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ON SATURATIONS OF EMBEDDED ANALYTIC RINGS

BY
AUGUSTO NOBILE

Introduction

The theory of saturations of rings was started by Zariski in [15]. In this paper
we present several results which hold for local rings of complex analytic hyper-
surfaces. The main results are in the following direction. It is known that if f (x,,
..., X,) is a convergent power series, and its associated hypersurface ¥ has an
isolated singularity at the origin, then there is a number ¢ such that for any
convergent power series g(x,, ..., X,) (With associated hypersurface V") satisfy-
ing f=g mod (x;, ..., x,)*!), the local rings of V and V' at the origin are
isomorphic. This is a special case of the main theorem of [4]. From this, it easily
follows that an isolated singularity of a hypersurface is algebraic. (A more
difficult theorem says that the assumption of codimension 1 can be dropped,
see [1, Theorem 3.8].) These results are false for non-isolated singularities (look
at y* — x? and y* — x? + z", see also [12], Section 14). Here we present some
results which hold for non-isolated singularities. Our main result is Theorem
(3.3). It says: given a hypersurface V of equation

f=y"+ Ay P+ 4+ A4(x), x=(xg-.-5 X,),

having branch locus A = C" (under the projection (x, y) — x), there is a number
¢ such that if V' is another hypersurface, of equation

g=y"+B,(x)y"" ! + - + B,(x),

satisfying (i) 4; = B; mod (x)**?, (ii) A’ < A (where A’ is the branch locus of V’
under (x, y) — x), then the saturations of the respective local rings at the origin,
with respect to the parameters x,, ..., x,, are isomorphic. By a Theorem of
Zariski, they will be topologically equivalent (as embedded varieties). Using
Artin’s approximation lemma we present in Section 8 an application of this: If
V is a hypersurface (defined in C"*?, near the origin) and for a suitable projec-
tion onto a hyperplane its branch locus is algebraic (at the origin), then there is
an algebraic hypersurface ¥’ (in C"*!, containing the origin), such that the
saturations of the local rings of ¥ and V’ at the origin are isomorphic (see (8.4)).
In particular, ¥ and V' are topologically equivalent. Note that the assumptions
are always satisfied for » = 2, i.e,, an analytic embedded surface is topologically
equivalent (as an embedded variety) to an algebraic surface. This answers
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affirmatively, in this case, a conjecture of R. Thom (see [11], page 228). For a
different possible approach to solve this conjecture, see [10], Section 3.

The proof of Theorem (3.3) is presented in Sections 6 and 7. It is really very
elementary, but there are many technical details involved, and we cannot avoid
the use of a rather complicated notation. For these reasons, to help the reader,
in this introduction we are going to discuss, informally, the ideas behind the
proof.

Let V and V' be as before, n: V — C" (resp.n’: V' — C") the maps induced by
the projection (x, y)— x. The following is well known. Suppose we find a
holomorphic function a: n~*(U — A) —» C (U a suitable neighborhood of the
origin in C’), such that:

(@) for (x,y)en (U — A), (x, a(x, y)) € V';

(b) the morphism ¢: n~ (U — A) > '~ }(U — A) given by ¢(x, y) = (x,
a(x, y)) is an isomorphism;

() ifxeU—A, and n~(x)={(x, y1), .-, (x, )}, then for i + j, we have
m < |y; — y;/a(x, y;) — a(x, y;)| < M where M, m are real constants (indepen-
dent of x). Then, the saturations of ¥ and V" at the origin will be isomorphic (cf.
(3.6) and (3.8)). So, we try to find such a function a.

To fix ideas, suppose first that the branch locus A is the hyperplance x, = 0.
In this special case, we may try this naive approach: consider a line I: x, = t,
x;=At,i=2,..., r. Above the line [, we have the curves

(D) f(5 Agty ..y A8, y)=0 on V
and
7~ (0): g(t, Aty .., AL, y)=0 on V'

If (using notations as before) 4; = By(mod (x)°*!), ¢ large enough, there is an
isomorphism o, between these curves (near the origin). In fact, we need an
isomorphism of C{t}-algebras C{t}[y]/g(t, y) = C{t}[y]/f (¢, y) = A4, by Nakaya-
ma’s lemma we need a root § of g(t, y) in 4, satisfying = yo(mod ¢. A), where
yo is residue of y in A. But it is easy to see that the congruence above, with ¢
large enough, implies g(y,) € (9'(y0))*(t- A) see, e.g. (6.12). Now we use Hensel’s
lemma to find B. The idea is to vary the line I. In this case (A a hyperplane) there
is no problem, using A’ = A, to extend the isomorphisms « to get a function
a: "' (U - A)->n'"1(U — A) (U small enough) which satisfies (a) and (b).
With more work (c) can also be proved. This simple approach does not seem to
work when A is not smooth. In fact, if A is singular at the origin, it may happen
that the variable line [ intersects A at points arbitrarily close to the origin. It is
not clear how to uniformly extend the isomorphisms a, to obtain a function a as
before (consider, e.g., the case r=2, A: x}3 — x} =0). However, we may
attempt a similar, but more complicated approach. Rather than using, as
before, a system of lines, we try to “fill” a neighborhood of the origin in C”
(minus A) with several “families” of parametrized curves, say %, ..., Z,. The
precise definitions are in (5.1-(5.5). Lying above each family ., there will be, in
V, several families of (parametrized) curves A"y, ..., A" ) here r(b) is the
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number of irreducible components of 7~ *(C), where C is a typical curve of the
family .#,. To prove the existence of those families (cf. (5.7)-(5.14)), we apply a
monoidal transform to a neighborhood U of the origin in C" to get a morphism
g: F> U (F a manifold), such that ¢g~*(A) has normal crossings. By using
suitable coordinate neighborhoods on F, it is possible to construct families on
F which, when “pushed down” to U, yield the desired families .#,. The families
N pe o0 V are “lifted” from #,, essentially by using analytic continuation. The
details are in Section 5. Given V' as before (with c large enough), calling (as in
Section 5) N, the union of the supports of the curves in A", (minus the origin),
it is not difficult to construct (using the parametrizations of the curves and
Hensel’s lemma) functions oy,: N,, — C, satisfying: (x, au(x,y)) eV’ for
(x, y) € Ny,. The problem is that Ny, n N, might be non-empty, i.e. is not
obvious that the functions a,, patch together to give a function « as we want.
However, for a suitable choice of the families .#,, it can be proved that the a,,’s
agree on intersections. This is done by carefully studying the convergence of the
solution constructed in Hensel’s lemma (by Newton’s method, (cf. Section 4)),
and a topological argument. In fact, we see that for (x,, yo) € Vinacurve C in
a family #",,, and close enough to the origin, a,,(xo, ¥o) equals lim w,, where

Wo=yo and w;,;=w;— g(xo, Wj)/g'(xo, Wj)

(the “Newton sequence”). Unfortunately, in order that the union of the sup-
ports of the curves (and the critical locus) form a neighborhood of the origin in
C’, we cannot take these curves “arbitrarily small”, consequently it does not
seem possible to avoid that curves of different families meet at points where the
functions a,, are not defined by the Newton sequence (but rather by analylic
continuation). To guarantee that the functions a,, agree at these points, a
special analysis is needed. In fact, using an argument involving covering spaces
(and Lemma (6.8), which makes clear, in a crucial situation, what “close
enough” means), we are reduced to points close to the origin, where a,, @}, are
both given by the same formula (namely, the limit above). Unfortunately, in the
topological argument we need our functions a,, to be defined in a set larger
than N,,. To “control” the situation, we are forced to work with three systems
of curves £} o £7 o %3 (cf. (5.3)), rather than just #,. Moreover, several
times we must “shrink” our families, i.e., rather than a single .#, we must
consider collections .#}(3), where & is the radius of the disk parametrizing each
curve, and accordingly with the .47;s. In other words, we shall work with
systems Z, = L3(8), N po= N p(p), and eventually we'll fix 5, p “small
enough”. Once we proved that « is well defined, (a) and (b) easily follow. The
details are in Section 6. Finally we prove that (after replacing, perhaps, ¢ by a
larger number, and shrinking U) (c) also holds. The main point of the proof of
this is Lemma (7.3), which essentially says that, given any family %,, and a
general curve C of this family, then
lim | (x(x, y,) — (X, yo)/yp — ¥a) — 1| =0,

x—P
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where x € C, P is the origin, and (x, y,), (x, y,) are in V. This is proved using
parametrizations. With this, and the monoidal transform ¢: F — U, which es-
sentially reduces our situation to the case when A has normal crossings (hence
we can use parametrizations of the variety, etc.), it is easy to prove that (c)
holds. The details are in Section 7.

In Section 1 we review some basic, well known results on saturations, in
Section 2 we present some other results, which allow us to give a more intrinsic
formulation to our main result, using absolute saturations (cf. Corollary (3.5)).

Most of these results appear in the author’s Thesis, presented at M.I.T. in
1970, written under the direction of Michael Artin. We wish to thank him for
his important help during that period.

1. Review of results on saturations

(1.1) In this section we review some known results about saturation of local
rings. We shall restrict ourselves, in general, to the case of hypersurfaces. These
results are taken from [15], [7] and [8]. The review is done for the reader’s
convenience, especially as [7] has not been published yet.

(1.2) Throughout this paper we shall use the following terminology and
notations.

(@) C denotes the complex numbers. If a € C, ¢ is a positive real number,
write B(a,e)={zeC/|z—a| <¢&. If a=0, we just write B(e), ie,
B(e)={z e C/|z| <¢}.

C{xy, ..., x,} denotes the ring of convergent power series in the variables x,
..., X,- Sometimes we use vector notation for the variables, ie., we write
(x) = (xy, ..., X,). An analytic ring is a ring of the form C{x, ..., x,}/I, I and

ideal. We shall say that an analytic ring A4 is embedded if A has no non-trivial
nilpotents, is equidimensional and

dim (A) + 1 = dim(M/M?)

where M is the maximal ideal of A.

(b) We use the definition of an analytic space given in [5]. If X is an analytic
space, (y denotes its structure sheaf. The stalks of ¢y could have nilpotents
(but most of the time we shall work with reduced spaces, i.e., with no nilpo-
tents). If x € X, Oy , denotes the local ring of X at x. An analytic variety is a
reduced analytic space. If X is an analytic space, a subvariety of X is a closed
reduced subspace. A subvariety of an open U < C" of pure codimension 1 at
each point is called a hypersurface. Equivalently, a hypersurface is locally
defined by the vanishing of a single holomorphic function (whose germs have
no multiple factors). Embedded analytic rings are precisely local rings of hyper-
surfaces. Finally, if X is an analytic space,

Sing (X) = {x € X/Oy . is not regular}.

() Let f: X > Y be a morphism of analytic spaces, W a subspace of Y
corresponding to the sheaf of ideals .#. Then, f*(W) is the subspace of X
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corresponding to FOy; f Y (W) = f*(W),eq, the reduced subspace associated
for f*(W).

(d) If n: X > Y is a finite (i.e., finite-to-one and proper) surjective mor-
phism of analytic spaces, the set

A = {y € Y//at some x € n7(y), = is not a local isomorphism}

is closed. This set, with the reduced structure of analytic subspace of Y, is called
the branch locus of «.

(e) If X, Y are analytic spaces, then
X-Y,
S
when used without further explanations, will mean that f is an isomorphism
from X onto Y.

(f) Let A be an analytic ring, x4, ..., x, elements of M, the maximal ideal of
A. They are a system of parameters if n = dim 4 and they generate an ideal
which is M-primary. If 4 is embedded, we shall say (following [14], Section 2)
that parameters x, ..., x, are a system of local parameters of 4 if there is some
y € M, such that {x,, ..., x,, y} generate M.

(g) A morphism f: X — Y of analytic spaces is called strongly surjective if it
is surjective and the induced linear mapping of tangent spaces df,: Ty, . — Ty, ,
is surjective, for all x € X. For instance, if X is a hypersurface in C"*! and Y is
an r-dimensional manifold, this means that, in suitable coordinates, locally f
looks like the morphism induced by the projection (x;, ..., X,
Xpi1) = (Xqs o0 %)

(1.3) Let V be a hypersurface defined near the origin 0 of C**!, O = O, p,
X1, ..., X, @ system of local parameters of O. We may assume that V has an
equation

YU+ Ay 4+ A(x) =0

In [15], Zariski introduced a relation, called dominance, among the elements of
O. Let f, g € ©. They are germs of functions (which we still denote by fand g)
defined on U — Sing (V) (where U is some neighborhood of 0 in V), holomor-
phic and bounded. Let H = {(x; - x,, y)|y =0}, n: U - H be the natural
projection and A < H its branch locus. We say that f dominates g (written
f>g) if (after shrinking U, if necessary) there is a real number M > 0 such that
for any pair of points P,, P, € U, satisfying n(P,) = n(P,) ¢ A, we have

|f(P1) _f(Pz)/g(Pl)_g(Pz)' <M.

(14) Let V be as in (1.3). We keep the notations used there. The set
{f e O/f >y} is a local subring of O, independent of the choice of y. This ring is
called the saturation of O with respect to the local parameters (x) = (x, ..., x,)
and is denoted O, (or sometimes ;). See [15] for details.
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(1.5) There is another approach to the question of saturations, followed in
[7] and [8] by Pham and Teissier. It is the so called theory of Lipschitz satura-

tion. Let V be an analytic variety, P € V, O = 0, p, O be integral closure of O.
Then,

{9 € Olg(P) —g(P")| <K|P' - P"|
for some real K > 0, for all P, P” non-singular, near P}

(where we are identifying the germ g with a bounded holomorphic function
defined at nonsingular points closed to P) is an analytic ring, called the (abso-
lute) Lipschitz saturation of O. We denote it by O or O™.

