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EXTENSION TO STRICTLY PSEUDOCONVEX DOMAINS OF
FUNCTIONS HOLOMORPHIC IN A SUBMANIFOLD IN GENERAL
POSITION AND C* UP TO THE BOUNDARY

MaNUEL ELGUETA

0. Introduction and notation

Let D be a domain in C" and M a complex manifold in D. Denote by
H(D) (resp. H(M)) the space of holomorphic functions in D (resp. M).

A classical consequence of Cartan’s ‘“Theorem B” asserts that the restric-
tion map H(D)— H(M) is surjective in the case that D is a domain of
holomorphy. This type of extension problem has been studied for different
classes of functions and different kind of domains by several authors; see
Rudin [11], Bungart [5] and in the most relevant case to this work, Henkin
[7]. In this last paper Henkin proved that if D is a bounded strictly
pseudoconvex domain in C* with C? boundary and M’ is a k-dimensional
complex manifold in a neighborhood D’ of D that intersects the boundary
of D transversally then for M =D N M’ there exists a continuous linear
extension operator

L: H*(M)— H™(D)

so that Lfe A(D)=H(D)N C(D) whenever f< A(M)=H(M)NC(M).
The purpose of this note is to show that under the same assumptions
above stated (but we shall assume D to have C” boundary) every function

fe A(M)=H(M) N C*(M)

is the restriction to M of some function Fe A*(D). It is stated in Henkin’s
paper that the local version of this extension problem is the case when D is
strictly convex and M is a plane section. For this particular case he gives an
explicit integral formula for the extension operator. In the first part of this
work we use the above mentioned formula plus an integration by parts
argument to show that Henkin’s extension of any function in A*(M) is in
AZ(D). In the second part of the paper we use the local result of the first
part to obtain the result in the global case. This is done by standard sheaf
theory arguments and the main tool we use is an analogue of Cartan’s
“Theorem B” which is proved in Nagel [10]. We note that in passing from
the local to the global case we loose the operator character of our extension.

Finally as an application of our main result we prove an approximation
theorem (uniform approximation in all partial derivatives up to a finite order)
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2 MANUEL ELGUETA

for functions f € A*(D) by functions in H({2) where ( is a suitable neighbor-
hood of D. This uses an embedding result of Fornaess [4] and the idea of the
proof (embedding-extending-approximating) is classical.

We now fix some notation. We denote by

C" ={(z1,...,2,)| z€C}

the complex n-dimensional Euclidean space. As usual if z; =x; +iy; with
x;, i €R we put

a 1(a .9 a 1/o0 .o
—==\—-i=—) and —=2|—+i—);
dz; 2 \0x; 9y; 9z; 2 \9x; 9y,
d =9+9 will denote the usual splitting of the exterior differentiation on C".
If a=(p,q)eZ" X Z" is any multiindex we set
la|=Ipl+lal=p1+ - +patait- - +q,
and
alotl
9281+ - 9zP9Z% - - - 9Z %

In R"={(xy,..., %) | xR} let

D, =

glel

D =—m
ax‘i‘l PN ax'::n

for any multiindex a € Z".

For z,eC" and r>0 we define B(z,, r) ={z€C"/|z—z,|<r}.

Let U be a bounded open set in C* (or R"). A function fe C*(U)
(1=s=wo) will be said to be a C° function on U if all of its partial
derivatives up to the order s in U admit a continuous extension to U. We
denote by C*(U) the space of all C* complex valued functions on U.

