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SEPARABLY RELATED SETS AND THE
RADON-NIKODYM PROPERTY

BY
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1. Introduction

There is a duality between two interesting classes of Banach spaces: the
Asplund spaces and the dual spaces with the Radon-Nikodym property. The
Radon-Nikodym property can be defined for subsets of a Banach space and 0.
Reinov [17] and C. Stegall [23] have defined a class of subsets called the sets
which are measurable in themselves (Reinov) or the GSP sets (Stegall) which
have some properties in common with Asplund spaces. This paper is concerned
with such properties and with a generalization of the duality between these two
classes of sets.

Uhl [24] proved that if & is a Banach space such that every separable
subspace of Z has separable dual then 2 * has the Radon-Nikodym property.
The converse was obtained by Stegall [21] using a delicate construction.

We will assume that our Banach spaces are taken over real scalars. A Banach
space & is an Asplund space [15] provided every continuous convex function f
on an open convex subset C of & is Fréchet differentiable on a residual set of
points in C. Namioka and Phelps [15] showed that if Z is an Asplund space
then every separable subspace of £ has separable dual. Again the converse fell

to a construction by Stegall [22]. To summarize, we have the following
theorem.

THEOREM 1.1. Each of the following statements about a Banach space ¥
implies the other two.

(1) % is an Asplund space.
(2) Every separable subspace of Z has separable dual.
(3) Z* has the Radon-Nikodym property.

We turn statement (2) into a definition linking sets in a dual space with sets
in the predual.

DEerFINITION 1.2. A subset K of a dual Banach space & * is separably
related to a subset A of & provided for every separable, bounded subset S of
A the set K is separable for the topology of uniform convergence on S.
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Usually we need to assume that K is weak* closed and often that it is
convex. For weak* compact nonconvex sets the Radon-Nikodym property is
badly behaved, as examples in Section 4 will show and we use “RN sets” [18]
instead.

In Section 2 we show that a weak* compact subset K of £ * is an RN set if
and only if K is separable related to 2 and that a bounded subset 4 of % is
measurable in itself if and only if £* is separably related to A. Then we
characterize sets which are separably related in terms of the images of the sets
under certain operators being RN sets or measurable in themselves.

To start Section 3 we derive a geometric characterization of the Radon-
Nidodym property for weak* closed convex sets and use this to get a similar
result for pairs of separably related sets. We use that to obtain some results
about differentiability of convex functions using a construction due to Kenderov
[12]. As a corollary we see that a bounded set A4 is measurable in itself if and
only if every continuous convex function f on & has a residual set of points of
A-differentiability in the sense of Asplund and Rockafellar [1].

We thank Isaac Namioka and Robert Phelps for helpful and interesting
discussions about this subject.

2. RN sets and sets which are measurable in themselves

DerFINITION 2.1. Let K be a nonempty subset of a Banach space 4. We
say that K has the Radon-Nikodym property if for any finite positive measure
space (£, 2, ) and any vector measure m: = — % that is p-continuous,
countably additive, of finite variation, with average range

AR(m) = {n(E) 'm(E): E€ 3, p(E) > 0}

contained in K, m is representable by a Bochner p-integrable function.

If K is a weak* compact subset of £ * then K is an RN set provided every
Radon probability measure on the weak* Borel subsets of K is supported
almost everywhere on a countable union of strongly compact subsets of K.

The following result can be found in [23] or [18].

PROPOSITION 2.2. The weak* closed, absolutely convex hull T*(K) of a
weak* compact RN set is an RN set and has the Radon-Nikodym property. A
weak* compact convex set C has the Radon-Nikodym property if and only if C is
an RN set.

However, Example 4.1 will show that a weak* compact nonconvex set with
the Radon-Nikodym property need not be an RN set.
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A class of sets which have properties similar to those of Asplund spaces was
introduced by Reinov [17]. In [18] he restated the definition a little differently.

DErFINITION 2.3. A bounded subset 4 of a Banach space & is measurable
in itself provided for each finite Radon measure p on the weak* Borel subsets
of the closed unit ball B(Z*) of Z* the set of functions {f.: x € 4} is
equimeasurable [8], where f (x*) = x*(x) for each x* € B(Z *). Equimea-
surability means that there are weak* Borel sets E of arbitrarily small
p-measure such that the set of functions is relatively compact in L*(p| g(g=)\ £)-
Thus relatively compact sets in & are measurable in themselves; actually,
weakly compact sets are too [23].

Stegall [23] defined this class of sets slightly differently and called them the
GSP sets: see the discussion in Reinov [18]. We will use Reinov’s terminology,
but we will use the following characterization rather than work with the
definition.

