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WEIGHTED SHIFTS WITH PERIODIC WEIGHT SEQUENCES

BY
Jim HARTMAN

Let {8(n) : n € Z} be a sequence of positive numbers with 8(0) = 1 and
sup{B(n + 1)/B(n) : n € Z} < ». We then define the Hilbert space L*(B)
by LAB) = L¥Z, B%. We denote f € L¥(B) by f = Z:__.. f(n)z" with the
summand f(n)z" indicating that f (n) is the n-th term of the sequence. Thus
we have ||| = Zr-_.. | f(n)|(B(n))*>. We also use z° = 1. The set {z" : n
€ Z} can be thought of as an othogonal basis for L*(8).

For f, g € L*B) we define the formal product & = fg by

h= Y hmz" whereh(n) = > fkg(n — k)
n=—owo k= —oc
if all the latter sums converge. Now let L™(8) = {¢ € LXB) : of € L} P)
for all f € L*(B)}. Then for ¢ € L*(B) we can define the linear map M,, :

L*(B) — L*B) by M(f) = ¢f. If we let w, = B(n + 1)/B(n), we have the
following theorem.

THeOREM 1 (Shields, [3]). For ¢ € L*(B), M, is a bounded linear operator
on LXB) and M, is unitarily equivalent to the bilateral weighted shift T
with weight sequence {w, : n € Z}. Furthermore, under this unitary equiv-
alence, {M, : ¢ € L™(B)} corresponds to the commutant of T.

One could also start with a bilateral weighted shift with a weight sequence
of positive terms and then define {8(n) : n € Z} by:

(i) B(n) = I;Zg wif n > 0;
(i) BO) = 1;
(i) Bn) = L2, wo) 'ifn < 0.

In this paper when we say weighted shift, we are referring to a bilateral
weighted shift with all terms of the weight sequence being positive. For
the most part, we will be studying weighted shifts with periodic weight
sequences. Theorem 2 provides some information about the adjoints of
operators in a certain subalgebra of L™(B8), and Theorem 3 is a spectral
inclusion theorem for shifts with periodic weight sequences.
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WEIGHTED SHIFTS 437
Let

HXB) = {f€ L*P) : f(n) = 0forall n < 0}
and

B(B) = (¢ € L7(B) : M* = M, for some ¥ € L7(B)}.

For T € B(H) (the set of bounded linear operators on the Hilbert space
H), we let o(T) denote the spectrum of T in B(H) and n(T) = sup{lz| : z
€ o(T)}. For ¢ € L*(B), we let [lg|l. = |M,||. When L*(B) is endowed with
this norm, it is a commutative Banach algebra (see Shields, [3]).

DeriNiTioN 1. For f € LX(B) we define f € L*8) by
Fn) = F (—mB(—n)/Bn).

The following facts are easy to verify.

1: H*P) is a closed subspace of L*g).
2. CC BB C L(B).

3. Forfe LB, Ifl. = (LN = IFl

Also, we will let P : L¥B) — H*(B) be the orthogonal projection of L*(3)
onto its closed subspace H*(B). This projection is described by the formula

P( > f(n)z") = gf(n)z".

We now examine the problem of determining when equality holds at

either end of the chain of inequalities C C B(B) C L*(B). The solution of
this problem is given in the following two lemmas and theorem.

LemMa 1. If ¢ € B(B) and N is an integer such that (N) # 0, then
BN + k) = B(N)B(k) for every integer k.

Proof.
BIN) = (pz*, ZV*H/BHN + k)
= (" M, Z""M/BAN + k) where M* = M,
= W(=N)B*K)/BAN + k) for each k.
Thus

BHN + k)/B*k) = B(—N)/@WN) for all k.
Letting £ = 0, we get

B(—N)/@(N) = BAN).
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Hence B(N + k) = B(N)B(k) for every integer k since B(i) > 0 for all i.
Q.E.D.

We also note at this point that (N + k) = B(N)B(k) for all k implies
B(—mN) = 1/B(mN) for every integer m.

LEMMA 2. Assume there exists an integer N such that B(N + k) =
B(N)B(k) for all k. Then wy ., = wy for all k (i.e., the weight sequence for
the weighted shift is periodic).

Proof. We have the following string of equalities:
Wyik = BN + k + 1)/BN + k)

= BBk + 1)/IBIN)BK)]

= Bk + 1)/Bk) = wy.
Q.E.D.