For 1=s<o we provide C*(U) with the topology induced by the norm

lull? =3 sup|D.u(z)|

lal<s zeU

and we give to C°°(U_) the topology induced by the family of semi-norms
(actually norms) {| [[o=i<e-

If M is a compact C” real manifold in C"* we consider the topology
induced in C*(M) (1=s<) by the norm

luly'= 3w - X5) o 5|17
i=1
where {U,, s;}1<j<; is a C” finite atlas for M and {X},-;, is a C* partition of

the unity subordinated to the covering {U,},<;<; of M. These topologies are
independent of the choice of the finite atlas and of the partition of the unity.
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In C”(M) we consider the topology induced by the family of semi-norms
{I IMY=g<e- If ue C(M) we will say that all the s-order derivatives of u
satisfy a Holder condition with exponent u,0<w =1, if, for some atlas
{U;, sj}h1<j=1 of M and some partition of the unity {X;},-;~; subordinated to
{Uj}i == all the functions D, [(u - X;) ° 5;], || = s, satisfy a Holder condition
with exponent p in their domain of definition.

If M is now a complex manifold in C* and U is a relatively compact open
subset of M we define As(U)= H(U)N C*(U); where H(U) stands for the
space of holomorphic functions on U. The topologies on the spaces A*(U)
will be the ones inherited from the spaces C*(U).

1. The local case

Throughout this section we let D be a strictly convex domain in C* with
C” boundary. More precisely D ={z € D'/p(z) <0} where p is a C” real
valued function defined on a neighborhood D’ of D and the real Hessian of
p is strictly positive definite at every point z € D'. We further assume that
0eD and D is compact. If 1=k =n we identify C* with

Ck x{0}x - - - x{0}= C"

and we put M'=C*ND’; M=C*ND. Setting p=p/M’' we have that
M ={ze M'/p(z) <0} is a strictly convex domain with C* boundary. We also
observe that dM = {z € M'/p(z) <0} is a C* compact manifold of real dimen-
sion 2k —1.

1.1. Henkin’s extension formula. We denote by
~ 9p 9p )

aso-(P o, 2
grad p(§) oz, €3] oz (é)

the complex gradient of g at £ and we note that, because of the strict

convexity, grad p(¢) # 0 for all ¢ € 9M. Following Henkin [7] we consider the
differential forms

K . _
oile) = Z (=1 @0@1 A - - AI@A " APy
&

i

and
o (@) =deiA- - Adey

for ¢ =(¢q, ..., @) where ¢4,..., ¢, are C* complex valued functions.
For £€dM and z e D we define

n

1.1) bE2=3 L @©)-&-2)

i=1 82,-
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In Henkin [7] it is shown that for f€ A(M) the equation

(k=) wi(grad 5(8) A w, (&)
(12) Li@) = Gy LeaMf('f) @ 2)F

defines a bounded linear extension operator L: A(M)— A (D) where A(M)
and A (D) are provided with the topology of the uniform convergence. (The
extension property of the operator L follows from the fact that when

z2=(21,...»2,0,...,0)eM,

formula (1.2) reduced to the Cauchy-Frantappie integral formula for the
domain M on C* [see Aizenberg [1] or Koppelman [9]].

1.2. Statement of the local results. Our main result in §1 is:
TueoreMm 1. Relation (1.2) defines a continuous linear operator
L: C**Y(oM) — A%(D), 0=s=ox.

Moreover if fe C°**(dM) and all the (s+1)-order partial derivatives of f
satisfy a Holder condition with exponent u, 0=u <1, then Lfe A**'(D).

Remark. (i) For this theorem it is enough to assume that D has C**?
boundary.

(i) If we take M = D in the above theorem we obtain, for strictly convex
domains in C", an analogue to a well-known result about the Cauchy
integral in one complex variable (see for example Vekua [13, Theorem 1.10,
page 21]). The idea of our proof is based on the proof of this theorem.

An immediate consequence of Theorem 1 is:

CororLrLARY 1. Relation (1.2) defines a continuous linear extension
operator

L: A®(M)— A%(D).
An application of Corollary 1 gives:
TueoreM 2. If fe A™(D) and fIM =0 then there exist functions
hes1s - - -, by € AY(D)
so that f(z) = zx41 - hesr(2)+ -+ - + 2, - h,(2) for all zeD.

This last result will be used later to make an identification of sheaves that
allows us to pass from the local case to the global case.

