bundle isomorphisms. By
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Corollary 1.2, Sign (g, M) = I(F) Sign (g, Q). Note that #|y,: N; - Z; are
oriented smooth fiber bundles with fiber F and structure group H. By [11],
I(N) = I(F)I(Z;). 1tis easy to see that

aM=kEu(O N; x Vi>, 6Q=kBu<0 Z; x V,)
i=1 i=1

By definition of Atiyah-Singer invariants, we have

Sign (g, M) = ka(g, E) + Y, o(g, N; x V),
i=1
Sign (g, Q) = ka(g, B) + i; o(g, Z; x V)

o(g, N; x V)) = I(N)a(g, V), (g, Z; x V}) = I(Z)a(g, V).
Thus a(g, E) = I(F)o(g, B). m
Remark 2.2. If dim F = 2 (mod 4), I(F) is defined to be O as usual.

3. Surgery in a fiber bundle

For a closed oriented smooth manifold M of dimension m let &g,o(M),
(G/OM, £,(M) be the spaces defined as in [14, p. 240]. By definition,

7"i(~5p<;/o(1‘4)) = (M x D', M x Si_l)a ”i((G/O)M) = [ZiM+, G/0]
and
T (L m(M)) = Ly (m,(M))

where (M x D', M x S'') is the set of simple homotopy smoothings of
M x D', [Z'M,, G/O] is the group of normal invariants, and L, (,(M)) is
the Wall group. Then there is a homotopy fibration [14, p. 34]

& a10m) == (GOY —— 2, (M).

Let &€ = (E, B, p, F) be the oriented smooth fiber bundle as in the Introduc-
tion where E, B, F are closed. There are maps p°: L610(B) = Lg0(E),
p*: (G/O)® - (G/O)F and p*: &, ((E) such that the diagram

yG/o(B) I (G/O)B — ZyB)

P * l ¥k

yc/o(E) - (G/O)E - gb+f(E)
commutes [14, p. 242] where b = dim B and f = dim F. Then we have a
commutative diagram of long exact sequences of homotopy groups
oo m(Zy(B) — 7rt—1(=¢<;/o(B)) - ni—l((G/O)B) = m_(ZyB) - -

ni(p¥) ni—1(p?) l 7 - 1(p*) l ni-1(p%)

c s (L (E)) ni—x(yc/o(E)) - ni—l((G/O)E) = i ((Lpr f(E)) » -
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or, equivalently,
o Lyy(Z,) - F(B x DB x §7?)
- [Z7'B,, G/0] - Lyyi-(Z,) — -
ni(p¥H) ni-1(p®) ni-1(p*) mi-1(p¥)
"o LyyailZ,) > SYE x DL E x 577
- [Zl_1E+a G/0] - Lb+f+i-1(Zp) =t
It is obvious that n,(p*) = 0if b + i = 1 (mod 2) or b + f + i = 1 (mod 2).
So we only consider the case thatb + i = 0 (mod 2)and b + f + i = 0 (mod 2).
Write
Lb+i(Z =Ly, (1) ® Lb+ I(Zp) and Lb+f+l(Zp) = Lb+f+1(l) @® Zb+f+ i{(Z )
By an observation of Wall [14, p. 198] that if i > 0, Ly, (1)(Ly+ s+ (1), respec-
tively) acts trivially on &S(B x D'"!, B x S""3)(¥%(E x D'"', E x §'7?),
respectively), we can write n(p*) = p, ® p, and the above commutative
diagram breaks into two commutative diagrams of short exact sequences:
0— (B x D', B x §~ ')~ [¥B,, G/O] L L,,(1) —0
l ni(pb) l ni(p*) l p1
0— P5E x D', E x § 1) 2 [TE,, GIO] =2 Ly, ;1 (1) — 0
and
0— L,,(Z,) =~ #B x D'"',B x §'""%) "~ [Z!B,, G/0O] — 0
p2 - 1(p?) i~ 1(p*)
0— Ly 4 (2,) =2 $E x D™ E x §3) - [E7E,, G/O] — 0
The following result is due to Sullivan [14, p. 177].
THEOREM 3.1. Let [g] € [M, G/O]). Then
0([Lg)) = ¥o(M, g) = }(M)g*1(G/O)[M]

if dim M = 0 (mod 4) where I(M) is the total Hirzebruch class of M and
1(G/0) € H*'(G|O; R) is defined as in [14, p. 177] or 0[g]) = c(M, g) =
W(M)g*k[M] if dim M = 2 (mod 4) where W (M) is the total Stiefel-W hitney
class of M and x € H*(G|O, Z,) is defined as in [14, p. 178].

PROPOSITION 3.2. The map py: Ly, (1) = Ly, ;4 4(1) is given by

0 if f # 0 (mod 4),
pi(x) =<I(F)x iff=0(mod4)andb + i = 0 (mod 4),
x(F)x iff=0(mod4)andb + i = 2 (mod 4).
Proof. 1t is obvious that ith reduced suspension of the fiber bundle ¢,
denoted by X¥¢,, is (Z‘E,, £'B,, Z'p,, F) and if [g] € [Z'B,, G/O],

m(p*) (9] = [9Z'p.+].
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Let © be the tangent bundle along the fiber of £°¢,. Then

IZ'E,) = I@)(E'p)*I(E'B,) and W(E'E,) = W(1)(T'p4)*W(Z'B,).