THEOREM 2.4. (Reinov [18], Stegall [23]). A4 bounded subset A of a Banach
space X is measurable in itself if and only if there is an Asplund space & and an
operator T: & — X such that A C TB(Z) where B(Z') denotes the closed unit
ball of Z.

This result has a dual concerning RN sets.

THEOREM 2.5. (Reinov [18], Stegall [23]). A weak* compact subset K of & *
is an RN set if and only if there is an Asplund space Z and an operator T:
X — & such that K C T*B(Z*) and the range of T is dense in Z.

The duality between RN sets and sets which are measurable in themselves is
seen in the following theorem of Stegall [23].

THEOREM 2.6.  Each of the following statements about an operator T: & — %
between Banach spaces implies both the others.

(1) The set TB(Z') is measurable in itself.

(2) The set T*B(%*) has the Radon-Nikodym property.

(3) There exist an Asplund space & and operators T;: & — % and T,:
Z— ¥ such that T =T,°T,.

We introduce the separability conditions by the following result.
PrOPOSITION 2.7 (Stegall [23]). A weak* compact convex subset K of Z*

has the Radon-Nikodym property if and only if for every separable Banach space
% and every operator T: % - % the set T*(K) is norm separable in U *.
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For nonconvex sets we need to apply a result of R. Bourgin [3] and Haydon

[9].

THEOREM 2.8. Let C be a weak* compact convex subset of & * such that the
extreme points of K form a norm separable set. Then K is the norm closed convex
hull of its extreme points and hence is itself norm separable.

COROLLARY 2.9. A weak* compact subset K of & * is an RN set if and only
if for every separable Banach space % and every operator T: % — X the set
T *(K)) is norm separable.

Proof. Let C = weak* conv(K). If K is an RN set then Proposition 2.2
says that C has the Radon-Nikodym property. Applying Proposition 2.7 to C
shows that for every separable # and T: % — & the set T*(C) is separable
and hence T *(K) is separable.

Conversely if T*(K) is separable for any such operator T then T *(K) is
weak* compact and Milman’s theorem shows that the extreme points of weak*
convT*(K) = T*(C) are contained in T*(K) and thus form a norm sep-
arable set. By Theorem 2.8, the set T *(C) is norm separable. Finally Proposi-
tion 2.7 shows that C has the Radon-Nikodym property so that K is an RN
set.

DEeFINITION 2.10. Let A4 be a bounded subset of a Banach space Z. Define
a seminorm g, on £* by gq,(x*)=sup{|x*(x)|: x € A}. This seminorm
determines the (possibly non-Hausdorff) topology of uniform convergence on
A. Thus a subset K of & * is separably related to a subset H of & if and only
if for each bounded separable subset 4 of H the set K is separable in the
seminormed space (% *, q,): we write this as “(K, g,) is separable”.

The following simple result is useful.

ProrosITION 2.11. Suppose T: X — % is an operator between Banach
spaces and let A be a bounded subset of & . The mapping

T*: (9%, 4r0) > (T*@*,q,)
is an isometry between seminormed spaces.
Proof. 1If y* € #* then
dray(¥*) = sup{ly*(»)I: y € T(4))
= sup{|y*(Tx)|: x € 4}
= sup{|T*y*(x)|: x € 4}

=44 ( T*y *)
as required.
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COROLLARY 2.12. Let H be a bounded subset of & and K be a subset of ¥ *.
If T: &— % is an operator then T *(K) is separably related to H if and only if
K is separably related to T(H).

Proof. Let A be a separable subset of H, so T(A) is separable and if X is
separably related to T(H) then (K, qr4,) is separable. By Proposition 2.11,
(T *(K), q,) is separable.

Conversely, let T*(K) be separably related to H and let S be a separable
subset of T(H). For any countable dense subset L of S there is a countable
subset 4 of H such that L = T(A4). Now (T*(K),q,) is separable so
(K, qrc4y) = (K, qy) is separable by Proposition 2.11. However ¢; = g since
L is dense in S so K is separably related to T(H).

We now relate this to the Radon-Nikodym property.

THEOREM 2.13. A weak* compact set K in £ * is an RN set if and only if K
is separably related to . A weak* closed convex set C in Z* has the
Radon-Nikodym property if and only if C is separably related to % .

Proof. From Proposition 2.2 and the first statement, the second statement
follows easily. So let K be a weak* compact subset of Z£* with 4 any
bounded separable subset of Z. Take % = span(A) and T: ¥ - & to be the
natural injection. By Corollary 2.9, the set T*(K) C #* is separable, that is
(T*(K),qpa)) is separable.