1.3. Some necessary estimates. In this section we state some results that
will be used in the integration by parts. The proofs are very similar to the
proofs of the corresponding lemmas in [7] and [8] and they will be omitted
here.
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LemMa 1.1. Let C, h and p be constants satisfying 0<c=1, 0<h=1,
O<u=1. Set

(cH+3+ -+ )2
I=L 2k/2dt2"'dt2k.

=t,+: - +ty2=h? ((C =+ t%-]— cee 4 t%k)z"" 12

Then
(1.3) =8 e i k=2,
n
Al /2 /2 . —_
(1.4) I=ZHC e of k=1,

where the constants A, =1,2, ... depend on k only.
We now introduce the following notation: For o >0

(0M), ={z € D/d(z, M) < a}.
Using Lemma 1.1 and a change of variables due to Henkins one can show:
Lemma 1.2. There exist constants o, B>0, o<1, so that for any 8 <o,
|g—z|* B
—= = m(de)=—-8"? forall ze(dM),
LeaMnB(z,s) |¢(§, Z)Ik w f

where 0< =<1 and m(d¢) is the measure induced by Lebesgue measure on
C-.

Lemma 1.2 and the compactness of D X D imply:

Lemma 1.3. There exists a constant C>0 so that
|é—z|

I(z)= I ——

lecoM |¢(§, Z)‘k

Finally Lemma 1.3 and Henkin’s result about extension of holomorphic
functions continuous up to the boundary imply via standard arguments.

m(d¢)<C forall zeD.

LemMa 1.4. Let ¢: DXD —C be a continuous function that satisfies a
Holder condition of the form

le(§ 2)— o (¢, z|=K - |- ¢
for some O0<u =<1. Then the function

(e—1)! wilgrad H(E) A w, (&)
2mi)* LGW e 0 & o)

if zeD\oM
F(z)= (k—1)!

B wi(grad p(£)) A o (§)
oo | 6 D=0tz

(¢ 1)

o(z,z)+

if zeoM
is continuous on D.
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1.4 The integration by parts. We denote by H(¢) the complex Hessian
matrix,

ap ]
[aziaij © 1=ijsk

of p at the point & Since M is strictly convex H(§) is a strictly positive
definite (k X k)-matrix over C. Lemma 1.5 below can be implicitly found in
Aizenberg [1].

Lemma 1.5. Let U< C* be open and assume that, for some 1=m=<k,
9p
5;—(§)750 forall &eaMNU.

Then

K(&)
3ploz,, (€)

as differential forms over M and where

wi(grad H(O) Awy () = dEA -+~ AdE, A+ AdE AdE, -+ AdE,

i B (py... B ]
0 |72 @ 52 ®
pr
(1.5) K(¢) = det ;,;pl(f)
H(¢)
b
_azk(é) |

Proof. The proof is just algebra and uses the fact that in 0M the equation
ap ap op - ap -
() det L (@ di D O dBit 422 (§) dB =0
Z, 9z; 9z, 0z
holds. We now show:

Lemma 1.6. If K(£) is defined as in (1.5), then K(£)#0 for all £€oM.

Proof. Expanding the right side of (1.5) by minors of order (k—1)X
(k —1) with respect to the first row and the first column we obtain

K(¢)=(grad p(&)") - H(£) - (grad $(£))
which is not 0 because H(¢) is strictly positive definite and
grad p(¢§)#0 forall &coM.

So the lemma is proved.
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We need now the following observation: Let z*€dM and assume
L2970,
21
We can find o,, ¢ >0 so that
ap %
—(§)|>2c forall ¢eB(z¥, o).
0z,
Since the relation
ap ap dp = ap =
—_— +...+__ +— +..-+-—— =
5y, ©dert AT O dictr = O dEt e+ (O dB =0
holds in dM we have, for £ dM N B(z*, o),

o “gzarl

—k[g"’z—"l ©+h(& 2]

@O
(mOd dg—Z, L] dgk, d§2a cer dgk)

as differential forms over oM, where

. 2 o
A7) hE2)= L o @G —2) 5 X o = (9~ 2).
o @
0z,

We observe that h(&, z) =0(|£—z|) for & z near z*. Consequently, under
the assumption

0z,
we can find o, ¢ >0 so that

>c>0,

dp
lé?l ©
K(¢)#0 and

>c>0 forall (& z)eB(z* o)xB(z*, o).