There is also a relative version: if O, P, V are as before, x is a system of
parameters of O, H is the germ of linear space associated with the parameters
(x), and m: ¥V > H the germ of morphism induced by C{x} = O, we define the
Lipschitz saturation, relative to (x), to be the set of germs g € O satisfying an
inequality

|9(P) - g(P")| <K|P =P,

for P’, P” non-singular, near P, and such that n(P’) = n(P"), for some positive
real number K (independent of the fibers of ). This is again an analytic ring,
denoted O, or (D,)". In [7] and [8] there are other equivalent definitions of this
notion. For an algebraic treatment of the theory see [6].

(1.6) If ©is an embedded analytic ring and (x) = (x;, ..., X,) is a system of
local parameters (cf. (1.2)), then the Zariski and Lipschitz saturations of O,
relative to (x), coincide (see [7], page 27). Thus, when we are in this situation,
we can talk simply about (x)-saturation. This justifies the use of the same
symbol to denote both saturations in the embedded case.

(1.7) A nice feature of Lipschitzian saturation is that it easily globalizes.
Namely, if V is a variety, there is a coherent sheaf of algebras .o/ such that for all
Pin V, ofp=(Oy p)~. If n: V> H is a finite surjective morphism, with H
nonsingular, then there is a coherent sheaf of algebras .«/(7) on V such that for
every Pe V, if Q = n(P) and u,, ..., u, are regular parameters of O o, then
A(n)o = (Oy, p);, Where v; = 7*(u;) (the pull-back of u;)),i=1,...,r=dim V.

Hence, using the functor Specan (see [5], Exp. 19) we get in the absolute case
a space V and a finite morphism

(1.7.1) p: V-V,
in the relative case a space V(n) and a definite morphism
(1.7.2) p: V(n) - V.

The space V (resp. V(r)) is called the saturation (resp. saturation relative to =)
of V. It can be shown (see [7], page 10) that these morphisms induce homeo-
morphisms of the underlying topological spaces.

(1.8) Given a morphism of analytic spaces n: X — H (with H nonsingular)
and a nonsingular subvariety W < X, an analytic retraction of = onto W is a
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pair (r, q), where r: X - W and q: H - W are morphisms, gn = rand ri = id
(i: W —> X is the canonical injection).

(19) Letn: X — H, W be as in (1.8), but we also assume that = is finite and
surjective, (r, q) a retraction of #. We say that X is equisaturated along W, with
respect to w and the given retraction, if there is a point 0 € W and a commuta-
tive diagram

~

Vi) —— V() x W

P’ 1 l q'=po’ xidw

H —— HyxW

where we use the notations of (1.2) and (1.7), n, is the morphism from
Vo =r"1(0)to H,= g~ *(0) induced by r, and p’ (resp. pp) is the composition of
the canonical morphism of (1.7.2) with = (resp. m,).

(1.10) We maintain the notations and assumptions of (1.9), but we also
assume that X is a hypersurface. Let A be the branch locus of =. We say that
has trivial branch locus, with respect to the retraction (r, q), if there is a point
0 € W and a commutative diagram

~

A —— AnH)xW

| ]

H —_— HoxW

a

where j: A - H, j,: A n Hy, — H are the inclusions; moreover we require that
A N H, be the branch locus of n, and (p,: Hy x W — W being the second
projection) nr = P, am.

(1.11) 1In [7], Theorem 5, it is proved the following result, that we shall use
later. Let X be a hypersurface, H a manifold, W < X a submanifold, n: X - H
a finite, strongly surjective morphism, and (r, q) a retraction of = onto W,
assume 7 has trivial branch locus (relative to (r, q)). Then, given 0 € W, there
are neighborhoods U of 0, U’ of n(0) such that n(U)= U’, (r, q) induces a
retraction (v, ¢') of n': U — U’ (n’ induced by n) onto W n U, and U is equisa-
turated along W n U (with respect to n’ and (¥, q')).

2. Other basic theorems on saturations

(2.1) LemMA. Let V be an analytic hypersurface in C'*', H a manifold
n: V — H a finite, strongly surjective, morphism, A = H its branch locus, nonsin-
gular at n(P), P € V. Then: (a) there is a unique component W of Sing (V)
passing through P; (b) there are neighborhoods U of P (in V), U’ of n(P) (in H)



490 AUGUSTO NOBILE

such that n(U) = U’, and a retraction (r, q) of the induced morphismn': U —» U’
onto W n U such that n' has trivial branch locus relative to (v, q')).

Proof. Let Q =mn(P), O= 0y p, O =0y ¢, 1, ..., y, a regular system of
parameters of O'. Then it is clear that x; = n*(y;), i = 1, ..., r form an equisin-
gular system of local parameters of O (see [14], Definition 4.3). Then (a) follows
from Theorem 4.5 of [14]. To show (b), note that the same theorem, near P, the
morphism 7 induces an isomorphism ¢ of W with A. We may assume, after
changing coordinates if necessary, that on some coordinate neighborhood U’ of
0, A is given by x, = 0. Now it is clear that, for U’ small enough and an open U
containing P suitably chosen, the morphisms

r=¢ 'pn:U->UnW and ¢=¢ 'pU->UnW,

where p: U' - U’ n A is given by p(x,, ..., x,) = (X, ..., X,_y, 0), have the
required properties.

Let X be an analytic variety. A singular subvariety of X is a subvariety W of
X such that X such that W < Sing (X). To verify that an irreducible subvariety
W < X is singular, it suffices to get a nonempty open set U < W, such that
U < Sing (X).

(2.2) PrROPOSITION. Let V be a hypersurface, H a manifold, n: V — H a finite,
strongly surjective morphism, p: V() — V the saturation of V relative to n, W an
irreducible subvariety of V. Then, W is a singular subvariety of V if and only if
p~Y(W) is a singular subvariety of V(r).

Proof. Let W be non-singular in V (i.e. W ¢ Sing (V)). Then for some open
dense set U in W, every P € U is non-singular, a fortiori normal. Recall that p is
a homeomorphism. Its inverse p~* is holomorphic at normal points (since V(r)
is dominated by the normalization of V). Hence p~ }(W) contains an open set
of non-singular points, and is non-singular. Assume now W singular. To show
the converse, it suffices to show that if W is an irreducible component of
Sing (V), then p~*(W) is a singular subvariety of V(n). Let W be an irreducible
component of Sing (V). If dim W < r — 1, then W contains a dense open set of
normal points of V (because V is a hypersurface). Hence, p~! is holomorphic
there and p~ (W) is again singular. If the dimension of W is r — 1, consider
n(W) = W’ < H. It must be a component of the branch locus A of n. Take a
non-singular point Q of W', let P € W such that n(P)= Q. We may apply
Lemma (2.1), part (b) to get neighborhoods U, U’ of P, Q respectively, and
induced morphism 7n": U — U’ and a retraction (r, ) of n’, such that =’ has
trivial branch locus. By (1.11), if np: r~*(P) - ¢~ *(P) is the morphism induced
by n, and U, U’ are small enough, we have

Ur') ~C(n,) x (U~ W) where C=r"!(P)

and we use the notation of (1.7.2). But C is singular at P, hence by [15],
Prop. 1.2, C(np) is singular at p~(P). It follows that U n W is a singular
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subvariety of U(r’). Since there is a commutative diagram

pi(U) —— Ul

\/

(cf. (1.7), p’ is the canonical morphism of (1.7.2)) it follows that p~ (W) is a
singular subvariety of V(r).

(2.3) In the embedded case, the important topological consequence of the
notion of saturation is the following: let V (resp. V') be a hypersurface, defined
in some neighborhood of P in C"*! (resp. P’ in C"*!), let O (resp. O') be its
local ring at P (resp. P’),and (x4, ..., x,) = X (resp (¥, ..., x;) = x") a system of
local parameters of O (resp. 0'). Suppose there is an isomorphism ¢: O, — O
such that ¢(x;) = xi, i=1, ..., r. Then, there is a neighborhood U of P (resp.
U of P)in C"*! and a homeomorphism f: U - U’ inducing a homeomor-
phism f: U n V> U’ n V' (see [15], Theorem 6.1).

Actually, it is possible to prove this somewhat finer result:

(2.4) THEOREM. We keep the assumptions and notations of (2.3). Then, if U,
U’ are small enough, the homeomorphism f: U n V — U’ n V' has the following
properties:

(@) W < (U n V)is an irreducible component of Sing (U ~ V) if and only if
f(W) is an irreducible component of Sing (U' ~ V").

(b) Let S, (resp. S}) be the union of the components of Sing (U n V) (resp.
Sing (U’ n V")) of codimension 1, then f induces an isomorphism of analytic
spaces:

fo: (U V)=S; > (U A V)-S5,

Proof. 1t is clear that if U, U’ are small enough we obtain a commutative
diagram

~ ¢ ~
Vir) ——  V'(n)

r 14

H ——b H

where we used the notations of (1.7) and we wrote, to simplify, V rather than
V n U, etc.; here all the arrows except f” are morphisms of complex spaces; H,
H'’ are manifolds, =, n" are finite and strongly surjective morphisms, etc. and this
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geometric situation induces the algebraic one described in (2.3) in the obvious
way. Moreover, f” is the mapping of our theorem (cf. [15], Theorem 6.1). Then
(a) follows from the commutativity of (2.4.1) and Proposition 2.2. (b) is a
consequence of the fact that p~!, p’~! are holomorphic at normal points and V
is a hypersurface, hence non-singular in codimension 1.

(2.5) We recall the definition of transversal parameters, introduced (in the
algebroid case) in [15], Definition 8.1. In analytic terms, this means the follow-
ing. Let O be a reduced, equidimensional analytic ring, (x, ..., x,) = (x) a
system of parameters of O. The inclusion C{x} = O induces a surjective mor-
phism n: V — H of germs of varieties (with H non-singular; V centered at
P eV, 0y, p= Q). Let W be an irreducible component of Sing (V) of codimen-
sion 1. Then n(W) < H has again codimension 1, and is defined by the vanish-
ing of some ¢ € C{x}. Let g: V — V be the normalization of V. Then g*(W) (cf.
(1.2)c) is the union of several subspaces of V, say Wy, ..., W, I > 1, of codimen-
sion 1. By the normality of ¥V, on an open dense of W; (i=1, ..., I), V is
non-singular, and W, is defined, in local coordinates, by an equation zA? = 0,
where h(i) is a well defined integer, depending only on W, The function
& = &nq vanishes on (W),.q with multiplicity > h(i). I, for i=1, ..., ¢, the
order of & along (W)),.q is exactly h(i), we say that the parameters (x) are
transversal with respect to W. We shall say that the parameters (x) are generic

if they are transversal with respect to any component of codimension 1 of
Sing V, passing through P.

(2.6) Given a variety X and P € X, then My(X) denotes set of irreducible
components of codimension 1 of Sing (X)) passing through P.

(2.7) ProPOSITION. Let O, O be analytic embedded rings

(x)=(xg5 ..., %), (x)=(x, ..., x;)
systems of local parameters of O, O’ respectively ; assume that (x) is generic for .
Suppose there is an isomorphism ¢: (D), — (O'),, such that ¢(x;) = xi,i=1,...,
r. Then (X') is a system of generic parameters of O'.

Proof. We may assume that the algebraic situation of the statement is
induced (by taking germs) by the following diagram of complex spaces:

|
U=
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Here V and V' are hypersurfaces, defined near the origin 0 of C"*1, O = 0, ,
O’ = 0Oy o, we use the notations of (1.7) and, as before, g: V-V, q: V>V
are the normalization morphisms. All the solid arrows are morphisms of analy-
tic spaces, f= p'gp~ ' is a homeomorphism (but not necessarily everywhere
holomorphic). Moreover, we may assume that x; = x;, i = 1, ..., r and that for
any W e My(V) (resp. W’ € My(V")) (cf. (2.6)), n(W) (resp. n(W")) is defined by
a single global equation. Let W e My(V'), Z=n'(W’'), Z defined by
¢ e '(H, Oy). Assume ¢"*(W) has components W, ..., W;. Giveni=1,...,1,
there is an open dense G = V' — Sing (V') such that each x € G N W is the
center of a coordinate neighborhood on which, in local coordinates, W' is given
by 2 = 0. We must show that én'q’ has a zero of order h(i) along (W?),.q. By
Theorem (2.4), W = p¢~'p'"(W') € My(V) and n(W) = Z. By the commuta-
tivity of (2.7.1), ¢*(W) has I components W, ..., W;,and (W)),ca = 9~ *((W))red);
for points of an open dense, W; will be given locally by an equation zX® = 0. As
Xy, ..., X, are generic parameters for (x), éng has, along (W), a zero of
multiplicity k(i), hence by (2.7.1), since g is an isomorphism, ¢n'q’ has along
(W?);ea @ zero of order k(i). Thus we shall prove the statement if we prove
k(i) = h(i).

To see this, we shall find another interpretation for these numbers.