Since A is contained in a finite scalar multiple of the unit ball B(%) it is
clear that (T'*(K), q,) is separable so by Proposition 2.11, (K, gr4)) = (K, q4)
is separable.

Conversely, if K is separably related to 2 and T: % — Z is an operator
from a separable Banach space % then S = TB(%¥) is a separable bounded
subset of & and (K,qg) is thus separable. Therefore (T*(K),qpq)) is
separable, that is, 7*(K) is norm separable and K is an RN set by Corollary
2.9.

Next we characterize separably related sets in terms of RN sets. Firstly we
note that closed absolutely convex hulls don’t interfere.

LEMMA 2.14.  If K is a subset of & * which is separably related to a bounded
subset H of & then K is separably related to T'(H).

Proof. 1If A is a separable subset of I'(H) then L = H N span(4) is
separable and 4 C I'(L). Therefore ¢, < ¢, and since (K, g, ) is separable so
is (K >4 4 )'

THEOREM 2.15.  Let A be a bounded subset of . There exist a Banach space
% and an operator T: ¥ — % such that A C TB(¥) C T'(A). A weak* compact
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subset K of & * is separably related to A if and only if there exist a Banach space
% and an operator T: % — % such that T*(K) is an RN set and A C TB(%).

Proof. Let %= [,(A)and T: ¥ —» & be defined by
Ta= Y, a(x)-x, (a€(4)).

x€A

Then T is an operator with 4 C TB(%) C T'(A4). If K is separably related to
A then K is separably related to TB(%) by Lemma 2.14. By Corollary 2.12,
T*(K) is separably related to B(%') which implies that T*(K) is an RN set
by Theorem 2.13.

Conversely suppose that T: % — & is an operator such that 4 C TB(%)
and T*(K) is an RN set. Then T*(K) is separably related to B(%) by
Theorem 2.13 and X is separably related to TB(%') by Corollary 2.12. Thus K
is separably related to 4.

For sets measurable in themselves we get the following result.

THEOREM 2.16. A bounded subset A of & is measurable in itself if and only if
X * is separably related to A.

Proof. Let % be a Banach space and 7: % — £ an operator such that
AcC TB(#%) c T(4);

Theorem 2.15 exhibited one. If £ * is separably related to A then by Lemma
2.14, ¥* is separably related to TB(%) and it follows that T*B(Z*) is
separably related to B(%), or equivalently %, by Corollary 2.12. Therefore
T*B(Z *) has the Radon-Nikodym property and Theorem 2.6 shows that
TB(% ), and hence A, is measurable in itself.

Conversely, if A is measurable in itself there is an Asplund space 2 and an
operator T: & — & such that 4 € TB(Z') by Theorem 2.4. Since & * has the
Radon-Nikodym property, £ * is separably related to B(Z) and hence
T *(Z *) is separably related to B(Z'). Therefore & * is separably related to
TB(Z) and thus to 4.

LEMMA 2.17. If K is a weak* compact subset of Z* which is separably
related to a bounded set A then I'*(K) is separably related to I'( A).

Proof. By Lemma 2.14 we need only show that T*(K) is separably related
to A. Let T: > % be given by Theorem 2.15 so that 4 C TB(%) and
T*(K) is an RN set. By Proposition 2.2, T*(T*(K)) is an RN set. Since
T*(T*(K)) = T*(T*(K)) the latter is an RN set and Theorem 2.15 shows
that T*(K) is separably related to 4.
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To end this section we characterize separably related sets in terms of sets
which are measurable in themselves.

THEOREM 2.18. A weak* compact subset K of  * is separably related to a
bounded subset A of X if and only if there exist a Banach space % and an
operator S: & — % such that S(A) is measurable in itself and K C S*B(Z *).

Proof. Let & be the space of weak* continuous functions on K, equipped
with the supremum norm and let S: & — & be evaluation, that is, (Sx)(x*) =
x*(x) for all x* € K. Then for each x* € K, T*(§,.) = x* where §,. € Z*
is the functional given by 6,.(f) = f(x*) for f € Z. The unit ball of 2 * is
the weak* closed absolutely convex hull of {§,.: x* € K} so we have
K C S*B(Z*) = T'*(K).

If K is separably related to A4 then T*(K) is separably related to 4 by
Lemma 2.17 so S*B(Z *) is separably related to 4. Thus B(Z *) is separably
related to S(A) and Theorem 2.16 shows that S(A) is measurable in itself.