THEOREM 2. Let T be a weighted shift with periodic weight sequence of
least period N. Then B(B) = {¢ € L™(B) : &(n) = 0 for all n which are
not integer multiples of N}.

Proof. Suppose ¢ € B(B) and @(n) # 0. Then Lemma 1 and Lemma 2
imply w,,, = w, for every k. This implies n = mN for some integer m
since the least period of the weight sequence is N. Thus B(8) C E =
{¢ € L*(B) : 3(n) = 0 for n not an integer multiple of N}.

Now let ¢y € E. We will show that Mj = M;. This will be true if and
only if M.,"j(z") = Yz*¥ = M () for all k. The reason for writing this in such
an awkward fashion is that it is unknown whether ¢ € L*(8) implies § €
L*(B). Now we have

(M3, 2)/B(n) = (2%, ¥2")/BXn) = Pk — n)Bk)/Bn)
and

(M, 2")/B(n) = (2", 2"/B(n)
=y(n — k)

= Yk — mBk — n)/B(n — k).
If )k — n) # 0 then k — n = mN for some integer m. Hence
B(k)/B*(n) = B*n + mN)/Bn)
= B(mN)
= B(mN)/B(—mN)
= Bk — n)/B(n — k).

D

)|
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So we have (M}z*, ) = (¢, z") for all integers n. This shows that for
¢ € E, Mi(z" = y7* for every integer k. Q.E.D.

CoROLLARY 1. Under the involution  — §, B(B) is a commutative C*-
subalgebra of L*(B).

Proof. This is an easy consequence of Theorem 2.

CoRrOLLARY 2. For a weighted shift with a periodic weight sequence of
least period N, M,. is normal if and only if n is an integer multiple of N.

Proof. For n = kN, 7" € B(B). Thus M} = Mz which implies M,. is
normal.

For the converse we assume M} M,. = M, M}. This implies that
(zn+k, zn+m) = (Mznz", Mznzrn)
= (M%2*, M%2™)
= (7", " MBAkBm) /B (k — m)B*(m — n)]
B {B“(m)/ﬁz(m -n) ifm=k
~ o if m # k

by a direct computation for M#(z™). Also,

B(m +n) ifm==k

n+k n+nmy _
(7% 277 {0 ifm # k

Thus we have B(m + n)B(m — n) = B%m) for all m. By using m + 1
instead of m we also get B(m + n + DB(m — n + 1) = B%(m + 1). Now
dividing the latter equality by the former one gets

[B(m + n + 1)/B(m + WI[B(m — n + 1)/B(m — n)] = [B(m + 1)/B(m)]?

or, equivalently, w,., = w2 /W,_,. It can now be shown by induction
that

Winem = Wnam/Wm)w,, forall k= 0.

Since a periodic weight sequence for a weighted shift whose weight sequence
has all positive terms must be bounded above and bounded away from
zero, we must have w,,,, = w,, for every integer m. Hence {w,,} is periodic
with period |n|. This implies n = kN for some integer k. Q.E.D.

CoroLLARY 3. For ¢ € B(B) and f € LXB) we have of = of .
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Proof.
@) () = 3, dRfn -k
k= —o
= X =R f (n - bB(-k/BK)
k= —oc
= [B(—n)/B(n)] 2 =R f (n — kBM)B(—K)/BK)B(—n)
k=—o
= [B(-n)/BW)] Y, F(=Rf (n — KB — k)/Btk — n)
k= —o
— [B(-n)/Bm] S, TRk — n)
k= —o
= [(@f)]"(n).
This is true for all n, hence @f = ¢f. Q.E.D.

CoROLLARY 4. The equality B(8) = L*(B) holds if and only if all of the
weights are equal.

Proof. 1f B(8) = L*(B), then z € B(B). This implies the weight sequence
is periodic with period one.

The converse is immediate from the characterization of B(8) given in
Theorem 2. Q.E.D.

The following corollary follows immediately from Theorem 2.

COROLLARY 5. The equality B(B) = C holds if and only if the weight
sequence for T is not periodic.

An important weighted shift is called the unweighted shift. The unweighted
shift has w, = 1, or equivalently 8(r) = 1, for all n. This shift is known
to be unitarily equivalent to M, on L*d D) where 9 D = { € C : || =
1}. The measure is normalized arclength measure. We now discuss some
properties of weighted shifts which have periodic weight sequences.