22 ©+h(& 2)
Z1

Now we can show:

Lemma 1.7 (integration by parts). Let ¢(& z): DXD — C and let z*e
8M. Assume that

ap
oz, (z%)#0
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and

() eeC**(DxD) (1=s5=),
(ii) supp @(& z) is compactly contained in B(z*, o) X B(z*, o) where o>
0 is constructed as in the previous observation.

Define
(k1) wi(grad fE) A wi(8)
®  ow=gor |, e RN
Then for every first order complex partial derivative
-9 9 9 9
* 9z, 9z, 9z, Tz,
we have
_ (k=1 wi(grad p(£)) A o (§)
a9 D6 [ e 60 GRS

where ¢p_€ C*(D x D) satisfies (ii). Moreover there exist constants K,, 0=t <
o, independent of ¢, so that

(1.10) len, (& 2N =K, llo(& 2)lli+1 for O=t=s.

In addition if all the partial derivatives of ¢ of order s+1 satisfy a Holder
condition with exponent u, 0<u <1, then the same holds for all the partial
derivatives of order s of ¢p_.

Proof. Since the case D, =09/dz; (1=i=<n) is immediate we assume
D, =9/9z,.
Differentiating formula (1.8) under the integral and using Lemma 1.5 we
get
G
(1.11) 55 A= Gi(2)+G,(2)
i

where

(1.12) Gy(z) == ! j 9 () @klerad pE) Ao (©)
(3

(2'7Ti)k cam 9Z; ((& Z))k

and
__k! dEon - AdE NAEA -+ - AdE,
(113) - Ga(2) =5y LeaM 8¢ 2) (@& 2)
with
o(62)- 220 K©
g(¢ z)= 5 L
=P (&

0z,
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that extended as the zero function outside B(z*, o) X B(z*, o) belongs to
Cs+1( ﬁ X D)

Using relation (1.6) and Stoke’s theorem on the C* manifold 6M we get,
from (1.13),

_1 k—1 ! _ _
G =G | @& B AdEAdEn - A

G LY (R 1 M
Nk
(27ri) tcoM aa_p_ ©+h( z)
2y

d¢,
(o 2)"!

ngz/\ ct /\dgk/\dgz/\ M Adgk/\df(

- >
(d(& k)
—1)**Y(k —1)! d.(k(¢, - =
=( )(Zw(i)k ) 4[5 aM (;((;i;l)/\dgz/\ Tondbndin e ndg

where

g z)

k(g z)=—
5o (+h(g 2)
21

e C**Y (D x D)

and (ii) is satisfied.
But for (¢ z)e B(z*, o) X B(z*, o) with £ € 3M we have

d&(k(gs Z))—_— (E, Z) d§1 g (ga Z) dgl
oz 1(‘5) 5‘5(5, z)— pys 1(E) gg(i,l)dgl
2o

(mod d§, . .., d&, d&, ..., d&).
So using Lemma 1.5 and Lemma 1.6 we get

_k=-D! wi(grad p(§) A wi ()
G SO~ any Lem Ve T g o
where

2O gy € D220 T €2

‘l’(gs Z) -

K($)

belongs to C*(D X D) and satisfies (ii). Now (1.9) follows from (1.11), (1.12),
and (1.13) and relation (1.10) can be obtained from the explicit expression
for ¢p_(¢ z). The lemma is proved.
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We now use induction and Lemma 1.7 to obtain:

Lemma 1.8.  With the same hypothesis and definitions of Lemma 1.7 we
have G(z) € C*(D) and there exist constants K, 0 < s <, independent of ¢ so
that

(1.15) |D,G2)|=K|le(& 2)lls+1 forall zeD andall |a|=s.