Conversely, if $: & — Z is an operator from Z to a Banach space & such
that S*B(Z *) contains K and S(A) is measurable in itself then B(Z*) is
separably related to S(A), so that S*B(Z *) is separably related to 4 and the
subset K must be separably related to 4.

3. Geometric properties and differentiability of convex functions

In this section we will consider geometric properties of separably related sets
and obtain results about differentiability properties of convex functions whose
subdifferentials are constrained to lie in certain weak* closed convex sets. First
we need some results for the Radon-Nikodym property.

DEerFINITION 3.1. If K is a bounded subset of a Banach space & a slice of
K is any set of the form

S(x*,a,K) = {x € K: x*(x) > M(x*,K) — a}

where a > 0, x* € £* and M(x*, K)=sup{x*(y): yE K} f Z=%* is
a dual space then a weak* slice of K € #* is a set of the form S(y,a, K)
where a« > 0 and y € #C &'*.

A bounded set K C & is dentable provided K has slices of arbitrarily small
diameter. We say that K C X is strongly exposed by a functional x* € & *
provided there is x € K (a strongly exposed point) such that x*(x) = M(x*, K)
and if x, € K with x*(x,) —» x*(x) then ||x, — x|| = 0.

The following theorem is due to Rieffel [19], Maynard [13], Davis and Phelps
[4], Huff [10], Phelps [16] and Bourgain [2]—see the book of Diestel and Uhl
[6] for an entertaining discussion of these and other equivalent properties.
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THEOREM 3.2. Each of the following statements about a closed convex subset
K of a Banach space & implies all the others.

(1) K has the Radon-Nikodym property.

(2) Every bounded subset of K is dentable.

(3) Every closed bounded convex subset of K is strongly exposed by some
x* e x*

(4) Every closed bounded convex subset of K is the closed convex hull of its
strongly exposed points.

For dual spaces one can ask whether the slices can be taken to be weak*
slices.

THEOREM 3.3 (Namioka and Phelps [15]). A4 Banach space & is an Asplund
space if and only if every bounded subset of Z * has weak* slices of arbitrarily
small diameter.

We use this to get a result for weak* closed convex sets having the
Radon-Nikodym property.

PROPOSITION 3.4. A weak* closed convex subset C of a dual Banach space
X * has the Radon-Nikodym property if and only if every bounded subset K of C
has weak* slices of arbitrarily small diameter.

Proof. 1f C is weak* closed and convex with the Radon-Nikodym property
then the weak* closure of any bounded subset K of C is a weak* compact RN
set L. By Theorem 2.5 there exist an Asplund space 2 and an operator T:
X - Z with T(%Z) dense in & such that L € T*B(Z *). Let V' be a subset of
B(Z *) such that K = T*(V). For each ¢ > 0, Theorem 3.3 provides a weak*
slice S(z,a, V') of V with diameter less than €. If y € Z and ||y — z|| < a/4
then S(y,a/2,V)C S(z,a,V) since M(y,V) > M(z,V) — a/4.

However the range of T is dense in 2 so there is x € £ such that
|Tx — z|| < a/4 and hence the diameter of the slice S = S(Tx, a/2,V) is less
than &. Now,

T*(S)=T*{x* € V: x*(Tx) > M(Tx,V) — a/2}
= {T** € T*V: (T**)(x) > M(x,T*(V)) — a/2}
= S(x,a/2,T*(V))
= S(x,a/2,K).
Since S has diameter less than ¢, the weak* slice S(x,a/2, K) = T*(S) has

diameter less than & - ||T||. Thus K has weak* slices of arbitrarily small
diameter.
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The converse is clear from Theorem 3.2 since any weak* slice is a slice.
Next we convert this result into a statement about separably related sets.

THEOREM 3.5. A weak* closed convex subset C of * is separably related
to a bounded subset A of % if and only if every bounded subset of C has weak*
slices of arbitrarily small q ,~-diameter.

Proof. We may assume without loss of generality that C is weak* compact
and convex. Suppose C is separably related to A. By Theorem 2.15 there is a
Banach space % and an operator T: % — % such that A C TB(%#) and
T *(C) has the Radon-Nikodym property. Let K be a subset of C and & > 0.
Then T*(K) has a weak* slice S(y, a, T*(K)) of diameter less than e. Since

S(y,a,T*(K)) = T*(S(Ty, e, K))

it follows that S(Ty, a, K') has grp4),-diameter less than & using Proposition
2.11. Thus K has a slice S(7y, a, K) of g ,-diameter less than e.