First note that the assumptions imply that, near the origin, the branch locus
of = and 7’ coincide (see (3.2)). So we may also assume (since we are really
interested in germs of varieties) that A = branch locus of n = branch locus of
n'. Let P € W be such that n(P) is a non-singular point of A, P’ = f(P). By
Lemma (2.1), we may find open neighborhoods U, U’ of P and P’ respectively,
such that n(U) = =n'(U’) is open in H, and the induced morphism z: U — n(U)
(resp. ny.: U — 7'(U’)) admits a retraction (r, s) (resp. (*, s')). Moreover, from
the proof of (2.1) we see that the retractions can be taken compatibly with f (i.e.,
fr=rf, etc.). By (1.11), if U, U’ are small enough,

p Y (U) = U(r,) *C x (U ~n W) where C = (rp)”*(P)

(and C is isomorphic to the saturation of r~*(P), relative to the morphism
r~}(P) - s~(P) induced by ). Similarly,

P HU)=C x (U nW) with C' = (rp) }(P)".

If, moreover, P’ is taken such that ¢’ !(P’) € G, then ¢~ }(U n W) is the dis-
joint union of W? =W, nq " '(U), i=1, ..., l and W? is locally defined by
ZX® = 0. Hence, C will have | branches C , ..., C,at p~}(P), and the multiplicity
of C; is k(i). Similarly, C’ has branches C;, i =1, ..., I, with multiplicity h(i),
i=1, ..., (respectively) at p’~!(P). But the compatibility of f with the retrac-
tions implies ¢(C;) = Cj, i =1, ..., I. Since ¢ is an isomorphism, it follows that
the multiplicities of C; and C; at p~*(P), p’~*(P’) (respectively) coincide, i..,
k(i) = h(i). This proves the theorem.
(2.8) We recall that Zariski showed ([15], Theorem 8.2) that if (x), (x') are

generic local parameters of the embedded analytic ring O, then O, = O, (as
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subrings of the normalization ©). On the other hand, in [7], Theorem 2, page
15, it is shown that if (x) is generic, then O, = O = absolute Lipschitz satura-
tion of O.

(29) CoRrOLLARY. We keep the assumptions and notations of (2.7). Then the
absolute saturations of O and ' are isomorphic.

Proof. This is a consequence of (2.7) and (2.8).

3. Statement of the main results

(3.1) In this section we shall be concerned with an analytic hypersurface V,
defined near the origin of C"*! (with coordinates (x,, ..., x,, y)) by an equation

(3.11) Vi A ()" 4+ A(x)=0
where A;(x) € C{x}, 4,(0)=0.

(32) In the course of the proof of Theorem 6.1 of [15], Zariski proved the
following. Let V' be another hypersurface, given near the origin 0 of C"** by an
equation

(32.1) V' + Bi(x)y" ' + -+ B,(x) =0,
let  (resp. n’) be the map from V (resp. V') into the hyperplane

H= {(xl’ cees Xpy y)/y= 0}

induced by the projection, and let A (resp. A’) the branch locus of 7 (resp. n').
Assume there is an isomorphism ¢: O, — O, ¢(x;) = x;, where O = Oy o,
O = Oy . Then, A = A’ near the origin.

We shall prove in this paper the following result in the opposite direction
(keeping the notation and conventions of (3.2)).

(3.3) THEOREM. Let V be the hypersurface in C'*' given by (3.1.1). Then
there is a natural number ¢ such that if V' is the hypersurface given by (3.21) and
(@) A; = Bi(mod (x)*1), (x) = (xq, ---» X,)
(b) A’ = A near the origin,
then there is an isomorphism p: O, — O such that p(x;) = x;.

(3.4) Remark. When the origin 0 is a point of V of dimensionality type 1
(see [14], Definition 4.2), then the Theorem (3.3) is an easy consequence of the

results of [4], [7] and [15], by using arguments similar to those of the proof of
Theorem (2.4).

(3.5) CoroLLARY. Let V be as in (3.3), but now we assume the parameters
induced by x 1, ..., X, to be generic. Then there is a natural number c such that if V'
is given by (3.2.1) and satisfies (a), (b) of (3.3) then O = &', where O, O’ denote
the absolute saturations of the local rings of V and V' at the origin, respectively.
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Proof. This is a direct consequence of (3.3) and (2.9).

Theorem (3.3) will be a direct consequence of Propositions (3.6) and (3.8)
stated below (cf. (1.3), (1.4) and (1.6)).

(3.6) PrOPOSITION. Let V be as in Theorem (3.3). Then, there is a natural
number ¢ such that if V' is given by (3.2.1) and (a), (b) of Theorem (3.3) hold ( for
this c), then there is a neighborhood U of the origin of C" such that:

(i) A, B; convergeon U,i=1,...,nand N cAin U;

(ii) there is an isomorphism ¢: n~ (U — A) 3 '~ (U — A) which commutes
with the projections m, w'.

(3.7) Remark. The fact that ¢ commutes with 7, z’ implies that ¢ has this
form: if Q € n~*(U — A) has coordinates (xy, X, ..., X,, y), then ¢(Q) = (x,
oy Xpy Xy, ...,y X, ¥)), Where a: 71 (U — A) — C is a holomorphic function.

(3.8) ProposITION. Let V and c be as in Proposition 3.6. Then, there is a
number co > ¢ such that if V' is given by (3.2.1) and A; = B(mod (x)°°**) then
there is a neighborhood U , of the origin of C" and real numbers M > m > 0, such
that (i), (ii) of Proposition (3.6) hold and moreover:

(i) ifxeUy—A, and =~ (x)={(x, y1), ..., (x, y,)} then for all pairs
i j we have

m < [ (yi = y)/(a(x, y:) — alx, ;)| <M,

where o is the function of Remark (3.7).

We shall prove Propositions (3.6) and (3.7) in Sections 6 and 7, respectively.
In Sections 4 and 5 we present some auxiliary results and concepts, necessary
for our proof.

4. An analytic form of Hensel’s lemma

(4.1) 1In this section we prove a “convergent analytic” version of Hensel’s
lemma. This is probably well known, but we include the proof since we could
not find it in the literature, and moreover, we shall need later certain auxiliary
functions that occur in it. In this section, if x = (x4, ..., x,) € C’, and J is a real

number then |x| <& means |xi| <d,i=1,...,r.Let A= C{xy, ..., x,} (cf.
(1.2)), M its maximal ideal; 4 = C[[xy, ..., x,]] the ring of formal power series,
M, its maximal ideal. Let

(4.1.1) fO)=y"+ey++e,

be a polynomial with coefficients in M, and a € A such that

(4.12) fla)=f"(a)’m, ,eM.

Then we may form the Newton sequence
(4.1.3) ao=a; Gyyy=ay—f(a)f"(@)] "
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It is well known that (4.13) is a sequence of elements ofA/i which converges, in
the M,-adic topology to the unique solution a, € A of (4.1.1) satisfying

a, = a(mod f’(a)M,). But note that all terms of (4.1.3) are also in A, and we
have:

(4.2) PrROPOSITION. We keep the notations and assumptions of (4.1). Then,
there is a real number 6 > 0, such that: (i) the c; and all terms of (4.13) are

convergent on G = {x € C'/| x| < 8}; (ii) the sequence (4.1.3) converges uni-
formly on G to an holomorphic function a, satisfying

(42.1) f(@)=0 and o=a-+ f'(a)mg, g holomorphic on G.
Note that by the uniqueness in the formal case we must obtain o = a,.
(43) We prove (42) in (4.3), (44) and (4.5). Let
b=f'(a)=na""'+(n—1)c;a" 2+ +c,,.

It is immediate to check that a, b are in M. We shall see, by induction, that for
any non-negative integer h,

() f(ay)=b*m"*'d,, d, e A

(1) f’(ay) = bey, &, a unit.
For h = 0 this is the hypothesis. Assume true for the index h, we shall check it
for h + 1. We have, by induction,

ayey=a, —fla)[f"(a)] ! = a, — bm"*'d,e; 1.

Write

(4.3.1) B =bm" " d,e, ! = f(a)[f(@)] "

By using Taylor’s formula and (4.3.1), we get

(432) f(@ns1) = f(an— By) = BrQ(an, Br),
where

(4.3.3) U, V)=3f"(U)+ VQ.(U, V)

is a polynomial with coefficients in Q[c;, ..., ¢,], independent of h. Hence
(434) f(aps 1) = b>m** 2 (m*diiey 2Q(ay, Bi)
and we have the inductive step for (i), with

(4.35) dy, = mhdie; 2Qlay, Br)

To see (ii), note that by Taylor’s formula,

(4.3.6) f"(@n+1) = f"(an — Br) = f"(an) — BuR(an, Bn),

where R(U, V) has coefficients in Q[c;, ..., ¢,] and is independent of h. Then,
f'(@ns 1) = be, — bm"*1d, &, 'R(ay, B,) = bey. 1, Where g, is a unit in A. This
proves (ii).
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(4.4) Now we shall show the existence of positive real numbers 6, K > 1
such that ¢, i=1,...,n a,, dy(h>0), b and m are defined on
G={xeC/|x| <d}, |a]| <K/2 on G, and

@) |di| <1,h=0,1,.

() e > |3,, 1| = —)"+1 h=1,2,.

© la <K@, h=1,2,...

To define such numbers, consider the function of r + 1 variables 3 /" (u) =
F(x,u). As F(0,0)=0, we can choose 0 <K <1, 0<d,, such that
| F(x, u)| < (3)? for |u| <K, |x| <&,; moreover we may assume that q,
c(i=1, ..., r) and m are defined for |x| < J, and that |a| < K/2. Consider
the polynomials 0:,(U, V)y=3,,; Bix)U'Viand R(U, V) =Y, , 7(x)U'V* of
(4.3). Note that the functions f;;(x), 7, are defined for |x| < d,. and put

(4.4.1) M=3% sup | Bii(x)]),
(4.42) M= sup [75(x)]).

Since b(0) = m(0) = 0, we find 6 < J, such that |b| < min ((4M)~ 1, (4M’')"!
(4K)~', 1) and |m| < 1/8(M’ + 1) <4, we claim that K, § satisfy the condi-
tions stated above. We have |m| <34 and |a| < K/2 by the choice of the
numbers. We prove (a), (b), (c) by induction. They are trivially true for h = 0,
assume them true for i < h. Note that this induction hypothesis implies

(443) |a,| <K,

(444) |(e)7 | <2,

(445) [Bu] < [b|G) <1

In fact,
len| > len-1| — @)
> onma| = @Y = @ > > o] — @ - - @ > 1=

which proves (4.4.4). Similarly,
lan] < |an-1| + K@) < <K@G+ -+ @Y+ <K,

which proves (4.3.3). (4.4.5) is trivial.
To show (a), use the expression (4.3.5)ofd, ., 1;since [m'd, e, 2| <2onG,we
must show that Q(a,, f,) <3 on G. But Q= F + VQ, (cf. (443)) since on G,

|a,| <K and |B,| <1 (and & <§,), we get |F(x, a,)| < (3)* there. On the
other hand,

|BhQ1(ah’ Br) | |ﬂhl ZSUP |/3. J(x I |ah| |;3h|1< |b|M% %)

Thus, |Q| <3 on G, and (a) follows.
We now prove (b).

|8h+1l = |8h - mh+1dh8h_1R(ah’ ﬁh)l = |8h| - |mh+ldh£}:1R(ah’ ﬂh)l
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But

[m["* | dy| [&n | [ R(an Ba)| <[G(+ M)PT12 3 Bij(x)|aul'| Bul]
< @1+ M) M

<@y,
and (b) is proved.
For (c), we have
lani| = lan— Bul < |au| + |Bul < |an] + [B]G)" < |an] +KkG)**2,

and (c) is proved.

(4.5) With this, now we prove convergence. The convergence of {a,} is
equivalent to the convergence of Y > o (a, — ay—,). (Recall a_; = 0.) We claim
that this series normally converges. In fact,

Iah—ah——ll = lﬁh' <@,

so that our series is majorized by Y -, (3)", which converges to 1. Hence, {a;}
converges to a function a, holomorphic on G, which clearly is a root of (4.1.1).
We shall see that « satisfies (4.3.1). In fact, we have a;, = a, + Y #Z¢ B, and the
series

Z Bi = z bmh+1d,,8h—1 = bm Z mhd,,sh_l,
=0 h=0

where the last series is majorized by Y %, (4)". Passing to the limit, we get
o — ay, = bmg, for some g holomorphic on G. Proposition (4.2) is proved.
(4.5) Note that the polynomials F, Q, R introduced in (4.3) can be formally
defined for any polynomial (4.1.1), either if (4.1.2) holds for some a or not. They
depend on f, and we shall denote them by F(f), Q(f), R(f) respectively.

(4.6) Let us summarize the results about convergence of the sequence
(4.1.3) (which will be important in (6.7), a crucial step of the proof of Theorem
(3.3)). According to the proof of (4.2), given fand a as in (4.1), we can insure
that all terms of (4.13) are defined on a polydisk D = C’, and the sequence
converges there uniformly to the root « of (4.2.1) if the following hold.

(i) | the coefficients of f can be continuously extended to the closure of D;

(ii) thereis a positive real number K < 1 such that | F(x, u)| <4, forx e D,
|u| < K (here F = (f) is the polynomial of (4.5));

(ii)) |b| <min ((4M)~1, (4M’)"1, (4K)~1, 1), where M, M’ are defined in
(4.4.1), (4.4.2) (with sup taken over x € D), using Q,(f), R(f) (cf. (4.5)). Note
that M, M’ exist by (i);

(iv) |m] <1+ M’)on D.

(v) |a| <K/2 on D.
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5. Local families of curves

(5.1) DermNiTION.  An m-dimensional local family of curves on a complex
space X is a system A" = (U, ¢, k, X) where U = U; x --- x U, is a poly-
diskinC"*\ U;={z;/z; — 20| <&}, i=1,...,m+1,¢: U— X is a holomor-
phic mapping, 1 <k <m + 1. These data are subject to the condition:

(L) ¢ induces an isomorphism of U} = {z € U/z, # z{} with an open of X,
disjoint from ¢({z € U/z, = z})}).