ProrosiTiON 1. Let T be a weighted shift with periodic weight sequence
of least period N. Then B(n) = r"a(n) where r = BIN)N and a (n) is
periodic.
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Proof. Suppose n = 1and n = tN + s where 0 < s < N. Then
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Since 0 < s < N, the right half of the product above is a bounded sequence
a(n) which is periodic and has a(kN) = 1 for all £ = 0.
Now suppose n = tN + s where t < 0 and —N < s < 0. Then

() ()
(H) ()
digion

Again since — N < s < 0, the right half of the product is a periodic sequence

a(n) with a(—kN) = 1 for all k = 0.

Thus for all n, B(n) = r"a(n) where a(n) is bounded. To see that a(n)
is periodic overall, we note that for every integer k,

N + k)/a(k) = BN + kyr* /(BN **)
= BWN)BK)/(Bk)r™)
= BN)r "
= 1. Q.E.D.

I

B(n)

ProrosiTiON 2. For a weighted shift T having a periodic weight sequence
of least period N and r = B(N)"~ we have the following:

@B T H'=rD =r
() |IT|| = max{wq, ..., wy_;} and |T" """ = min{w,, ..., wy_,};
(i) ifN # 1, then |T'|™' < (TN~ = KT) <|TI;
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(iv) there exists a constant w > 0 such that
w sup{Bk — n)/B(n) : k = 0} < inf{Bk — n)/Bk) : k =0} foralln;
(v) fe€ LXB) if and only if Si__. F(n)r"z" € L*5 D).

Proof. Parts (i) and (ii) follow from the corollary to Proposition 7 in
Shields [3] and the theorem that ||T"||'/* — K(T) as n — . Part (iii) then
follows immediately from (i) and (ii). For part (iv) we consider

sup{Bk — n)/BKk) : k= 0} = sup{r "ak — n)/a(k) : k= 0}
r~" sup{ak — n)/a(k) : k = 0}
r " max{a(k — n)/a(k) : 0 < k< N}.

I

Similarly,
inf{8(k — n)/Bk) : k = 0} = r" minfa(k — n)/a(k) : 0 < k < N}.

If we let w = min{a(k — n)/a(k) : 0 < k < N}/max{a(k — n)/a(k) : 0 <
k < N} then w will satisfy the desired inequality. We note that w > 0 since
a (n) is bounded away from zero.

To prove (v), note that f € L¥B) if and only if

> |F (mPrrad(n) < .

n=—ow

Using the boundedness of {a(n) : n € Z}, we see that f € L"(p) if and only
if 37__.| f(n)r"> < «. This is true if and only if Z__. f(n)r'z" € L?
@ D). Q.E.D.

CoROLLARY 6. Let R : LXB) — L*9 D) be given by

R(f) = X frz.

n=—o

Then R is a similarity between M, on LXB) and a scalar multiple of the
unweighted shift. (The number r is as in Proposition 2.)

Proof. The fact that R is bounded and invertible follows easily from
the boundedness of {a(n) : n € Z}. For f € L*9 D) we have

RM.R™\(f) = RM, ( > f(n)r‘”z”>

n=—o

= R( 2 f(n)r—nzn+l)

n=—o
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2 f(n)r—rgrn+lzn+l

I

~
S
1YL

f (n)z"“>. Q.E.D.

ProposiTION 3. If ¢ € L*(B) and f € L), then R(ef) = R(p)R(f).

Proof.
(R(ef )" (n) = r'(ef)"(n)
=r Y #kfn -k
k=~
= 2 a0 - kr
k= —oo
= [R(@)R()]"(n).
This is true for all n. Hence R(eof) = R(@)R(f). Q.E.D.

CoROLLARY 7. The map R is a Banach algebra isomorphism between
L*(B) and L*(6D).

Proof. By definition, ¢ € L*(8) if and only if of € L) for all f €
L*B). Thus, by Corollary 6 and Proposition 3, ¢ € L™(B) if and only if
R(¢) g € L% D) for all g € L*9 D). Hence ¢ € L*(B) if and only if R(p)
€ L*( D). We also have

IR@R(F2epy < IR(@f N2y
<RIl lef 1l
< IR liell £ 12
<RI R "Il Il IR c2am-

Hence |R(@)ll.=p) < IR|l [R™"|l l¢¢ll. Thus R : L*(8) — L“(8 D) is continuous
and by the open mapping theorem so is R™'. The one thing left to verify
is that R(ey) = R(e)R() for ¢, ¢ € L7(B), but this follows from Propo-
sition 3. Q.E.D.