Conversely, suppose that every bounded subset of C has weak* slices of
arbitrarily small g ,-diameter and let % and 7T: % — % be given by Theorem
2.15 so that 4 € TB(¥) c T(A4). If V is a bounded subset of 7*(C) then let
W = weak* conv(V) and using Zorn’s Lemma choose a minimal (under
inclusion) weak* compact convex subset K of C such that T*(K) = W. Let
e > 0 and let S(x,a, K) be a weak* slice of K with ¢ ,diameter less than e.
Then D = K\ S(x,a, K) is weak* compact and convex so that T*(D) is a
weak* compact convex subset of W. By minimality of K we have T*(D) # W
and there exists y* € W\ T*(D). Using the separation theorem we find
y € % such that y*(y) > M(y,T*(D)), so y determines a slice S(y, 8, W)
which does not intersect 7 *( D). Therefore

S(y,B,W) < T*(S(x,a,K))

and, since S(x, a, K) has g ,-diameter less than ¢ and 7* is an isometry from
(Z'*, q,) into (¥ *,norm) because qrg 4y = q,, the weak™* slice

S(»,B,V) c S(y,B,W) c T*(S(x,0,K))

has diameter less than e. This shows that 7*(C) has the Radon-Nikodym
property and by Theorem 2.15 the set C is separably related to 4.

COROLLARY 3.6. A bounded subset A of & is measurable in itself if and only
if every bounded subset of & * has weak* slices of arbitrarily small q ,-diameter.

Asplund and Rockafellar [1] introduced and studied the following generali-
zation of Fréchet differentiability (which is the special case 4 = B(%)).
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DEFINITION 3.7. Let A4 be a bounded subset of a Banach space Z. A real
valued function f defined on an open subset C of & is said to be A-differentia-
ble at the point x € C if there is x* € £* (called an A-gradient of f at x)
such that

lim sup |t }(f(x + ty) — f(x)) — x*(y)| = 0.

t—0+ yeA
Note that the set of 4-gradients of f at x always has g ,-diameter 1.
To state the next theorem we need to define the subdifferential [14].

DEerFINITION 3.8. Let f be a continuous convex function on the open
convex subset C of Z. The subdifferential df is defined for x € C by

af(x)={x*ex*: f(y)—f(x)=x*(y —x)forall y € C}.

Recall that a set is residual if its complement is of the first Baire category.

We will prove the following result as a corollary of some more general
results about continuity of monotone operators using a construction due {o
Kenderov [12].

THEOREM 3.9. Let A be a bounded subset of the Banach space & and let K be
a weak* closed absolutely convex subset of Z *. Then K is separably related to A
if and only if, for every continuous convex function f on an open convex subset C
of & such that df(x) C K for all x € C, the set of points where f is A-differen-
tiable is residual in C.

DEerFINITION 3.10. Let #(Z*) denote the set of all subsets of the dual
Banach space Z*. A mapping A: Z— P(X*) is a monotone operator
provided

x*(x —y)zy*(x—y)

whenever x, y € & and x* € #(x) and y* € #(y). It is called maximal
monotone if its graph

{(x,x*): xeX, x*eM(x)} CEXT*

is not properly contained in the graph of any other monotone operator on Z.
We say that # is locally bounded at a point x € & provided there is a
neighbourhood U of x such that A (U)= U{#(y): y € U} is a bounded
subset of & *. The domain of A is the set

D(A) = {x € X: #(x)is not the empty set},
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and if A4 is a bounded subset of & we say that .# is A-continuous at a point x
of D(A) provided q,(x} — x*)— 0 whenever x, = x, x} € #(x,) and
x* € M (x), or equivalently, for each ¢ > 0 there exists a neighbourhood V of
x such that g ,-diam £ (V) < e.

We need some technical results.

LemMaA 3.11 (Rockafellar [20]). Let A be a monotone operator with D(MA)
containing the open set C. Then M is locally bounded at each point of C.

LemMA 3.12 (Kenderov [11]). If A is a maximal monotone operator on ¥
with D(M) containing an open set C then M is norm-weak* upper semicontinu-
ous at each point of C; that is, for each x € C and each weak* neighbourhood V
of 0 in &* there is a (norm) neighbourhood U of x such that

MH(U)C H(x)+ V.
For each x € C the set M (x) is weak* compact and convex.

LEMMA 3.13. Suppose A is a monotone operator on & with D(M) contain-
ing an open set C and let K be a weak* closed convex subset of Z* such that

M (x) N K is nonempty for all x in a dense subset S of C. Then #(x) C K for
all x € C.

Proof. Without loss of generality we may assume that .# is maximal
monotone. Let z € C and choose x, € § with x, = z. If x¥ € KN.#(x,)
for each n then by local boundedness of # at z (Lemma 3.11) and weak*
closedness of K, there is a weak* convergent subnet of (x*) converging weak*
to z* € K. Now z* € #(z) by Lemma 3.12. Thus #(z) N K is nonempty
for each z € C.