Note that if ¢(U}) is an open of X, disjoint from ¢({Z € U/Z, = Z}}) consist-
ing of non-singular points, and ¢ |Uj is injective, then (L) is automatically
satisfied.

(52) The set N = ¢(U;) (which is an open submanifold of X) is called the
open carrier of the family, Ny = ¢(U) the carrier of the family. Given an
m-tuple a = (a;),a; € U, i # k, theset A(a) = {x € X/x = ¢(2), z; = a;for i # i,
z, € Uy} is called the curve of the family corresponding to a, the point
Xo = ¢(a’), where a} = a, for i # k, aj, = z{, is called the origin of A(a).

(5.3) Given two families (of dimension m) on X,

JV:(UIX”.XUM+1’¢’k,X) and ‘/V"=(U,lX.HXU;n+1’¢,,k,’X)’

we say that 4" is a subfamily of A" (written A4~ < A7) if k = k" and for all j, the
disk U ;is contained in U’;, with U, and U}, concentric, and ¢ is the restriction of

¢’ to U.If U; #+ U’ for some j # k we say that 4" is a strict subfamily of A4,
and we write A" < A7,

(5.4) We say that a family .4 can be “extended to the boundary” if 4" is a
subfamily of some family .47, such that (with the notations of (5.3)) U, is

properly contained in Uyj. In all of our applications the families will be exten-
sible to the boundary.

(5.5) It is not difficult to see that if X is reduced, then what we called the
curves of the family are actually locally closed analytic subspaces of dimension
1 of X. Moreover, if A is the curve of 4" (the family of (5.1)) corresponding to

(C1s-os Chm1s Cht1s -vos Cmt1)s
then ¢,: B(g,) — A given by

¢(Z)= (cl’ LR ck—l’ z, ck+1’ EERE) ck+l)

is a parametrization of A. Given this situation, when we say that “A is para-

metrized by z, € B(e,)” we mean that we use the map ¢ just described to
parametrize the curve.

(5.6) In the sequel, we shall keep the notation of (5.1), i.e., local families will
be denoted with capital script letters, the open carrier by the corresponding
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capital letter, the same letter with a subscript “zero” denotes the carrier. The
expression “neighborhood of x” means a set containing an open set containing
x, but the neighborhood itself could be not open. The closure of a set A4 is
denoted cl (A). If the origin of all the curves of 4" is the same point x, € X, we
say that 4" is a “family through x,” or “is composed of curves through x,”.

(5.7) PROPOSITION. Let A be an analytic set in an open G of C", xo € A,d a
positive integer. Then, there is a positive integer e, a positive real number 5'° and
for each pair (A, 8), A= 1, ..., d, 6 < 8 a collection of local families #}(3), ...,
L20) on G and through x, such that if GH6) = | J=, L) then:

(@) Forall 2,6 <89, GY8) = G — A,

(b) G*(d) U A is a neighborhood of x,, for A= 1, ..., d, § < 8,

() Ifd <& <d° then L) = ZHo), A=1,...,d, b=1,...,¢;

d) LHO)< L 0)A=2,...,d,6<8b=1,...,e;

(¢) Given any open neighborhood G’ of x there is a & < 8° such that for all ,
GYd) =G
Moreover, these families are extensible to the boundary.

(5.8) We present the proof of (5.7) in (5.8)-(5.11). First we shall find an
open neighborhood T < G of x,, a manifold F and a proper surjective mor-
phism q: F — T such that the following hold.

(i) E(A)=q (A)=E, v - U E,, where E; is non-singular, codim (E;)
= 1, and the E; have only normal crossings, ie., the equation of g~ *(A) is
given locally by z, -+ z;= 0, i < r for suitable local coordinates (z;);

(ii) E(xo)=4q '(xo)=E, v - UE,u<s.

To do this we use the following result of Hironaka (see [4], Lemma 7): let X be
a complex space, Y < X x P", Y non-singular, #: Y — X induced by the first
projection, J a coherent sheaf of ideals on Y, x € X. Then, there is an open
neighborhood U of x in X and a finite succession of monoidal transforms { f;:
Vi1 — Vi, with V, = =~ }(U), centers D; in V;, with the following properties.

(i) D; is non-singular, contained in supp (0y/J;), where J, = J|y, and
Jiv1=fi"(J,), for all i;

(ii) J, is of the form []i-; 2, where 2, is the ideal of a nonsingular
irreducible complex subspace E; of V, of codimension 1 and ( )_, E; has only
normal crossings.

We use this result in this way: first we blow up the point x, of G; we get a
submanifold T, = G x P"~!, and a morphism gq,: T; — G induced by the first
projection. Let J be the ideal of gg'(A). By Hironaka’s result (applied to
(T}, J)) there is a neighborhood T of x,, a non-singular space F and a mor-
phism g with the required properties. Note that ¢~ '(xo) =E; U - U E, is
compact, since ¢q is proper.

(59) Next, consider the subsets ' of E(xo) = ¢~ '(xo) wherefori=1,...,r,
S = {y e E(x,)/at y there are at least i components of E(A)}.
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We have s" = 8" ! < --- = §' = E(x,), and these sets are closed in E(x,),
therefore compact. Now we fix a covering of E(x,) by opens M°(i, j),i= 1,...,
rand j= 1, ..., w;, with the following properties.

(a) For all i, j there is a polydisk H°(i, j) = [ [i=; H°(i, j, k), where

HO(i, j, k) = B(e°(i, j: k))

(cf. (1.2) (a), and an isomorphism 6(i, j): H°(i, j)— M°(i, j), such that
6(i, j)(x) € S', where c is the center of H°(i, j), 0(i, j)~ *(E(A)) corresponds to
{z € H/(i, j)/z, -+ z; = O}
and 0(i, )~ *(E(xo)) to
{z/z4 -+ z; = O for some i' < i}

(i depends on i, j).

(b) MG, j) S =@ifl>i

It is easy to construct such a covering by descending induction, using the

facts that E(x,) is compact, F is non-singular and the components of E(A) have
only normal crossings.

(5.10) Now, by elementary topological considerations we may choose, for
each triple i, j, k, d numbers

(i, j, k) < -+ < (i, j, k) < €°(i, j, k)

such that if, for A= 1, ..., d we write

r

HAG, j, k) = B(*G, j, k), H*i,j)= [] H*G, j, k

k=1

and
M*(i, j) = 0(, j)H*G, )

then {M*(i, j)} is a covering of E(x,).
Now, for any triple (i, j, k), fix d collections of disks D*(i, j, k;s), A= 1,...,d
and s =1, ..., s(i, j, k), such that:
(i) c (D, j, k; s) = H*1(i, j, k);
(i) O ¢cl (D*,J, k; 5)), s > 4;
(iii) D*(i, Jr k;s) = D* (i, j, k;s), A=2,...,d;
(iv) (J&f® DA, j, k; s) > HA(, j, k) — {0}.
For instance, let D*(i, j, h, s), A = 1, ..., d be the disk of center y(exp (}ins)and
radius a real number y,, 0 < y, < 3¢%(i, j, k) (here i is the imaginary unit), for
s > 4 the choice is clear.

(5.11) Let
J={ijk)i=1..r j=1.., 00, k=1,...71
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(cf. (5.9));

J={(i,j, k)eJ/k <i}
(recall that on HO(J, j), the set E(x,) has an equation zy, ..., z;, = 0 (cf. (5.9));
I={(i, ), k; Sy, ooy S—1> Sk 1o - 8)/ (b J, k) €5 s, =1, ..., s(i, j, t), for all £}

(cf. (5.10)). Sometimes we just write (i, j, k; (s)) to denote an element of I. Let e
be the cardinal of I. Fix a bijection 7: {1, ..., e} » I; define v: I — J by v(i, j, k;
(S)) = (i’ Js k)'

Let 6(0) < €°(i, j, k), for all (i, j, k) € J. If 6 < 6@, define (forb=1, ..., e,
A=1,...,d) the polydisk K7(3) as follows. Let

f(b) = (i,j, k; Sl, ey §k, ey S,-)
(where * means that the corresponding index is omitted). Then

(5.11.1) K¥S)={z e C'/z, € D*(i, j, t;s) fort=1, ..., k, ..., i, |z] <,
and|z,| <é&*(i,j, t), t > i},

We call 6, to the restriction of 0(i, j) to K#(d), g, = q0,, and we define the local
families .##(5) by

(5.112) Zi0) = (KLO), ab, k, G).

We claim that the number §® and these families satisfy the conditions of
(5.7). 1t is straightforward to check that these are local families through x,,
extensible to the boundary by construction. Next, note that the union of the
open sets (of F)

(5.11.3) P3(05) = 04(K3(55))
and E(A) form a neighborhood of E(x,) in F. In fact, if, for & < &(i, j, k), (i, J,
k) e J' we put

(5.11.4) M*i, j, k;&) = {y € M*(3,)/0(i,j) " '(y) = (zy, ..., z) With | z,| <&},

then clearly, for ¢ small enough, E(x,) = U M*(i,k,k; &) = (| J5=1 P¥Js) U E).
From this and the fact that g is proper, (b) follows. (a), (c) and (d) are obvious
from the constructions, and (e) is an easy consequence of the compactness of
E(x,). This proves Proposition (5.7).

(5.12) Remark. We can also define, as is clear from the proof given above,
the following families of curves (on F) which will be useful later. If 1 <b <e
and ©(b) = (i, j, k; (s)), we set, for 6 < §?,

(5.12.1) PUS) = (KX6), 0,, k, F).

In the following proposition we shall keep the notation of Proposition (5.7)
(and its proof).
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(5.13) PROPOSITION. Let V be a purely r-dimensional analytic set, defined in
the polydisk

D={z/|z;] <&,i=1,...,ncC", G={z/|z| <&, i=1,....r},

V' containing the origin. Assume that the morphism n: V — G induced by the
projection on the first r coordinates is finite; let A = G be the branch locus of 7.
Fix a positive integer d and a system of families {£#(0)}inG,A=1,...,d,b=1,
..., e 8 <89, as in Proposition (5.7). Then, there is a real number 8V < 6'°’ and
for each triple (4,8, b), A=1,...,d,6 <6V, b=1,..., e, a collection 4} (),
ooy N'E y(0) of local families of curves on V through the origin, satisfying the
following.

(@) Forall b, 4,5, | )49 Ni(8) = n~*(L¥(9)).
(b) Forany pair (b, a),b=1,...,e,a=1,...,a(b), there is a natural number
d(b, a) such that (using (5.11.1))
NE0) = (KHP): o K, V), A=1,...,d,5 <3,
where k is the third coordinate of t(b) (cf. (5.11)), (p)*>® = 8, and q,, is a
suitable function.
() Forany A, b, a, d (as in (b)) there is a commutative diagram

qba

Ki(p,) —— (N{(0))o —— = }(T)

(5.13.1) l l "

Kj(0) —— (L))o —— T

where we use the notations of (b) and (5.2), T is the open of Proposition (5.7) and
o215 -5 2) = (24, .-, 2,), where z} = z; if i # k, z} = z}®®

>

(5.14) Proof. Let the families {#}(9)} be given. Take an index b,b=1, ...,
e, let ©(b) = (i, j, k; (s)), and A(c, 8) denote the curve in #§() corresponding to
the (r — 1)-tuple ¢ = (cy, ..., &, ---, ¢,) (cf. (5.2)). Let

(5.14.1) B.: B(6) = {(z) € K§(0)/z, = c,, t # K}

be the natural isomorphism, f(z,) = (¢4 ..+ Zj .-, ;). Leta= (a,), t =1, ...,
r, where q, is the center of D*(i, j, t, s,) if t <, t # k (cf. (5.10)) and the center of
H*, j, t)for t > i, A" = Ay(a, 8?). Consider n~'(A’) = I'; since A" meets A only
at the origin x,, the morphism #n": ' —» A’ induced by = ramifies only at x,. Let
a(b) be the number of irreducible components of I' at x,. We claim that for
some 6V < 5 we get commutative diagrams

neClln| <pVy —2——T,

B(3V) 2 A = Ayfa, 3V)




504 AUGUSTO NOBILE

where g, = g, B, (cf. (5.11.12) and (5.14.1)) and the following hold:

(1) T,,a=1,...,ab) are the irreducible components of =~ *(A).

(2) 0y, is holomorphic, and an isomorphism for  + 0 (i.e., a parametriza-
tion of the curve T,).

(3) m,(n) =n"®>, for some integer d(b, a) such that (pVe®®) = 5.
In fact, let {I";} be the irreducible components of I" and C, the fiber product
B o

pl l l "
B(?) —— N
b

(where g;, = g, B,, cf. (5.14.2)). Then, C, is again a curve, it is irreducible at x,
and p, is an isomorphism outside the origin. Consider a parametrization

p2

S
B(pY) —— C,

Clearly we may choose it in such a way that p, f(n) = n*® %, for ally € B(p'}"),
where d(b, «) is the degree of the covering map I', — {xo} > A — {x}. Now it is
obvious that our claim about (5.14.1) holds, with ) = (p{V)® ),

It is also clear that the diagrams (5.14.1) induce similar diagrams, with 6*)
replaced by 6 < §*) (and p, accordingly).