Moreover if all the partial derivatives of ¢ of order s+1, satisfy a Holder
condition with exponent 0<u <1, then G(z)e C**'(D).

Proof. An induction based on Lemma 1.7 allows us to construct, for
every |a|=<s+1, a function ¢p_(§ z)e C*** (D x D) and a constant K,
independent of ¢, so that

(k—1)! wi(erad 5() Awi(®)
@m) LeaM eo.(6 2 =

D, G(z)=

and
"‘PD,al (g, z)“l = K; "(P(f, Z)||s+1 for lal =s.

Moreover if all the partial derivatives of order s+ 1 of ¢ satisfy a Holder
condition with exponent 0<p =<1, so do all the ¢p_(§ z) with |a|=s+1.
For ze D we set

(k=) wi(grad 5(E) A wy (&)
h@) = i) L@M @ )

and, by Henkin’s result [7], we note that h € A(D). Now we can write

(k—1)! ol(grad p(&) A w (§)
(2mi)* (& 2)"
+¢p, (2, 2) - h(2).

D,G(z)=

L (606200, (2. 2)

Thus

|D,G(z)|=C, "‘PD(x (& Z)"xJ' Idl)%;‘)‘l‘i m(dé)+C; llep, (& 2o
teoM 9

or, using Lemma 1.3,
|Do¢G(Z)I = C3 "‘PDu(g’ Z)“l = Ks "‘P(ga Z)"s+1-

This proves 1.15. The fact that G(z) e C*~}(D) follows immediately from
1.15 and since all the ¢p_(& z) with |a|=s satisfy a Holder condition with
exponent 1 we get G(z)e C*(D) as a consequence of Lemma 1.4. The last
assertion of the statement also follows from Lemma 1.4.

1.5 Proof of Theorem 1. We are to show that

_(k=1! oi(grad p(£)) A w ()
-3 L16)=Gri |, 1O G
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defines a continuous linear operator L: C*'(dM)— A*(D) and Lfe
A**(D) whenever all the partial derivatives of order s+1 of f satisfy a
Holder condition with exponent u, 0<pu<1.

Let z* be any point in dM. Since grad 5(z*) # 0, we can assume without
loss of the generality that

2 () #0.
Let 0>0 be chosen as in Lemma 1.7. Define
C5™(B(z*, o)) ={f e C*"(C*)/supp f € B(z*, o)}
We first show:
Lemma 1.9. (1.3) defines a continuous linear operator
L: Cy*™'(B(z*, 0/3)) > A*(D).

Moreover Lf € A**'(D) whenever all the partial derivatives of order s+ 1 of f
satisfy a Holder condition with exponent pu, 0<p=1.

Proof. Tt is easy to check that Lfe H(D). It remains to show that
Lfe C*(D) and that L is continuous. To do this fix a C* function X; so that
X,;=1in B(z* 3%0) and X, =0 off B(z*, o). Put X,=1-X,.

Now we can write

(1.16) Lf(z)=L,f(z)+L,f(2)
where
_(k=1)! 3 (o @k(grad p(&)) A o (€) .
Li@) = Gy L@Mf(g’ & g g or =2

Since X, =0 on B(z* 2/30) and ¢(£, z) is bounded away from zero for
£e B(z*, o/3) and z¢ B(z 2/30) (ze D) we can check, by differentiating
under the integral that L,fe C*(D) and that L, is a continuous operator.

As for the operator L,; we observe that the map

f(&) = e(§ 2)=f(§) - Xi(2)

is continuous and so the result follows from Lemma 1.8.