Now suppose x € C and x* € #(x). If x* ¢ K then the separation
theorem gives y € Z such that x*(y) > sup{v*(y): v* € K}. For t >0
small enough, the point z = x + #y is in C so we can find z* € K N A#(z).

Then
z*(z — x) = x*(z — x)
by monotonicity so that
z*(y) 2 x*(y) > sup{v*(y): v* € K} 2 z*(y).

This contradiction shows that #(x) C K.

THEOREM 3.14. Suppose M is a monotone operator on X and the weak*
closed convex subset K of  * is separably related to the bounded subset A of % .
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If C is an open set contained in D(M ) such that #(x) N K is nonempty for all x
in a dense subset of C then the set of points of A-continuity of M is residual in C.

Proof. Without loss of generality we may assume that ./ is maximal
monotone so that by Lemma 3.13, /#(x)C K for all x € C. Define open
subsets V, of C by

V, = {y € C: thereis a neighbourhood U of y
such that the g ,-diameter of #(U) is less than n~'},

forn =1,2,3,... and let G =N, V,. Clearly G is the set of points where ./ is
A-continuous and each V, is open, so by the Baire category theorem we need
only show that each V, is dense in C.

Suppose that x € C and ¢ > 0. By Lemma 3.11 there is an open subset C,;
of C, containing x, such that #(C;) is a bounded subset of K. Let W be an
open subset of C; containing x with diameter less than &. The bounded subset
M (W) of K has a weak* slice S = S(z, a, #£(W)) of q,-diameter less than
n~! by Theorem 3.5. Take any v* € S and let v € W be such that v* € 4 (v).
For sufficiently small ¢ > 0 the point y = v + #z is in W and if y* € #(y)
then we have y*(y — v) > v*(y — v) and hence y*(z) = v*(z). It follows that
A (y) C S. Since there is 8 € R such that

S={x*eM(W): x*(z) > B},

by Lemma 3.12 we can find an open neighbourhood U of y such that U € W
and #(U) is contained in the weak* open set {x* € & *: x*(z) > B}. Since
MUY C H(W) we have #(U) C S which has g,-diameter less than n~ 1.
Thus y € V, and ||y — x|| < & by our restriction on the diameter of W. As
required, we have shown that ¥, is dense in C.

To use this to obtain results about convex functions we note that if f is a
continuous convex function on an open set C then df is monotone. Minty [14]
showed that C C D(3df) and that df is maximal monotone if one defines it
correctly for points outside of C. For differentiability we need the following
result which is implicit in [1].

PROPOSITION 3.15.  Suppose that f is a continuous convex function on an open
convex subset C of a Banach space % and that A is a bounded subset of % .

(a) If df is A-continuous at a point x € C then f is A-differentiable at x.

(b) If A= —A and f is A-differentiable at x € C then each member of
df(x) is an A-gradient of f at x and the q ,-diameter of df(x) is zero.

Proof. (a) Let x* € df(x), y€ Aand ¢t > 0. If x + ty € C then

x*(ty) < f(x +ty) — f(x) <y*(tp) foranyy* € df(x + ty),
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so that

0 <t M (f(x+ 1) = f(x)) = x*(») < y*(¥) — x*(») < g(y* = x*).

Now the A-continuity of df at x implies that

lim sup{gq,(y* — x*): y* € df(x + 1), y€ 4} = 0;

t—0+

therefore

lim sup | 1(f(x + ty) — f(x)) — x*(y)|=0.

t—0+ yeA

(b) Let x* € df(x) and let y* be any A-gradient of f at x. For t > 0 we
have x*(y) < t~}(f(x + ty) — f(x)) so taking the limit as t — 0 + we see
that x*(y) < y*(y) for all y € 4. If A = —A4 then x*(y) = y*(y) for all
y € A and hence x* is also an A-gradient of f at x.

COROLLARY 3.16. Let f be a continuous convex function on an open convex
subset C of a Banach space ¥. If the weak* closed convex subset K of &* is
separably related to the bounded subset A of & and if 3f(x) N K is nonempty
for all x in a dense subset of C then f is A-differentiable at a residual set of
points in C.

Proof. Theorem 3.14 shows that the set of points where df is A-continuous
is residual in C and Proposition 3.15 shows that f is A-differentiable at each of
those points.

For the converse we consider a particular type of convex function.