Now, we construct the family /°4,(8). Ifb=1,...,e,a=1,...,a(b), 5 < 5V,

(5.142) N 5(0) = (K5(pa), K, 9o V)

where K{(p,) is as in (5.12), (p)*®® =4, and q,, is defined as follows. To
compute q,,(zy, - .., 2,), with z, # 0, consider Q = 0,,(z,) € T, (cf. (5.14.1)). Let

D= {(w) € Ki(®)w = 2, D= q(D)

Since D’ is contractile, the lifting from Q of any real arc y joining 7(Q) and ¢(z'),
where z, = a,, t # k, z, = (z,)*® ¥, will end at a well defined point g,,(z;, ...,
z,) € V. We complete the definition of g,, by putting q,,(z) = x,if z, = 0. It is
readily checked that, using the coordinates of C"

qba(z) = (xl7 ey xr, yla EERE] yv)’

r + v =n, where (x) = q,(z') and z, = z, for t # k, zZ®?, and y,, ..., y, are
holomorphic functions of z,, ..., z,. To see the latter statement one uses the
theory of analytic continuation and Riemann’s extension theorem. Proposition
(5.13) is proved.

6. Proof of Proposition (3.6)

(6.1) In this section we prove Proposition (3.6). The details of the proof are
rather technical; we remind the reader that an informal sketch of it can be seen
in the introduction. We are given a hypersurface V, defined near the origin P of
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C*! (with coordinates x4, ..., x,, y) by the equation (3.1.1). We identify C" with
{(x, y) e C"*'/y = 0}. Fix a polydisk G in C’, centered at P, such that A,x),
i=1,...,n(cf. 3.1.1)) is defined on G. The branch locus A of =, the projection of
V on G parallel to the y-axis, is a hypersurface in G. We apply Proposition (5.7)
to this situation; with d = 3 (for reasons which will be clear in (6.9) and (6.10)).
Thus, we get, for A=1,2,3;b=1, ..., e; 5 <5 local families #}(6) on G
through P, with the properties (a) to (e) of (5.7).

Next we apply Proposition (5.13), taking our V as the variety of (5.13) and as
the families {#7} of (5.13) the ones we just took. We get families .47;,(d) on V,
6 <8 < 89, satisfying properties (a), (b) of (5.13). Moreover, we shall use
families constructed as those of the proofs of propositions (5.7) and (5.12). In
particular, we shall use the notations introduced during those proofs, as well as
in the remainder of Section 5.

(6.2) We shall determine the number c of (3.6). Let ¢ be the discriminant of
the polynomial f(y) (cf. (3.1.1)). Consider the morphism q: F > T < G (cf.
(5.8)) and the coordinate neighborhoods M°(i, j) of (5.9). Then, (keeping the
notations of (5.9)) for each pair i, jwhere i=1,...,rand j=j=1,..., w; the
composition 4;; = 6g6(i, j) is an holomorphic function of z € H(i, j). It van-
ishes on the subspace of H°(i, j) defined by z; - z; = 0. By the Nullstellensatz,
there is a number c(i, j) such that
(6.2.1) (z4 - z)®D = 6,hy;,

where h;; is an holomorphic function (and we may assume it is defined on
H°(i, j)). We set

(622) c=max {2¢(i, j;)}, i=1,....,r; j=1,..., 0.
We claim that this number c satisfies the conditions of (3.6).

(6.3) Now consider another hypersurface V', of equation (3.2.1), satisfying
(i), (i1) of (3.6) with the number ¢ defined in (6.2). We shall use the notations of
(3.6). We want to define an isomorphism ¢: = (U — A) > 7'~ }(U — A), (U a
suitable neighborhood of P), commuting with the projections =, n'. First of all,
choose an open neighborhood U, of P in C" such that U, < T and the series B,
i=1, ..., n, converges there. Using property (¢) of (5.7), we find a positive
number §? < 'V such that G4(8) = U, for 6 < §?.

(6.4) We are going to define holomorphic mappings
(6.4.1) at(d): Ni,(6)—C

forA=1,2,3;b=1,...,e;forbfixeda=1,...,a(b); < % (cf. (5.2), (5.13)).
These maps will be compatible, in the sense that if 8’ < d, aj,(d’) is obtained
from af,(9) by restriction; and they will satisfy the following:

(6.42) If(x,y) € Npo(d) =V, then (x, al(6)(x,y)) eV
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In (6.10) we shall see that there is a real number ¥ < 8, such that for
§ < 8, the maps a3,(8) agree on the intersections and thus we obtain (by
(6.4.2)) a morphism ¢: = (U — A) > n’~}(U — A) (for some small open U ) as
desired. To define these maps we shall use Lemma (6.5) given below. To clarify
its statement, consider the following commutative diagram (cf. (5.13.1))

gba
Kba - (Nba)O

—_ ¥V V'
(6.4.3) l‘w 1 \ /
qb U .

K, —— (Lb)o

where, to simplify, we wrote V=n"Y(U,), V' =n""'(U,), L,= L}(6?),
Ky = Kpo(p,)(02 = @), K, = K3 (56*), and we use the notations of (5.2) and
(5.13). For any open U in C* let T'(U)=T(U, Oy) (cf. (1.2)). Let
By, = Bigy Ty, € T'(Kyy), By = g5 B; € I(K,). Write

(6.4.4) gy=Y"+ ) By Y e[(K,)[Y]
i=1

(6.4.5) goa=Y"+ 3 By V"7 € T(Ky,)[ Y]
i=1

Then, we have:

(6.5) LemMA. Consider the polynomial g,, (see (6.4.5)), let
t(b) = (i, ji, k; ()

(cf. (5.11), y: V - C the map induced by the projection (x, y) = ¥, Wpy = Yqpy
Then there is a unique root a,, € I'(K,,) of g, with the following property: there
is a neighborhood %, of X, ={z € K,,/z, = 0} and m, € I'(%,), vanishing on X,
such that

(651) Apy — Whe = [g;a(abm)]mo on gO‘
Moreover, for points z € 9,
(6.52) ap,(2) = lim w;

j=o

where wo = wy,(2) and wj.; = w; — g(x, w;)/g'(x, w;) with x = q,7,,(2).
In order not to break the main proof we postpone the proof of (6.5) to (6.12).

(6.6) Accepting the lemma, define
(6.6.1) a3 (6P) = ap,qp,': NL,(6®) - C.

By taking the suitable restrictions we define aj,(8), A=1,2, 3, 6 <6®. It is
clear that these maps have the property (6.4.2).
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Note the following facts, which will be useful later. Using the notations of
(5.11.3) and (5.11.4), for 6 small enough,
(6.62) MAi, j, k; 8)—E < |) PH6®)cF
beSijk
(where S;;, = {b € I/vt(b) = (i, j, k)}) for A = 1,2, 3, (i,j, k € J' (cf. (5.11)). Given
8 < 6%, define, for 4, i, j, k as in (6.6.2),

(6.6.3) R¥(i, j, k; 0) = {Q € V/n(Q) € g(M*(i, j, k; 9)) — A}.

Then, from Lemma (6.5), it immediately follows that the maps aj,(d), b € S,
patch together to give a well defined holomorphic map

(6.6.4) a*(i, j, k; 8): R(i, j, k; 8) > C, A=1,2,3.

Moreover, if A is a curve in one of the systems #}(b € S;;), then there is some
real p > 0 (depending on A), such that if Q = (x, y) € V and x € A corresponds
to a value z;, of the parameter of A, with 0 < |z | < p (cf. (5.5)) then

(6.6.5) a,(6)(Q) = lim w;
where wo = y and w;.; = w; — g(x, w;)/g'(x, w;).

(6.7) Next we want to show that the maps a;,(5) agree on the intersections
of their domains, if § is small enough. To see that, first we define a number 5
as follows.

Consider the polynomials F(g)(U), Q,(9)(U, V), R(g)(U, V) associated to
g(y), introduced in (4.5). Since B;(0)=0, i=1, ..., n for some 0 < K < 1,
6, > 0 we have |F(g)(x, u)| <1/4 for |x| <d;, |u] < K. Now we compute
the numbers M, M’ of (4.4.1), (44.2), with our data and J,. Next, for some
0, <6y, |g'(x,y)| <min ((4M)~1, (4M')"', (4K)"', 1) for |x| <9,
|y| <d,. Now, by continuity of the algebroid functions, we may choose
03 < J, such that |x| < J; implies that all roots y(x) of f(x, y) = O satisfy
|yi(x)| < min (8,, K/2). By condition (e) of (5.7) we can get a number 6* such
that G*(6®) is contained in

(6.7.1) U,={zeC/|z| <d3,t=1,...,r}

Next, we would like to analyze the following situation. Consider one of the
coordinate opens M(i, j, k, §) in F (with § < ). Assume E(P) is defined by
zy*...-zp =0,i>2. For each k, 1 <k <1i, we may consider the curves A,:
X, = a,, t # k, for constants ay, ..., G, ..., a,. We know that for |x,| small, if
Q = (x, y)e Vand x € q(A,) — A, then a'(i, j, k)(Q) is given by the “Newton
sequence” (6.5.2). How small should |x,| be to achieve this? The following
lemma says that if a coordinate a,, 1 < v <i, v # k, is close to zero, then we take
| x| “not too small”. Precisely, we have:

(6.8) LeMMA. With notations as before, consider the coordinate open M* (i, j,
kid)cF,i=1,...,rj=1,..., w, é <8, with coordinates (z4, ..., z,) (cf.
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(59), (5.11.4)); let E(P) = q~ (P) (cf. (6.3)) be defined by z, - z;; = 0, Eby z, - -
z;=0,i>i>2, and assume 1 <k, v <i, v+ k. Let Q € M'(i, j, k; 6), with
coordinates (a, ...,a,),a,= 0,a, # 0for 1 <t <i,t# k (a,may be zero or not).
Then, there is a real number n > |a,|, and positive real numbers y,, 1 <1 </,
1 # k, such that for any point Q' = (x, y) € V satisfying:

(i) xeq(M(i,j, k, 8)) — A (cf. (6.3)),

(i) g~ (x) has coordinates (zy, ..., z,), with |z,| <n, |z, —a,| <y, t=1,
itk
we have

al (i’ Js k)(Q,) = lim w,

where Wo =Yy and Wim+1 = Wiy — g(xa wm)/g,(x9 wm)'

The proof of this lemma will be presented in Sections 6.14 to 6.16.

(69) Now we define a number 6 < §® such that {a}(5)} will agree on the
intersection of their domains, for § < .

For that, fix real numbers

(6.9.1) O < p3 < p2 < pl = 6(3)

We define, for any pair (b, ¢) of integers, 1 < b < ¢ < e (where, say, t(b) = (i, j,
k; (s)), ©(c) = (7, ), 1; (s))) a real number (b, c) as follows. Consider the families
(on F) 23(ps), b=1, ..., e (cf. (5.12).

(@) If (P2(p3))o M (P3(p3))o = 05 set (b, ¢) = p5 (recall that P is the car-
rier of a family 2 cf. (5.2)).

(b) Assume this intersection is non-empty. First note the following facts.

(i)

{Q € PX(p;)/l-coordinate of 6, }(Q) is zero}

(where 67 ': PXp;) — KZ(p5) is the coordinate isomorphism of (5.12)) is con-
tained in exactly one irreducible component of E(P), say E,.

(i) For & < ps, (P3(8))o can be viewed as a disjoint union of curves of the
form A = 0,({(z;) € K2(9)/z; is a fixed number for i # ¢, |z,| < é}.

(i) Each such curve meets E, only at the point corresponding to z; =0

(i.e., the origin).
Now, we claim that for certain p’ < p3, all such curves A (parametrized now by
z; € B(p')) have these properties: (1)-if A meets (P3(p3))o, then the origin of A
belongs to M?2(i, j, k; p,); (2) if the origin of A is in M?(i, j, k; p,), then A is
entirely contained in M'(i, j, k; p,).

To see (1), consider the compactset E, — M2(i, j, k; p,). It is disjoint from the
closure of (P3(p3))o (since M2 (i, j, k; p,) = cl (P3(p3))), hence the distance (with
respect to any metric inducing the topology of F) between them is positive.
Then, it is clear that for some p, < p, any curve A of the family 22(p,) with
origin outside M2 (i, j, k; p,) does not meet (P3(p3))o. To see (2), consider the
compact cl (M2(i, j, k; p,)) N E,, disjoint from the closed F — M'(i, j, k; p,),
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hence at positive distance. Again, it is easy to see that for some p’ < p,, any A
in 23(p’) with origin in M2(i, j, k; p,) is completely contained in M'(i, j, k; p,).
Take &(b, ¢) = p’, and define

(692) 0 =mingb,c), 1<b<c<e.

(6.10) Now we are in conditions to prove that the functions aj,(8) (cf. (6.6))
coincide on the intersections of their domains, for 6 < 6“. Let Q € N3,(6'Y) n
NZ(©0¥), 1<b<c<e 1l <a<afd), 1 <p<alc) (cf. (52) and (5.13)). We
want to see that

(6.10.1) a3(Q) = a4(Q).

To simplify, we shall write ¢ = 8%, a® = a2y(6'¥). First, note that there is a
unique curve, say A, in the family .4#"%(e) passing through Q. But (we claim)
A —{P} =R'Y(i, j, k; py) (cf. (6.6.3) and (69.1)). In fact, the projection
Ao = n(A) = C" is a curve in £2(¢); on the other hand A, = g(A’) is a curve in
23(¢), having at least one point (namely, ¢~ 'n(Q)) in common with Pj(¢). By
(1) and (2) of (6.9), A" = M'(i, j, k; p,), hence by Definition (6.6.3), A — {P} =
R(i, j, k; p,), as claimed.