In order to finish the proof of Theorem 1 we pick z¥, ..., zq €0M in such
a way that oM < U2, B(z¥, 0/6) where o is chosen so small that Lemma
1.9 holds and for each i=1, 2, ..., q there exists a C” change of variables

ni: B(z:k’ 0')"') ‘/l CR?.n

so that n;(B(z¥, o) NoM) =V, NR* 1,

Let {X;}%_, be a C” partition of the unity for dM subordinated to
{B(z¥, a/6)}2_; let p: R* —R?*~* be the canonical projection and let {s;}2_,
be C~ functions on C" so that s; =1 on B(z¥, ¢/6) and supp s; € B(z¥, o/3).
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We define operators H;: C***(0M) — C5**(B(z¥, 0/3)) by

[(Xi-foemitepem(z)] si(z) ifdefined
0 otherwise.

Hfe)={

Then the operators H,, 1=i=gq, are continuous and if all of the partial
derivatives of order s+ 1 of f satisfy a Holder condition with exponent w
then the same holds for Hjf. Moreover for any fe C**'(dM) we have
=% (Hf)laM.

Finally since Lf=Y2_, L o H;(f), Theorem 1 is proved.

1.5. Proof of Theorem 2. We split the proof into two cases.

Case k =n—1. We are to show that if fe A”(D) and f/M =0 then there
exists h € A™(D) so that f(z) =z, - h(z) for all ze D. A well known conse-
quence of Cartan’s ‘“Theorem B” [6, Theorem 18, page 245] shows that
there exists h, holomorphic in D, so that f(z) = z, - h(z). Our task now is to
show that h is C* on D. Since f € A*(D) it can be easily seen that h is C* in
a relative neighborhood of z in D for all ze D—M. So we only have to
show that for every z*€dM, h is C” in a relative neighborhood of z*. To do
this let

2¥=(z%, ..., 2% ,,00eoM.

Since grad p(z*)#0 we can assume, without loss of generality, that, for
some o,>0,

2
‘gzﬂ(z) >c>0 forall zeB(z* ay).
1

Extend p to a C” function on C" and consider the map F:C"xC—C
defined by

ap dop
F(Z, §) = (g—zl) * 'a_z; (ga Z3y e ee52p-15 0)'—Zna_;; (ga Zy 005 Zp—1, 0)'
Then F is a C” function, F(z*, z¥)=0 and
i)
D.F(z*, 25) =2 (2*) dt
0z,
is a linear homeomorphism C— C. Thus by the implicit function theorem

there exists 0 >0 and a C* map £*(*): B(z*, o) = C so that £¢*(z*)=z¥ and
F(z, £*(z))=0 for all z€ B(z*, o). Setting

TI(Z) = (§*(Z), 2350005 2Zn—15 0)

and making o smaller if necessary, we have

>c>0

3p
oz, (n(2))
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and

(1.17) 2 L) ((z)-2)=0 for zeB(* o).
i=1 i
Relation (1.17) means that z lies in the complex tangent plane at n(z) to
the corresponding level curve of p. This together with the strict convexity of
p implies that n(z) € M whenever z € D N B(z*, o).
Now for z € B(z*, o) N D we consider the map

AC):t—>t-z+(1-t)n(z) for O0=t=1.

By the convexity of D we have A(t)e D for 0=t=1. Consequently we can
write

£2) = ()~ fn(2))
e (2
~@-e@): | o drn-[ oo

1
0
So setting
1
gi(Z)=L g(k(t)) dt for i=1,n

and using (1.17) we get

f(z)=2z,  hy(z) forall zeDNB(z* o)
where

=2 (n(2)
ha(2) = ()~ .(2).
o (n(2))

Since f e A*(D) and £*(z) is C* in B(z*, o) we can show, by differentiat-
ing under the integral, that g(z) is a C* function on D NB(z*, 0/2) for
i=1,n; and moreover all of its partial derivatives are bounded in DN
B(z*, 0/2). Therefore the same holds for h,. It is well known that this
implies h, is C* on D N B(z*, 0/2). Finally, since for z € D N B(z*, 0/2) with
z,#0 we have h(z)=h,(z), we get h(z)=h,(z) for all ze DNB(z*, a/2)
because of the continuity of h and h,. This ends the proof of the case
k=n-1.