DEFINITION 3.17. Let W be a weak* compact convex subset of 2 *. The
gauge function for W is the function g,: Z — R where

gw(x)=M(x,W)=sup{x*(x): x*€ W} forallx e Z.

This is clearly a continuous convex function defined on all of Z. It is easily
seen (see Giles’ book [7]) that dg, (x)= {x* € W: x*(x) = gy (x)}. The
following proposition is similar to a result in [1].

PROPOSITION 3.18. Suppose A C & is bounded, A = — A and W is a weak *
compact convex subset of X *. If g, is A-differentiable at a point c € & then x
determines weak* slices of W of arbitrarily small q ,~diameter.

Proof. Let x* be an A-gradient for g, at x. By 3.15(b) we may take x* in
dg(x). If x does not determine weak* slices of W with arbitrarily small
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q -diameter we can find ¢ > 0 and points x} € W with x*(x) > M(x, W)
such that g (x}* — x*) > &. Since A = — A there are y, € A4 such that

x*(y,) — x*(y,) > e foreach n.

Since x* € W we have x} < g, and hence x}(x + y) < gy (x + y) for all
y € Z. Therefore

x¥(y) s gw(x+y)—guw(x)+8,

where
B, = gw(x) = x¥(x) = M(x,W) — x}(x) - 0.

There exists § > 0 such that g, (x + ty) — g, (x) — x*(ty) £ & /2 whenever
0 <t <8 and y € A, from the definition of an A-gradient. Thus setting ¢t = §
we have

e < xX(8y,) — x*(8y,) < gw(x +8y,) — gy(x) + B, — x*(8y,)
< BFB, + €8/2

which is impossible since 8, — 0.

COROLLARY 3.19. If A is a bounded subset of  with A = —A and K is a
weak* closed convex subset of & * such that every continuous convex function f:
Z — Rwith 3f(x) C K for all x € & has a point of A-differentiability, then K is
separably related to A.

Proof. Let V be a bounded subset of K and let W = weak* conv(}'). Then
f =gy has df(x) € W K for all x € Z. Thus there is a point x € Z at
which g, is A-differentiable. By Proposition 3.18, x determines weak* slices
of W of arbitrarily small q,-diameter. Therefore x determines weak* slices of
V of arbitrarily small ¢,-diameter and KX is separably related to 4 by Theorem
3.5.

COROLLARY 3.20. If K is a weak* closed convex subset of & * then each of
the following statements implies both the others.

(1) K has the Radon-Nikodym property.

(2) K is separably related to % .

(3) Every weak* compact convex subset of K is strongly exposed by some
point of Z.

Proof. Proposition 3.4 shows that (3) implies (1). If K is separably related
to & then for any weak* compact convex subset W of K the gauge function
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8w is B(Z)-differentiable at some point x € £ by Corollary 3.16 and then
Corollary 3.18 shows that W is strongly exposed by x.

The following result completes the proof of Theorem 3.9.

PROPOSITION 3.21. Suppose that A is a bounded subset of ¥ and K is a
weak * closed convex subset of & * such that every continuous convex function f
on X with 3f(x) € KU — K for all x € ¥ is A-differentiable at a residual set
of points in &. Then K is separably related to A.

Proof. We note that K is separably related to 4 if K is separably related to
each countable subset of 4, so we may assume that 4 = {y,: n=1,2,3,...}
is itself countable. The set H = T'{n~'y,: n=1,2,3,...} is compact since 4
is bounded so H is measurable in itself.

Let f be any continuous convex function on & with df(x) C K for all
x € & and define a continuous convex function g on Z by g(x) = f(—x) for
all x € . Note that dg(x) € —K for all x € . Then there are residual
subsets G, G, and G; of & such that f and g are A-differentiable at each
point of G, and G, respectively while by Corollary 3.16 f is H-differentiable
at each point of G; since £* and H are separably related. Let G be the
residual subset G, N (—G,) N G; of Z and let x € G. Thus there are ele-
ments x*, y* and z* of £* such that

(a) lim sgplt’l(f(x +13,) = f(x)) = x*(5,)|= 0,
(b) Tim sup |+ (f(x ~ 1) = (%)) = y*(3) | = 0

since g(—x + ty,) = f(x — ty,) and

(c) lim sup |t }(f(x + th) — f(x)) — z*(h)|= 0.

t—>0+ peH

Formula (c) implies that z*(h) = lim,_, o, ¢ '(f(x + th) — f(x)) for each
h€ AU — A so that (a) and (b) hold with z* replacing x* and (—y*)
respectively. Therefore

lim  sup |¢e7Y(f(x + th) — f(x)) — z*(h)|= 0.