Let t(b) = (i, j, k; (). In the sequel, we write a' = a'(i, j, k; p,) (cf. (6.6.4)).
Note that if we find a point Q, € A such that a3(Q,)= a'(Q,), then
a®(Q) = a*(Q). In fact, the functions a® and a' defined by the formulas

(6.10.2) (x, )= (x, d'(x, y)), i=1,3,

are two mappings from A — {P}to =’ (A, — {P}), commuting with the projec-
tions on A, — {P}. Since these spaces are etale over the connected space
Ao — {P}, if the maps (6.10.2) agree at a point they agree everywhere, hence we
shall obtain a*(Q) = a'(Q). But also note (use (6.6)) that a*(Q) = a3 (¢)(Q).
Hence, if such point Q, exists, (6.10.1) would follow.

To show the existence of such Q,, consider A, = n(A), parametrized (using
the map q,, cf. (5.11.2) and (5.5)) by {z € C/|z| < ¢}. Then, by (6.6.4), there is
some p > 0 such that, if Ay(p)={R € Ay/R corresponds to z € B(p)}, and
Q' € A verifies n(Q’) € Ao(p), then a*(Q’) = lim,_, , w; (Where w; is defined as in
(6.6.5)). On the other hand, consider A’ (the curve in 22(g) such that
q(A’) = Ay). Let Q be its origin, Q, € E(P). Then, there is a neighborhood % of
Q,, such that for any R € V, with n(R) € q(%) — A, we have a'(R) = lim ., , w,
where w; is defined by (6.6.5). In fact, let the coordinates of Q, (in the coordin-
ate neighborhood M'(i, j, k; 8V) be (a,). Since Q, € E(P) (defined by z, -
2, =0), a,=0 for some t, 1 <t <7i.Ift=k, the existence of % follows im-
mediately from Lemma (6.5), if ¢ # k, from (6.8). If A’(p) = F is defined by the
condition g(A’(p)) = Ao(p), then clearly ¥" = (% — E) n A'(p) # 0. Then, for
any Q, = (x, y) € A such that =(Q,) € (@), clearly a'(Q,) = a*(Q,) = (x, ¥o)

where y, = lim;,,, w;, and w; is defined by (6.6.5). The proof of (6.10.1)is
complete.
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(6.11) Now we prove that the morphism
(6.11.1) $: (U = A)->n'"(U - A),
(where U = G*(6Y) U A is an open neighborhood of P, cf. (5.7) for the nota-
tion) given by
(6.11.2) (%, y)=(x, a2 (x, y)) e V'
is an isomorphism. As before, let ¥ = ¢. Since n~}(U — A) and o'~ }(U — A)

are non-singular, it is enough to show that ¢ is bijective, and by (a) of (5.13), it
suffices to show that for any curve A in some family .#;(¢), the map

P(A): n”HA = {P}) > H(A — {P})

induced by ¢ is bijective. Since these spaces are etale over A — {P} and ¢(A)
commutes with 7, 7', it suffices to check this for points of some deleted neigh-
borhood of the origin.

So let A be a curve of certain #3(¢), parametrized by

l//(Z) = (‘/’I(Z)’ ERE) IP,,(Z)), zeD= B(S)’

where y: D — A is naturally induced by g0,: Kj(¢) > U (cf. (5.11.2), (5.5)).
Consider the pull-back (by ) of #~!(A) and 7'~ !(A) to D; we get a diagram,
with cartesian squares:

c " 1(A)
(6.11.3) C———n1(A)
by

Then, C, C' are the plane curves given by the equations

F@y) =y + 40N ™+ + A,(z) =0
and

9z y) =Y+ BiWE))Y" '+ + By(¥(2) =0

respectively, and h, i’ are homeomorphisms. We claim that there is an isomor-
phism p: C — C’, defined near the origin, such that the following diagram
commutes:

C —{P) —— 1"} (A) — (P}

(6.11.4) , l lw\)
¢~ (Po— s v (A) ~ (P}

(P, is the origin in the (z, y)-plane, and C, C’, A really are the restrictions of the
corresponding curves to a suitable neighborhood of the origin.) The bijectivity
of h and K’ clearly implies that ¢(A) is bijective.
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To find such a germ of isomorphism p is equivalent to find an isomorphism
of C{z}—algebras

o' CEYVEE Y)~ CEIYIT( V).

By Nakayama’s lemma it suffices to find a root a of §(z, Y) in A, satisfying
a = y(mod (z)A4), where A = C{x, y}. But we have

(6.11.5) g(v) € [9' V)1 (zA).

We shall prove it in (6.10). By Hensel’s lemma there is a unique solution, giving
the isomorphism p'. It is easy to check (using (4.2)) that the induced isomor-
phism p has, near the origin, the form

p(Z’ y) = (Z’ a(z, )’)),

where a(z, y)=lim;, w;, wo=y and w;,, =w;—g(z, w;)/g'(z, w;). From
this, using the definition of ¢, it follows that (6.11.4) commutes. Hence ¢(A) is
bijective; and we saw that this implies that ¢ (cf. (6.11.1)) is an isomorphism.

(6.12) To finish the proof of Proposition (3.6), we must show Lemmas (6.5),
(6.6) and the equality (6.11.5).

Proof of Lemma (6.5). The indices b, a will remain fixed throughout the
proof, so we shall write K,,= K, K, = K', w,, = w (cf. (6.4.3)). We also use
notation H; = By, G; = Apy = A'qy Ty

U(Y) = gba(Y) =Y + Z Hn—iYi, u(Y) =ﬁ)a(Y) =Y+ Z Gn—i Yl

We claim that there is an open neighborhood % in K) of X, and m € I'(%),
such that m(z) = 0 for z € X, and

(6.12.1) v(w) = [v'(W)]*m
on %. To check this, note that as y" + Y. 4,(x)y"~' = 0, we get
(6.12.2) uw)=w"+Gw '+ +G,=0 on K.

Recall that 4; = B; mod (x)**!, with ¢ defined in (6.3.2). Thus
Am(x) - Bm(x) = km.c+ l(x) + km,c+2(x) +-

where k,, ; is a form of degree i. We shall consider the pull-back of this equality
to K’ = K,, via g, (cf. (6.4.2)). Note that g,(z), a function from a polydisk to C’,
is of the form

a(2) = (@1(2), -, 4,(2)),

where g;(z), i = 1, ..., r, is holomorphic; and since g, !(P) is the analytic set of
equation z, = 0, g;(z) has necessarily the form

gi(z) = zpi(2),
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for certain p; € I'(K'). Thus, on K/,
Apm(2) = Bom(2) = ki, c+1(2xp1(2), -, zepi(2)) + -+
and, using the homogeneity of the k’s,
(6.12.3) Apm(2) — Bym(z) = 25+ 11,,(2)
for certain I,,(z) € I'(K’). Using (6.2.1) and (6.2.2), we have on H(j, j) (cf. (5.9)),
(zy - z)f = (5ij)2(21 Zi)c—zcaj)hij(z)'

Then, calling h = (z; -*- z;)"2%(z, -+ 3, -+ z;)"°h;;, and noting that on K’
we have z, # 0,1 <t < i, t =+ k, we get, on K',

(6.12.4) % =06%h, hel(K)

where J, is the restriction of J;; to K'.
Thus, from (6.12.3) we get

(6.12.5) Apm(2) = Bym(2) = (36(2))* 2k Jom(2)

for some j,, € I'(K’). Then, by pulling back this equality to K, and recalling
how m,,: K — K’ is defined (cf. (5.13.1)) we get

(6.12.6) H,,(2) = G,(2) — 80(2)*Z8 ju(2)

where 8o = 0y My Jim = Jbm Tows 4 = d(bt). Hence, replacing (in v(Y)) H,, by
(6.12.6), and using (6.12.2), we get

(6.12.7) v(w) = 6§ p*

for certain p € I'(K’). To finish the proof of the claim about ¥, we shall relate 6,
to v'(w).

It is clear that J, is the discriminant of u(Y), hence by a classical formula,
(6.12.8) 0o = u(Y)E(Y) + u'(Y)D(Y)

for some E(Y), D(Y) in I'(K)[Y]. Hence, making Y = w and using (6.13.2) we
get

(6.129) 0o = u'(w)D(w).
But using (6.12.6), an elementary calculation yields
(6.12.10) u'(w)=v'(w) — 6%hy*

for certain h, € I'(K). So, by (6.12.9) and (6.12.10) we get
0o = D(wl'(w) — 83,

s € I'(K), and s(z) = 0 when z, = 0.
Hence

(6.12.11) So(1 + dos) = D(w)v'(w).
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Since s vanishes on X,, we can find a neighborhood ¥ of X, such that
|60s| <1 on . Hence, on ¥ the function (1 + 8,s) is invertible and we can
write

(6.12.12) 0o =v'(W)sy, s, eT(%

The equalities (6.12.7) and (6.12.12) prove our claim. With this, we shall prove
the lemma. If ¢ € X, we can find a polydisk D(c) = ¢ about ¢ and a unique
root a, € I'(D(c)) of the polynomial

oY) = V" + ¥ (H,i| D(c) """

satisfying a, — w = v (w)m on D(c). This is a consequence of (6.12.1), which
allows us to apply Hensel’s lemma (cf. (4.2)). We can extend analytically a, to
D°(c) = {z € K/z; € D(c)}. This is a consequence of the fact that

qpTp,: D°(c) — X, —» U, and n':n' (U, —A)->U,
are etale, and the morphism
y: De) > w (U, — A)

defined by y/(z) = (g, 74,(2), a.(2)) satisfies 7'y = q,7,,. Let a, be the extension
of a, to D°(b). Consider a collection of points ¢ € X,, which are centers of
polydisks D(c) as above, such that U D°(c) = K.

The maps a, agree on the intersections; in fact, D°(c) n D°(c’) is connected,
then using the uniqueness part of (4.2) and the principle of analytic continua-
tion, a, = a,- on D°(c) n D°(c’). Thus, we get a € I'(K’), which clearly satisfies
v(a) = 0. We take ¥, = U D(c), my = m| %, and (6.5.1) holds. (6.5.2) is a con-
sequence of Lemma (4.2). Thus, (6.5) is proved.

(6.13) With the same argument, we can show the following result, to be
used later. Make the same assumptions as in (6.5), but now we assume

A; = B;mod (x)****1 i=1,..., n, where s is a positive integer. Then, there is a
function a,, as in Lemma (6.5), but satisfying the stronger condition
(6131) Apy — Why = [g’ba(aba)]zzimo

on a neighborhood ¥4, X,; my = 0 on X,.

(6.14) Proof of Lemma (6.8). We may assume, after changing the indices if
necessary, that k = 1, v =.2. First we show the following lemma, in which we
use the notations of Section 5 and (6.5), (6.8) and (6.12).

(6.15) LEMMA. The assumptions are as in (6.8) (withk = 1, v = 2) but we also
assume that a, € D*(i,j, t,s,),t =3, ...,i(cf (5.10)). If 1 <s <4,and y is a real
number, let B/(y) = B(y exp (3ins), y) (cf. (1.2) (a), here i is the imaginary unit).
Fix s;,1 <s, <4 Letb=1"1(i,j, 1;s,, ..., 5;), 1 <o < a(b). Then, there are
real numbers n > |ay|, 11> 0,1=2, ..., r, such that:
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(@) S'={(z) e H'(, j, 1)/|zy| <, z2 € Bi,(v2), |z, —a,| <7y, t=3, ...,
r} < K3 (9) (¢f (5.12), (5.2)).
(b) IfQ =(x,y) eV, xeqbi)S), then a'(i, j, 1, 6)(Q') = lim;._, , w;, where
Wo =y, Wir1 = w; — g(x, w;)/g'(x, w;).

Proof. We keep the notations of (6.12). In particular, generally we drop the

fixed indices b, o.. Consider the polydisk H(i, j) = H° (cf. (5.9)) and y = q6(ij):
H® - C". Since we assume

{z € H/zyz, = 0} < E(P),

then x(z) = (zy 22 xi(2)), i =1, ..., r, where each y; is an holomorphic function
on H°. Reasoning as in (6.12) we get the following formula, analogous to
(6.12.3):

(6151) AmX(Z) - BmX(Z) = (Zl 22)€+l¢m(z)
forall ze H =y~ }(U,) (cf. (6.7.1)); ¥, € '(H). Using (6.2.1), we get, on H,
(6.15.2) (2122 = (z5 - 2;)"“P6;hy;

forze H ={ze H/z,e D'(i,j, t;s), t =3, ..., i}. Write

h(z) = (z5 -+ 2;)~<0,
By the choice of ¢ (cf. (6.2.2)), from (6.15.1) and (6.15.2) we get, on H,
(6.15.3) Apx — By = (212,)01 WY,

where 6, = dy, Y, € I'(H), note that h is not holomorphic (unless i = 2), but
meromorphic.