General case. The proof is done by reverse induction on k. We first
introduce the notation M, =C*ND for k=1,...,n—1. M, is strictly
convex with C” boundary. Assume that the conclusion holds for k+1. We

are to show it for k. Let fe A™(D) be so that f/M, =0. Define the auxiliary
function

Wzy, oo os Zea) =f(21, - oo 241, 0,...,0) on Mi,q;
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then le A”(M,,,) and /M, =0. So by the preceding case there exists
g€ A”(M,.,) so that

Wzy, oo Zie) = Ziar g(zl, e Zign)-

By Corollary 1 there exists h.,,€ A”(D) so that h,,/M,.,=g Now the
function f(z) — z,,1h+1(z) defined on D belongs to A”(D) and vanishes on
M, .. So by the induction hypothesis we can write

f(2)= Zisr - Mes1(2) = Zsn - Miia(2)+ -+ - + 2, - b (2) forall zeD

with i1, Misa, .. ., h, € A”(D) as we wanted to show.

2. The general situation

Through all of this section D will be a bounded strictly pseudoconvex
domain in C* with C* boundary; that is D ={z € D’/p(z) <0} where p is a
C” real valued strictly plurisubharmonic function on a neighborhood D’ of
D and grad p# 0 on aD. We let M’ be a k-dimensional complex manifold in
D' that intersects 0D transversally; this means at every point z€dD N M’
the intersection of the complex tangent planes to dD and M’ has complex
dimension k—1. We set M=M'ND.

2.1. Statement of the results of this section. Our main result is:
TueoreM 3. If fe A”(M) then there exists Fe A¥(D) so that F/M ={.

Theorem 3 is proved as follows: In 2.2 we give (without a proof) a slight
modification of Lemma 1.1 in Henkin [7] which expresses the fact that the
local version of Theorem 3 is the case when D is strictly convex domain and
M is a plane section. In 2.3 we use this localization lemma and the results of
Section 1 to identify certain sheaves we use in 2.4 together with an analogue
of Cartan’s “Theorem B’ to finish the proof of Theorem 3.

Finally in 2.5 we use an embedding result of Fornaess [4] Theorem 9 and
Theorem 3 above to obtain the following approximation result.

THEOREM 4. Let D be a bounded strictly pseudoconvex domain in C" with
C* boundary. Then there exist a neighborhood Q of D and functions
Uy, ..., P, € HQ) so that given fe A™(D), € >0 and 0=<1< there exists a
polynomial h in the functions ¥, . . ., i, so that |[f —h||P <& where

lIf = hliP = IZ sup |D,f (2) = Dah (2)].
lal=<l z€
We note that the fact that functions in A*(D) can be approximated in the
above sense by functions in H({2) for a suitable neighborhood Q of D can be
obtained as a consequence of Lemma 2' of Cirka [3] which is proved by
different methods.
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2.2. Localization. For z*e€ oM let
dp 1 & &
F(Z, z*) = igl gz—l (z*)(zi - Z:k)'i‘z i,,-z=1 B—Z,_BZ (Z*) . (Z,» - Z:k)(z,- - Z;k)

If U is an open set in D’ we denote by 6, the space of holomorphic
functions on U and we set %, (M')={f € 0y |fls = 0}.
We can state now:

LemMa 2.1. Let z*€dM. Then for any & >0 there exist constants 0 <5<
o <g, functions

F,...,F,_ € g.B(z*,c)(M,)

and numbers nq, ..., n._,€{1,...,n} so that the map

2 (z,,— 2%, .., 20, — 2% _ F(z,2%), F(2), ..., F,1(2))
is a biholomorphic change of variables from the ball B(z*, o) onto a neigh-
borhood U,+ of 0 in the space of complex variables o= (wy,...,®,).

Moreover; the preimage Cj;“ of some strictly convex subdomain, V¥ of U¥ with
C* boundary and with V ,.< U¥, satisfies

DNB(z* 8)cG,«<D.
For the proof we refer to Lemma 1.11 in Henkin [7].