=0+ pequ-—-4

That is, f is (4 U — A)-differentiable on the residual subset G of Z. By
Corollary 3.19, K is separably related to A U — A4 hence to A.

We summarize some of the results of this section in the following two
theorems.
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THEOREM 3.22. Each of the following statements about a weak* closed
convex subset K of & * and a bounded subset A of & implies all the others.

(1) K is separably related to A.

(2) Every bounded subset of K has weak* slices of arbitrarily small q ,-diame-
ter.

(3) Every continuous convex function f on & such that df(x) € I'(K) for all
x € & is A-differentiable on a residual subset of Z.

(4) Every continuous convex function f on an open convex subset C of & such
that df(x) N K is nonempty for a dense set of x in C is I'(A)-differentiable on a
residual subset of C.

(5) Every monotone operator # on % such that D(M) contains an open set
C with A (x) C K for all x € C is A-continuous on a residual subset of C.

THEOREM 3.23. (a) A weak* closed convex subset K of Z* has the
Radon-Nikodym property if and only if every continuous convex function f on &
with df(x) C K for all x € & is Fréchet differentiable at a residual set of points
in .

(b) A bounded subset A C & is measurable in itself if and only if every

continuous convex function f on ¥ is A-differentiable at a residual set of points
in &.

4. Examples
The following construction is useful for generating counterexamples.

Example 4.1. A weak* compact nonconvex set K with the Radon-Nikodym
property need not be an RN set.

Let V' be a compact Hausdorff topological space and let
K={8:vevV})ccV)*

where 8, denotes the evaluation functional §,(f) = f(v) (v € V, fe€ C(V)).
Then K is a weak* compact subset of C(V')* and the norm-closed linear span
of K is isometric to /;(¥) which has the Radon-Nikodym property (see [5]).
Thus K has the Radon-Nikodym property. However if ¥V = [0,1] is the unit
interval with its usual topology then C(V') is separable and K is not norm
separable so that K is not an RN set by Theorem 2.13.

Example 4.2. A norm-closed nonconvex set S € £ with the Radon-
Nikodym property such that its convex hull fails the Radon-Nikodym prop-
erty.
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Let & be any Banach space with strictly convex norm but not having the
Radon-Nikodym property. See Diestel’s lecture notes [5] for examples. Let

S={xeZ:|x|| =1}

be the unit sphere. Since conv(S) = B(Z') we see that conv(S) does not have
the Radon-Nikodym property (else Z would). However, suppose (2, =, u) is a
finite positive measure space and m: 2 — & is a p-continuous vector measure
with average range contained in S. If E; and E, are disjoint sets in X with
positive p-measure then

m(E, U E,) m(E)+m(E,)
p(E, VU E,) B p(E;) + u(E,)

=( p(E,) )m(El) +( r(E,) )m(Ez)
p(E) +p(Ey) ) p(E)  \p(E) +p(E,) ) n(E,)

and since

m(E1) m(Ez) and m(E1UE2)
I"'(El)’ N(Ez) .“(E1UE2)

are all in S, strict convexity implies that they are all equal. It follows that,
fixing a set E; of positive measure, m(E) = [m(E,)/pn(E))p(E) for any
E € Z. Therefore S has the Radon-Nikodym property.

PROPOSITION 4.3. Let K be a weak* compact RN set in Z* and let T:
% — X be an operator. Then T *K is an RN set.

Proof. Since K is separably related to TB(%) the weak* compact set
T *(K) is separably related to B(%) and T *(K) is an RN set (Theorem 2.13,
Corollary 2.12).

In [23, Corollary 1.11] it was incorrectly stated that Proposition 4.3 was true
with nonconvex sets with the Radon-Nikodym property replacing RN sets.

Example 4.4. A weak* compact set K with the Radon-Nikodym property
and an operator T: % — % such that T*(K) does not have the Radon-
Nikodym property.

In Example 4.1 choose V to be the unit ball of / = /¥ with its weak*
topology. Let T: I, —» C(V) be defined by Ta = £7_,a, f, where f,(v) is the
nth coordinate of v € /. Then T*(§,) =v € B(l) for each §, € K and
T*(K)= B(l,) which does not have the Radon-Nikodym property since
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lw

= /¥ is not separable while /; is separable. However K has the Radon-

Nikodym property.

Finally a suggestion of the need for weak* compactness.

Example 4.5. A norm-closed convex subset C of Z* which has the

Radon-Nikodym property but is not separably related to Z'.

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

Let = C[0, 1] which is separable and let K be as in Example 4.1 If C
conv(K) then C has the Radon-Nikodym property but is nonseparable.
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