Let d =d(b, «), p the positive d-root of 3, K = K},(p), K' = K}(0) = H,
p = my, (cf. (6.4.3)). Note that p(z) = z, where z;= z; for i > 1, 2|, = z4 (since
7(b) = (i, j, 1; (s))). Consider the pull-back of the equalities (6.15.3) under p. We
get, on K (using the notation of (6.12)),

(6.15.4) G, — H, = 2 2,03h*L,,

where dy = 9, p, L,, = Y., p, note that h did not change, since it does not involve
the variable z,. Also note that all functions on the right hand side, except h, are
pull-backs of functions in I'(H). We may relate , with v'(w) as in Lemma (6.5)
(cf. (6.12.8) ff.), but note that now the coefficients of the polynomial D(Y) (cf.
(6.12.8)) are pull-backs (by p) of functions in ['(H). With elementary computa-
tions we obtain, as in (6.12.11), the following equality on K:

(6.15.5) do(1 + do5) = D(Wlv'(w),
where

(6.156) S§=2Z Zzh20'1 ®(W)
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and O is a polynomial; moreover o, and the coefficients of @ are pull-backs of
functions in I'(H). Let 6, = o, ®w; then (we claim) o, is bounded on K. In fact,
w is obviously bounded, and o; and the coefficients of ® are bounded, since
they are pull-backs (by p) of holomorphic functions on H, which contains the
compact set cl (p(K)). Hence, |o,|] <M on K, for certain constant M.
Consider

K ={z/|z| <&} x [ D'G,j. t;s) x [] H' G J, t);
t=2 t=i+1
choose n> |ay|, 7, t =3, ..., r such that n < and {z/|z — a,| <74} is con-
tained in D'(i,j, t,s,) fort =3,...,iand in H'(i,j, t)fort =i+ 1,...,r. Then,
since no disk D! contains the origin, there is some positive constant M, such
that |h(z)| < M, for z = (zy, ..., z,) with |z; — a,| <y, t =3, ..., i. Write, for
a real number 7,

(6.15.7) S'(0)={z= (24, ..., z,)/22 € By, (), | 24| <m;
z,€Bla, 7)., t=3,...,05z,€ H'(i, j, t), t > i},

and S(y) = p~*(S'(y)). Clearly for y = y, small enough, S'(yo) = K’ and also
(using (6.15.6) and the bounds M, M,) |d,5(z)| < % for z € S(yo) = K. Then, if
we restrict the equality (6.15.5) to S, we can invert (1 + d,s), to get

(6.15.8) 0o =V'(W)rg, reI(S),

where ro = D(w)(1 + d,s)”'; note that r, is bounded on S(y,). Using (6.15.3)
we get

(6.15.9) G, — H,, = v'(w)’m,
where
(6.15.10) m=z4z,rh*L,,.

Note that S'(y), for y < y, satisfies condition (a) of the statement of Lemma
(6.15). Now using the fact that & < &'*, we shall see that for some y, < 7,
condition (b) is also satisfied. We want to use (4.2) to prove that, for some
72 < 70, the function f= a'(i, j, 1; 6)q,, (cf. (6.4.3)) can be computed with the
“Newton sequence” (6.5.2), for all z € S(y,). Consider the sufficient conditions
for convergence (on the polydisk S(y)) of the Newton process, listed in (4.6).
The choice of 6® implies that all of them, except perhaps (iv)
(|m| < &1 + M’)) are automatically satisfied. But from (6.15.10), clearly for
some y, < 7o, |m| < #(1 + M’) on S(y,). Then the polydisk S’ = S'(y,) satisfies
(a) and (b), and the lemma is proved.

(6.16) Now we conclude the proof of Lemma (6.8). The assumptions imply
the existence of integers s,, t = 3, ..., i, such that a, € D'(i, j, t; s,). In fact, for
fixed i, j, t, these disks (with s, varying) cover H!(i, j, t) (cf. (5.10)). We apply
repeatedly Lemma (6.15), for s, = 1, 2, 3, 4, and for each s,, for all possible
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values of a. We get numbers y, ; ,, A" ,. Let

ye=1nf (y, 5. t > 2, n=inf{n }, »,=inf{y, ; }.

Consider H'(i, j, 2), it is clear that for y, small enough, the set
4
{z/0 < |z| <7} = U B(; exp (zims), 2).
s=1

With this choice of n and v,, t =2, ..., r, Lemma (6.8) is an immediate con-
sequence of (6.15).

(6.19) The proof of the equality (6.11.5) is completely similar to the proof of
formula (6.12.1), and we do not repeat it here.
The proof of Proposition (3.6) is complete.

7. Proof of Proposition (3.8)

(7.1) We shall use the notations of Sections 5 and 6. In this section,
R = {real numbers}, R(+) = {a € R/a >0}, R(—) = {a € R/a < 0}.

Let us define the number ¢, of (3.8). Consider the families .#3(6*’), which
will be denoted here simply by .#,, similarly K, will denote K3(6*). Through-
out this section, the number §* of (6.9) will be denoted by 6. Fixany b= 1,...,
e. We let

Ky ={(2) € Ky/z # O};
here we assume t(b) = (i, j, k; (s)). Note that the fundamental group of K, is
isomorphic to Z = {integers}; let p be a generator. Thus, K, is not simply

connected, but we can express it as a union of two simply connected subsets,
namely,

(7.1.1) ;J={ZEKb/Zk¢:R(+)}’ Kg:{ZEKb/zk¢R(_)}‘

Using the monodromy theorem, by fixing Q € q,(K}), considering the differ-
ent roots y, of y" + 3 A,(Q)y"~ " and analytic continuation, we find n holomor-
phic functions

(7.1.2) m:Ky—»C i=1..,n

such that n} + Ay ni "' + - + A, = 0, where 4= Aq, (cf. (5.11.2)). The fun-
damental group of K, operates on the set {1y, ..., 7,} in an obvious way. For
any p=1, ..., n, there is a smallest positive integer r, so that p"n, = n,. This
follows from the definition of ,,, moreover, it is easy to check that r , is precisely
the integer d(ba) of (5.15) (c),if (Q, ¥,) € Ny, Letb=1,..., e, 1(b) = (i,j, k; (s)),
and consider, for 1 < p, ¢ < n, p # q the polydisk

Gyp,q)=1{ze€C/z,e D3(i,j, t;5) for i<t<it+#k,

|z [P < b, z, € H(i, j, t) for t>i}.
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Define a map wy: Gy(p, ) = K, by w,(z) = 2/, where z; = z, if t # k, z, = z}7".
Then, the open set of G(p, q),

Sp(p, q) = {z € Gy(p, q)/0 < arg (z,) < 2n/r,ry, z # 0}
is isomorphic, by w;, to Kj.

Clearly, by the choice of r,, the functions n,w, € I'(S,(p, g)) can be extended
first to an holomorphic function on {z € G,(pq)/z, # 0} and then, since it is
bounded, to a function ¢, defined on G ,(pq). Similarly, working with n, we get
functions ¢3,, € T'(Gy(pq)). Consider the difference ¢},, — ¢3,,. let I =1(1, b, p,
q) be the order at which it vanishes along z, = 0, i,

(7.1.3) ¢I}pq - d)l%pq =1z,
where 4 € I'(G,(pq)) and z, = 0 is not a zero of A.

Working in a similar fashion with the different sets K} we get functions w,,
®hpq and, we find numbers I(2, b, p, q). Take

s>sup {I(1, b, p, q), 12, b, p, q)},
where 1 <b <e, 1 <p,q <n, p=+#q. Define

(7.1.4) co=c+s.

(72) By the choice just made, ¢, > ¢, the number of Proposition (3.6).
Hence, by that result, if V' is another hypersurface given by equation (3.2.1)
with B; = A(mod (x)*°*'), and A’ = A near the origin (cf. (3.2)), then there is
an isomorphism

¢:n YU —A)->7n'"1(U -A)

for certain neighborhood U of the origin; moreover, if (x, y) e V, then
$(x, ) = (x. a(x, ) € V', a e T(n~ (U — A)).

(7.3) LeMMA. Fix anindex b,b =1, ..., eand let ©(b) = (i,j, k; (s)), A, be the
curve in &, corresponding to a € Y = {a € K,/a, = 0} (cf. (52)); this curve is
parametrized by z, € B(d) cf. (5.5)). Then, there is a subvariety Y' of Y, of dimen-
sion <r —1=dim Y, with the following property: given ¢ real positive, for any
a € Y — Y' there is a number d(a), such that for any pair (x, y,), (x, y,) in V, with
x € A, and corresponding to a value z, of the parameter satisfying | z,| < d(a), we
have

(7'3'1) I(y;_y;;/yp—yq)— 1' <&
where y; = a(x, y;), i=p, q.

Proof. We know by (6.4), that « is induced, for points in =~ (L, n U), by
the functions a,, = a3,(0) € I'(N,,), where N,, = N3,(5). We may work on

7 Y(Ly) = | J, Ns.,» since only such points are involved in the lemma. We also
omit the index b, since it does not vary during the proof.
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Fix a point zq € K’ n K" (cf. (7.1.1)). Consider a pair p + ¢, 1 < p,q < n,and
assume (cf. (5.13.1))

(732) (a(z0), m(20)) € N,
(7.3.3) (q(z0), 14(20)) € N

Let n,: K' = K, (K,= K3,(p®), (p)* = 8) be given by 7(z) = q,'(q(2),
1,(z)) (cf. (5.13.1)). Then n,n'(z) = z, for z € K’ (n, = m,,, recall we are omitting
the index b). It is readily checked that if we define j: G(p, q) - K, by j(z) = Z,

where z; = z, for t # k, z; = pzs, p a conveniently chosen r,-root of I(andr,,r,
as in (7.1)), then we have a commutative diagram

T

(73.4) G(p. q)

\\/\

S(p, q9) —K’

This is an immediate consequence of the definitions, using the remark that
r, = d(ba).
Consider now the function a, = a,, of (6.14). Since 4; = B(mod (x)****1),
we get an equality
Ay — Wy = [g;(aa)]Zz‘lscm’

on certain neighborhood ¥, of X, = {z € K, /z, = 0}. If we pull-back this equa-
lity to G(p, q) via j, we find

(7.35) a, — Gpg = M,

where a,=a,j, and m, is holomorphic in some neighborhood ¥, of
Y,, = {z € G(p, q)/z # 0}. This easily follows from diagram (7.3.4).
Similarly, interchanging the roles of p and g, we get an equality

(7.3.6) a, — ¢, = zim,,

valid on a neighborhood %, of Y,. From (7.3.5) and (7.3.6) we get, on
Y=%,n9%,

(7.3.7) (a, — ag /L, — d2) — 1 = z3(m, — m,)($L, — $Z,)""

But ¢), — ¢2, =z A, t <s and Y, is not a zero of A (cf. (7.1.3)). Then,
l = bO(Zl’ ceey ék’ ey Z,.) + Zkbl(Z), bo 7‘: 0. HenCC

(7.3.8) (a, — ag /by — §2,) — 1 = zxmy, /b + z,.by

where m,,, € I'(9), b, € I'(G(p, q)), i = 0, 1; b, does not depend on z.
Now it is clear that given a = (ay, ..., a,),a € 9,by(a) + 0 and a real number
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¢> 0, if in (7.3.8) we fix z, = a,, t # k and consider values of z, with |z,| <,
small enough, then

(7'3'9) I(ap - aq)/(d)zliq - ¢127q) -1/ <e

So far, we worked with a fixed pair (p, q), hence to be precise we should write
throughout an index (p, q). For instance, by = b, ,,, 4 = ¥,,, etc. Also, we have
used in this process the manifold Kj of (7.1.1). Clearly, we may apply to
K" = Kj of (7.1.1) a similar procedure (with obvious changes), to get functions
bygs Gpy Ggy P pgy Wapy, €tC., With properties analogous to those of a,, a,, etc.

Apply this process to all possible pairs p, ¢ (with both K’ and K"); in
particular we get a collection {b’,, b}, of functions of r — 1 variables, analo-
gous to the function b, defined above. Consider the different morphisms w;,,:
G(p,q)— K,i=1,2,1 < p < q < n, and the various images of the subspaces of
equation z, = 0, b;,, = 0. This way we have a finite collection of subspaces of K
(Wipq is proper), let Y’ be its union. We claim that this is the set Y of (7.3) In
fact, given ¢ >0, if ae Y — Y =« K and A, is the corresponding curve in .2,
then the inequality

(i = yilyi—y) — 1| <e
is equivalent (for suitable p, q) to

(7'3'10) |(ap - aq)/((ﬁ,pq - iq) -1 | <¢

(or, if we had to work with a w,,,, the same with a,, ¢}, instead of a,, ¢,
respectively). But (7.3.10) follows from (7.3.9). This proves Lemma 7.3.

(7.4) Now we shall prove the existence of real numbers, m, M and a set G/,
such that G’ U A contains an open neighborhood U, of P, U, = U, and if
xeG,(x,y,), (x,y,) are in V, and a(x, y,) = y,, a(x, y,) = y}, then

(7.4.1) m< (v, — Y) v, — ¥)| <M.