CoroLLARY 8. Suppose T is a weighted shift with periodic weight sequence.
If o € L*(B) and 0 # f € HXB), then of = 0 implies ¢ = 0.
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Proof. 1If of = 0then R(¢f) = R(¢)R(f) = 0 where R is as in Corollary
6. But 0 # f € H*B) implies 0 # R(f) € H* 5 D). However, R(p) €
L*(3 D) and R(e)R(f) = O implies R(¢) = 0 by the F. and M. Riesz
Theorem (Douglas, [1]). Finally R(¢) = 0 implies ¢ = 0. Q.E.D.

From the work above several questions may be asked. First of all, we
know that ¢ € B(B) implies ¥ € B(B), and hence ¢ € L*(B). Does ¢ €
L>(B) imply € L™(B)? One can answer affirmatively in special cases. For
example if the weighted shift is rationally strictly cyclic the answer is yes.
An affirmative answer is also obtained if (k) = r* for all k or if B(k) =
B(—k) for all k. For shifts with periodic weight sequences the answer is
determined by whether a(—n)/a(n) is a multiplier on L*(9 D).

The other question involves Corollary 8. Can one say that this corollary
holds for all weighted shifts, not just for those with periodic weight sequences?

We now make the following definition.

DerINITION 2. For ¢ € L*(B), let T, € B(H*(B)) be given by T(f) =
P(ef).

The operator T, is called the Toeplitz operator with symbol ¢. Toeplitz
operators for the unweighted shift have been studied quite extensively. We
may now ask which properties of Toeplitz operators for the unweighted
shift carry over to Toeplitz operators for shifts with periodic weight sequences.
Many of the same properties do hold, some with minor modifications. For
example, it is known that T} = T; for all ¢ € L*(3 D) for the unweighted
shift. For shifts with periodic weight sequences, we can only say that T} =
T; for ¢ € B(B). This is an easy consequence of Theorem 2. We now
examine further properties of Toeplitz operators for shifts with periodic
weight sequences.

THEOREM 3. Let T, a weighted shift with periodic weight sequence, be

represented as M, on L*(B). If ¢ € L™(B) and T, is invertible then M, is
invertible.

Proof. Since T, is invertible there is a constant ¢, > 0 such that |¢f], =

IT (Nl = cillfll, for all f € H*B). Also, there is a constant ¢, > 0 such
that |T*()l, = cilfll, for all f € L*(B). Now let n > 0 and consider

o 1/2
(2 G n))
k=0

llz="f1l,

I

*© ~ 1/2
(2 |f (WPBA(R)BY Kk — n)/,32(k)>
k=0

g Z L 1/2
< (E \f (k)IZBZ(k)) sup{B(k — n)/B(k) : k = 0}.
k=0
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By Proposition 2 there exists w > 0 such that
sup{B(k — n)/Bk) : k= 0} < w "inf{B(k — n)/Bk) : k= 0}.
Thus
lz="f 1l < Ifl. w™" inf{Bk — n)/B(k) : k = O}
< |Tufl w™'er " inf{Bk — n)/B(k) : k = 0}
< e "T L we) ™
< |lz""M ()l (wey) ™
< Mz "Fll, we,) ™" since M,M,-n = M- M,,.

Now since {z™f : f € H*B), n > 0} is dense in L*B), we have M, is
bounded below on L*(B). If we can show M* is bounded below on L*(B),
we will have the desired result (Douglas, [1], p. 84).

We attempt to imitate the proof that M, is bounded below. However, a
new difficulty is encountered here since M, -. does not necessarily commute
with M}. We get around this difficulty by noting that it is sufficient to use
n = kN where N is the period of the weight sequence and k is a nonnegative
integer because

{z7*f . f€ HXB), k = 0}
is also dense in L*(8). Now we have
Iz~ Nl < (cam) ™z T4 Il
< (ew) Iz "M S,
< (caw) ' IME 1),

Noting that z7*N € B(B), the last inequality is a result of the following
equation:

M, v M¥ = MEm M* = M* M*w = M* M.
Thus both M, and M} are bounded below. Q.E.D.

We have just shown that o(M,) C o(T,) for shifts with periodic weight
sequences. This is called a spectral inclusion theorem and was already
known for the unweighted shift. However, a spectral inclusion theorem
does not necessarily hold if the weight sequence is not periodic. The following
example illustrates this point.

Example 1. Let T be the weighted shift with weight sequence given as
below: ‘
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I

@ w,

(i) w, = %ifn< -1.