2.3. Identification of sheaves. We denote by 0 the sheaf of germs of
holomorphic functions on D’ and by W the sheaf of germs of C™ functions
on D which are holomorphic in D. We set

TM)={feo/fiM'=0} and T¥(M)={we W |o| M=0}.

We define W = W/gwany; it follows from Lemma 2.1 and Corollary 1 that
MW can be identified with the sheaf of germs of C” functions on M that are
holomorphic when restricted to M.

The stalk over z € D’ of the sheaf 6 will be denoted by 6, and similarly for
the other sheaves considered. We can state now:

Lemma 2.2. If z e D then the map f®gza") — - @ induces an isomorphism
T.M)Qo, W, =T V(M).

Proof. If z e D—dM there is nothing to show; so we assume z = z* € M.
Since W, is a flat 9, —module (see [10, Theorems 5.1 and 5.2]), tensoring
the inclusion 0—J,(M')« 0, with W,, the above map is injective. The
fact that it is onto follows from Theorem 2 via Lemma 2.1. The lemma is
proved.

2.4. Proof of Theorem 3. The sequence 0—JTV(M)— W—,W—0 is
an exact sequence of sheaves. Since J(M’) is a coherent sheaf in D’ [6,
Theorem 2, page 138] using Theorem 5.4 in Nagel [10] we get
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H4D, T(M")®, W)=0 for all g=1. So, via Lemma 2.2, we obtain
HYD, TV (M))=0 forall gq=1.

Now Theorem 3 can be obtained by passing to long exact cohomology
sequences.

2.5. Proof of Theorem 4. We first need:

Lemma 2.3. Let C be a bounded strictly convex domain in C" with C*
boundary and let f € A~(C). Then given any £ >0 and 0=<1<x there exists a
polynomial p over C™ so that ||f—plF=e

Proof. Without loss of generality we assume O € C. For 0<r <1 we put
1
C,={zeC"r-ze C}=-r— - C.

Then C, is strictly convex and we set f,(z) =f(r - z). Now f,€ A*(C,) and
since fe A®(C) we can find 0<r,;<1 so that ||f—f, |l <&/2. Pick r, so that
ri<r,<1.Then Cc C.,c C cC, and f, € H(C, ). Via integral formulas we

can find a constant K so that

In|F=K - |h|S* forall heH(C,)
Finally since C,, is convex and hence polynomially convex, there exists a
polynomial p over C™ so that
lp— £, <e/2K.
Then we have

If = pIE<If = £ IF+ 1, — Pl < e/2+K - e/2K = e.
This ends the proof of the lemma.

In order to finish the proof of Theorem 4 we use Corollary 9 on page 276
of [6] to find a domain of holomorphy Q so that D < Q and D is holomor-
phically convex in (). The embedding theorem for complex manifolds
guarantees the hypothesis we need in order to apply Fornaess’s result (4,
Theorem 9]. Therefore we can find an embedding ¥: ) — C™ and a strictly
convex domain C on C™ with C” boundary so that:

@) v Q22 M
is biholomorphic; where M’ is a closed submanifold in C™,

(i) ¥(D)cC and ¥(Q-D)cC"-C,
(ili) M’ intersects dC transversally.
Let ¥': M'— Q be the inverse of ¥ and put g=fo¥ ' Set M=

CNM'. Then ge A”(M) and by Theorem 3 we can find G € A*(C) so that
G/M=g.



EXTENSION OF HOLOMORPHIC FUNCTIONS 17

There exist constants K;, 0=1[<, depending on the derivatives of the

components of ¥, so that ||S o V[P <K, - ||S||F for all S€ A™(C).

€/

9
10

11
12

Finally use Lemma 2.3 to find a polynomial p over C™ so that ||p— G|[F =
K, and put h=p o ¥ H(Q). Then we have ||f—h|l° <& as desired.
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