This will prove Proposition (3.8), and hence Theorem (3.3).
Consider (using the notations of (5.9) and (5.10)) the polydisk

K(ijk) = {z € H*(ij)/ | 2| < 6};
let M(ijk) = $(ij)(K(ijk)). Let
M (ijk) = M(ijk) — E, K'(ijk) = K(ijk) —{z/z, - z; =0}
where ¢(ij) " !(E) is defined by z, --- z; = 0. K'(ijk) is not simply connected, but
it can be expressed as the union of 2' simply connected open subsets. In fact,

K(ijk) = [ T;=1 H{(ijt), where H(ijt) = H3(ijt) if t + k,

H(ik) = (= € H3(jk)/ | 2| <)
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(cf. (5.10)), then for ¢ < i, let
HO(jt) = {z € H(iit)z ¢ R(— )
HOijt) = {z & H(ijt)z ¢ R(+)}
Then, K'(ijk) is the union of the 2' possible products
(142) [T HOOGie) x [T H(ie) = K (k)
=1 t=i+1

where A(t) is 1 or 2. These spaces are simply connected. We let #,, 1= 1,...,2},
be the sets in (7.4.2) (taken in a certain order). Fix v,v = 1, ..., 2/; since #, is
simply connected, by analytic continuation we may find n holomorphic func-
tions &,, ..., &, on J#,, such that

(7.43) &+ A8+ +4,=0 on #, p=1,..,n

where A4, , = A4, q0(ij) (restricted to #,). Note that £ (x) # £ (x) forall x € #,,
if p # g. The fundamental group I of K'(ijk) is isomorphic to Z‘, and it acts on
the set {¢,, ..., &,} in an obvious way. Let p, ..., p; be a free basis of I". For
1<t<i, 1<p<n, let r(t, p) be the smallest positive integer such that
piPE, = &,; it is immediate to check that these numbers exist. For p # g,
1<pg<nlet¥,,=][[-, %, where ¥, = H(ijt) for t > i; and for t <i,

G ={zeC/|z|0P"D < ¢, v)},

where n(t, v) = &*(ijt) if t # k, and ¢(k, v) = 8. Next consider the mapping u
% ,q4 — K(ijk), given by

(744)  uy(z)=1z; zp=(—1)OF1gePred v <j; zi=z, t>i

pqv*

(A(z) is the index in (7.4.2)). Let
Spqw = {2 € 9,0, /0 < arg (z,) < 2m(r(tp) - r(rq)) ', t=1, ..., i},

then §,,, is isomorphic to ., under u,,,. Clearly, by our choice of the numbers
r(t, p) and Riemann’s extension theorem, the functions induced by {,, {, on
S, can be extended to holomorphic functions {},, {; on %,,,.

Now consider the functions

(7.4.5) a(i, j, k) = a*(i, j, k; 8): R*(i, j, k, ) > C
(cf. (6.6.3) and (6.6.4)). Let a,: S,,, — C be defined by
(74.6) ay(x) = a(i, j, k)(gO(i, j)upg(x), {p(x))-

Note that a, can be extended to a function @, € I'(%,,,). This follows from the
definition of u,,, (cf. (7.4.4)) and the fact that (x, y)— (x, a(i, j, k)(x, y)) is a
well-defined morphism from R3(i, j, k; ) = V into V', commuting with the
projections, and hence p"*Pa,=a,fort=1,...,i,p=1,...,n Thus,on %,
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it makes sense to form the quotient

(7.4.7) @, — 3)/(Cy — L) = Vpgo-

(7.5) We claim that this meromorphic function is actually holomorphic and
never vanishing on %,,,. We shall prove this by showing that it has neither
zeros or poles. In this section the indices v, p, ¢ remain fixed, so we suppress
them, i€, ¥ = Y s = G pgur U = Uy, etc. It is clear from the construction
that  is a unit outside z, ‘- z; = 0, hence the only possible zeros or poles could
be the subvarieties z,=0,t =1, ..., i

First, we see that y takes the value 1 on the subvariety Y given by z, = 0.
Assume first it is not a pole. Hence, for an open dense in Y, s is defined and
holomorphic. Let Q, = (a) be a point where it is defined. If we choose any (real)
arc y ending at Q,, and contained in {z/z, ‘-- z; # 0}, except for its end point
Q,, by continuity we have y(Q,) = lim y(Q) for Q tending to Q, along y. In
particular, we can choose y inside

A,={z€%b,/z,=aqa, for t#k}.

If ¢ is any positive real number, let Aj(c) = {z € A,/|z,| < d}. If o is small
enough, it is clear from our constructions that, letting 6 = g0(ij)u, we have
0(A,(a)) = A, for some curve A in some system %, and for each Q € Aj(0),

(75.1) (@)= (vs — y)/(ys — »1)

(with the notations of (7.3.1)), where (x, y;), (x, y,) are suitable points of V
lying over 6(Q). But, by Lemma (7.3), if Q, = (a) was chosen outside some
lower dimensional subvariety, then the expression (7.5.1) tends to 1 as Q tends
to Q, along y.

This worked with the assumption that y did not have a pole along Y. If it
does, consider !, and use the above argument with y ~!, which has a zero
along Y. Thus y takes the value 1 on an open dense of Y, hence on all of Y.
From this is easily follows that i has neither zeros nor poles on %,: were z, = 0
a zero, then the value of y at, say, a point z with z, = z, = 0, z; = ¢, ¢ real small
enough, s = t, k, should be simuntaneously 1 and 0. Similarly if z, = O is a pole,
by considering ~! (which again takes the value 1 on Y) we get a
contradiction.

(7.6) So, is we replace in the definition of %, the numbers &>(ijt), é by

smaller numbers &'(ijt), &', we get a polydisk ¥,,, = 4,,, and positive real

numbers

(7.6.1) Mugo{E'(ijt)}, 8'), M e ({€ (i)}, 0)

such that

(762) Mugo({&'(0, J, )} 0') < [0 @) < Mg (e (it)}, 9')

for Q € 4,,, (because now, y is the restriction of a function defined on a
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compact). In particular, using the compactness of E(P), we can choose those
numbers ¢'(ijt), &’ so that:

(@) = v M'(ijk, 8') is a neighborhood of E(P), where
M'(ijk, 8') = {Q € M(ijk)/Q has coordinates (z), |z,| < &(ijt), t # k, | z,| <.

(b) o <.

(7.6.3) Let m = min {m,,,({¢'(ijt)}, &)}, M = {M ,,({¢(ijt)}, &)} (both taken
over all possible values of the indices, which is a finite set). Then we claim that
G' = q(% — E), and m, M just defined have the properties stated at the begin-
ning of (7.4).

It is trivial that G' U A = U, is a neighborhood of P, contained in U. To see
that (7.4.1) holds, first note that since G' = U — A,

¢: " H(G) > n'" (@)

is well defined, moreover ¢(x, y) = (X, apx, y)) for (x, y) e 1" 1(G’) N Ny,
where a,, = ap,(8) = a(ijk), (cf. (7.4.5)); here (b) = (i, j, k; (s)). Let (x) € G,
(x, ¥p)s (x, y,) be in V; then, g~ *(x) € M'(ijk, &'). Choose an index v such that
(x) € g0(ij)(#,). We shall identify (to simplify notation) x with [g0(ij)]~*(x).
Choose functions {;, {,, in I'(#,) such that {(x) = y,, {,(x) = y,. We have

S’ C Gy > G
with §'=8§,,, N ¥,,,, and & = q0(ij)u,,,. Then ¢ induces an isomorphism
S' ~ q(M'(ijk, 8") n #,). Let z € S’ be such that {(z) = x. Then, it is clear that

(cf. (7.4.7)). By our choice in (7.6.3), this and the inequality (7.6.2) imply (7.4.1).
This concludes the proof of Proposition (3.8), and hence of Theorem (3.3).

8. Some Applications

(8.1) In this section we present some applications of Theorem (3.3) to
problems of algebraization of analytic singularities.

We start by recalling some well-known results. Given an algebraic variety V
over C, there is a canonically associated analytic variety, denoted V*, whose
underlying set is V(C), the set of closed points of V (see [9]). Given an analytic
variety V and a point P € V, we say that V is algebraic at P, or that P is an
algebraic point of V, if there is an algebraic variety W and a closed point
Q € W, such that O} , is isomorphic to the local ring of W* at Q. This is
equivalent to the assertion that ¥ and W" be locally isomorphic (about P, Q
respectively).

Let A = C[x; *** x,]», Where M = (xy, ..., x,), (ie., the algebraic local ring
of the origin of C"), then

h(A) = henselization of A = {a € C{x,, ..., x,}/a is algebraic over A}.
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This is a local ring. It is customary to denote the henselization of 4 as A4, we use
the notation h(A) to avoid confusion with saturations.

(8.2) Ifa germ of analytic set V, about the origin P of C", corresponds to an

ideal I = C{x, --* x,} generated by elements fj, ..., f,, in h(A4), then V is alge-
braic at P (see [2], 18.6).
Finally, recall:

(8.3) ARTIN’S APPROXIMATION LEMMA. Given polynomials

SieCxy, ooy Xy Vi ooos V) I=1, .0,
assume y;(x) € C[[x, --* x,]] satisfy

il yix), - ym(x)) =0, i=1,..., 5,

(where x = (x4, ..., x,)). Fix any integer d. Then, there are elements y {x) € h(A)
such that y,(x) = y;(x)(mod (x)%),j=1, ..., m and

il 3, (%), oo, Yu(x)) =0, i=1,...,5.
(See [1], Theorem 1.10.)

(8.4) THEOREM. Let V be an analytic hypersurface, defined near a point P of
C*' and let O = Oy, p. Assume there is a non-singular variety H and a finite,
strictly surjective morphism n: V — H (cf. (1.2) (g), defined near P, such that n(P)
is an algebraic point of A, the branch locus of n. Then, there is an algebraic
hypersurface W, a point Q € W, local parameters (x) of O, (x ) of O (the local
ring of W" at Q (cf. Remark (12 (f)), and an isomorphism ¢: O, — ', such that

¢(x;) = x; for all i (we use the notation of (1.4)).

Proof. 1t is easy to see that, up to isomorphism, the situation may be
assumed as follows: V is given near P, the origin of C"*! (with coordinates x,,
., X,, y) by the equation

(8.4.1) Y+ Ay T 4+ A(x) =0,

H is the hyperplane y = 0, = is induced by the projection (x, y) — (x, 0) and if
d, is the reduced discriminant of (1) with respect to y (i.e., if 6 is the discrimin-
ant of (8.4.1) = [ [ p¥, and p; is not associated with p; for i # j, then éo = [ p:),
then 50 = sPo, where ¢ is a unit and Py is a polynomial in x4, ..., x,. Then, since
¢ and J, have the same prime factors, we must have

(8.4.2) o = ¢"Pg = 0F, for some integer m > 0,
(8.4.3) 5 = 50G = 8P0 G,

where F, G are power series, convergent near P. Moreover, there is a polyno-
mial Q(T,, ..., T,) with integral coefficients such that

(8.4.4) O(Ay, ..., A,) = 6.



524 AUGUSTO NOBILE

Now, look at (8.4.2), (8.4.3) and (8.4.4) as polynomial equations in A;, d,, J,
F, G, ¢ with coefficients in C[x] (note that P, € C[x]). The equalities above
show that these equations have a solution in C{x}. Take d = ¢ + 1, where c is
the number of Theorem (3.3). By (8.3), we find B, %, F', G', ¢’ in h(A) congruent
modulo (x)? to 4;, d,. etc. Hence

(8.4.5) gmPn = §'F,
(8.4.6) § = ¢PyG,
(8.4.7) OBy, ...,B,)=45.

Consider the hypersurface W given near P by
(8:48) g(y)=y"+ By(x)y" ' + - + B,(x) = 0.

By (8.4.7), the discriminant of g with respect to y is ¢'; by (8.4.5) and (8.4.6), '
and P, have the same prime factors and therefore, since P, was a power series
without multiple factors, P, is the reduced discriminant of g. That is, the
branch locus of W is again given by P, = 0. Since {B(x)} are in h(A4), by (8.2),
W is algebraic at P. By Theorem (3.3), since 4;= B;mod (x)°*!, we have
O, ~ O (where O, O are the local rings of ¥, W at P respectively), by an
isomorphism leaving {x,} fixed. This proves the theorem.

(8.5) Remark. Note that these two embedded singularities are topolog-
ically equivalent (cf. (2.3)).

(8.6) CorROLLARY. Let V be an analytic hypersurface of dimension 2. Then,
there is an algebraic hypersurface W, a point Q € W, local parameters (x), (x') of
the local rings O, O of V and W" at P and Q respectively, and an isomorphism
¢: O— O, such that ¢(x;) = x;, for all i.

Proof. Take a morphism n with the properties of # in Theorem (8.4) (e.g.,a
“general” projection into a plane in C3). Then the branch locus A is a plane
curve, hence it is algebraic at n(P) (cf. [4]). So we are automatically in the
conditions of Theorem (8.4), and the corollary is proved.

(8.7) Remark. If, in the conditions of Theorem (8.4), for certain regular
parameters h,, ..., h, of the local ring of H at n(P) the induced parameters
x; = w*(h;) form a generic system of local parameters of ¢, p (cf. (2.5)), then
using (2.7) and (2.9) we see that the absolute saturations of ¢, pand of O’ are
isomorphic. Note that if dim ¥ = 2, then we can get (use suitable coordinates
Xy, ..., X,, y about P, and project into y = 0) a morphism = and parameters x;
which are generic. Hence we get:

(8.8) THEOREM. Given an analytic hyperface V, of dimension 2, and a point
P eV, there is an algebraic hypersurface W and a point Q € W, such that the
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absolute saturations of the respective analytic local rings at P and Q are
isomorphic.

With Theorem (8.8), one can prove the following known result:

(8.9) CorOLLARY. We make the same assumptions as in Theorem (8.4), but
now we also suppose O to be normal. Then, P is an algebraic point of V.

Proof. Keeping the notations of Theorems (8.4), there is an algebraic var-
iety W such that O, is isomorphic to ;.. Then, the normalizations of O and O’
are again isomorphic. But the normalization O of O is O, since O is normal;
and the normalization of O’ is algebraic, since the normalization of an alge-
braic variety is algebraic. Hence, the local ring O is algebraic, and the corollary
follows.

Again, if O is embedded, normal of dimension 2, then the conditions of
Corollary (8.9) are satisfied and O is algebraic. It is not difficult to see, using
these techniques and the local parametrization theorem (see [3], Ch. ITII.A) that
we can drop the condition that O is embedded. Thus one can get a different
proof of the well-known result that any normal two dimensional singularity is
algebraic.
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