1ifn= -1,

Then for k = 0, |M% | = 2% It is also not difficult to verify that
IM,-1|n2gll = 1. Hence r(M,-1) = 2 from the first equality and

r(Tz—l) = ”Mz""Hz(B)" < 1.
Thus it is not possible that o(M,-1) C a(T,-1).

We now examine other conditions on T, which imply something about
the invertibility of M. The first result has been proven for the unweighted
shift. Its proof can be found in Douglas [1].

ProrosiTiON 4. If T is a weighted shift with periodic weight sequence,
then either Ker T, = {0} or Ker T} = {0} for all ¢ € L*(B), ¢ # 0.

Proof. Suppose both Ker T, # {0} and Ker T} # {0}. Then there exist
nonzero elements f, g € H*(B) such that T,g = 0 = T*f. Since T,g = 0
we have

®g € HYB) where HY(B) = {h € HXP) : h(0) = 0}.

Also T}f = 0 implies (T}f, z') = (M2f, 2") = (f, ") = Oforalln =0
This last equation says Z;_, f' (k)ak — n)B*k) = 0 for all n = 0.

Now let & € H?*(B) be given by htk) = FB(— k)B(k). (We note that
since the shift is periodic B(k)B(—k) is bounded.) Now

o

> h(-k@n + k)
k= —o

I

(ph)~(n)

> hk)(BR)/B(— k) + k)

k= —oc

> F ky@n + Bk
k=0
=0 foralln=<90
from the last line of the previous paragraph. Thus ¢h € HyB).

So R(¢h) = R(¢)R(h) € HXd D) and R(eg) = R(e) R(g) € H(® D). This
says

R(@)R(MR(g) € Hd D) and R(p)R(MR(g) € Hy(d D)
since R(h) € H*d D) and R(g) € H*® D). Now, by Douglas [1, Corollary
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6.71, we have R(¢)R(h)R(g) =0 which implies R(¢g)R(h) = 0. By the F.
and M. Riesz Theorem if R(h) # 0, then R(¢g) = 0. Corollary 8 of this
paper then implies that ¢ = 0. This is a contradiction, and so we are done.

Q.E.D.

The next two corollaries have also been proven in the unweighted case.
Their proofs are also found in Douglas [1].

CoroLLARY 9. If 0 # ¢ € B(B) and T, has closed range, then M, is
invertible.

Proof. We may assume without loss of generality that the weighted shift
has periodic weight sequence. If not, B(8) = C in which case the result
is trivial.

Now if ¢ € B(B) then T} = T;. Also by Proposition 4, we may assume
Ker T, = {0}. Then, since T, has closed range and Ker T, = {0}, we have
T, is bounded below on H*(B). One can then show, as before, that M, is
bounded below on L*B8). That is, there exists a constant ¢ > 0 such that
lefll, = cllfll, for all f € L*(B). Then, for f € L*8), we have

i@fl = lef Il = lefll. = clF e = clfl-

The second equality holds by Corollary 3. The above chain shows that
M¥ = M; is bounded below on L*). As before, we conclude that M, is
invertible. Q.E.D.

We recall now that S € B(H) is said to be Fredholm if the range of .S
is closed and if both the kernel of S and S* are finite dimensional. If §
is Fredholm, we define the index i(S) of S by i(§) = dim(Ker S) —
dim(Ker S%*).

CoroLLARY 10. If T is a weighted shift with periodic weight sequence
and ¢ € L7(B), then T, is invertible if and only if T, is Fredholm and
iT,) = 0.

Proof. 1t is easy to verify that if T, is invertible then T, is Fredholm
and i(T,) = 0. So if T, is Fredholm and i(T,) = 0, then Ker T,, = {0} and
Ker T} = {0} by Proposition 4. This implies both T, and T are bounded
below on H*(B) since they both have closed range. Thus 7, is invertible.

Q.E.D.

We now present the last result concerning B(B).

ProposiTION 5. The map ¢ — T, from B(B) to B(H*(B)) is *-linear and
isometric.

Proof. The proof that the map is *-linear follows easily from Theorem
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2 which says that M} = M; for ¢ € B(B). We also have
ITOl: = IP@Nl: < llefl: < llellfll. for all f € HA(B).

Hence T, =< [¢ll.. However, since B(B) is a commutative C*-algebra we
have r(M,) = ||[M,|| for all ¢ € B(B). Thus

lells = IM| = rM,) < HT,) < |T| < ll¢l. for ¢ € B(B).

The first inequality holds from the spectral inclusion theorem. The result
is achieved since equality must hold throughout. Q.E.D.
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