Let
p: H(Z'E,; G) » H %(X'B,; HY(F; G))
be the integration over the fiber [2] where G = R or Z,. We denote u(x) by
(x)*. It is easy to see that (W(7))* = y(F)-1 e H*(X'B,; Z,). Note that H is
also the structure group of ¢, whose identity component has a finite index by
assumption. By a result of Schafer [11], I(Z'E,) = I(F)I(Z'B,). It follows
from a result of Borel and Hirzebruch [2] that the total Hirzebruch class is
strictly multiplicative in Z¢,. Thus (/(x))* = I(F):1 € H*(Z'B,; R). It is
obvious that p;(x) = 0if b + i = f = 2 (mod 4). Next we consider the case
b+ i+ f=2(mod4). Thereis[g] e [Z'B,, G/O] such that x = 0,([g]).
p1(x) = p0:([g]

= 0,m(p*)([g]

= 02([gzi1’+])
¢«(Z'E,, 9Z'p,)
= W(E'E,)(gZp.)*[Z'E, ]
(W(‘c)(Eip+)*W(E‘B+)(Eip+)*g*lc)"[2i8+]

= (W(@)"'W (2'B,)g*x[Z'B, ]

= x(F)c(Z'B,, 9).

If b + i = 0 (mod 4), then f = 2 (mod 4). Since we assume F is oriented,
F is a Z,-manifold in the sense of Sullivan [10]. By an observation in [10],
¥(F) = 0. Thus p;(x) = 0. On the other hand, if & + i = 2 (mod 2), then
¢(Z'B,, 9) = 0,([g]) = x. Hence p;(x) = x(F)x. Finally,ifb + i=f=0
(mod 4), we can show p,(x) = I(F)x in a similar way. W

PROPOSITION 3.3. The map p,: Ly, (Z,) » Ly, ;+(Z,) is given by p,(x) =
I(F)x.

Proof. The diagram

b+l(Zp) / X Di_l, B x Si_z)
\R(z,,)-—ﬁ R(Z — 1

P2 \% xI(F) I xI(F) v o1 (%)
R(Z,)— R(Z,

Eb+[+i(zp)/ \y’(E x D71 E x 872
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(where the maps y;, 4;, y; are defined as in [7], [8]) should facilitate the proof.
It has been shown in [7], [8] that the subdiagrams I, II, III are commutative.
In order to show the subdiagram IV commutes, recall the definition of 4,. Let
[N, h] represent an element

xe P(B x D7 B x §72),

Let B be the universal covering of B and let #*(B x D'~!) be the induced
covering over N induced by the map A. It is obvious that Z, acts freely on
B x D'"! and h*(B x D'"'). Since A, : OM — B x S'”2 is a diffeomorph-
ism, d(h*B x D'~ ') is equivariantly diffeomorphic to B x S'~2. Then 4,(x)
is defined to be
Y (o(g, W*(B x D'"") U B x D'"") — a(g, B x S'"Y)).

geZp—1
Let E be the universal covering of E and let h: #*(E x D'"') > E x D' ! be
the induced map which covers 4. It is clear that

[A*(E x D'™1), k] = m;_;(p")([N, h))
and
A,([h*(E x D'™Y), h])

= Y (o(g, (B*E x DY U E x DI"Y) — a(g, E x §'Y)).

geZp—1
It is also clear that
h*(E x DY U E x D' - p*(B x DY) u B x D!
and
E x S 5 B x §i-!
are fiber bundles with fiber F, structure group H, and with free Z, actions which
act as fiber bundle isomorphisms. Hence by Theorem 2.1,
o(g, R*(E x D'"Y)Y U E x D'"') = I(F)o(g, h*(B x D'"Y) u B x D'"1)

and

o(g, E x SV = I(F)a(g, B x §'1Y).

Then we have A,m;_,(p")(x) = I(F)A4,(x), i.e., subdiagram IV commutes.
Since the big diagram commutes, so does subdiagram V. Now our claim follows
easily from the fact that ker y; = 0[14, p. 168]. =

Now the following theorem which is Theorem 0.2 in the Introduction is clear.

THEOREM 3.4. Let ¢ = (E, B, p, F) be an oriented smooth fiber bundle where
E, B, F are closed. If n,(B) = n,(E) = Z, and the identity component of the
structure group H has a finite index, then, for i > 0, n(p®) is given by

U(F)xy, I(F)x,) iff=0(mod4)anddb + i = 0 (mod 4),
T (p¥)x = {(x(F)xy, I(F)x,) iff = 0(mod 4) and b + i = 2 (mod 4),
0 otherwise,
where x = (x1, x;) € Ly, (1) @ Eb+i(zp) = Ly+(Z)).
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